Model Theory of Valued Fields
University of Illinois at Chicago

David Marker
Fall 2018

Contents

1

Valued Fields—Definitions and Examples

1.1 Valuations and Valuation Rings . . . . . ... ... ... ...
1.2 Absolute Values . . . . . . .. .. ... ... ..

Hensel’s Lemma

2.1 Hensel’s Lemma, Equivalents and Applications . . . . .. ..
2.2 Lifting the residue field . . . ... ... ... ... ... ..
2.3 Sections of the value group . . . . . ... ... ... ... ..
24 Hahnfields . ... ... ... .. L

Extensions of Rings and Valuations

3.1 Integral extensions . . . . .. ... ... ... .. ...
3.2 Extensions of Valuations . . . . . .. .. ... ... .. ....

Algebraically Closed Valued Fields

4.1 Quantifier Elimination for ACVF . . . . .. ... ... ....
4.2 Consequences of Quantifier Elimination . . . ... ... ...
4.3 Balls . . . . .. .
4.4 Real Closed Valued Fields . . . . ... ... ... .......

Algebra of Henselian Fields

5.1 Extensions of Henselian Valuations . . . . . . . ... .. ...
5.2 Algebraically Maximal Fields . . . ... ... ... ......
5.3 Henselizations . . . . . . . . ... .. ... ... ...
5.4 Pseudolimits . . . ... ... ...

The Ax—Kochen Ershov Theorem

6.1 Quantifier Elimination in the Pas Language . . . . . . . . ..
6.2 Consequence of Quantifier Elimination . . . . . . .. ... ..
6.3 Artin’s Conjecture . . . . . . .. ... ... ... ...



7 The Theory of Q, 68

7.1 p-adically Closed Fields . . . ... .. .. ... ... ... .... 68
7.2 Consequences of Quantifier Elimination . . . .. ... ... ... 71
7.3 Rationality of Poincaré Series . . . . . . . . .. .. ... ... .. 77

1 Valued Fields—Definitions and Examples

References
Large parts of part I of my lectures closely follow the notes of Zoé Chatzidakis
[3], Lou van den Dries [9] and the book Valued Fields by Engler and Prestel [13].

Conventions and Notation

e In these notes ring will always mean commutative ring with identity and
domain means an integral domain, i.e., a commutative ring with identity
and no zero divisors.

e A C B means that A is a subset of B and allows the possibility A = B,
while A C B means A C B but A # B.

o AX is the set of all functions f : X — A. In particular, AV is the set of
all infinite sequences ag, a1, .... We sometimes write (a,) for ag,ay,....

o A<Nis the set of all finite sequence (a1, ...,a,) where ai,...,a, € A.

e When studying a structure M = (M,...), we say X is definable if it
is definable with parameters. If we wish to specify that it is definable
without parameters we will say that it is ()-definable. More generally, if

we wish to specify it is definable with parameters from A we will say that
it is A-definable.

e Because we use T (as well as res(z)) to denote the residue of an element,
it would be confusing to also use T to denote a sequence of elements or
variables. We will instead use x to denote an arbitrary sequence x =
(z1,...,2n). The length of x will usually be clear from context.

1.1 Valuations and Valuation Rings

Definition 1.1 Let A be an integral domain, (T',+,0, <) an ordered abelian
group, a valuation is a map v : A* — I' such that:

i) v(ab) = v(a) + v(b);

ii) v(a + b) > min(v(a), v(b)).

We refer to (A,v) as an valued ring.

A wvalued field (K, v) is a field K with a valuation v. The image of K under
v is called the value group of (K, v)



We also sometimes think of the valuation as a map from v : A — T' U {oo}
where v(0) = oo and if @ # 0, then v(a) # oo. In this case we think of v < oo
and v+ 0o = 00 + 00 = oo for any v € I'.

Often we will assume that the valuation v : K* — I' is surjective, so the
value group is I'.

Examples

1. Let K be a field and define v(z) = 0 for all 2 € K*. We call v the trivial
valuation on K.

2. Let p be a prime number and define v, on Z by v,(a) = m where a = p™b
where pfb. We call v, the p-adic valuation on Z.

3. Let F be a field and define v on F[X] such that v(f) = m where f = X™g
where g(0) # 0. More generally, if p(X) is any irreducible polynomial we
could define v,(f) = m where f =p™g and p/g.

4. Let F be a field and let F[[T]] be the ring of formal power series over
F. We could define a valuation v : F[[T]] — F by v(f) = m when
f=anT™ + ap 1 T™ + ... where a,, # 0.

Exercise 1.2 a) If A is an domain, K is its field of fractions and v is a valuation
on A, show that we can extend v to K by v(a/b) = v(a) — v(b).
b) Show that this is the only way to extend v to a valuation on K.

Thus we can extend to the valuation v, on Z to v, : Q* — Z and we
can extend the valuations on K[X] and K[[X]] to K(X), the field of rational
functions on K, and K((T)), the field of formal Laurent series, respectively.

Let F' be a field and let

F(T) = | F(T7))

be the field of Puiseuz series. If f € F(T') is nonzero then for some m € Z and
n>1, f=Y77 aTw and a, # 0. We let v(f) = m/n. We will show later
that if we start with an algebraically closed F' of characteristic 0, then F{(T) is
also algebraically closed. For a more elementary direct proof see [29].

In the trivial valuation has value group {0}. The rational functions and
Laurent series have value group (Z,+, <) and the Puiseux series have value
group Q.

We next give some very easy properties of valuations.

Lemma 1.3 i) v(1) = 0.
ii) v(—1) = 0.
iii) v(z) = v(—x);
w) If K is a valued field and x # 0, then v(1/x) = —v(x).
v) If v(a) < v(b), then v(a+b) = v(a).



Proof i) v(1) =v(1-1) =v(1) +v(1), so v(1) = 0.

i) 0=v(1) =
torsion free, v(—1)

0.
ili) v(—z) = v(-1-2) =v(-1) + v(z) = v(x).
iv) v(1/x) + v(xz) = v(1) = 0. Thus v(1/z) = —v(x).

v) we have v(a + b) > min(v(a), v(b)). Thus, v(a + b) > v(a). On the other
hand v(a) = v(a+b—5b) > min(v(a+b),v(b)). Since v(a) < v(b), we must have
v(a+b) <v(b) and v(a) > v(a +b). O

Suppose (K, v) is a valued field. Let O = {z € K : v(z) > 0} we call O the
valuation ring of K. Let U = {x : v(x) = 0}. If x € U, then 1/x € U. Moreover,
if v(z) > 0, then v(1/x) < 0. Thus U is the set of units, i.e., invertible elements
of O.

Let m = {z € O : v(x) > 0}. It is easy to see that m is an ideal. If z & m,
then v(z) < 0 and 1/x € O. Thus there is no proper ideal of @ containing z.
Thus m is a maximal ideal and every proper ideal is contained in m.

Recall that a ring is local if there is a unique maximal ideal. We have shown
that O is local. One property that we will use about local rings is that if A is
local with maximal ideal m and a € A is not a unit, then (a) is a proper ideal
and extends to a maximal ideal. Since m is the unique maximal ideal a € m.
Thus the unique maximal ideal of A is exactly the nonunits of A.

