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These are informal notes for a course in Descriptive Set Theory given at
the University of Illinois at Chicago in Fall 2002. While I hope to give a fairly
broad survey of the subject we will be concentrating on problems about group
actions, particularly thosemotivated by Vaught's conjecture. Kechris' Classical
Descriptive Set Theory is the main referencefor thesenotes.

Notation: If A is a set, A<! is the set of all ¯nite sequencesfrom A. Suppose
¾ = (a0; : : : ; am ) 2 A<! and b 2 A. Then ¾bb is the sequence(a0; : : : ; am ; b).
We let ; denote the empty sequence.If ¾2 A<! , then j¾j is the length of ¾. If
f : N ! A, then f jn is the sequence(f (0); : : : ; f (n ¡ 1)).

If X is any set, P(X ), the power set of X is the set of all subsetsX .
If X is a metric space,x 2 X and ² > 0, then B ² (x) = f y 2 X : d(x; y) < ²g

is the open ball of radius ² around x.

Part I

Classical Descriptiv e Set Theory

1 Polish Spaces

De¯nition 1.1 Let X be a topological space. We say that X is metrizable if
there is a metric d such that the topology is induced by the metric. We say that
X is separable if there is a countable densesubset.

A Polish space is a separabletopological spacethat is metrizable by a com-
plete metric.

There are many classicalexamplesof Polish spaces.Simpleexamplesinclude
Rn , Cn , I = [0; 1], the unit circle T, and Qn

p , where Qp is the p-adic ¯eld.

Example 1.2 Countable discrete sets are Polish Spaces.

Let X be a countable set with the discrete topology. The metric

d(x; y) =
½

0 if x = y
1 if x 6= y

is a complete metric inducing the topology.

If d is a metric on X , then

bd(x; y) =
d(x; y)

1 + d(x; y)

is also a metric, bd and d induce the sametopology and bd(x; y) < 1 for all x.

Example 1.3 If X 0; X 1; : : : are Polish spaces, then
Q

X n is a Polish space.
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Supposedn is a completemetric on X n , with dn < 1, for n = 0; 1; : : :. De¯ne
bd on

Q
X n by

bd(f ; g) =
1X

n =0

1
2n +1 dn (f (n); g(n)) :

If f 0; f 1; : : : is a Cauchy-sequence,then f 1(i ); f 2(i ); : : : is a Cauchy-sequence
in X i for each i . Let g(n) = lim

i !1
f i (n). Then g is the limit of f 0; f 1; : : :.

Supposex i
0; x i

1; : : : is a densesubsetof X i . For ¾2 N<! let

f ¾(n) =
½

xn
¾(n ) if i < j¾j

xn
0 otherwise

:

The f f ¾ : ¾2 N<! g is densein
Q

X .

In particular, the Hilbert cube H = I N is Polish. Indeed, it is a universal
Polish space.

Theorem 1.4 Every Polish space is homeomorphic to a subspace of H.

Pro of Let X be a Polish space.Let d be a compatible metric on X with d < 1
and let x0; x1; : : : a denseset. Let f : X ! H by f (x) = (d(x; x1); d(x; x2); : : :).
If d(x; y) < ²=2, then jd(x; x i ) ¡ d(y; x i )j < ² and d(f (x); f (y)) <

P 1
2n +1 ² < ².

Thus f is continuous. If d(x; y) = ² choosex i such that d(x; x i ) < ²=2. Then
d(y; x i ) > ²=2, so f (x) 6= f (y).

We need to show that f ¡ 1 is continuous. Let ² > 0. Choosen such that
d(x; xn ) < ²=3. If jy ¡ xn j > 2²=3, then d(f (x); f (y)) ¸ 1

3(2 n +1 ) . Thus if

d(f (x); f (y)) < 1
3(2 n +1 ) , then d(x; y) < ². Hencef ¡ 1 is continuous.

Function spacesprovide other classicalexamplesof Polish spaces.Let C(I )
be the continuous real-valued functions on I , with d(f ; g) = supfj f (x) ¡ g(x)j :
x 2 Ig. Becauseany Cauchy sequenceconvergesuniformly, d is complete. Any
function in I can be approximated by a piecewiselinear function de¯ned over
Q. Thus C(I ) is separable.

More generally, if X is a compact metric spaceand Y is a Polish space
let C(X ; Y ) be the space of continuous functions from X to Y with metric
d(f ; g) = supfj f (x) ¡ g(x)j : x 2 X g.

Other classicalexamplesinclude the spacesl p, l1 and L p from functional
analysis.

The next two lemmaswill be useful in many results. If X is a metric space
and Y µ X , the diameter of Y is diam (Y ) = supf d(x; y) : x; y 2 Yg

Lemma 1.5 SupposeX is a Polish space and X 0 ¶ X 1 ¶ X 2 ¶ : : : are closed
subsetsof X such that lim n !1 diam (X n ) = 0. Then there is x 2 X such thatT

X n = f xg.

Pro of Choosexn 2 X n . Sincediam (X n ) ! 0, (xn ) is a Cauchy sequence.Let
x be the limit of (xn ). Sinceeach X n is closedx 2

T
X n . Sincediam (X n ) ! 0,

if y 2
T

X n , then x = y.
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Lemma 1.6 If X is a Polish space, U µ X is open and ² > 0, then there are
open setsU0; U1; U2; : : : such that U =

S
Un =

S
Un and diam (Un ) < ² for all

n.

Pro of Let D be a countable denseset. Let U0; U1; : : : list all setsB 1
n

(d) such

that d 2 D, 1
n < ²=2 and B 1

n
(d) µ U. Let x 2 U. There is n > 0 such

that 1
n < ², B 1

n
(x) ½ U. There is d 2 D \ B 1

3n
(x). Then x 2 B 1

3n
(d) and

B 1
3n

(d) ½ U. Thus B 1
3n

(d) is one of the Ui and x 2
S

Ui .

Baire Space and Cantor Space

If A is any countable set with the discrete topology and X is any countable set,
then AX is a Polish space.Two very important examplesarise this way.

De¯nition 1.7 Baire space is the Polish spaceN = NN and Cantor space is
the Polish spaceC = 2N.

An equivalent complete metric on N is d(f ; g) = 1
2n +1 where n is least such

that f (n) 6= g(n).
Since the two point topological spacef 0; 1g with the discrete topology is

compact. By Tychono®'s Theorem C is compact.

Exercise 1.8 Show that C is homeomorphicto Cantor's \middle third" set.

Another subspaceof N will play a key role later.

Example 1.9 Let S1 be the group of all permutations of N, viewed as a sub-
space of N .

If d is the metric on N , then d is not complete on S1 . For example let

f n (i ) =

(
i + 1 if i < n
0 if i = n
i otherwise

:

Then f n is a Cauchy sequencein N , but the limit is the function n 7! n + 1 that
is not surjective. Let bd(x; y) = d(x; y) + d(x ¡ 1; y¡ 1). It is easy to seethat if
(f n ) is a bd-Cauchy sequencein S1 , then (f n ) and (f ¡ 1

n ) are d-Cauchy sequences
that convergein N . One can then check that the elements the convergeto must
be inversesof each other and henceboth in S1 .

Exercise 1.10 A metric d on a group G is called left-invariant if d(xy; xz) =
d(y; z) for all x; y; z 2 G. Show that the original metric d on S1 is left-invariant,
but that there is no left-invariant complete metric on S1 .

Exercise 1.11 De¯ne Á : N ! C by

Á(f ) = 00: : : 0| {z }
f (0)

11: : : 1| {z }
f (1)+1

00: : : 0| {z }
f (2)+1

1: : : :
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Show that Á is a continuous and one-to-one. What is the image of Á?

Exercise 1.12 We say that x 2 [0; 1] is a dyadic-rational is x = m
2n for some

m; n 2 N. Otherwise, we say x is a dyadic-irrational. Show that N is homeo-
morphic to the dyadic-irrationals (with the subspacetopology). [Hint: let Á be
as in Exercise 1.11 and map f to the dyadic-irrational with binary expansion
Á(f ).]

Exercise 1.13 y Show that

f 7!
1

1 + f (0) + 1
1+ f (1)+ 1

1+ f (2)+ 1
1+ :::

is a homeomorphismbetweenN and the irrational real numbers in (0; 1).

BecauseN will play a key role in our study of Polish spaces,we will look
more carefully at its topology. First we notice that the topology has a very
combinatorial/computational °avor.

If ¾2 N<! , Let N¾ = f f 2 N : ¾½ f g: Then N¾ is an open neighborhood
of f . It is easyto seethat f N¾ : ¾2 N<! g is a basis for the topology. Notice
that N n N¾ =

S
f N¿ : ¿(i ) 6= ¾(i ) for somei 2 dom ¾g is also open. Thus N¾

is clopen. It follows that the Baire Spaceis totally disconnected(i.e., any open
set is the union of two disjoint open sets).

