4 Irreducible Components

Let K be an algebraically closed field.
Recall that C' C Ay(K) is a curve if there is a polynomial f € K[X,Y] such
that

C=V(f) ={(z,y) € Ay(K) : f(z,y) = 0}.

Definition 4.1 We say that a curve C' C Aq(k) is reducible if there are curves
C1,Cy C C such that C7,Cy # C and C = C7 U Cy. Otherwise we say that C

is irreducible.

For example the curve X2 — Y2 = 0 is reducible since
X2 Y =(X-Y)(X+Y)

and V(f) is the union of the two lines X =Y and X = —-Y. In general, if
f =TI, g, then V(f) = V(g1) U...UV(gn). But the V(g;) may not be
distinct. For example V(X?) = V(X)UV(X) = V(X).

One of our goals of this section is to prove that any curve can be written
as a finite union of irreducible curves in, essentially, a unique way. Clearly, to
fully understand how to decompose a curve into irreducible components, we will
need to understand factoring in K[X,Y].

Unique Factorization Domains

We will prove that if k is a field, then the n-variable polynomial ring k[ X1, . .., X,,]
is a unique factorization domain.
We begin by recalling some of basic definitions and results from Math 330.

Definition 4.2 Let D be an integral domain.

We say that v € D is a unit if there is v € D such that uv = 1. We write
1
V==,
u

If a € D is nonzero and not a unit, we say that a is irreducible if whenever

b,c € D and a = bc then either a is a unit or b is a unit.
We say that a,b € D are associates if there is a unit u such that a = ub.

For example, if k is a field and D = k[X], then the units are the nonzero
elements of k, f € k[X] is irreducible if and only if deg f > 0 and f can not
be factored as the product of two polynomials of lower degree, and f,g are
associates if and only if there is ¢ € k such that f = cg.

Lemma 4.3 If D is an integral domain and p € D is irreducible, then (p) =

{a € D : p divides a} is a prime ideal (i.e., if a,b € D and p divides ab then p
divides a or p divides b.

Definition 4.4 If D is a domain, we say that D is a Unique Factorization
Domain (or UFD) if:
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i) if f € D is nonzero and not a unit, then there are irreducible elements
Jis---,9n € D such that f = g192--- gn, and

i) if p1,...,Pn,q15--,Gm € D areirreducible, and p1 - - - p,, = ¢1 - * - ¢, then
n =m and there is o € S), such that p; is an associate of g,(;) for i =1,...,n.
In other words, we can reorder the g; so that p; and ¢; are associates for all 7.

There are two important examples of UFDs that you have encountered be-
fore.

Theorem 4.5 i) Z is a UFD.
ii) If k is a field, then k[X] is a UFD.

The following theorem will allow us to construct more complicated UFDs.
Theorem 4.6 If D is a UFD, then the polynomial ring D[X] is a UFD.

We can always identify the polynomial ring D[Xy,...,X,] with
D[X1,...,Xn-1][Xxn]. Thus if D is a UFD, the polynomial ring in n-variables
over D is as well.

Corollary 4.7 i) Z[X1,...,X,)] is a UFD.
it) If k is a field, then k[X1,...,X,] is a UFD.

Definition 4.8 A nonconstant polynomial f(X) = EZ:O apX™ € D[X] is
primitive if the only common divisors of ag, ..., a, are units.

For example, let D = k[X] and consider polynomials in D[Y] = k[X,Y].
The polynomial
X% +2XY?

is not primitive since X is a common nonunit divisor of X2 and 2X?2. The
polynomial
X2 42XY + (X +1)Y?

is primitive since X2,2X and (X + 1) have no common nonunit divisors. The
polynomial 2X2Y +4Y? is primitive since the only common divisors of 2X? and
4 are units.

If f= ZZ:O a, X™ is not primitive, we can find a nonunit ¢ such that for
each n, a,, = c¢b,, for some b,, € D. Thus

d
f=c) baX"
n=0

Since c is a nonunit, f is reducible.
Note that 2X + 4Y is primitive in Q[X][Y], but not primitive in Z[X,Y],
since 2 is a unit in Q but not in Z.

Proposition 4.9 If a € D and a divides a nonconstant g € D[X], then a
divides all of the coefficients of D. In particular, if g is primitive and a € D is
a nonunit, then a does not divide g.
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Proof Suppose
d d
g=a (Z an”> = Zaan".
n=0 n=0

Then a divides each coefficient of g.