((=1) - (=1)) = v(=1) + v(—1). Because ordered groups are

Exercise 1.4 Suppose A is a domain with fraction field K and P C A is a
prime ideal. Recall that the localization of A at P is

Ap={a/be K :a€ Aandb¢ P}.
Let
ApP ={aip1 +...ampPm : a1, ..., am € Ap,p1,...,pm € Pmm=1,2,...}.
Show that Ap is a local ring with maximal ideal ApP.

Lemma 1.5 The ideals of O are linearly ordered by C with maximal element
m.

Proof Suppose P and @ are ideals of O, z € P\ Q and y € Q\ P. Without loss
of generality assume v(z) < v(y). Then v(y/z) = v(y) —v(z) > 0 and y/x € O.
But then y = (y/z)x € P, a contradiction. We have already shown that m is
the unique maximal ideal. O

Exercise 1.6 Consider A = C[X,Y]x y). Argue that A is a local domain that
is not a valuation ring. [Hint: C0n51der the ideals (X) and (Y) in A.]

Define k = O/m. Since m is maximal, this is a field which we call the residue
field of (K, v) and let res : O — k be the residue map res(z) = x/m. Often we
write T for res(x).

Examples



1. In the trivial valuation on K, the valuation ring is K, the maximal ideal
is {0} and the residue field is K.

2. For the p-adic valuation on Q the valuation ring is Z,) = {m/n : m,n €
Z,p/n.}, the maximal ideal is pZ,) and the residue field is F,, the p-
element field.

3. Consider the field of formal Laurent series F'(T)) with valuation v(f) = m
where f =" a,T™ where a,, # 0, then the valuation ring is F[[T]],
the maximal ideal is all series Y~ a,T™ where m > 0 and the residue
field is F.

Exercise 1.7 a) Suppose (K,v) is an algebraically closed valued field. Show
that the value group is divisible and the residue field is algebraically closed.

b) Suppose (K, v) is a real closed valued field. Show that the value group is
divisible but the residue field need not even have characteristic zero.

Exercise 1.8 Suppose L is an algebraic extension of K and v is a valuation on
L.

a) Show that the value group of L is contained in the divisible hull of the
value group of K.

b) Show that the residue field of L is an algebraic extension of the residue
field of K.

The valuation topology
Let v : K* — T be a valuation. Let a € K and v € " let

By(a)={z € K :v(x —a) >~}

be the open ball centered at a of radius 7. The valuation topology on K is the
weakest topology in which all B, (a) are open.
Let
By(a)={z € K :v(x—a) >~}

be the closed ball of radius v centered at a. If b # B, (a), then v(b—a) = 4§ < 7.
If x € Bs(b), then v(z —a) = v((z — b) + (b — a)). Since v(z —b) > J and
v(b—a) =04, v(z —a) = <. Thus B,(a) N Bs(b) = 0 and closed balls are
indeed closed in the valuation topology.

Lemma 1.9 Ifb € B,(a), then B,(a) = B,(b) and the same is true for closed
balls. In other words, every point in a ball is the center of the ball.

Proof Let b € By(a). If v(z — a) >, then

v(z —b) > min(v(z — a),v(a — b)) > 7.

INote this definition of radius is somewhat misleading. In particular, the balls get smaller
as the radius gets larger!



O

When we have a valuation v : K* — Z, B,(a) = By,41(a). Thus the closed
balls are also open. So there is a clopen basis for the topology.
In fact closed balls are always open.

Lemma 1.10 Every closed ball is open.
Proof Let B = B, (a) be a closed ball. Consider the boundary
0B ={x:v(x —a) =~}
Suppose b € 0B, (a). If z € B,(b), then
v(z —a) =v((z —b) +v(b—a)).

But v(b — a) =y and v(z — b) > . Thus v(z — a) = v and B,(a) is contained
in 0B. Thus
B=B,(a)u (] B,®)
bes(B)

O

Exercise 1.11 Show that every closed ball B is a union of disjoint open balls
each of which is a maximal open subball of B.

Exercise 1.12 Suppose Bi,...,B,, are disjoint open or closed balls where
m > 2. Let a; be the center of B; and let § = min{v(a; —a;) : i =2,...,m}.
Show that Bj(a;) is the smallest ball containing By U --- U By,.

Exercise 1.13 Prove that in the valuation topology all polynomial maps are
continuous. [Hint: Consider the Taylor expansion of f(a + €)]

Valuation rings

Interestingly, the ring structure of the valuation ring O alone gives us enough
information to recover the valuation.

Definition 1.14 We say that a domain A with fraction field K. is a valuation
ringifc € Aor 1/x € Aforall z € K.

Let A be a valuation ring. Let U be the group of units of A and let m = A\U.
We claim that m is the unique maximal ideal of A. If @ € m and b € A, then
ab ¢ U since otherwise 1/a = b(1/ab) € A. If a,b € m. At least one of a/b and
b/a € A. Suppose a/b € A. Then a+b = b(a/b+ 1) € m. Thus m is closed
under addition so it is an ideal. If x € A\ m, then A € U, so no ideal of A
contains z. Thus m is the unique maximal ideal of A. For z,y € K* we say x|y
if y/z € A.

Let G = K*/U. Define a relation on G by z/U < y/U if and only if z|y.
For u,v € U we have z|y if and only if uz|vy. Thus < is well defined. If x|y and
ylx, then x/y € U and z/U = y/U. If /U < y/U and y/U < z/U. Then there



are a,b € A such that y = az and z = by. But then z = abz and z/U < z/U.
Thus < is a linear order of I'. We write /U < y/U if x|y and y/f«.

Exercise 1.15 Suppose z/U < y/U and z € K*. Show that z/U - z/U <
y/U - z/U.

Thus (G, -, <) is an ordered abelian group. It is also easy to set that 1/U <
x/U if and only if 2 € A. If we rename the operation + and the identity 0 we
have shown that w(x) = /U is a valuation on K with valuation ring A.

Exercise 1.16 Suppose (K,v) is a valued field with surjective valuation v :
KT and valuation ring O and let w : K* — G be the valuation recovered from
O as above. If v € T, choose z € K with v(xz) = v and define ¢(v) = w(g).
Show that ¢ : ' = G is a well defined order isomorphism and ¢(v(x)) = w(x)
for all x € K*. Thus the valuation we have recovered is, up to isomorphism,
the one we began with.

There are some interesting contexts where the valuation ring arises more
naturally than the valuation. Suppose (F, <) is an ordered field and O C F is
a proper convex subring. If © € F'\ O, then, in particular, || > 1. But then,
[1/x| < 1so0o1/x € O. Thus O is a valuation ring.

One important example of this occurs when O is the convex hull of Z. We
call this the standard valuation.

Exercise 1.17 Let F be an ordered field with infinite elements and let O be
the convex hull of Z.

a) Show that the maximal ideal of O is the set of infinitesimal elements.

b) Suppose R C F'. Show that the residue field is isomorphic to R.

¢) Suppose that F' is real closed (but not necessarily that R C F). Show
that the residue field is real closed and isomorphic to a subfield of R.

The structure of the value group will depend on field F'. Suppose F is real
closed. In this case we can say is that it will be divisible. Suppose g is in the
value group and x € F with z > 0 and v(x) = g. Then there is y € F with
y™ = z. Hence g = v(y™) = nv(y).

Definition 1.18 An ordered group I is archimedian if for all 0 < g < h, there
is n € N with ng > h.

Exercise 1.19 Show that an ordered abelian group is archimedian if and only
if it is isomorphic to a subgroup of (R, +).