If U µ N is open, there is S µ N<! such that U =
[

¾2 S

N¾. Let T = f ¾2

N<! : 8¿ µ ¾¿ 62Sg. Note that if ¾2 T and ¿ µ ¾, then ¿ 2 T. We call a set
of sequenceswith this property a tree. We say that f 2 N is a path through T
if (f (0); : : : ; f (n)) 2 T for n = 0; 1; : : :. We let

[T ] = f f 2 N : f is a path through Tg:

Then f 2 [T ] if and only if ¾6½f for all ¾2 S if and only if f 62U. We have
proved the following characterizations of open and closedsubsetsof N .

Lemma 1.14 i) U µ N is open if and only if there is S µ N<! such that
U =

[

¾2 S

N¾.

ii) F µ N is closed if and only if there is a tree T µ N<! suchthat F = [T ].

We can improve the characterization a little.

De¯nition 1.15 We say that a tree T µ N<! is pruned if for all ¾2 T, there
is i 2 N with ¾bi 2 T.

Equivalently , T is pruned if for all ¾2 T, there is f 2 [T ] with ¾ ½ f . If
T is a tree, then T 0 = f ¾2 T : 9f 2 [T ] ¾½ f g. It is easyto seethat T 0 is a
pruned tree with T µ T 0. Thus every closedset F is the set of paths through a
pruned tree.

If f : N ! N , then f is continuous if and only if for all x and ¾ ½ f (x),
there is a ¿ ½ x such that if ¿ ½ y, then ¾ ½ f (y). In other words, for all n
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there is an m, such that the ¯rst n valuesof f (x) are determined by the ¯rst m
valuesof x. In x4 we will show how this brings in ideasfrom recursion theory.

Another key feature of the Baire spaceis that powers of the Baire spaceare
homeomorphicto the Baire space.Thus there is no natural notion of dimension.

Lemma 1.16 i) If k > 0, then N is homeomorphic to Nd £ N k .
ii) N is homeomorphic to N N.

Pro of If ® = (n1; : : : ; nd; f 1; : : : ; f k ) 2 Nd £ N k , let

Á(f ) = (n1; : : : ; nd; f 1(0); f 2(0); : : : ; f k (0); f 1(1); : : : ; f k (1); : : : ; f 1(n); : : : ; f k (n); : : :):

If ¯ = (f 0; f 1; : : :) 2 N N , let

Ã(¯ ) = (f 0(0); f 0(1); f 1(0); : : :):

It is easyto seethat Á and Ã are homeomorphisms.
A third important feature of the Baire spaceis that every Polish spaceis a

continuous image of the Baire space.We ¯rst prove that every closedsubsetof
N is a continuous image of N .

Theorem 1.17 If X is a Polish space, then there is a continuous surjective
Á : N ! X .

Pro of Using Lemma 1.6 build a tree of sets(U¾ : ¾2 N<! ) such that:
i) U; = X ;
ii) U¾ is an open subsetof X ;
iii) diam (U¾) < 1

j¾j ;

iv) U¿ µ U¾ for ¾½ ¿;

v) U¾ =
1[

i =0

U¾
�

i .

If f 2 N , then by 1.5 there is Á(f ) such that

Á(f ) =
1\

n =0

Uf j n =
1\

n =0

Uf j n = f Á(f )g:

Supposex 2 X . We build ¾0 ½ ¾1 ½ : : : with x 2 U¾i . Let ¾0 = ; . Given ¾n

with x 2 U¾n , there is a j such that x 2 U¾n
�

j . Let ¾n +1 = ¾nbj . If f =
S

¾n ,
then Á(f ) = x. Thus Á is surjective.

SupposeÁ(f ) = x. If gjn = f jn, then Á(g) 2 Uf j n and d(Á(f ); Á(g)) < 1
n .

Thus Á is continuous.

Indeed we have shown that there is an open, continuous,surjective Á : N !
X .

We will prove a re¯nement of this theorem. We needone lemma.
Recall that X is an F¾-set if it a countable union of closedsets. If O ½ X

is open, then, by 1.6 there are open setsU0; U1; : : : such that O =
S

Un . Thus
every open set is and F¾-set. The union of countably many F¾-setsis an F¾-set.
If X =

S
A i and Y =

S
B i are F¾-sets, then X \ Y =

S
(A i \ B j ) is also an

F¾-sets.
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Lemma 1.18 SupposeX is a Polish space and Y µ X is an F¾-set and ² > 0.
There are disjoint F¾-setsY0; Y1; : : : with diam (Yi ) < ², Y i µ Y and

S
Yi = Y .

Pro of Let Y =
S

Cn where Cn is closed. Replacing Cn by C0 [ : : : [ Cn

we may assumethat C0 µ C1 µ : : :. Thus Y is the disjoint union of the sets
C0; C1 nC0; C2 nC1; : : :. SinceCi n Ci +1 µ Ci µ Y , it su±ces to show that each
Ci nCi ¡ 1 is a disjoint union of F¾-setsof diameter lessthan ². SupposeY = F \ O
whereF is closedand O is open. By Lemma1.6, wecan¯nd O0; O1; : : : opensets
with diam (On ) < ² and O =

S
On =

S
On . Let Yn = F \ (On n(O0 \ : : : On ¡ 1)).

The Yi are disjoint, Yi µ Oi ½ O, so Yi µ Y , and
S

Y i = Y .

Theorem 1.19 If X is Polish, there is F µ N closed and a continuous bijection
Á : F ! X .

Pro of Using the previous lemma, we build a tree (X ¾ : ¾2 N<! ) of F¾-sets
such that

i) X ; = X ;
ii) X ¾ =

S 1
i =0 X ¾

�

i ;
iii) X ¿ µ X ¾ if ¿ ½ ¾;
iv) diam (X ¾) < 1

j¾j ;
v) if i 6= j , then X ¾

�

i \ X ¾
�

j = ; .
If f 2 N , then

T
X f j n contains at most one point. Let

F =
n

f 2 N : 9x 2 X x 2
1\

n =0

X f j n

o
:

Let Á : F ! X such that Á(f ) =
T

X f j n . As above Á is continuous. By v) Á
is one-to-one. For any x 2 X we can build a sequence¾0 ½ ¾1 ½ : : : such that
x 2

T
X ¾n . We needonly show that F is closed.

Suppose(f n ) is a Cauchy sequencein F . Supposef n ! f 2 N . We must
show f 2 F . For any n there is an m such that f i jn = f m jn for i > m. But then
d(Á(f i ); Á(f m )) < 1

n . Thus Á(f n ) is a Cauchy sequence.SupposeÁ(f n ) ! x.
Then x 2

T
X f j n =

T
X f n , so Á(f ) = x and f 2 F .

Exercise 1.20 Prove that if X and Y are closedsubsetsof N with X µ Y
then there is a continuousf : Y ! X such that f jX is the identit y (we say that
X is a retraction of Y). Use this to deduce1.17 from 1.19.

Cantor{Bendixson analysis

We next show that the Continuum Hypothesis is true for Polish spaces,and
closedsubsetsof Polish spaces.

De¯nition 1.21 Let X be a Polish space.We say that P µ X is perfect if X
is a closedset with no isolated points.

Note that ; is perfect. Nonempty perfect setshave size2@0 .
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Lemma 1.22 If P µ X is a nonempty perfect set, then there is a continuous
injection f : C ! P. Indeed, there is a perfect F µ P, homeomorphic to C. In
particular jP j = 2@0 .

Pro of We build a tree (U¾ : ¾ 2 2<! ) of nonempty open subsetsof X such
that:

i) U; = X ;
ii) U¿ ½ U¾ for ¾½ ¿;
iii) U¾

�

0 \ U¾
�

1 = ; ;
iv) diam (U¾) < 1

j¾j ;
v) U¾ \ P 6= ; ;
Supposewe are given U¾ with U¾\ P 6= ; . BecauseP is perfect, we can ¯nd

x0 and x1 2 U¾ \ P with x0 6= x1. We can chooseU¾
�

0 and U¾
�

1 disjoint open
neighborhoodsof x0 and x1, respectively such that U¾

�

i ½ U¾ and diam (U¾
�

i ) <
1

j¾+1 j . This allows us to build the desiredtree.
By Lemma 1.5, we can de¯ne f : C ! P such that

f f (x)g =
1\

n =0

Ux jn =
1\

n =0

Ux jn =
1\

n =0

Ux jn \ P:

It is easyto check that f is continuous and one-to-one.
Sincef is continuousand C is compact, F = f (C) is closed. By construction

F is perfect. The map f : C ! F is open and hencea homeomorphism.

Exercise 1.23 Supposef : C ! X is continuous and one-to-one. Prove that
f (C) is perfect.

