Richy’s Second Talk

This talk is about the characters in Irr, (NS(Q) (D)) and is based on a paper by Paul
Fong in J Algebra.

Let © be a set of size n with n = ng + n1p +nep? + .... Then Q = Q_ U Q, where
Q| =n_ =ngand |Q| =n, =nip+nwp*+.... Let A, be disjoint sets of size ny, for
k> 1. Define I ={1,2,...,p} and Q; = ([’“)Ak so that |Q| = npp”.

Note that S (I’“)A’c and [[,~, S (I’“)A’c act componentwise on (2, and on {1, respec-
tively.

Let X; be the Sylow p-subgroup of S (1), so X; = ((123...p)).

Recall the definition of the Wreath product Gt H where G is a finite group and
H < S,,. Look this up in Kerber and James, Chapter 4 for more details. Define

G'={f:f:n— G}
where 7 = {1,2,...,n}. Then
GIH=G"xH=A{(f,m): f:a—-GnmneH<S,}.

The Wreath product has a group structure by (f,7) (f',7) = (ffL,n7") where f/ =
7 - ' or internally,

frf'n’ = f(zf'm ") nn'.
Observe that |G H| = |G|" |H].
Next, we consider the k-fold Wreath product X; ¢ X; ¢--- 0 X7 k-times. This group is

denoted X C § (I k) Associativity holds by an argument in Kerber and James.
Then

|X1|=p=]9pO
|X12X2| :pp.p:ppl—l-po

XXXy = X =p" 41

Consider the exponential valuation v (p) = 1 and v (n) the highest power of p dividing
n. Then if n = Zle n;p’, then from a paper by MacDonald from 1971, we have that

v(nl) = % Then v (p*!) = ’% = pF 14+ p" 2+ + 1 so that X, € Syl,, (S (I7)).
By extension of this argument, we have that D = X2 x -« x X% € Syl, (S (€24)). This
Sylow subgroup is a direct product of iterated Wreath products.

Let Y, = Ns(lk) (Xy). If £k =1, then Y; = XE, a Frobenius group with cyclic
compliment E as in James and Liebeck, example 2.5.11. Frobenius groups are described
in isaacs, Chapter 4. If 1 < H < G, then HNHY = 1 for g € G\ H, then H is a Frobenisu
compliment and G is a Frobeinus group with compliment H.

Then Ngq) (D) = S (2-) X [[45; Yr 1S (Ax). The irreducible characters of this are of
the form wy, X ¢ where wy, € Irr (S (Q_)) and ¢ = [] ¢y for ¢p € Irr (Y 1 S (Ax)) and the
p’ characters are those with p f(wi x ¢) (1).

Using Clifford theory, since D <@ Ngq) (D), we have p /(¢r) |p (1) so that ¢x|p =

S ap); for \; € Irr (D), ; (1) = 1. Hence, wy, x ¢ € Irr (Ng(q (D) /D).
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By a theorem of Olsson, we have Y;/ X = Y so that in our case, Ny (D) /D" =
S(9) X [Tior Y 1S (Ar). 50 ¢y € Ir (Y25 (A))

Recall that Irr (Y1) = {&1, &, ..., &} where &, ..., are linear and &, has degree
p — 1. Then Irr (Ylk) are k-tuples of the §. We write this as & = (&,,&,,...,&,) for
i€l

Using this language, we can label ¢, by a function f, mapping IrrY}? — Irr (S (Ag))
We do this as follows. N

Partition A into disjoint subsets Ay; of size |fi (&)|. Let ¢ € Irr ((Ylk) '“) have
component & is positions indexed by elements of Ay ;.

Then the stabilizer of & in s (Ay) is [T;cn S (Arz) = S (Ag)g, so that Y2 S (Ak)e,
is the inertia roup of & in Y31 S (Ax). We have E (&) extends &, so Y2+ S (Ak)g, -

Now let w;, be the character of S <Ak)5k with component wy, () on S (Ak;) Define

L YPES(AR)
O = IndYkAkS(Ak)%E (&) W

We have by Clifford theory then ¢y € Irr (Y 1S (Ag)).