Exercise 1.20 Order R(X,Y’) such that X > r for all r € R and Y > X™ for
all n € N. Let F be the real closure of (R(X,Y), <) and consider the standard
valuation. Show that the value group in nonarchimedean.

1.2 Absolute Values

Definition 1.21 An absolute value on a ring A is a function |- | : A — R2°
such that



i) |z| = 0 if and only if |x| = 0;

i) fay| = [xly[;

iii) (triangle inequality) |z + y| < |z| + |yl;

The usual absolute values on R and C (or the restrictions to any subring)
are absolute values in this sense and if i : K — C is a field embedding we obtain
an absolute value | - | on K by taking |a| = ||i(a)]].

If v : AX — T i1s a valuation where ' C R and 0 < < 1. Then we can
construct and absolute value |z| = a*®) for x # 0. In this case |z +y| = a?@+Y),
Since v(z+y) > min(v(x),v(y)) and 0 < a < 1, [x+y| < max(|z|, |y]|) < |z|+]|y|-
An absolute value that satisfies this strong form of the triangle inequality is
called a nonarchimedean absolute value or ultrametric.

We also have the trivial absolute value where |z| = 1 for all nonzero z—this
is of course the absolute value corresponding to the trivial valuation.

Exercise 1.22 We can extend an absolute value on a domain A to the fraction
field.

Exercise 1.23 Suppose K is a field with a nonarchimedean absolute value |- |.
a) Show that O = {z € K : |z| < 1} is a valuation ring with maximal ideal
m={x:v(x) < 1}.
b) Show that the valuation topology associated with O is exactly the topol-
ogy induced by the absolute value.

Once we have an absolute value we define a topology as usual by taking basic
open balls B.(a) = {z : |x—a| < €}. If we start with a valuation v : £* — R and
take the absolute value |z| = a*(*), then this is exactly the valuation topology.
Note that if we chose a different 8 with 0 < # < 1 and defined |z| = £*(*) we
would define the same topology.

Definition 1.24 We say that two absolute values | - |; and |- |2 on A are
equivalent if they give rise to the same topology.

Consider the field Q. We have the usual absolute value on it which we will
denote | - |o. For p a prime we have the absolute value |z|, = (1/p)"»(%). This
choice of base is convenient as it gives the product formula

|20 H 2|, =1
p prime

which is trivial in this case but has nontrivial generalizations to number fields
(see, for example, [2] §10.2).

Exercise 1.25 Show that the absolute values | - |oo,| - |2, | |3,... are pairwise
inequivalent. [Hint: Consider the sequence p,p?, ... ]
Exercise 1.26 Consider the sequence 4, 34,331, 3334,33334,.... Show that

with the absolute value |- |5 on Q this sequence converges to 2/3.

The next theorem shows that we have found all the absolute values on Q.
For a proof see, for example, [2] §2.2.



Theorem 1.27 (Ostrowski’s Theorem) Any nontrivial absolute value on Q
is equivalent to | - |oo oT sSOmME | - |p.

Complete rings

Suppose (A, ]| - |) is a domain with absolute value | - |. We say that a sequence
(an :n=1,2,...) in A is Cauchy if for all ¢ > 0, there is an n such that if
i,j > n then |a; — a;| < e.

We say that A is complete if every Cauchy sequence converges. Clearly R
and C with the usual absolute values are complete.

Lemma 1.28 Consider the ring of power series K (X)) with the valuation v(f) =
m where f =Y, -, a, X" where a,, # 0 and the absolute value |f| = a*f),
where 0 < ao < 1. Then K 1is complete.

Proof Suppose fo, f1,... is a Cauchy sequence. Suppose f; = > oy @inX"
(where a;, = 0 for m > i Let € < al/™. There is m,, such that if 1,7 > my
then |f; — f;| < e. But then a; = a;; for all k < n. Let by be this common
value. Let g = 3,y b X" Then |f; — g| < 1/n for all i > n. It follows that

(fi) converges to g. O

Exercise 1.29 If (A,|-]) is a complete domain, then the extension to the
fraction field is also complete.

in nonarchimedean complete domains we have a simple test for convergence
of series.

Exercise 1.30 If (A4, |) is a nonarchimedean complete domain, then the series
Yoo o an converges if and only if lim a,, = 0.

If a is a domain with absolute value |-|. We can follow the usual constructions
from analysis to build a completion A of A. The elements of A are equivalence
classes of Cauchy sequences from K where (a,,) and (b,) are equivalent if and
only if for any € > 0 there is an n such that |a;—b;| < e for i, 5 > n. We can define
an absolute value on A such that the equivalence class of (a,) has absolute value
limy, 00 |ar|. We identify A with the equivalence classes of constant sequences.

Exercise 1.31 Complete the construction of R. Prove that it is a complete
ring and that if L D K is any complete field with an absolute value extending
the absolute value of K, then there is an absolute value preserving embedding
of K into L fixing K.

Lemma 1.32 Suppose A is a complete domain with nonarchimedean absolute
value |-|. If (ay) is a Cauchy sequence that does not converge to 0, then |a;| = |a;|
for all sufficiently large i and j. Thus when we pass to the completion A we add
no new absolute values.

Proof We can find an N and € such that |a,| > € and |a,, — a,,| < € for all
n,m > N. But then, since we have a nonarchimedean absolute value |a,| = |am,|
for all n > N. O



Definition 1.33 The ring of p-adic integers Z,, is the completion of Z with the
p-adic absolute value | - |,. Its fraction field is Q,, the field of p-adic numbers.

Lemma 1.34 i) Suppose (a,) is a sequence of integers. The series Y o, a;p’
converges in ZLy.
ii) The map (a,) — Z, is a bijection between {0,...,p — 1} and Z,,.

Proof i) If m < n, then

1

n m
i i
Z a;p — Z a;p
i=0 i=0

Thus the sequence of partial sums is Cauchy and hence convergent.

P
ii) Suppose (a,) € Z" and pfag. Because p|>,, ., anp™
o0
>’
n=0

Let (a,) and (b,) € {0,...,p — 1} be distinct. Suppose m is least such that
G, 7 bpy. Then

= laolp # 0.
P

Zanpn = Z anp" + amp™ + Z anp"

n<m n>m
while
Z bpp™ = Z anp"™ + by p™ + Z by p™
n<m n>m

It follows that | > a,p™ — > b,p"|, = —=. Thus the map is injective. Given

o
x € Z, choose (a,) € {0,...,p — 1} such that Y nem @np" = x(mod p™) for
all m. Then Y~ a,p" = z. Thus the map is surjective. O

It follows that every element x € Q, can be represented as a series z =
Y e @™ where m € Z, a,, # 0. and each a, €0,...,p—1and Z, = {z €
Qp : |z|p < 1}. We have the p-adic valuation v,(x) = m. The value group is Z
and the residue field is [Fp,.

Exercise 1.35 Suppose U is an open cover of Z,, by open balls {z : |x—a|, < €}.
Define T C {0,...,p—1}<N such that § € T and (aq, ..., a,) € T if and only if
there is no ball of radius at least 1/p™*! in U containing ag + a1p+ - - + a,p™.

a) Show that T is a tree (i.e. if c C 7 and 7 € T, then o € T)).

b) Show that T has no infinite branches.

c) Conclude that Z, is compact.

Exercise 1.36 For i > j let ¢;; : Z/(p') — Z/(p’) be the map ¢; ;(z) =
axmod (p/). Then Zy, is the inverse limit of the this system of ring homomor-
phisms.

