
Math 502 Mathematical Logic
Problem Set 1

Due: Friday September 4

Let L be a language with relation symbols R, function symbols F and con-
stant symbols C.

1) Let T0 = C ∪ {v1, v2, . . .} be the variables and constants of the language.
Given Tk let

Tk+1 = {f(t1, . . . , tnf
) : f ∈ F , t1, . . . , tnf

∈ Tk} ∪ Tk.

Let T =
⋃∞
k=0 Tk. Prove that T is the set of all terms. [Note: We can give a

similar construction of the set of all formulas]

2) a) Prove that for every term is finite. [Hint: Show that the set of finite
terms contains all constants and variables and is closed under the term forma-
tion rule and use the fact that the set of terms is minimal with this property.
Alternatively, you can use 1)]

b) Prove that every formula is finite.

3) Let M be an L-structure and let σ : V →M be an assignment.
a) Suppose M |=σ ∃v1∀v2 φ. Prove that M |=σ ∀v2∃v1 φ. Give an example

showing that the converse is false.

b) Prove that M |=σ ∀ v1φ if and only if M |=σ ¬∃v1 ¬φ.

c) Give an example of L, M, σ, φ and ψ such that M |=σ (∃v1 φ ∧ ψ) but
M 6|=σ ∃v1 (φ ∧ ψ).

4) The set of positive L-formulas is the smallest set of L-formulas containing
the atomic formulas such that:

i) if φ and ψ are positive formulas, then so are (φ ∧ ψ) and (φ ∨ ψ);
ii) if φ is a positive formula, then so are ∃vi φ and ∀vi φ.

Suppose M and N are L-structures we say that j : M → N is an L-
homomorphism if:

i) j(cM) = cN for all c ∈ C;
ii) j(fM(a)) = fN (j(a)) for all a ∈M and f ∈ F ;
iii) if a ∈ RM, then j(a) ∈ RN for R ∈ R.

Suppose j : M → N is a surjective homomrophism and σ : V → M is an
assignment,

a) Show that if t is an L-term, then j(tM[σ]) = tN [j ◦ σ].
b) Suppose φ is a positive formula and M |=σ φ. Prove that N |=j◦σ φ.
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