Lemma 4.10 For any nonconstant f € D[X] we have f(X) = cg(X) where
¢ € D and g(X) is primitive. Moreover if we also have f(X) = dh(X), where
d € D and h is primitive, then there is a unit uw € D such that h = gu and

d= <. Thus c and g are “unique up to units”.

We call ¢ the content of g.

Proof
(existence) Suppose

d
f= Z anX".
n=0

Since D is a unique factorization domain, we can factor each nonzero nonunit a,,
into a product of irreducibles. Let My be the maximal number of irreducible fac-
tors occuring in the factorization of some a,,. We prove the lemma by induction
on Mf.

If My =0, then f is primitive.

If f is primitive, then we are done. Suppose f is not primitive. Then
ao, - - ., ay have a common irreducible factor p. Let

d

h= Z%”X".

no

Since M}, = My — 1, by induction, there is ¢ € D and a primitive g such that
h = cg. But then f = (pc)g.

(uniqueness) Suppose f = cg = dh where ¢,d € D and g, h are primitive.
We claim that h = ug for some unit u. We can factor ¢ as the product of M,
irreducible factors. We will prove this by induction on M.,.

Suppose p € D is an irreducible factor of ¢. Since h is primitive, p does not
divide all of the coefficients of h. Since it divides all the coefficients of f it must
divide d. Similarly, if p € D is an irreducible factor of d, then p divides c.

If M. =0, then c is a unit and the above argument shows that d is also a
unit. Thus h = $g and 7 is a unit.

If M, > 0, then c is not a unit. If p is an irreducible factor of ¢, then p is
also an irreducible factor of d and I—C) g= gh. By induction h = ug for some unit
U.

For example, suppose k is a field, D = k[X] and f = X?Y +2XY? € D[Y],
then f = X (XY +2Y?). Since XY +2Y? is primitive in D[Y], X is the content
of f in D[Y].!

INote that we could also consider D* = k[Y] and f € D*[X]. In that case f = Y(X?2 +
2XY) so the content is Y. is Y.
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Lemma 4.11 (Gauss’ Lemma) IfD is a UFD and f,g € D[X] are primitive,
then fg is primitive. Indeed, if fi,..., fm are primitive, then so is [] fi.

Proof Let .
P2 mx
n=0
and
dy
9= X"
n=0

be primitive in D[X]. Suppose gf is not primitive. There is an irreducible p
such that p divides every coefficient of fg. Let s be least such that p does not
divide a, and let ¢ be least such that p does not divide b;. The X*t¢-coefficient

of fgis
Z aibj = Z aibsyi—; + ashy + Z a5+t_jbj.
it j=s+t i<s j<t
By choice of s and t, p divides each a; in the first sum on the right-hand side
and each b; in the second. Since p divides the whole sum, it must also divide
asb;. Thus p divides as or b, a contradiction.
The second claim is now a simple induction.

Exercise 4.12 Suppose D is a UFD and f,g € D[X]. Prove that the content
of f times the content of ¢ is (a unit times) the content of fg.

Suppose D is a unique factorization domain. Let
a
K:{6 :a,beab;éo}

be the fraction field of D. Then D[X] is a subring of K[X]. Of course F[X]
is a UFD. We want to consider the relationship between factoring in D[X]
and factoring in K[X]. The first thing to ask is which elements of D[X] are
irreducible in K[X].

Lemma 4.13 Suppose D is a UFD, K is its fraction field and f € D[X]. Then
f is irreducible in D[X] if and only if f is primitive and f is irreducible in K[X].

Proof

(<) Suppose there are nonunit g, h € D[X] such f = gh. If g€ Dor h € D,
then f is not primitive. If neither g, h € D then deg f > deg g,deg h. Thus f
is reducible in K[X].

(=) We argued above that every irreducible f € D[X] is primitive, so we
need only show it is irreducible in K[X].

Suppose f = gh where deg g,deg h < deg f. We must show that f factors
in D[X]. Each coefficient of g and h is a quotient of elements of D, by clearing
denominators we can find a € D, g1,hy € D[X] such that af = g1h; and
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deg f > deg g1,deg h1. By Lemma 4.10 we can find b,c,d € D and primitive
polynomials f1, g2, ho such that

f:bf17 g1 = cgz, and hl :dh2

Then
CLbfl = Cdgg h,2

and, by Gauss’ Lemma goho is primitive. Thus, by Lemma 4.10, there is a unit
u, such that
abu = cd.