10



Why valued fields?

Most of the most important example of valued fields arising in number theory,
complex analysis and algebraic geometry have value groups that are discrete or,
at the very least, contained in R. Why are we focusing on valuations rather
than absolute values? Here are a couple of answers.

1. Valued fields with value groups not contained in R arise naturally when
looking at standard valuations on nonstandard real closed fields.

2. Once we start doing model theory we will frequently need to pass to ele-
mentary extensions. Even though Q, has value group Z when we pass to
an elementary extension the value need not be a subgroup of R.

3. One of our big goals is the theorem of Ax—Kochen and Ershov theorem
that for any sentence ¢ in the language of valued fields, ¢ is true in F,,(T")
for all but finitely many p if and only if ¢ is true in Q, for all but finitely
many p. This is proved by taking a nonprinciple ultrafilter U on the primes

and showing that
[IF(T) /U =]] 2.

These fields will have very large value groups.

11



2 Hensel’s Lemma
2.1 Hensel’s Lemma, Equivalents and Applications

Definition 2.1 We say that a local domain A with maximal ideal m is henselian
if whenever f(z) € A[X] and there is a € A such that f(a) € m and f'(a) € m,
then there is « € A such that f(a) =0 and o —a € m.

Theorem 2.2 (Hensel’s Lemma) Suppose K is a complete field with nonar-
chimedian absolute value | - | and valuation ring O = {x € K : |x| < 1}. Then
O s henselian.

Proof Suppose a € O, |[f(a)] =€ < 1 and |f'(a)] = 1. We think of a as our
first approximation to a zero of f and use Newton’s method to find a better

approximation. Let 6 = }f((aa)). Note that |[6| = |f(a)/f'(a)| = €. Consider the

Taylor expansion
fla+ ) = f(a) + f'(a)z + terms of degree at least 2 in z.
Thus

—f(a)
f'(a)

+ terms of degree at least 2 in J.

fla+0) = f(a)+ f'(a)

Thus |f(a + J)| < €2. Similarly
f'(a+68) = f'(a) + terms of degree at least 2 in §

and |f'(a +96)| = [f(a)| = 1.

Thus starting with an approximation where |f(a)] =€ < 1 and |f'(a)| = 1.
We get a better approximation b where |f(b)| < €2 and |f/(b)| = 1. We now
iterate this procedure to build a = ag, a1, as,... where

f(an)

Upt1 = An — f’(a )
n

It follows, by induction, that for all n:

: o

i) lany1 —an| <e ;

ii) |f(an)| < €

iii) |f'(an)| = 1.
Thus (a,) is a Cauchy sequence and converges to «, |a — a| < €, and f(a) =
lim,, o f(a,) = 0. O

Thus the ring of p-adic integers and rings of formal power series F[[T]] are
henselian.

Exercise 2.3 Let O be the valuation ring of the field of Puiseux series F(T').
a) Show that O is not complete. [Hint: Consider the sequence T:,T% +
T3, T2 +T3 +T3 4 ... ]

12



b) Show that O is henselian.

Exercise 2.4 Suppose K is henselain and F' C K is algebraically closed in K,
then F' is henselian.

The next lemma shows that in a Hensel’s Lemma problem, there is at most

one solution.

Lemma 2.5 Let O be a local domain with mazimal ideal m. Suppose f(X) €
O[X], a € O, f(a) € m and f'(a) & m. There is at most one a € O such that
fla)=0anda—a€em

Proof Considering the Taylor expansions
f'(@) = f'(a) + (a —a)b

for some b € O. Thus f'(«a) € m.
If € € m, then

fla+e) = fla)+ f'(a)e+be* = f'(a) + be?

for some b € O. Since f'(a) € m, f(a+¢€) € m, but f(a+¢€) € m? unless € = 0.
Thus if 5 —a € mand a # 3, f(8) #0. O

There are many natural and useful equivalents of henselianity.

Lemma 2.6 Let A be a local domain with maximal ideal m. The following are
equivalent.

i) A is henselian.

i) If f(X) =1+ X +masX?+....nag X% wherem € m and ay,...,aq € A,
then f has a unique zero o in A, with o = —1lmod m.

iti) Suppose f(X) € A[X], a € A, m € M and f(a) = mf’'(a)?, there is a
unique a € A such that f(a) =0 and a — «a € (cf’'(a)).

Proof i) = ii) is clear since f(—1) € m and f/(—1) & m.
ii) = iii) Then

d
fla+X)=f(a)+ f' (@)X + > _ b X'
i=2
for some b; € A. But then

d
fla+mf(@Y) = mf'(a)®+mf'(a)?Y + > bi(mf (a)Y)

=2

d
mf’(a)? (1 +Y + Z mcﬂ”)

=2

for some ¢y, . ..,cq € A. By ii) we can find t u € A such that 14+u+>_ mc;u’ = 0.
Let « = a+ mf'(a)u. Then f(a) =0 and a — o € m, as desired.
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iii) = i) is immediate. O
In a valuation ring O, condition iii) can be restated v(f(a)) > 2v(f’(a)).

Exercise 2.7 Suppose R is a real closed field and O C R is a proper convex
subring. Show that O is henselian. [Hint: Consider f(X) as in ii) and show
that f must change sign on O.]

Exercise 2.8 Suppose (K, <) is an ordered field, O is a proper convex subring,
and (K, Q) is henselian with divisible value group and real closed residue field.
Prove that every positive element of K is a square. [We will see in Corollary
5.14 that, in fact, K is real closed.]

The following equivalent is also useful.

Corollary 2.9 Let A and m be as above, then A is henselian if and only for
every polynomial f(Y) =1+Y + >, a; Y where as,...,a, € m, there is
a = —1(mod n) such that f(a) = 0.

Proof (=) Clear.

(<) It suffices to show that for every polynomial of the form X" + X"~ ! +
Z;:OQ a; X" where ag, ..., a,_2 € m has a zero congruent to —1, or equivalently
that every polynomial of the form

n—2

1+ (1/X) + ) ai(1/X)"+

i=0
has a zero congruent to —1. Letting Y = 1/X we find the desired solution. O
Corollary 2.10 If (K, v) is an algebraically closed valued field, then K is henselian.

Proof Consider the polynomial f(X) = X" + X" ! 4 q, X" 2+ ... +ag
where ag,...,a,—2 € m. It suffices to show that f has a zero congruent to
—1(mod m). Any zero that is a unit must be congruent to —1(mod m), so it
suffices to show that f has a zero that is a unit. Since K is algebraically closed,
we can factor f(X) = (X —by)---(X —b,). Each b; must have nonnegative
value, as if v(b;) < 0, then v(b1') < v(a;b?) for all i < n and v(f(b;)) = nv(b;),
so f(b;) #0. But —>_ b; =1 so some b; must have value 0. O

p-adic squares and sums of squares

A typical application of Hensel’s lemma is understanding the squares in Q.
First suppose p # 2. Let a € Q. Let a = p™b where b is a unit in Z,. If a = ¢?,
then vy(a) = 2vp(c). Thus m is even. We still need to understand when a unit
b € Z, is a square. Let f(X) = X? —b. Let b be the residue of f. Then if b is
a square b must be a square in the residue field F,,. If z € Z,, such that % = b.
Then v, (x) = vp(c) = 0 and v, (f/(x)) = v,(22) = 0. Thus, by Hensel’s Lemma,
there is y € Z,, such that y*> = b and v,(x —y) > 0. Thus a € QZQ, is a square if
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and only if @ = p?"b where b is a unit and b is a square in F,. Recall that for
p # 2 the squares are an index 2 subgroup of F). It follows that the squares
are an index 4 subgroup of Q.