Consider Q as a subspaceof R. As a topological spaceQ is closedand has
no isolated points. Since jQj = @0, Q is not a Polish space.

We next analyzearbitrary closedsubsetsof Polish spaces.Let X be a Polish
space. Let U0; U1; : : : be a countable basis for the open sets of X . If F µ X is
closed,let F0 be the isolated points of F . For each x 2 F0 we can ¯nd i x such
that Ui x \ F = f xg. Thus F0 is countable and

F n F0 = F n
[

x 2 F0

Ui x

is closed.

De¯nition 1.24 If F µ X is closed,the Cantor{Bendixson derivative is

¡( F ) = f x 2 F : x is not an isolated point of F g:

For each countable ordinal ® < ! 1, we de¯ne ¡ ®(F ) as follows:
i) ¡ 0(F ) = F ;
ii) ¡ ®+1 (F ) = ¡(¡ ®(F ));
iii) ¡ ®(F ) =

\

¯ <®

¡ ¯ (F ).

8



Lemma 1.25 SupposeX is a Polish space and F µ X is closed.
i) ¡ ®(F ) is closed for all ® < ! 1;
ii) j¡ ®+1 (F ) n ¡ ®(F )j · @0;
iii) if ¡( F ) = F , then F is perfect, and ¡ ®(F ) = F for all ® < ! 1.
iv) there is an ordinal ® < ! 1 such that ¡ ®(F ) = ¡ ®+1 (F )

Pro of i){iii) are clear. For iv), let U0; U1; : : : be a countable basis for X . If
¡ ®+1 n ¡ ® 6= ; , we can ¯nd n® 2 N such that Un ® isolates a point of ¡ ®(F ).
By construction Un ® does not isolate a point of ¡ ¯ (F ) for any ¯ < ®. Thus
n® 6= n¯ for any ¯ < ®.

If there is no ordinal ® with ¡ ®(F ) = ¡ ®+1 (F ), then ® 7! n® is a one-to-one
function from ! 1 into N, a contradiction.

The Cantor{Bendixson rank of F , is the least ordinal ® such that ¡ ®(F ) =
¡ ®+1 (F ).

Exercise 1.26 y Show that for all ® < ! 1, there is a closed F µ R with
Cantor{Bendixson rank ®.

Theorem 1.27 If X is a Polish space and F µ X is closed, then F = P [ A
where P is perfect (possiblyempty), A is countable and P \ A = ; .

Pro of If F µ X is a closed set of Cantor{Bendixson rank ® < ! 1, then
F = P \ A where P = ¡ ®(F ) and A =

S
¯ <® ¡ ¯ +1 (F ) n ¡ ¯ (F ). Clearly A is

countable and A \ P = ; .

Corollary 1.28 If X is a Polish space. and F µ X is an uncountable closed
set then F contains a nonempty perfect set and jF j = 2@0 . Also, if Y µ X is
an uncountableF¾-set, then Y contains a perfect set.

In particular every uncountablePolish space has cardinality 2@0 .

Exercise 1.29 Show that there is an uncountable A ½ R such that no subset
of A is perfect. [Hint: Build A be diagonalizing against all perfect sets. You
will needto usea well-ordering of R.]

Polish subspaces

SupposeX is a Polish spaceand F µ X is closed. If (xn ) is a Cauchy sequence
with each xn 2 F , then lim xn 2 F . Thus F is also a Polish space.

If U ½ X is open, then Cauchy sequencesin U, may not convergeto elements
of U. For example, (0; 1) ½ R and 1

n ! 0 62(0; 1). The next lemma shows that
when U is open we are able to de¯ne a new complete metric on U compatible
with the topology.

Lemma 1.30 If X is a Polish space and U µ X is open, then U (with the
subspace topology) is Polish.
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Pro of Let d be a completemetric on X compatible with the topology, we may
assumed < 1.

Let
bd(x; y) = d(x; y) +

¯
¯
¯
¯

1
d(x; X n U)

¡
1

d(y; X n U)

¯
¯
¯
¯ :

It is easyto seethat bd(x; x) is a metric. Since bd(x; y) ¸ d(x; y), every d-open,
set is bd-open. Supposex 2 U, d(x; X nU) = r > 0 and ² > 0. Choose± > 0 such
that if 0 < ´ · ±, then ´ + ´

r ( r ¡ ´ ) < ². If d(x; y) < ±, then d(y; X n U) > r ¡ ±.
Hence

bd(x; y) · ±+

¯
¯
¯
¯
1
r

¡
1

r + ±

¯
¯
¯
¯ · ±+

¯
¯
¯
¯

¡ ±
r (r ¡ ±)

¯
¯
¯
¯ < ²:

Thus the bd-ball of radius ² around x, contains the d-ball of radius ±. Hence
every bd-open subset is open. Thus bd is compatible with the subspacetopology
on U. We needonly show bd is complete.

Suppose(xn ) is a bd-Cauchy sequence.Then (xn ) is alsoa d-Cauchy sequence,
so there is x 2 X such that xn ! x. In addition for each n

lim
i;j !1

¯
¯
¯
¯

1
d(x i ; X n U)

¡
1

d(x j ; X n U)

¯
¯
¯
¯ = 0:

Thus there is r 2 R such that

lim
i !1

1
d(x i ; X n U)

= r:

In particular, 1
d(x i ;X nU ) is bounded away from 0 and d(x; X n U) > 0. Thus

x 2 U. Hence bd is a complete metric on U and U is a Polish space.
We can generalizethis a bit further. Recall that Y µ X is a G±-set if Y is

a countable intersection of open sets. The G±-setsare exactly the complements
of F¾-sets. Thus every open set is G± and every closedset is G±.

Corollary 1.31 If X is a Polish space and Y µ X is G±, then Y is a Polish
space.

Pro of Let Y =
T

On where each On is open. Let dn be a complete metric on
On compatible with the topology. We may assumethat dn < 1. Let

bd(x; y) =
1X

n =0

1
2n +1 dn (x; y):

If (x i ) is a bd-Cauchy sequence,then (x i ) is dn -Cauchy for each n. Thus there
is x 2 X such that each x i ! x in each On . Since each On is complete
x 2

T
On = Y . Hence bd is complete.

Corollary 1.32 If X is a Polish space and Y µ X is an uncountable G±-set,
then Y contains a perfect set.
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Can we generalizeCorollary 1.31further? We already saw that Q µ R is not
a Polish subspace. Since Q is countable it is F¾. Thus we can not generalize
this to F¾-sets. Indeed the converseto the corollary is true.

Theorem 1.33 If X is a Polish space, then Y µ X is a Polish subspace if and
only if Y is a G±-set.

Pro of SupposeY is a Polish subspaceof X . Let d be a complete metric on
Y compatible with the subspacetopology. Let U0; U1; : : : be a basis of open
subsetsof X . If x 2 Y and ² > 0, then for any open neighborhood V of X
there is Un ½ V such that x 2 Un and diam (Y \ Un ) < ², where the diameter
is computed with respect to d.

Let
A = f x 2 Y : 8² > 09n x 2 Un ^ diam (Y \ Un ) < ²g:

Then

A =
1\

m =1

[
f Un : diam (Y \ Un ) <

1
m

g

is a G±-set and Y µ A. Supposex 2 A. For all m > 0, there is Un m such that
x 2 Un m and diam (Y \ Un m ) < ². Since Y is densein A, for each m we can
¯nd ym 2 Y \ Un 1 \ : : : \ Un m . Then y1; y2; : : : is a Cauchy sequenceconverging
to x. Hencex 2 Y . Thus Y = A is a G±-set.

Corollary 1.34 Every Polish space is homeomorphic to a G±-subsetof H.

Pro of By 1.4, if X is Polish space,then X is homeomorphic to a subspaceY
of H. By 1.33 Y is a G±-subsetof X .

Spaces of L -structures

We concludethis section with another important exampleof a Polish space.
Let L be a countable ¯rst-order language. Let Mod(L ) be the set of all

L -structures with universeN. We will de¯ne two topologieson Mod(L ). Let
f c0; c1; : : :g be a set of countably many distinct new constant symbols and let
L ¤ = L [ f c0; c1; : : :g. If M 2 Mod(L ), then we can naturally view M as an
L ¤-structure by interpreting the constant symbol ci as i .

If Á is an L ¤-sentence, let BÁ = fM 2 Mod(Á) : M j= Ág. Let ¿0 be the
topology with basicopen setsf BÁ : Á a quanti¯er-free L ¤-formulag and let ¿1 be
the topology with basicopen setsf BÁ : Á an L ¤-formulag. Clearly the topology
¿1-re¯nes ¿0.

Theorem 1.35 (Mod(L ); ¿0) and (Mod(L ); ¿1) are Polish spaces.

