
Math 502 Mathematical Logic
Problem Set 5

Due Monday October 12

1) Do Exercise 5.28 from the lecture notes.

2) Suppose (V,E) is a infinite graph such that every subgraph can be colored
with four colors so that no adjacent verticies have the same color. Let I =
{W ⊂ V : W is finite}. For W ∈ I let

XW = {W ′ ∈ I : W ⊆W ′}.

Let
F = {Y ⊆ I : XW ⊆ Y for some W ∈ I}.

a) Show that F is a filter on I.

Let U ⊇ F be an ultrafilter on I. For W ∈ I let let cW : W → {c1, c2, c3, c4}
be a four-coloring of the subgraph with verticies W .

b) Show that for all v ∈ V there is a unique i such that

{W ∈ I : v ∈W ∧ cW (v) = ci} ∈ U

and that v 7→ ci give a four-coloring of V .

3) Let M be a structure. Let U be a non-principal ultrafilter on N and let M∗
be the ultraproduct

∏
i∈IM/U .

a) Suppose for n ∈ N we have a formula ψn(v) and non-empty definable sets
Yn = {b ∈M∗ :M∗ |= ψn(b)} such that

Y1 ⊇ Y2 ⊇ Y3 . . . .

Prove that
⋂

n∈N Yn is non-empty.

b) This is a special property of ultraproducts. Give a simple example that in
an arbitrary structure N the intersection of a countable descending chain of
non-empty definable sets could be empty.

c)† More generally, suppose n ∈ N we have a formula ψn(v, w1, . . . , wmn) and
a1, . . . , amn ∈M∗ and the definable set

Xn = {b ∈M∗ :M∗ |= ψn(b, a1, . . . , amn
)}

is non-empty for each n. Suppose

X1 ⊇ X2 ⊇ X3 ⊇ . . . .

Prove that
⋂

n∈NXn is non-empty.
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