We need to be a bit more careful in Zy. If f(X) = X2 — ¢ and 7* = ¢, then
v2(x) = v2(2x) = 1 so we can not apply Hensel’s Lemma directly. We can use
the characterization iii) of Lemma 2.6 but we need to look at squares mod 8.
Consider f(X) = X2 —b. Suppose b is a unit in Zy and b is a square. Then b is
a square mod 8. We argue that the converse is true. Consider f(X) = X2 —b.
Suppose = € Z, and 2 — b = 0(mod 8). Then vy(x) = 0 and ve(2x) = 1. Thus
va(f(x)) > 3 while vo(f'(x)) = 1. Thus b is a square in Zy. The nonzero squares
mod 8 are 1 and 4. Thus a € Z; is a square if and only if a = 22"b where b = 1
or 4(mod 8). Thus the squares are an index 8 subgroup of Q..

Exercise 2.11 a) Show that if p # 2, then Z, = {z € Q, : Jy y* = pa?® + 1}
b) Show that Zs = {z € Qy : Iy y* = 822 + 1}.

Exercise 2.11 shows that the p-adic integers Z, are definable in Q, in the
pure field language. Thus, from the point of view of definability, it doesn’t
matter if we view Q) as a field or as a valued field.

Exercise 2.12 a) Suppose p/n. Show z is an n'i-power in Q, if and only if
nlv,(n) and res(n) is an n'"-power in F,.

b) Suppose p|n. Show that z is an n''-power in Q, if and only if z = p"™y
where y is a unit and y is an n*"-power mod p?*(M+1),

¢) Conclude that the nonzero n'"-powers are a finite index subgroup of Q-

Exercise 2.13 a) Let K be a field of characteristic other than 2. Show that
K[T)| ={f € K(T):3g ¢> =Tf*+1}.
b) Suppose K has characteristic 2 and give a definition of K[[T]] in K((T)).

Lemma 2.14 If p is an odd prime and u € Zy, is a unit, then u is a sum of
two squares in Zy.

Proof In F, there are (p + 1)/2 squares. Since the set F2 and u — F each
of size (p + 1)/2, they must have non-empty intersection. Let z,y € Z, such
that 72 + 7> = %. At least one of z and y is a unit. Say x is a unit. Let
f(X) = X?—(y?>—u). By Hensel’s Lemma we can find a zero z and 2% +y? = u.
O

Lemma 2.15 Suppose p = 1(mod 4). Ewvery element of Z, is a sum of two
squares.

Proof We know that —1 is a square in F,. By Hensel’s Lemma there is £ € Z,
with €2 = —1.
Let a € Z,. Note that

(a+1)2 —(a—1)* = da.
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Thus

() ()

Note that since p # 2, 1/2 € Z,. Thus we have written a as a sum of squares
in Zy. O

Corollary 2.16 If p = 1(mod 4) then every element of Q, is a sum of two
squares.

Proof We can write a = p?"b for some b € Z,. If b = ¢* + d?, then a =
(po)® + (pd)*. O

Lemma 2.17 If p = 3(mod 4), then a € Q, is a sum of two squares if and only
if vp(a) is even.

Proof If a = p>™u where u is a unit. Then u is a sum of two squares so a is
as well.

Suppose vp(a) is odd and a = z? + y?. Then a is not a square, thus both
and y are nonzero. Also v,(z) = v,(y) as otherwise vy(a) is even. Let x = p™u
and y = p™v where u,v are units in Z,. Then a = p*™(u? + v?). But v,(a)
is odd, thus v,(u? +v?) > 0 and (u/v)? = —1(mod p), a contradiction since
p = 3(mod 4). O

Lemma 2.18 In Q; if a = 2™u where u is a unit, then a is a sum of two
squares if an only if u = 1(mod 4).

Proof First suppose u = 1(mod 4). We first show that u is a sum of squares.
Then v =1 or 5 (mod 8). If u = 1(mod 8), then u is already a square in Zo. If
u = 5(mod 8), then u/5 = z? for some = € Zy and u = 22 + (2x)%.

Recall that a product of two sums of squares is a sum of squares as

(a? +b*)(c* + d?) = (ac — bd)? + (ad + bc)>.

Since 2 =141 and 1/2 = (1/4) + (1/4) are sum of two squares 2™ is a sum
of two squares.

Next suppose u = 3(mod 4). If a is a sum of two squares, then, as above, u
is also a sum of two squares. Say u = z2 + y2. This is impossible if z,y € Zy
since the only sums of two squares mod 4 are 0, 1 and 2. Without loss of
generality suppose v,(z) < 0. But then we must have v,(y) = vp(z) = —n
where n > 0. Then z = z/2" and y = w/2" where z and w are units in Z, and
4"y = (22 + w?). Thus 22 + w? = 0(mod 4). But z and w are units and, thus,
22, w? = 1(mod 4) and 2% + w? = 2(mod 4), a contradiction. O

We can use these results, particularly the result about primes congruent to
3(mod 4) to rephrase a classic result of Euler’s. Recall that an integer m > 0 is
a sum of two squares if and only if v,(m) is even for any prime p = 3(mod 4)
that divides m. See, for example, [27] §27.
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Corollary 2.19 An integer m is a sum of two squares if and only if it is a sum
of squares in R and in each Z,.

Proof (=) is clear.
(<) If m is a square in R, then m > 0. By Lemma 2.17, if p = 3(mod 4),
then v,(m) is even. Thus m is a square in Z. (]

This corollary can be though of as a baby version of a local-global principle.
Hensel’s Lemma gives us a powerful tool for solving equations in the p-adics.
We have no comparable tool in the rational numbers. Of course if a system
of polynomials over @ has no solution in @, or R, then it has no solution in
Q. Sometimes, we can prove existence results in Q by proving them in all
completions. These are called local-global results as they reduce question in the
global field Q to the local fields Q, and R. These principles are very useful it is
often much easier to decide if there is a solution in the local fields. One of the
most general is the Hasse Principle. See for example [25] §TV.3.

Theorem 2.20 (Hasse Principle) Let p(Xi,...,X,) = >3, o, 0:;X:X; €
Q[X1,...,Xy,]. Then p =0 has a nontrivial solution in Q if and only if it has
nontrivial solutions in R and Q, for all primes p.

Exercise 2.21 Suppose p > 2 is prime. Let
F(X1, o, X Vi, Vo) = > ai X7+ phi X7
i=1 j=1

where a;,b; € Z are not divisible by p.

a) Suppose F has a nontrivial zero in Q,. Show that either > @;X? or
>~ b;Y;? has a nontrivial solution in F,. [Hint: First show that there is a solution
(1, s Tm, Y1, .-, Yn) € Z, where some x; or y; is a unit. Show that if some
x; is a unit, then (Z1,...,T,;,) is a zero of Y. a; X? and otherwise (¥, ...,7,) is
a zero of Y b;Y7.

b) Use Hensel’s Lemma to prove that if either Y @; X7 or > b;Y7 has a
nontrivial zero in F,, then F' as a nontrivial zero in Q.