We give oneillustrativ e exampleto show that (Mod(L ); ¿0) is a Polish space.
SupposeL = f R; f ; cg whereR is a binary relation symbol, f is a binary function
symbol and c is a constant symbol. Let X be the Polish space2N2

£ NN2
£ N,

with the product topology. If M is an L-structure, let RM , f M and cM be

11



the interpretation of the symbols of L in M and let ÂR M : N2 ! 2 be the
characteristic function of RM . The function M 7! (ÂR M ; f M ; cM ) is a bijection
betweenMod(L ) and X .

We will prove (Mod(L ); ¿0) is Polish by showing that this map is a homeo-
morphism. Let Y0 = f (g; h; n) 2 X : g(i; j ) = 1g, Y1 = f (g; h; n) : h(i; j ) = kg,
Y3 = f (g; h; n) 2 X : n = mg. The inverse images of these sets are the ba-
sic clopen sets BR(ci ;c j ) , B f (ci ;c j )= ck

and Bcm = c, respectively. It follows that
this map is continuous. We need to show that if Á is quanti¯er-free, then the
image of BÁ is clopen. This is an easy induction once we show it for atomic
formulas. For formulas of the form R(ci ; cj ) or f (ci ; cj ) = ck , this is obvious.
A little more care is neededto deal with formulas built up from terms. For
example, let Á be the formula f (c0; f (c1; c2)) = c3. Then the image of BÁ is
Y = f (g; h; n) : h(0; h(1; 2)) = 3g. Then

Y =
[

i 2 N

f (g; h; n) : h(1; 2) = i ^ h(0; i ) = 3g

is open and

: Y =
[

i 2 N

[

j 6=3

f (g; h; n) : h(1; 2) = i ^ h(0; i ) = j g

is open. Thus Y is clopen. This idea can be generalizedto all atomic Á.

Exercise 1.36 Give a detailed proof that (Mod(L ); ¿0) is a Polish spacefor
any countable ¯rst order languageL .

Next, we consider (Mod(L ); ¿1). Let S be all L ¤-sentences. Then 2S with
the product topology is a Polish spacehomeomorphicto the Cantor space.Let
X be the set of all f 2 2S such that

i) f Á 2 S : f (Á) = 1g is consistent;
ii) for all Á we have f (Á) = 0 $ f (: Á) = 1;
iii) f (ci = cj ) = 0 for i 6= j ;
iv) for all Á, if f (9vÁ(v)) = 1, then f (Á(cm )) = 1 for somem 2 N.

Lemma 1.37 X is G±-subsetof 2S .

Pro of Let X 1 = f f : f Á : Á(f ) = 1gg is consistent. Let I be the set of ¯nite
subsetsof S that are inconsistent. Then

X 1 =
\

A 2 I

f f : f (Á) = 0 for someÁ 2 Ag

and X 1 is closed.
Also

X 2 =
\

Á2 S

f f : f (Á) = 0 $ f (: Á) = 1g

and
X 3 =

\

i 6= j

f f : f (ci = cj ) = 0g

12



are closed.
Let F be the set of L ¤-formulas with one free-variable. Then

X 4 =
\

Á2 F

³
f f : f (9vÁ(v)) = 0g [

[

n 2 N

f f : f (Á(cn )) = 1g
´

is G±. SinceX = X 1 \ : : : \ X 4, X is G±.
Thus X is a Polish subspaceof 2S .
If M 2 Mod(L ), let f M (Á) = 1 if M j= Á and f M (Á) = 0 if M j= : Á. It is

easyto seethat f M 2 X . If f 2 X , then Henkin's proof of GÄodel'sCompleteness
Theorem shows that there is an L-structure M with universeN such that:

i) if R is an n-ary relation symbol, then RM = f (n1; : : : ; nm ) : f (R(cn 1 ; : : : ; cn m ) =
1g;

ii) if g is an m-ary function symbol, then gM : Nm ! N is the function
where gM (n1; : : : ; nm ) = k if and only if f (g(cn 1 ; : : : ; cn m ) = cn k ) = 1;

iii) if c is a constant symbol, then cM = n if and only if f (c = cn ) = 1.
Thus M 7! f M is a bijection between Mod(L ) and X . The image of BÁ

is f f 2 X : f (Á) = 1g. Thus this map is a homeomorphismand Mod(L ) is a
Polish space.

Spaces of Compact Sets

We describe onemore interesting examplewithout giving proofs. For proofs see
Kechris [6] 4.F.

De¯nition 1.38 Let X be a topological space. Let K (X ) be the collection
of all compact subsetsof X . The Vietoris topology on K (X ) is the smallest
topology such that for each open U µ X the sets f A 2 K (X ) : A µ Ug and
f A 2 K (X ) : A \ U 6= ;g are open.

Exercise 1.39 SupposeX is separableand D µ X is a countable denseset.
Show that f A µ D : A ¯nite g is a dense subset of K (X ). Thus K (X ) is
separable.

De¯nition 1.40 SupposeX is a metric space.We de¯ne the Hausdor®metric
on K (X ) by

dH (A; B ) = max
³

max
a2 A

d(a; B ); max
b2 B

d(b;A)
´

:

Exercise 1.41 Show that the Hausdor®metric on K (X ) is compatible with
the Vietrois topology.

Theorem 1.42 If d is a complete metric on X , then dH is a complete metric
on K (X ). In particular, if X is a Polish space, then so is K (X ).

In 2.20 we show that f A µ X : A is ¯nite g is an F¾ subsetof K (X ).
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2 Borel Sets

De¯nition 2.1 If X is any set, a ¾-algebra on X is a collection of subsetsof X
that is closedunder complement and countable union. A measure space (X ; ­)
is a set X equipped with a ¾-algebra ­.

If (X ; ­ X ) and (Y; ­ Y ) aremeasurespaces,wesay f : X ! Y is a measurable
function if f ¡ 1(A) 2 ­ X for all A 2 ­ Y . We say that (X ; ­ X ) and (Y; ­ Y )
are isomorphic if and only if there is a measurablebijection with measurable
inverse.

De¯nition 2.2 If X is a topological space,the classof Borel setsB(X ) is the
smallest ¾-algebra containing the open sets.

If X and Y are topologicalspaces,wesay that f : X ! Y is Borel measurable
if it is a measurablemap betweenthe measurespaces(X ; B(X )) and (Y; B(Y)).

We say that a measurespace(X ; ­) is a standard Borel space if there is a
Polish spaceY such that (X ; ­) is isomorphic to (Y; B(Y)).

Lemma 2.3 SupposeX and Y are topological spaces and f : X ! Y .
i) f is Borel measurable if and only if the inverse image of every open set is

Borel.
ii) If Y is separable, then f is Borel measurable if and only if the inverse

image of every basic open set is Borel.
iii) If Y is separable and f : X ! Y is Borel measurable, then the graph of

f is Borel.

Pro of If f : X ! Y is Borel measurable,then the inverseimage of every open
set is Borel.

i) Let ­ = f A 2 B(Y) : f ¡ 1(A) 2 B(X )g. Supposeevery open set is in ­. If
A 2 ­, then f ¡ 1(Y nA) = X nf ¡ 1(A) is Borel and X nA 2 ­. If A0; A1; : : : 2 ­,
then f ¡ 1(

S
A i ) =

S
f ¡ 1(A i ) is Borel and

S
(A i ) 2 ­.

ii) SupposeO is open. There are basic open sets U0; U1; : : : such that O =S
Ui . Then f ¡ 1(O) =

S
f ¡ 1(Ui ) is a countable union of Borel sets and hence

Borel.

iii) Let U0; U1; : : : be a basis for the topology of Y . Then the graph of f is

1\

n =0

(f (x; y) : y 62Un g \ f (x; y) : x 2 f ¡ 1(Un )g:

Sinceeach f ¡ 1(Un ) is Borel so is the graph of f .

By ii) any continuousf : X ! Y is Borel measurable.We will seelater that
the converseof iii) is also true.

Since \
A i = X n

[
(X n A i );

any ¾-algebra is also closedunder countable intersections. Thus B(X ) contains
all of the open, closed, F¾, and G± sets. We could generalizethis further by
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taking F¾±, intersections of F¾-sets, G±¾, unions of G±-sets, F¾±¾, G±¾± : : :.
There is a more useful way of describing theseclasses.

De¯nition 2.4 Let X be a metrizable space.For each ® < ! 1 we de¯ne § 0
®(X )

and ¦ 0
®(X ) ½ P(X ) as follows:

§ 0
1(X ) is the collection of all open subsetsof X ;

¦ 0
®(X ) is the collection of all setsX n A where A 2 § 0

®(X );
For ® > 1, § 0

®(X ) is the collection of all sets X =
S

A i where each A i 2
¦ 0

¯ i
(X ) for some¯ i < ®.
We say that A 2 ¢ 0

®(X ) if A 2 § 0
®(X ) and A 2 ¦ 0

®(X ).