But then bu = % and

cd
f = bfl = ;thQ = bugghg.

Thus f factors into (bugs)hs in D[X].

Proof of Theorem 4.6
(existence) Suppose D is a UFD. We want show that D[X] is a UFD. We
first prove that every nonzero nonunit f € D[X] can be factored into a product
of irreducibles. If deg f = 0, then f € D and we are done since D is a UFD.
Suppose deg f > 0. We may view f as an element of K[X], where K is the
fraction field of D. Since K[X] is a UFD, we can factor

f=

n
=

1

where g1,...,gn are irreducible factors in K[X]. Let a; € D be the product
of all of the denominators occuring in coefficients in g;, let a = [[a; and let

h; = a;g; € D[X] Then
af = th

Since a; € D is a unit in K, h; = a;g; is irreducible in K[X]. By Lemma 4.10,
there are ¢,dy,...,d, € D and primitive f* h¥,..., hY € D[X] such that

f:Cf*vhll:dlhs{a"'ahn:dnh:}

Note that each h is irreducible in K[X] and primitive in D[X]. Thus by Lemma
4.13, each hf is irreducible in D[X].

But . .
act* =[] d: [ m
i=1 i=1

and, by Gauss’ Lemma, [[ A} is primitive. Thus, by 4.10 there is a unit v € D

such that "
acu = H d;.
i=1
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Then .
acf* = acu H h}
i=1

and .
f=cf"= cuth.
i=1

Since D is a UFD, we can factor cu into a product of irreducibles. This gives a
factorization of f into a product of irreducibles.

(uniqueness) If deg f = 0, then f € D and we have unique factorization
since D is a UFD. Suppose deg f > 0. Suppose

f=ayr---aspr--pm =b1--biqi--qn

are two irreducible factorizations of f € D[X] where a;,b; are irreducible ele-
ments of D and p;, ¢; are irreducible nonconstant elements of D[X]. By Lemma
4.13, each p; and ¢; is irreducible in K[X]. In K[X], [ p; is a unit times [] ¢.
Thus, since K[X]is a UFD, m = n and we can reorder the ¢; such that p; = ;—z’_qi
for some ¢;,d; € D. But then d;p; = c;¢; and each p; and g¢; is irreducible in
D[X] and, hence, primitive. Thus ¢ is a unit in D.

Thus there is a unit v € D such that

S m n m
Haini = quini-
i=1 i=1

=1 i=1

Since D is a UFD, s = ¢t and we can reorder the b; such that a; = w;b; for
some unit. Thus the factorization is unique up to permuting the factors and
multiplication by units.

Study’s Lemma

We return to trying to understand algebraic curves in Ag(K).
For the remainder of this section K is an algebraically closed field
Our first goal is to relate divisibility in K[X,Y] with containment of curves.
If f,g € K[X,Y] and f divides g, then there is h € K[X,Y] such that g = fh
and V(g) = V(f) UV(h). Thus V(f) C V(g). We will argue that the converse
is also true for irreducible f.

Theorem 4.14 (Study’s Lemma) If f,g € K[X,Y], f is irreducible and
nonconstant, and V(f) C V(g), then f divides g.

Note that Study’s Lemma may fail if K is not algebraically closed. For
example X2 4 Y? is irreducible in R[X,Y] and V(X2 +Y?) C V(X) in As(R),
but X2 4 Y2 does not divide X.

Before proving Study’s Lemma, we derive some consequences.

Corollary 4.15 If f € K[X,Y] is nonconstant, then V(f) # 0.
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Proof If V(f) =0 C V(1), then, by Study’s Lemma, f divides 1 and f is
constant.

Exercise 4.16 Show that V(f) is infinite.

Corollary 4.17 Let f € K[X,Y] be nonconstant. The curve V(f) C Ag(K) is
wrreducible, if and only if there is an irreducible polynomial g and k > 0 such
that f = g*.

Proof

(=) Since K[X,Y] is a UFD, we can factor f = [\, gi* where g1,...,9n
are irreducible and relatively prime. If n > 1, then V(f) = UV (g;) and V(g;) #
V(f), contradicting the irreducibility of f.