¢) Show that 3X2+2Y?2 — Z2 = 0 has no nontrivial solution in Q3 and hence
no nontrival solution in Q.

p-adic roots of unity
In the next exercises and lemma we will look for roots of unity in Q,.

Exercise 2.22 Let p be an odd prime.

a) Show that there are exactly p — 1 distinct (p — 1)™ roots of unity in Z,
and no two distinct roots are equivalent mod p

b) Suppose that & and & are roots of unity of order m; and msg where
p /| mi,mae. Show that if & = &(mod p), then & = xo. [Hint: Consider
f(X)=X""m™2 — 1 and apply Lemma 2.5.]
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Lemma 2.23 Let p be an odd prime.
i) The only p*t'-root of unity in QP is 1.
ii) The only p*™-power root of unity in Q, is 1.

Proof i) Clearly any p'"-root of unity ¢ is in Zp. Suppose P = 1. In F,,
& = £, thus € = 1(mod p). Let f(X) = X? — 1. Then up(f'(€)) = 1 and, by
the uniqueness part of Lemma 2.5 iii), { is the unique zero of f in {x € Z, :
vp(x — &) > 2} = € + p?Z,. We will show that 1 € £ + p?Z,, and conclude that
E=1.

Suppose £ = 1 + px where © € Z,,. Then

1=¢" = (1+p) =1+p(pz) + Yy <Z;) (pz)’

=2

Each term (?)(px)" is divisible by p* thus 1 = 1 + p?z(mod p?). Hence p*z =
0(mod p?) and p|z. But then ¢ = 1(mod p?) and, since ¢ is the p*"-root of unity
in &+ p*Z,, € = 1.

ii) We prove by induction that if £&#" = 1, then X = 1. If Spmﬂ =1, then
(€P")P =1 and, by i), &»" = 1. By induction & = 1. O

Corollary 2.24 Ifp is an odd prime, then the only roots of unity in Q, are the
p — 1 roots of XP~1 —1.

Proof Let n = p¥m where p/m. If €* = 1, then & = zy where 2" =1 and
y™ = 1. By the previous exercise and lemma, z = 1 and y?~! = 1. O

Exercise 2.25 Prove that the only roots of unity in Qo are +1.

The Implicit Function Theorem

We give a very different application of Hensel’s Lemma in power series rings to
a prove an algebraic version of the Implicit Function Theorem. Let F' be a field
and let p(X,Y) € F[X,Y] such that £(0,0) = 0 and 9% (0,0) # 0. Consider the
polynomial g(Y) € F[[T]][Y], where g(Y) = f(T,Y). Then ¢g(0) = f(7,0) =
f£(0,0) =0 (mod (T')). But
Jgy)= aa—}j;(0,0) # 0 (mod T).

Thus by Hensel’s Lemma, we can find ¢(T) € F[[T]] such that f(T,¢(T)) = 0.
Thus we have found a power series point on the curve. We think of the power
series as parameterizing a branch on the curve near (0,0).

If 22.(0,0) = 0, but 2£(0,0) # 0, we could find a ¢(T') such that f(¢(T),T) =
0. By changing variables we could, more generally shows that if (a,b) € F? is
any smooth point of the curve we can find a power series branch. This type of
result can be extended to singular points but requires more specialize properties
of power series and Puiseux series rings such as Weierstrass factorization (see,
for example, [24]).
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2.2 Lifting the residue field

In some of our later work it will be useful to view the residue field k as a subfield
of the valued field K. Of course this is sometimes impossible. The p-adics have
characteristic 0, while the residue field has characteristic p. However, when K
is henselian and k is characteristic 0, this will always be possible.

Theorem 2.26 Suppose K is a henselian valued field and the residue field k
has characteristic 0. Then there is a field embedding j : k — K such that
res(j(z)) =z for all x € k.

We call such a j a section of the residue map.

Proof We will inductively build j : kK — K. At any stage of our construction we
will have kg C k a subfield and j : kg — K a field embedding with res(j(z)) = =
for all x € ky. To start, since k has characteristic 0, we can take kg = Q and
let j: Q — Q be the identity map. The theorem will follow by induction using
the following two claims.

claim 1 Suppose we have such a j : kg — K where kg is a subfield of k and
x € k\ ko is transcendental over ky. Then we can extend j to a suitable
7 ko(z) = k.

Choose y € K such that res(y) = x. We claim that y is transcendental over
Ky = j(K). Suppose not. Then there is p(X) € Ky[X] such that p(y) = 0.
But then p(x) = 0. Since res o j is the identity on kg, p(X) is not identically 0,
thus « is algebraic over kg a contradiction. We extend j to 3\ by sending y to x.
Since the residue map is a ring homomorphism, res O} is the identity.

claim 2 Suppose we have such a j : ko — K where ko is a subfield of k and
x € k\ky is algebraic over kg. Then we can extend j to a suitable j : ko(z) — K.

There is yo € k with res(yo) = x. Suppose p(X) is the minimal polynomial
of x over ko. Then p(x) =0 and p'(x) # 0. Let ¢(X) be the image of the p(X)
under j. Since reso j = id, § = p. But then g(z) = 0 and ¢'(z) # 0, and, by
henselianity, there is y € K such that ¢(y) = 0 and res(y) = res(yo) = . We
extend j to /j\ by sending y to x. Since the residue map is a ring homomorphism,
res o j is the identity. O

We can use this theorem to prove an easy result very much in the spirit of
the Ax—Kochen and Ershov results we will see in §5.

Theorem 2.27 (Greenleaf) Let fi,...,fm € Z[X1,...,Xy] then for all but
finitely many primes p, every solution to f1 = --- = fn, = 0 in Fy, lifts to a
solution in Zy .

Proof We consider vauled fields as fields with a predicate for the valuation
ring. Consider the sentence © in the language of valued fields

VX(fl(X)P"’fm(X)Etn_)Ey fl(Y>:"':fm(Y):0 Ny,—z;em
fori:l,...,n).
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O asserts that any zero of f; = --- = f,,, in the residue field lifts to the field. By
Theorem 2.26, if K is a henselian valued field with characteristic zero residue
field we can embed k into K, thus © holds. In particular, [[Z,/U = © for any
nonprincple ultrafilter . Thus, by the Fundamental Theorem of Ultraproducts,
Zy k= O for all but finitely many primes. O

2.3 Sections of the value group

Once could ask similar questions about the value group. This doesn’t have
anything to do with henselianity and could be moved later.
If (K,v) is a valued field with value group I' we say that s : ' — K is a
section of the valuation if v(s(y)) = v and s(y+~') = s(v)s(y') for all 4,~" € T.
For example, in the p-adics n — p™ is a section. The next two lemmas give
useful examples where sections exist.

Lemma 2.28 Let (K,v) be a real closed or algebraically closed field. Then there
15 a section s: I' - K.

Proof In either case I is divisible. Let (v; : ¢ € I) be a basis for I as a Q-vector
space.

If K is real closed then for each ¢ we pick z; € K with z; > 0 and v(z;) = ;.
Let s(mivys, +...mgvi,) = ;" ---x,"". Then s is the desired section.

If K is algebraically closed then for each ¢ we need to choose a coherent
sequence of n-th roots x;, for n =1,2,... such that :L'Z“nm = x;, for all n and
m and v(z;1) = v;. We can then let s(may;, +...mgvyi,) = xiln i’;nk
where m; = l;/n; and [; and n; are relatively prime. Then s is the desired
section. O

Exercise 2.29 Suppose K is a henselian valued field with divisible value group
I' and the residue field k is of characteristic zero with k* divisible. Prove that
there is a section s : I' — K of the valuation.