When we are working in a singlespacewe omit the X and write § 0
® and ¦ 0

®
instead of § 0

®(X ) and ¦ 0
®(X ).

Closedsetsare ¦ 0
1, F¾-setsare § 0

2, G±-setsare ¦ 0
2,. . . .

Lemma 2.5 SupposeX is metrizable.
i) § 0

® [ ¦ 0
® µ ¢ 0

®+1 for all ® < ! 1.
ii) B(X ) =

S
®<! 1

§ 0
®.

iii) If X is in¯nite, then jB(X )j = 2@0 .

Pro of In any metric spaceevery open set is both F¾ and G±, thus § 0
1 [ ¦ 0

1 µ
¢ 1

0. i) then follows easily by induction. An easy induction shows that any
¾-algebra containing the open setsmust contain § 0

® for each ® < ! 1.
iii) If U0; U1; : : : is a basis for the topology, then every open set is of the

form
S

n 2 S Un for someS µ N, thus j§ 0
®j · 2@0 . Clearly j¦ 0

®j = j§ 0
®j. Suppose

® < ! 1 and j¦ 0
¯ j · 2@0 for all ¯ < ®. Then j

S
¯ <® ¦ 0

¯ j < ® and if F is the set
of f : N !

S
¯ <® ¦ 0

¯ , then jF j · (2@0 )@0 = 2@0 and for any A 2 § 0
®, there is

f 2 F such that A =
S

f (n). Thus j§ 0
®j · 2@0 . Thus

jB(X )j =
¯
¯
¯

[

®<! 1

§ 0
®

¯
¯
¯ · @1 £ 2@0 = 2@0 :

If X is in¯nite, then every countable subsetof X is § 0
2. HencejB(X )j = 2@0 .

We state the basic properties of theseclasses.

Lemma 2.6 i) § 0
® is closed under countable unions and ¯nite intersections.

ii) ¦ 0
® is closed under countable intersections and ¯nite unions.

iii) ¢ 0
® is closed under ¯nite unions, ¯nite intersections and complement.

iv) § 0
®, ¦ 0

® and ¢ 0
® are closed under continuous inverse images.

Pro of We prove i) and ii) simultaneously by induction on ®. We know that i)
holds for the open sets. By taking complements, it is easyto seethat if § 0

® is
closedunder countable unions and ¯nite intersections, then ¦ 0

® is closedunder
countable intersectionsand ¯nite unions.

Suppose® > 0. A0; A1; : : : 2 § 0
®. Let A i =

S 1
j =0 B i;j where each B i;j 2 ¦ 0

¯
for some¯ < ®. Then

1[

i =0

A i =
1[

i =0

1[

j =0

B i;j 2 § 0
®:
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Supposewe have proved ii) for all ¯ < ®. Then

A0 \ A1 =
1[

i =0

1[

j =0

(B0;i \ B0;j )

and each B0;i \ B0;j is ¦ 0
¯ for some¯ < ®. Thus A0 \ A1 is § 0

®.

iii) is immediate from i) and ii).

iv) Suppose f : X ! Y is continuous. We prove that if A µ Y is § 0
®

(respectively ¦ 0
®), then so is f ¡ 1(A). If ® = 0, this is clear. Sincef ¡ 1(

S
A i ) =S

f ¡ 1(A) and f ¡ 1(Y n A) = X n f ¡ 1(A), this follows easily by induction.

Corollary 2.7 If A µ X £ Y is § 0
® (respectively ¦ 0

® or ¢ 0
®) and a 2 Y, then

f x 2 X : (x; a) 2 Y g is § 0
®.

Pro of The map x 7! (x; a) is continuous.

Exercise 2.8 SupposeX is a Polish spaceand Y is a subspaceof X . a) Show
that § 0

®(Y ) = f Y \ A : A 2 § 0
®(X )g and ¦ 0

®(Y ) = f Y \ A : A 2 § 0
®(X )g.

b) This doesnot necessarilywork for ¢ 0
®. Show that ¢ 0

2(Q) 6= f Q \ A : A 2
¢ 0

2(Q)g.

Examples

We give several examples.

Example 2.9 If A µ X is countable, then A 2 § 0
2.

Point are closed,so every countable set is a countable union of closedsets.

Example 2.10 Let A = f x 2 N : x is eventually constantg. Then A is § 0
2.

x 2 A if and only if 9m8n > m x(n) = x(n + 1):

If An = f x : x(n) = x(n + 1)g, then An is clopen and

A =
1[

m =0

\

n>m

An

is § 0
2.

Example 2.11 Let A = f x 2 N : x is a bijectiong. Then A is ¦ 0
2.

Let A0 = f x : 8n8m (n 6= m ! x(n) 6= x(m))g. Then

A0 =
1\

n =0

\

n 6= m

f x : x(n) 6= x(m)g
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is closed. Let A1 = f x : 8n9m x(m) = ng. Then

A1 =
1\

n =0

1[

m =0

f x : x(m) = ng

is ¦ 0
2 and A = A0 \ A1 is ¦ 0

2.

As theseexamplesmake clear, existential quanti¯cation over N (or Q or any
countable set) corresponds to taking countable union, while universal quanti¯-
cation over a countable set corresponds to taking a countable intersection.

Example 2.12 For x 2 2N2
we can view x as coding a binary relation Rx on

N, by (i; j ) 2 Rf if and only if x(i; j ) = 1. Then LO = f x : Rx is a linear
orderg is a ¦ 0

1-set and DLO = f x 2 LO : Rx is a denselinear orderg is ¦ 0
2.

x 2 LO if and only if the following three conditions hold
8n8m (x(n; m) = 0 _ x(m; n) = 0)
8n8m (n = m _ x(n; m) = 1 _ x(m; n) = 1)
8n8m8k (x(n; m) = x(m; k) = 1 ! x(n; k) = 1.

Thus LO is ¦ 0
1. x 2 DLO if and only if x 2 LO and

8n8m (x(n; m) = 1 ! 9k x(n; k) = x(k; m) = 1):

Thus DLO is ¦ 0
2.

Example 2.13 Let A be a countableset. T r A = f x 2 2A <!
: x is a treeg. Then

TrA is ¦ 0
1.

The set f x 2 Tr 2 : x has an in¯nite pathg is also ¦ 0
1.

x 2 TrA if and only if 8¾8¿ µ ¾(x(¾) = 1 ! x(¿) = 1).
By KÄonig's Lemma, a binary tree T has an in¯nite path if and only if T is
in¯nite. Thus x 2 W F2 if and only if x 2 Tr 2 and

8n9¾2 2n x(¾) = 1

At ¯rst this looks ¦ 0
2, but the existential quanti¯er is only over a ¯nite set.

Indeed
W F2 =

\

n 2 N

[

¾2 2n

f x : x(¾) = 1g

and
S

¾2 2n f x : x(¾) = 1g is a clopen set.

Example 2.14 We say that x 2 C is normal if

lim
n !1

1
n + 1

nX

i =0

x(i ) =
1
2

:
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Let N = f x 2 C : x is normalg.
x is normal if and only if

8k > 09m8n

Ã

n > m !

¯
¯
¯
¯
¯
1
2

¡
1

n + 1

nX

i =0

x(i )

¯
¯
¯
¯
¯

<
1
k

!

:

If

An;k =

(

x 2 C :

¯
¯
¯
¯
¯
1
2

¡
1

n + 1

nX

i =0

x(i )

¯
¯
¯
¯
¯

<
1
k

)

;

then An;k is clopen and

N =
1\

k=1

1[

m =0

\

n ¸ m

An;k :

HenceN is a ¦ 0
3-set.

Example 2.15 Models of a ¯rst order theory.

SupposeL is a ¯rst order language. Let L ¤, Mod(L ), ¿0 and ¿1 be asin 1.35.
SupposeÁ is an L ¤

! 1 ;! -sentence. Let Mod(Á) = fM 2 Mod(L ) : M j= Ág.
We claim that Mod(Á) is a Borel subsetsof Mod(L ). It is enoughto prove this
for the weaker topology ¿0. In ¿0, if Á is quanti¯er-free then Mod(Á) is clopen.
The claim follows by induction since,

Mod(: Á) = Mod(L ) n M od(Á);

Mod(
1̂

i =1

Ái ) =
1\

i =0

Mod(Ái )

and

Mod(9v Á(v)) =
1[

n =0

Mod(Á(cn )) :

If T is a ¯rst order L -theory, then

Mod(T) =
\

Á2 T

Mod(Á)

is Borel.

Exercise 2.16 Show that if Á is a ¯rst order L ¤-sentence, then Mod(Á) is § 0
n

for somen. (hint: prove that n dependsonly on the quanti¯er rank of Á.)
Conclude that if T is a ¯rst order theory, then Mod(T) is ¦ 0

! .

In the topology ¿1, Mod(Á) is clopen for all ¯rst order Á. Thus Mod(T) is
closed.

