Groups of order 6

Suppose G is a group of order 6. We will prove that G = Zg or G = Ds.
case 1: GG has an element a of order 6.

Then G = (a) is cyclic and G = Zg.
case 2: G has no elements of order 6.

We have argued in class that:

e (G has an element a of order 3.

e If c € G and ¢ ¢ (a), then ¢ has order 2.
Choose b € G with b € (a). Since G = (a) U b(a), the elements of G are
{e,a,a? b,ba,ba®}. Then

ab=(ab)™' =b"ta"! = ba’.

We claim that this is enough information to completely fill in the group table

for G. For example:
a(ba) = (ab)a = (ba®)a = ba® = b
2

(
(ba)(ba) = b(ab)a = b(ba®)a = e
(ba)(ba?) = b(ab)a® = b(ba?)a? = a
(ba?)b = ba(ab) = ba(ba?) = b(ab)a? = b(ba?)a? = a
(ba?)(ba) = (ba)(ab)a = (ba)(ba?)a = b(ab) = b(ba?) = a?
(ba?)(ba?) = (ba)(ab)a® = (ba)(ba?)a® = b(ab)a = b(ba®)a = e
e a a? b ba  ba®
e e a a? b ba  ba®
a a a? e ba® b ba
a? | a? e a ba ba®> b
b b ba ba® e a a?
ba | ba ba® b a? e a
ba? | ba®> b ba a a? e

Compare this to the group table for D3 and notice that if ¢(e) = Ry, ¢(a) =
Ris0, ¢(a®) = Raao, ¢(b) = L1, ¢(ba) = Ly and ¢(ba®) = L3, then ¢ : G — D3

is an isomorphism.

o Ry Riop Row I Lo L
Ry Ry Ry Raawo In Ly L3
Rizo | Ri20 Raoso Ro L3 Ly Ly
Rogo | Roso Ro  Rizo L2 L3 Ly
Ly Ly Lo L Ry  Rio Roaso
Lo Lo L L1 Raw Ry Rix
L L Ly Ly Rio Rasw Ro