We will show that sufficiently rich fields have sections.

Theorem 2.30 If (K,v) is an Ry-saturated valued field with value group T,
then there is a section s : ' = K.

Corollary 2.31 Every valued field has an elementary extension where there is
a section of the value group.

The Theorem follows from the next lemma. Recall that if G is an abelian
group a subgroup H C G is pure if G/H is torsion free, i.e., if nz € H, then
x € H foralln > 0. If [y C T" we say that s : I'g — K* is a partial section if it
is a homomorphism with v o s = id.

Lemma 2.32 Suppose K is an Wi-saturated valued field with value group T,
Iy C T is a pure subgroup, s : Ty — K> is a partial section and g € T'\ T'y.
Then there is a pure subgroup ToU{g} CT1 CT and 5§D s a partial section of
r;.
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We know that 'y = {0} is a pure subgroup of I' with partial section s(0) = 1.
By Zorn’s Lemma there is a maximal partial section and by the Lemma it must
be defined on all of T.

Proof of Lemma Let H be the group generated by I' U {g}. We first look for
a smallest pure subgroup I'y containing H. Let S = {n > 0: there is b € T" such
that b/H has order exactly ninI'/H. If n € S thereisbeI', ce 'y and m € Z
such that nb = ¢ + mg. We make some observations.

e if m,n €S, let b/H have order m and ¢/H have order n, then (b+c¢)/H
has order d, where d is the least common multiple of m and n. Thus d € S.

o If (nk)b = c+ (mk)g, then ¢ = k(nb — mg) € T'y and, by purity of Ty,
nb — mg € T'g. Thus b/H has order n. It follows that if n € S, there are b € T,
c € 'y and m € Z such that nb = ¢ + mg where n and m are relatively prime.

e If nb = ¢ + mg where n and m are relatively prime, then there is ¥’ € T
and ¢’ € T'g such that nb’ = ¢ +g.

There are integers u and v such that un +vm = 1. Then n(ub) = uc+ umg
and n(ub — vg) = uc+g.

e If nb = ¢+ g and nb’ = ¢ + mg, then V' is in the group generated by
Ty U {b}.

Note that nmb = ecm + mg. Thus n(b/ — mb) = ¢/ — me € T'y. Thus, by the
purity of T'g, ¥ — mb € T'y.

Suppose for n € S we choose b,, € " and ¢,, € T'g such that nb,, = ¢, +g. Note
that 1 € S and by = g. Let I'; be the subgroup generated by I'o U {b,, : n € S}.
Putting together the previous observations, we see that I'y is the smallest pure
subgroup of I" containing I'o U {g}.

We need to find (z, : n € S) € K such that v(z,) = b, and z]! = s(cp)z1
for all n. Consider the set of formulas

Y =A{v(rn) =by Az, = s(cy)xr 1 n € S}

Since (K, v) is Rj-saturated, it suffices to show that every subset of ¥ is consis-
tent.

Let Sy be a finite subset of S. Without loss of generality we may assume
that 1 € Sy and there is N € Sy such that n|N for all n € Sy. Choose xy with
v(xn) = by. We must have x; = ﬁz)

Suppose n € Sy and N = nd. Then Nby = ¢y + nb, — cy. Thus

’I’L(de — bn) =CN —Cp € 1_\0

and there is ¢y, € g such that dby — b, = cn.. Then s(cy.,)" = <(N)>

Let z,, = TN Then
S(CN,n)
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and
U(xn> = de —CNn = bna

as desired. Thus every finite subset of X is consistent. If (z, : n € S) satisfies
3} we can extend s by sending b,, — x, for n € S. O

Exercise 2.33 a) Modify the proof above to prove the following. Consider the
language of groups where we add a unary predicate for a distinguished subgroup.
Suppose (G, H) is an Nj-saturated abelian group with proper subgroup such
that G/H is torsion free. Prove that there is a section s : G/H — G, i.e., a
homomorphism such that s(x/H)/H = x/H.

b) Use the above to show that in every Nj-saturated valued field K there is
a section s : I' - K* with vos =id.

Unfortunately, we can not always find sections.

Exercise 2.34 Consider the field Q(X;, Xs2,...) with the valuation where
v(X,) = 1/n. Prove that there is no section of the value group.

2.4 Hahn fields

Let k be a field and let (T, +, <) be an ordered abelian group. We will consider
the multiplicative group of formal monomials (77 : v € T') where T° = 1 and
T2 = T2 and formal series f = Z’yEF a,T" where a, € k. The support
of fis supp(f) = {7 : a, # 0}. We will only consider series f where supp(f)
is well ordered (i.e. every nonempty subset has a least element). The Hahn
seriesfield is

k((T)) = {f : supp(f) is well ordered}.

Addition is easy to define if f = Zwer a,T7 and g = Z,Yec b,T7. Then
a+b=> (ay+b,)T".
~el’

Lemma 2.35 Let A and B be well ordered subsets of I'. Then A + B is well
ordered and for any c € A+ B the set {(a,b) € Ax B:a+b=c} is finite.

In particular, if A C T is well ordered then the set ¥, = {a1 + -+ ay :
ai,...,an € A} is well ordered and for all g € ¥, {(a1,...,a,) € A" ) a; =
g} is finite.

Proof Suppose (ag,bo), (a1,b1),... are distinct such that a; + b; > a; + b;
for ¢ > j. We can find a strictly monotonic subsequence of the a;. Since A
is a well ordered, the sequence can not be decreasing. Thus we may assume
ag < a1 < .... But then by > b; > ... is an infinite descending sequence,
contradicting the fact that B is well ordered. O

This allows us to define multiplication by

Sa | [ Db =D Y a1

~yeTl ~yeTl yel v1+7v2="
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The usual proofs of commutativity and associativity in power series show
that k((T)) is a domain. There is a natural valuation v(f) = minsupp(f). A
stronger form of the last lemma is needed to show k(")) is a field. For a proof
see [1] §7.21.

Lemma 2.36 (Neumann’s Lemma) Suppose A C T is well ordered and ev-
ery element of A is positive. Let ¥ = {a1 + -+ ay, : (a1,...,a,) € AN}
Then X is well ordered and for all g € ¥ the set {(a1,...,a,) € AN :n €N
and Y a; = g} is finite.

Proof Suppose go > g1 > ... is an infinite decreasing sequence in . For each
ilet o; = (04(1),...,0i(n;)) € S be of minimal length such that g; = o;(1) +
-+« 4+ 0;(n;) and n; is the minimal length such that there is (a1,...,a,) € S
with a1 4+ -+ + am, = g;. We also assume that 0;(1) < 0;(2) < .... We can thin
the sequence such that ng < n; <ng >.... [In this proof we use several times

that in an ordered set every sequence has a strictly monotonic subsequence.]

claim By altering the sequence we may assume that the sequence ng,ni,ns ...
is constant.

The lemma will lead to a contradiction as we have shown that the set of
sums of n-elements of A is well ordered for each n.