(<=) Suppose f = g* where g is irreducible and V (f) = V(h1) UV (hs) where
V(h1) # V(hg). Let p be an irreducible factor of h;. Then V(p) C V(h1) C
V(f). By Study’s Lemma, p divides g*. Since g is irreducible p = cg for some
ce K and V(p) =V(g) =V(f).

Theorem 4.18 If f € K[X,Y] is nonconstant and C = V (f), then there are
irreducible curves C1, . ..,Cy such that C = ChU...UC, and C; € C; fori # j.
Moreover, if D C C is an irreducible curve, then D = C; for some i.

We call C,...,C, the irreducible components of C.

Proof We can factor N
F=1lg
i=1

where each g; is irreducible and g; and g; are relatively prime for ¢ # j. Then
C=V(g)U...V(gn)

and, by Corollary 4.17, each V(g;) is irreducible. By Study’s Lemma, C; Z C;
for i # j.

If D C C is an irreducible curve, there is an irreducible h € K[X,Y] such
that D = V' (h). Since V(h) C V(f), h divides f. Since K[X,Y] is a unique
factorization domain, h = ¢g; for some i < n and ¢ € K. Thus V(h) =V (g;).

We still must prove Study’s Lemma. The proof will use a generalization of
Theorem 1.22 on resultants. Suppose D is an integral domain and f, g € D[X]
are nonzero polynomials. If f = a, X" 4+ a1 X" ' 4+ ...09 and g = b,, X™ +
b1 X™ 1 4+ ...+ by where ay,b,, # 0, we can still form the resultant

a a1 cee eee ... an 0 ... ... 0
0 a a ... ... ... apn 0 ... O
0O ... ... 0 a a ... ... ... an
R bo by ... by 0 0
0 b b by O 0
0 0 by b bm
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We will have Ry, € D.
We need a mild generalization of Theorem 1.22

Theorem 4.19 Suppose D is a unique factorization domain and f,g € D[X]
are nonzero polynomials. The following are equivalent:
i) f and g have a common nonconstant factor in D[X];
it) There are nonzero f1,91 € D[X] such that deg f1 < deg f, deg g1 <
deg g and
fa1 = fg.

iii) Ry, = 0.

Exercise 4.20 Show that the proof of Theorem 1.22 can be modified to prove
Theorem 4.19. [Note: The proof of ii) < iii) should work for any integral domain
D\

Proof of Study’s Lemma

We have f,g € K[X,Y], f is irreducible and V(f) C V(g). Without loss
of generality assume that Y occurs in some monomial of f (otherwise we work
with X instead of Y'). We can write

f = i aiYi

i=0

and .
9=y by’

i=0

where a;,b; € K[X] for all ¢, and ay, by, # 0.

Suppose for purposes of contradiction, that f does not divide g. Since f is
irreducible, f and g have no common nonconstant factors. Thus by Theorem
1.22, Ry 4 € K[X] is nonzero. Since K is algebraically closed K is infinite. The
polynomials ay, by, Ry 4 € K[X] are nonzero, thus we can find ¢ € K such that

an(c) #0, b (c) # 0 and Ry 4(c) # 0.
Consider the polynomials

and
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Note that p has degree n > 0, ¢ has degree m and

ap(c) ai(c) ... .. ... ap(e) 0o ... ... 0

0  aole) ai(e) ... ... ceeap(e) 0 L. 0

B 0 0. a('c) ar(e) ... ... ... an(e)
Boa=| 40 bl o b O
0  bo(c) bi(e) ... ... bm(e) 0O ... ... 0

0 O' bo(c) bi(e) ... ... bm(e)

Thus Ry 4 = Ry 4(c) # 0. Since deg p > 0 there is d € K such that p(d) = 0 and,
by Theorem 1.22, g(d) # 0. But then f(c,d) = 0 and g(c,d) # 0 contradicting
the fact that V(f) C V(g).

Irreducible Components in Projective Space

We next consider irreducible components in Po(K). If F' € K[X,Y, Z] is homo-
geneous, then, because K[X,Y, Z] is a UFD, we can factor F into irreducible
factors. We first need to notice that the irreducible factors are homogeneous.

Lemma 4.21 Suppose F,G,H € K[X1,...,X,], F is homogeneous and F =
GH. Then G and H are homogeneous.