Example 2.17 Isomorphism classesof structures.

18



SupposeM 2 Mod(L ). There is ÁM 2 L ! 1 ;! , the Scott sentence of M (see
[11] 2.4.15) such that if M 1 is a countable L -structure, then M »= M 1 if and
only if M 1 j= ÁM . Thus

fM 1 2 M : M 1
»= Mg = Mod(ÁM )

is a Borel set.

Example 2.18 Let X = C(I) £ I and let D = f (f ; x) : f is di®erentiable at
xg. Then D 2 ¦ 0

3.

f is di®erentiable at x if and only if
8n9m 8p;q 2 Q \ [0; 1] (jx ¡ pj < 1

m ^ jx ¡ qj < 1
m ) !

j(f (p) ¡ f (x))( q ¡ x) ¡ (f (q) ¡ f (x))( p ¡ x)j · 1
n j(p ¡ x)(q ¡ x)j:

The inner condition is closedin C(I ) £ I so this set is ¦ 0
3.

Example 2.19 If X is a Polish space, then f (A; B ) 2 K (X )2 : A µ B g is ¦ 0
2.

If a 2 A n B , then there is a basic open set U such that a 2 U and U \ B = ; .
Fix U0; U1; : : : a basis for X . Then A µ B if and only if

8n (Un \ B = ; ! Un \ A = ; ):

This is a ¦ 0
2 de¯nition.

Example 2.20 SupposeX is a Polish space. Then f A µ X : A is ¯nite g is an
F¾ subsetof K (X ).

A is ¯nite if and only there are basic open set U1; : : : ; Un such that A µ
U1 [ : : : [ Un such that if Vi and Vj are disjoint basic open subsetsof Ui , then
A \ V0 = ; or A \ V1 = ; .

Fix U0; U1; : : : a basis for the open sets. If F µ N is ¯nite, then

BF = f A : A µ
[

i 2 F

Vi g

is open. Let SF = f (i; j ) 2 N : Ui and Uj are disjoint subsetsof Uk for some
k 2 F g. The set Ci;j = f A : A \ Ui = ; or A \ Uj = ;g is closed. Thus

f A 2 K (X ) : A is ¯nite g =
[

F µ N ¯nite

³
BF \

\

( i;j )2 SF

Ci;j

´

is § 0
2.

Exercise 2.21 Show that f A 2 K (X ) : A is perfectg is ¦ 0
2.
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Changing the Topology

SupposeX is a Polish space,let ¿ be the topology of X . We will often prove
interesting results about Borel sets A µ X , by re¯ning ¿ to a new topology ¿1

with the sameBorel setssuch that A is clopen in the new topology.
We start with one preparatory lemma.

Lemma 2.22 SupposeX and Y are disjoint Polish spaces. The disjoint union
X ] Y is the space X [ Y where U µ X [ Y is open if and only if U \ X and
U \ Y are both open. Then X ] Y is a Polish space.

Pro of Let dX be a compatible metric on X and dY be a compatible metric on
Y with dX < 1 and dY < 1. De¯ne bd on X ] Y by

bd(x; y) =

(
dX (x; y) if x; y 2 X
dY (x; y) if x; y 2 Y
2 otherwise.

It is easyto seethat X and Y are clopen in this topology and the open subsets
of X ] Y are unions of open subsetsof X and open subsetsof Y . Any Cauchy
sequencemust be eventually in either X or Y and convergesin the original
topology so this is a complete metric.

Lemma 2.23 Let X be a Polish space with topology ¿. Suppose F µ X is
closed. There is a Polish topology ¿1 on X re¯ning ¿ such that F is clopen in
¿1, and ¿ and ¿1 have the sameBorel sets.

Pro of We know that X nF hasa Polish topology and F hasa Polish topology.
Let ¿1 be the Polish topology on the disjoint union of X n F and F . Then F
is open. The open subsetsof ¿1 are either open in ¿ or intersectionsof ¿ open
setswith F . In particular they are all Borel in ¿. Thus the Borel setsof ¿1 are
the Borel setsof ¿.

Theorem 2.24 Let X be a Polish space with topology ¿. Suppose A µ X is
Borel. There is a Polish topology ¿¤ on X such that A is clopen and ¿¤ has the
sameBorel setsas ¿.

Pro of Let ­ = f B 2 B(X ) : there is a Polish topology on X such that B is
clopen. By the previous lemma, if B is open or closed, then B 2 ­ and ­ is
closedunder complements.

Claim ­ is closedunder countable intersections.
SupposeA0; A1; : : : 2 ­ and B =

T
A i . Let ¿i be a Polish topology on X

such that A i is clopen in ¿i and ¿ and ¿i have the sameBorel sets. The productQ
(X ; ¿i ) is a Polish space. Let j : X !

Q
(X ; ¿i ) be the diagonal embedding

j (x) = (x; x; x; : : :). Let ¿¤ be the topology j ¡ 1(U) where U is an open subset
in the product topology. Becausej (X ) is a closedsubsetof the product, this is
a Polish topology. A sub-basisfor the topology ¿¤ can be obtained by taking
inverseimagesof set f f : f (i ) 2 Oi g where Oi is an open set in ¿i . Thus ¿¤ has
a sub-basisof ¿-Borel setsand every ¿¤-Borel set is ¿-Borel.
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Since A i is ¿i -clopen, it is also clopen in ¿¤. Thus
T

A i is ¿¤-closed. One
further application of the previous lemma allows us to re¯ne ¿¤ to ¿¤¤ keeping
the sameBorel setsbut making

T
A i clopen.

Thus ­ is a ¾-algebra, so ­ = B(X ).

We can usethis observation to deduceseveral important results.

Theorem 2.25 (P erfect Set Theorem for Borel Sets) If X is a Polish space
and B µ X is an uncountableBorel set, then B contains a perfect set.

Pro of Let ¿ be the topology on X . Wecanre¯ne the topology to ¿1 such that B
is closed. SinceB is uncountable, by 1.27 there is a nonempty ¿1-perfect P µ B
and f : C ! P a homeomorphism. Since¿1 re¯nes ¿0, f is alsocontinuousin the
topology ¿. Since C is compact, P is ¿-closed. Since P has no isolated points
in ¿1, this is still true in ¿, so P is a perfect subsetsof B .

Theorem 2.26 If X is a Polish space and B µ X is Borel,
i) there is f : N ! X continuous with f (N ) = B ;
ii) there is a closed F µ N and g : F ! X continuous and one-to-one with

g(F ) = B ;

Pro of We re¯ne the topology on X so that B is closedand X is still a Polish
space. Then B with the subspacetopology is Polish. By 1.17 we can ¯nd a
continuous surjective f : N ! B . f is still continuous with respect to the
original topology of X . ii) is similar using 1.19.

We give one more application of this method.

Theorem 2.27 If (X ; ¿) is Polish, Y is separable and f : X ! Y is Borel
measurable, then we can re¯ne ¿ to ¿¤ with the sameBorel sets such that f is
continuous.

Pro of Let U0; U1; : : : be a countable basis for Y . Let ¿¤ be a Polish topology
on X such that f ¡ 1(Ui ) is open for all i and the ¿¤-Borel sets are exactly the
¿-Borel sets.

Exercise 2.28 SupposeX is a Polish spaceand B µ X £ X is Borel. Is it
always possibleto put a new Polish topology on X such that B is clopen in the
new product topology on X £ X ?

Borel Isomorphisms

De¯nition 2.29 If X and Y are Polish spaces,A 2 B(X ) and B 2 B(Y), we
say that f : X ! Y is a Borel isomorphism if is a Borel measurablebijection
with Borel measurableinverse.

Example 2.30 If A µ X and B µ Y are countable and jAj = jB j, then any
bijection f : A ! B is a Borel isomorphism.
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In this casethe inverseimage of any open set is countable, and hence,F¾.

Example 2.31 The Cantor space C is Borel isomorphic to the closed unit in-
terval I .

Let C = f x 2 C : x is eventually constantg. Let f : Cn C ! I by

f (x) =
1X

n =0

x(n)
2n +1 :

Then f is a homeomorphismbetweenCnC and the dyadic-irrationals in I . Since
C is countable, wecanalso¯nd a bijection g betweenC and the dyadic-rationals.
Then

h(x) =
½

f (x) if x 62C
g(x) if x 2 C

is a Borel isomorphism betweenC and I .

Corollary 2.32 If X is a Polish space, there is a Borel A µ C and a Borel
isomorphism f : X ! A.

Pro of By 1.34 there is a Borel B µ H = I N and a homeomorphismg : X ! B .
The Borel isomorphism betweenI and C inducesa Borel isomorphism between
H and CN. But CN is homeomorphic to C. Thus there is h : H ! C a Borel
isomorphism. Let f = h ±g.

On the other hand if B is an uncountable Borel set, then B contains a perfect
subsetP that is homeomorphic to C.