Suppose we have arranged things such that ng = n1 = -+ = ng < ngy1-
We can pass to a subsequence fixing oy, ..., 0y but, perhaps, thinning the rest
such that oj11(1), 0k42(1),0k4+3(1),... is strictly monotonic. Since A is well
ordered, we must have o 41(1) < o42(1) < ox43(1),.... For all j > k let o =
(0j(2),...,05(n;)) and let hj = 0;(2) +-- -+ 0;j(n;). Since all element of A are
nonnegative h; < g; and since o;(1) > og41(1) for j >k, hgy1 > hpgo > .. ..
Replace g; by h; and o; by a; for 5 > k. We have shortened the sequence
ok+1 by one. Repeating this procedure finitely many times we may assume that
01,...0k+1 have the same length.

Repeating this process for each k we get may assume that ng,ni,... is
constant. [Note that after stage k we never change oy

Thus we conclude that ¥ is well ordered. We need to show that for all g € ¥
there are only finitely many sequence (a1, ...,a,) € A<N

Suppose g € ¥ and there are o, ...,0,,... distinct in A<N such that o; =
(04(1),...,04(n;)) and o;(1) + -+ + 0;(n;) = g. Since g is well ordered we
may assume that g is the least element of 3 where this is possible. Passing to
a subsequence we may assume that og(1),...,0,(0),... is strictly monotonic.
Since A is well ordered, it can not be strictly decreasing. Let h; = 0;(2) +
<o+ 0i(n;) € B If og(1),...,00(1),... is strictly increasing hg > hy > ...

contradicting that 3 is well ordered. If o¢(1),...,0,(1), is constant then every
h; = ho — 0g(1) < g since every element of A is positive. But this contradicts
the minimality of g. O

Corollary 2.37 If " _ a, X, € E[X]], f € k() and v(f) > 0, then
Yoo anf™ is a well defined element of k((T).
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We can now show that k((T")) is a field. Suppose f # 0. Then f = aT7(1—¢)
where € € k(") and @ € k*. and v(e) > 0. Then g = > j€" € T and the
usual arguments show that g(1 —e) = 1. Thus 1/f = (1/a)T Vg and k(")) is
a field.

Definition 2.38 If f,g € k(T")), f = > ayT" and ) b,T7, we say that g is
an end extension of f or, alternatively, that f is a truncation of g if supp(f) C
supp(g), every element of supp(g) \ supp(f) is greater than every element of
supp(f) and if v € supp(f) then a, =b,. We write f < g.

Exercise 2.39 Suppose we have (f3 : 8 < «) for some ordinal o where f5 < f3
forall 0 < 8 <a.Let fg =3 ap,T7. Show that |Js_,, supp(fs) is well ordered
and if f =3 a,T7 where a, = ag,, for all sufficiently large 5 < o. Moreover

v(fo = f) > supp(fa)-
Lemma 2.40 The field of Hahn series k(")) is henselian.

Proof While k£((T"))) need not be complete, we can mimic the proof of Hensel’s
Lemma with a transfinite iteration. Let O be the valuation ring, let p(X) €
O[X] and a € O such that v(p(a)) > 0 and v(p'(a)) = 0. As we saw in the
proof of Hensel’s Lemma if we take b = a — ;’,((‘Z)), then v(p(b)) > 2vp(a) and
o(p' () = 1.

We build a sequence of better and better approximations. Let ag = a. Given
aq if p(as) = 0 we are done, otherwise let ag41 = a+ a — p(ay)/overp’(ay) and
let v = ’U(p((l)) = U(@a-l-l - aa).

Suppose « is a limit ordinal and we have constructed (ag : f < a). Let
ag = D ,erbp T If B> a, then ag, = agy14 for all v < ys. Let fz =
> v <7Bag+1,y- Then v(as— fg) > s and f3 is an initial segment of the series
fs for all B > «. We can naturally take the limit of the series (f, : f < «) as
in Exercise 2.39 and let this be a,. We have v(aq — ag) > 3 for all g < «a.
As in the proof of Hensel’s Lemma, this implies v(p(aq) > 75 for all § < « and
v(p'(aa)) = 1.

Since we are building (v,) an increasing sequence in I, this process must
stop at some ordinal o < |T'|*, but it only stops when we find the desired zero
of p. O

Corollary 2.41 For any field k and any ordered abelian group T' there is a
henselian valued field with value group I' and residue field k.

Exercise 2.42 Suppose k is an ordered field.

a) Show that we can order k((T"), by = > 0 if and only if z = at"(1 + ¢)
where a > 0.

b) Suppose ever nonnegative a € k is a square and T is 2-divisible, i.e., if
g € T there is h € T with 2h = g. Let a € k((T"))) with @ > 0. Show that a is a
square. Thus the ordering in a) is the only possible ordering of k((T")).

We will show in Corollary 3.17 that if k is real closed and I is divisible then
E((T)) is real closed.
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Hahn series fields recapture some aspects of completeness.

Definition 2.43 Let K be a valued field. We say that K is spherically complete
if whenever (I, <) is a linear order and (B; : i € I) is a family of open balls such
that B; O Bj for all i < j, then (,.; By # 0.

Lemma 2.44 Any Hahn series of field k((T")) is spherically complete.

Proof Without loss of generality we may assume that there is an ordinal «
(Bg: B <a)and Bs D Bg for 6 < 8 < a. Let Bg = {z: v(x — ag) > vs}. For
each 8 < « choose fz such that supsupp(fsz) = vs and v(fg —ag) > 5. Then
fs <9 fg for 6 < B < a. Let f be as in Exercise 2.39, then f € Uz, Bs- O

maximal valued fields

Hahn fields k((T")) are the maximal fields with residue field k£ and value group
I.

Definition 2.45 If (K, v) is a valued field extending L is a subfield, then K is
an immediate extension if v(K) =v(L) and kx = k.

For example Q, is an immediate extension of Q.
Lemma 2.46 k((I") has no proper immediate extensions.

Proof Suppose K is an immediate extension of k((T")) and z € K\ k((T")). We
build a series as follows: Let 79 = v(x). Choose ag € k such that res(x/T7) =
a. Then v(z — apTy)) > 7o.

Suppose we have constructed (ag : 8 < a) a sequence in k and (y5: f < «)
an increasing sequence in I' such that if f, = Z6<ﬁ asT7 then v(x — fo) > 73
for all 8 < a. Let 74 = v(x — fo). As before we can find a, € k such that
res((z — fo)/T7) = aq. Then v(x — fo +aqT7) > v, and we can continue the
induction.

In this way we will build an increasing map from the ordinals into I', but
this must stop by some « < |T'|T, a contradiction. O

Definition 2.47 We say that (K, v) is a mazimal valued field if it has no proper
immediate extensions.

We will show that every valued field has a maximal extension.
Lemma 2.48 (Krull’s Bound) If K is a valued field, then |K| < |k|/TI.

Proof Let k = |k|. Suppose B is a closed ball of radius of radius v, then, as
we saw in Lemma 1.10, that B is the union of x disjoint open balls of radius
7. Let (CEB : a < k) be the listing. For x € K define f, : I' — &, be defined
so that if B is the closed ball of radius v around z, then x € Cﬁ(v)' Suppose

z # y and v(z —y) = . Then f,(6) = f,(0) for all 6 < v, but fz(v) # fy (7).
Thus z + f, in injective and |K| < |k|!. O

25



Corollary 2.49 (Kaplansky) If K is a valued field, then there is K C L an
immediate extension that is mazimally valued.

Proof By Krull’s bound, the collection of immediate extensions of K is a set
so we can apply Zorn’s Lemma to find a maximal immediate extension. U

In Exercise 5.30 we will show that any maximally valued field is spherically
complete.
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