Proof We can write G = Y." (G, and H = Y." | H; where G; and H; are
homogeneous of degree i, G,, # 0 and H,, # 0. Let ig be least such that G;, # 0
and let jo be least such that H;, # 0. Then
m+n—1
F=GuHn+ Y, Y GiH;+G;H,
k=io+jo+1 i+j=k

> GiH,

it+j=k

and

is homogeneous of degree k. Since F' is homogeneous we must have n = i¢ and
m = jo. Thus G = G,, and H = H,, are homogeneous.

Our next goal is to prove the projective version of Study’s Lemma. We must
first investigate the relationship between factoring polynomials in K[X,Y] and
factoring their homogenizations in K[X,Y, Z].

Recall that if f € K[X,Y] has degree d. We can write f = ZLO fi where
fi € K[X,Y] is homogeneous of degree i and let

d
F(X,Y,2)=Y_ fiz*"
1=0

Then F is homogeneous of degree d and f(X,Y) = F(X,Y,1). We call F the
homogenization of f. Note that Z is not a factor of the homogenization.
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Lemma 4.22 Suppose f,g,h € K[X,Y] are nonconstant polynomials and f =
gh. Suppose F,G, H in K[X,Y, Z] are the homogenizations of f, g and h. Then
F=GH.

Proof Let

n+m n

F=Yfig=> g, andh=> h
i=0 i=0 i=0

where f;, g;, h; are homogeneous of degree i, g,, by, fntm # 0. Then

fe = Z gih;.

i+j=k
But . .
G=Y gz, H=Y hz""
i=0 =0

and

m+n m+n

GH=Y | gz nzm7 | => fiZ™"* =F.
k=0 \i+j k=0

Corollary 4.23 Suppose f € K[X,Y] and F € K[X,Y,Z] is its homoge-
nization. Then [ is irreducible in K[X,Y] if and only if F is irreducible in
K[X,Y, Z].

Proof

(<) Clear from the Lemma.

(=) Suppose F' = GH. If g(X,Y) = G(X,Y,1) and h(X,Y) = H(X,Y,1),
then f = gh. Since f is irreducible, one of g or h is constant. Suppose g is
constant. Since Z is not a factor of F', Z is not a factor of G. Thus deg g = deg G
and G is constant. Thus F' is irreducible.

We can now prove the projective version of Study’s Lemma. If F' € K[X,Y, Z]
is homogeneous, we let

Ve(F) = {p € P2(K) : F(p) = 0}.

Proposition 4.24 Suppose K is an algebraically closed field. If F,G € K[X,Y, Z]
are homogeneous, F' is irreducible and Vp(F) C Vp(G), then F divides G.

Proof There are two cases to consider.

case 1: F = aZ for some a € K \ {0}.
We will suppose F does not divide G and show that Vp(F) € Vp(G). Let

G(X,)Y) = Zn: gi(X,Y)Z!
=0
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where g; € K[X,Y] is homogeneous of degree n —i. Since Z does not divide G,
go # 0. Thus there are z,y € K such that = # 0, y # 0 and go(z,y) # 0. But
then [x,y,0] € Ve(F) \ Vp(G) and Vp(F) € Vp(G).

case 2: Z does not divide F'.

We can factor G = Z?H where Z does not divide H. Let f(X,Y) =
F(X,Y,1), and h(X,Y) = H(X,Y,1). If f(z,y) = 0, then h(z,y) = 0. Thus
V(f) C V(h) and by Study’s Lemma, f divides h. By Lemma 4.22, F divides
H. Thus F divides G.

We can now follow the arguments given above for affine curves. We say that
a projective curve C' is irreducible, if there are no projective curves Dy, D1 C C
with C' = DOUD1, C }é Do, and C }é Dl.

Exercise 4.25 Suppose K is an algebraically closed field and F € K[X,Y, 7]
is nonconstant and homogeneous.

a) Show that Vp(F) is irreducible if and only if F' = G* for some irreducible
G e K[X,)Y, Z].

b) Let C be a projective curve. Show that there are irreducible projective
curves C1,...,C, such that C = C1U...UC), and C; € Cj for ¢ # j. Moreover,
if D C C'is an irreducible curve, then D = C; for some i. We call C1,...,C,
the irreducible components of C'.

¢) Suppose f = F(X,Y,1) and Z does not divide F'. Show that if C1,...,Cy
are the irreducible components of Vp(F'), then C; N Ay (K),...,C, NA2(K) are
the irreducible components of the affine curve V(f).

d) What happens in ¢) if Z divides F?
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