We will show that the SchrÄoder-Bernstein Theorem holds for Borel isomor-
phisms. This will imply that any two uncountable Borel setsare Borel isomor-
phic.

Lemma 2.33 Suppose X and Y are Polish spaces, f : X ! Y is a Borel
isomorphism between X and f (X ), and g : Y ! X is a Borel isomorphism
between Y and g(Y). Then there is a Borel isomorphism between X and Y .

Pro of We follow the usualproof of the SchrÄoder-BernsteinTheorem. We de¯ne
X = X 0 ¶ X 1 ¶ X 2 : : : and Y = Y0 ¶ X 1 ¶ X 2 : : : by X n +1 = g(f (X n )) and
Yn +1 = f (g(Yn )). Sincef ¡ 1 and g¡ 1 are Borel measurable,each X n and Yn is
Borel. Also, X 1 =

S
X n and X 1 =

S
X n are Borel.

Then f j(X n n X n +1 ) is a bijection betweenX n n X n +1 and Yn +1 n Yn +2 and
gj(Yn n Yn +1 ) is a bijection betweenYn n Yn +1 and X n +1 n X n +2 . Also f jX 1 is
a bijection betweenX 1 and Y1 .

Let h : X ! Y be the function

h(x) =
½

f (x) if x 2 X 2n n X 2n +1 for somen or x 2 X 1

g¡ 1(x) if x 2 X 2n +1 n X 2n +2 for somen.

Then h : X ! Y is a Borel isomorphism.
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Corollary 2.34 i) If X is a Polish space and A µ X is an uncountable Borel
set, then A is Borel isomorphic to C.

ii) Any two uncountablePolish spaces are Borel isomorphic.
iii) Any two uncountable standard Borel spaces are isomorphic.

Pro of
i) If (X ; ¿) is a Polish spaceand A µ X is Borel, we can re¯ne the topology

of X making A clopen but not changing the Borel sets. Then A is a Polish space
with the new subspacetopology. We have shown that A is Borel isomorphic to
a Borel subsetof C and, by the Perfect Set Theorem, there is a Borel subsetof
A homeomorphic to C. Thus there is a Borel isomorphism f : A ! C. Since
the new topology has the sameBorel setsas the original topology, this is also a
Borel isomorphism in the original topology.

ii) and iii) are clear from i).

Exercise 2.35 y Prove that if X and Y are Polish spaces,A µ X is Borel and
f : X ! Y is continuous, and f jA is one-to-one,then f (A) is Borel. Conclude
that f jA : A ! B is a Borel isomorphism. [This can be proved by the methods
at hand, but we will give a very di®erent proof later.]

The Borel Hierarc hy

When constructing the Borel sets,do we really need§ 0
®-sets for all ® < ! 1? If

X is countable and Y ½ X , then Y and X n Y are countable unions of points.
Thus Y 2 ¢ 0

2. On the other hand, we will show that if X is an uncountable
Polish space,then § 0

® 6= § ¯ for any ® 6= ¯ .
If U µ Y £ X and a 2 Y, we let Ua = f b 2 X : (a; b) 2 Ug. In this way we

think of U as a family of subsetsof X parameterizedby Y .

De¯nition 2.36 We say that U ½ Y £ X is universal-§ 0
® if U 2 § 0

®(Y £ X ),
and if A 2 § 0

®(X ), then A = Ua for somea 2 A.

We de¯ne ¦ 0
® universal setssimilarly.

Lemma 2.37 If X is a separable metric space, then for all 1 < ® < ! 1 there
is a § 0

®-universal set U® µ C£ X and a ¦ 0
®-universal set V® µ C£ X .

Pro of Let W0; W1; : : : be a basisof open sets for X .
Let U1 = f (f ; x) : 9n 2 N f (n) = 1 ^ x 2 Wn g. Since

U1 =
[

n 2 N

f (f ; x) : f (n) = 1 ^ x 2 Wn g;

U1 is open. If A µ X is open, de¯ne f 2 C such that f (n) = 1 if and only if
Wn µ A. Then x 2 A if and only if (f ; x) 2 U0. Thus U1 is § 0

1-universal.
If U® is § 0

®-universal, then V® = (C£ X ) n U® is ¦ 0
®-universal.

SupposeV¯ is ¦ 0
®-universal for all ¯ < ®. Choose¯ 0 · ¯ 1 · : : : a sequence

of ordinals such that supf ¯ n + 1 : n = 0; : : :g = ®.
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Let cU® = f (n; f ; x) 2 N £ C£ X : (f ; x) 2 V¯ n g. Then cU® =
S

n 2 Nf ng£ V¯ n

is § 0
®.

Using the natural homeomorphismbetweenC and CN we can identify every
f 2 C with (f 0; f 1; f 2; : : :) 2 CN. Then U® = f (f ; x) : 9n (n; f n ; x) 2 cU®g is § 0

®.
If A µ X is § 0

®, then there are B0; B1; : : : such that Bn is ¦ 0
¯ n

and A =
S

Bn .
Choosef n such that x 2 Bn if and only if (f n ; x) 2 V¯ n and choosef coding
(f 0; f 1; f 2; : : :). Then (f ; x) 2 U® if and only if x 2 A.

We can now prove that in an uncountable Polish spacethe Borel hierarchy
is a strict hierarchy of ! 1-levels.

Corollary 2.38 i) § 0
®(C) 6= § 0

®(C) for any ® < ! 1.
ii) If X is an uncountable Polish space, then § 0

®(X ) 6= § 0
®(X ) for any

® < ! 1. In particular, § 0
®(X ) is a proper subsetof ¢ 0

®+1 (X ).

Pro of
i) Let U µ C £ C be § 0

®-universal. Let Y = f x : (x; x) 62U®g. Clearly
Y 2 ¦ 0

®. If Y 2 § 0
®, then there is y 2 X such that x 2 Y if and only if

(y; x) 2 U®. Then
y 2 Y , (y; y) 2 U® , y 62Y;

a contradiction.

ii) SupposeX is an uncountable Polish space. Then X contains a perfect
set P homeomorphicto C. If § 0

®(X ) = ¦ 0
®(X ), then, by 2.8, § 0

®(P) = § 0
®(P),

contradicting i).
Since§ 0

®(X ) 6= ¦ 0
®(X ), there is A 2 ¦ 0

®(X ) n § 0
®(X ).

This givesus the following picture of the Borel Hierarchy.

© © © © © © © © ©©H H H H H H H H HH

© © © © © © © © ©©H H H H H H H H HH

...
© © © © © © © © ©©H H H H H H H H HH

...

¢ 0
1

§ 0
1 ¦ 0

1

¢ 0
2

§ 0
2 ¦ 0

2

¢ 0
®

§ 0
® ¦ 0

®

De¯nition 2.39 Let X and Y be Polish spaces,with A µ X and B µ Y . We
say that A is Wadge-reducible to B if there is a continuousf : X ! Y such that
x 2 A if and only if f (x) 2 B for all x 2 A.
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We write A · w B if A is Wadge-reducibleto B .

Note that if A · w B , then X n A · w Y n B .

Example 2.40 If A µ N is open, then A · w f x 2 N : 9n x(n) = 1g.

Let A =
S

n Un where each Un is a basic clopen set. Let f : N ! N such
that

(f (x))( n) =
n

1 if x 2 Un

0 otherwise.
:

If ¾2 2<! ,
f ¡ 1(N¾) =

\

¾(n )=1

Un \
\

¾(n )=0

X n Un

a clopen set. Thus f is continuous. Clearly x 2 A if and only if 9n f (n) = 1.

De¯nition 2.41 For ¡ = § 0
® or ¦ 0

® we say that A µ X is ¡-complete if
A 2 ¡( X ) and if B 2 ¡( X ), then B · w A.

Thus f x 2 N : 9n x(n) = 1g is § 0
1-complete.

Let ¡ be § 0
® or ¦ 0

®. If A 2 ¡ and B · w A, then, by 2.6 iv), B 2 ¡. Let
·¡ = f X n A : A 2 ¡. Note that if A is ¡-complete, then X n A is ·¡-complete.

Lemma 2.42 If A µ X is ¡ -complete, then A 62·¡ .

Pro of We know there is B 2 ¡ n ·¡. Since A is complete B · w A. If A 2 ·¡,
then B 2 ·¡, a contradiction.

Example 2.43 The set A = f x 2 N : 9n8m > n x(m) = 0g of eventually zero
sequences in § 0

2-complete.

SupposeB is § 0
2. SupposeB =

S
n Fn whereFn is closed. Let Tn µ N<! be

a tree such that Fn = [Tn ]. We give a program to \compute" (f (x))( m) from x
and the sequenceof trees run the following program until it outputs (f (x))( m).

1) Let n = i = s = 0.
2) If xjs 2 Ti , output (f (x))( n) = 0, set s Ã s + 1; otherwise, output

(f (x))( n) = 1, set i Ã i + 1
3) Let n = n + 1
4) Go to 2)

The sequencef (x) is an in¯nite sequenceof 0s and 1s. If x 2 B , there is a
least m such that x 2 [Tm ] we will eventually seethat x 62[Tm ] for j · m, and
increment i until we get to m. Once i reachesm we will always have xjs 2 Ti ,
so we will only output 0s. In this casef (x) 2 A.

If x 62B , then for each i we will at some point realize that x 62[Ti ] and
output a 1. Thus f (x) 62A. Thus B · w A.

It follows that A is § 0
2 but not ¦ 0

2.

Exercise 2.44 Show that f f 2 N : f is ontog is ¦ 0
2-complete.

Exercise 2.45 Let D = f x 2 N : lim
n !1

x(n) = 1g . Show that D is ¦ 0
3-

complete.
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The Baire Prop ert y

We begin by recalling somebasic ideasfrom analysis. Let X be a Polish space.

De¯nition 2.46 We say that A µ X is nowhere denseset , if whenever U µ X
is open and nonempty, there is a nonempty open V µ U such that A \ U = ; .

We say that B µ X is meager if X is a countable union of nowhere dense
sets.

Exercise 2.47 Show that Cantor's \middle third" set is nowhere dense.

Exercise 2.48 We say that I µ P(X ) is an ideal if i) ; 2 I , ii) if A 2 I and
B µ A, then B 2 I , and iii) if A; B 2 I , then A [ B 2 I . We say that an ideal
I is a ¾-ideal if

S
n An 2 I , whenever A0; A1; : : : 2 I .

a) Show that the nowhere densesets form an ideal.
b) Show that the meagersets form a ¾-ideal.

Exercise 2.49 a) Show that if A is nowhere dense,then A is nowhere dense.
b) Show that every meagerset is contained in a meagerF¾-set.

Exercise 2.50 Show that if U is open, then U n U is nowhere dense.

Lemma 2.51 If F is closed, then F n intr( F ) is nowhere dense,where intr( F )
is the interior of F .

Pro of Let V be open such that V \ (F n intr( F )) is nonempty. Since V 6µ
intr (F ), V n F is nonempty open and (V n F ) \ (F n intr( F )) = ; .

The next result is a classicalfact from analysis.

Theorem 2.52 (Baire Category Theorem) If X is a Polish space, then X
is nonmeager.

Pro of SupposeX =
S

n An whereeach An is nowheredense.Chooseopen sets
U0 ½ U1 ½ U2 ½ : : : such that Un +1 µ Un , diam (Un ) < 1

n +1 and Un \ An = ; .
Choosexn 2 Un . Then (xn ) is a Cauchy sequence. Suppose xn ! x. Then
x 2

T
n Un . Thus x 2 X n

S
n An a contradiction.

De¯nition 2.53 For A; B µ X wede¯ne A = ¤ B if and only if A4 B is meager,
where A4 B = (A n B ) [ (B n A).

Exercise 2.54 a) Show that = ¤ is an equivalencerelation.
b) Show that if A = ¤ B , then X n A = ¤ X n B .
c) Show that if An = ¤ Bn for n = 0; 1; : : :, then

S
n An = ¤

S
n Bn .

De¯nition 2.55 Let A µ X . We say that A has the Baire property if there is
an open set U such that A = ¤ U.

Let BP= f A µ X : A has the Baire propertyg. Clearly every open set has
the Baire property. If F is closed, then by 2.51 F n intr( F ) is nowhere dense.
Thus every closedset has the Baire property. In fact BP is closedcomplements.
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Lemma 2.56 If A has the Baire property, then X n A has the Baire property.

Pro of Thus if U is open and A = ¤ U, then, by 2.54 b)

X n A = ¤ X n U = ¤ intr( X n U):

The later equality holding by 2.51.

By 2.54c), BP is closedunder countable unions.

Corollary 2.57 BP is a ¾-algebra containing the Borel sets.

In fact BP can contain many non Borel sets. For example if F µ R is
Cantor's \middle third" set then any A µ F is nowhere denseand in BP. Thus
jB Pj = 22@0 , while there are only 2@0 Borel sets.

Exercise 2.58 Show that if A has the Baire property, then there is a G±-set
B and an F¾-set C such that B µ A µ F and F n G is meager

Exercise 2.59 Show that if A has the property of Baire, then either A is
meageror there is ¾such that N¾ n A is meager.

Do all setshave the Baire property?

Exercise 2.60 Usethe axiom of choice to construct a subsetof R without the
Baire Property.

3 E®ectiv e Descriptiv e Set Theory: The Arith-
metic Hierarc hy

Several ideasfrom logic have has a big impact on descriptive set theory. In this
chapter we will start to study the in°uence of recursiontheory on descriptive set
theory. At ¯rst it will look like an interesting but perhapsshallow analogy, but
aswecontinue to develop theseideasin xand apply them in x8 we will eventually
seethat they lead to important new results that do not have classicalproofs.
Moschovakis [14], Kechris' portion of [12] and Mans¯eld and Weitkamp [10] are
excellent referencefor e®ective descriptive set theory.

Recursion Theory Review

We recall someof the basicideaswe will needfrom recursiontheory. We assume
that the reader has some intuitiv e idea what a \computer program" is. This
could be a very precisenotion like a Turing machine or an informal notion like
Pascalprogram.

De¯nition 3.1 A partial function f : N ! N is partial recursive if there is a
computer program P such that P halts on input n if and only if n 2 dom (f )
and if P halts on input n, then the output is f (n). We say that a set A µ N is
recursive if and only if its characteristic function is recursive.
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We can code computer programs by integers so that each integer codes a
program. Let Pe be the machine coded by e. Let Áe be the partial recursive
function computed by e. We write Áe(n) #s if Pe halts on input n by stage s
and Áe(n) # if Pe halts on input n at some stage. Our enumeration has the
following features.

Fact 3.2 i) [universalfunction] The function (e;n) 7! Áe(n) is partial recursive.
ii) The set f (e;n; s) : Áe(n) #sg is recursive.
iii) [halting problem] The set f (e;n) : Áe(n) #g is not recursive.
iv) [parameterization lemma] If F : N2 ! N is partial recursive, there is a

total recursive d : N ! N such that

Ád(x ) (y) = F (x; y)

for all x; y.

De¯nition 3.3 We say that A µ N is recursively enumerableif there is a partial
recursive function f : N ! N such that A is the image of f .

Fact 3.4 The following are equivalent
a) A is recursively enumerable
b) A is the domain of a partial recursive function.
c) A = ; or A is the image of a total recursive function.
d) there is a recursive B such that A = f n : 9m (n; m) 2 B g.

Fact 3.5 a) If A and B are recursively enumerable, then so are A [ B and
A \ B .

b) If A µ N £ N is recursively enumerable so is f n : 9m (n; m) 2 Ag.
c) If A is recursively enumerable and f : N ! N is total recursive, then

f ¡ 1(A) is recursively enumerable.

Exercise 3.6 If you haven't seenthem beforeprove the statements in the last
Fact.

A program with oracle x 2 N is a computer program which, in addition to
the usual steps, is allowed at any stageto ask the value of x(n).

We say that f is partial recursive in x if there is a program with oracle x
computing f and say that A µ N is recursive in x if the characteristic function of
A is recursive in x. The facts above relativize to oraclecomputations. We write
Áx

e (n) for the value of the partial recursive function in x with oracle program
Pe on input n. One additional fact is useful.

Fact 3.7 (Use Principle) If Áx
e (n) #, then there is m suchthat if xjm = yjm,

then Áy
e (n) = Áx

e (n).
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Pro of The computation of Pe with oracle x on input n makes only ¯nitely
many queriesabout x. Choosem greater than all of the queriesmade.

We may also considerprograms with ¯nitely many oracles.
For x; y 2 N we say x is Turing-reducible to y and write x · T y if x is

recursive in y. There is another useful reducibilit y that is the analogof Wadge-
reducibilit y for N.

De¯nition 3.8 We say A is many-onereducibleto B if there is a total recursive
f such that n 2 A if and only if f (n) 2 B for all n 2 N. We write A · m B if A
is many-one reducible to B .

Clearly if A · m B , then A · T B .
There is one subtle fact that will eventually play a key role.

Theorem 3.9 (Recursion Theorem) If f : N £ N ! N is total recursive,
there is an e such that Áe(n) = Áf (n ) for all n.

Pro of Let

F (x; y) =
½

ÁÁx (x ) (y) if Áx (x) #
" if Áx (x) "

:

By the Parameterization Lemma, there is a total recursive d such that

Ád(x ) (y) = F (x; y):

Let Ã = f ±d. There is m such that Ã = Ám . SinceÃ is total Ád(m ) = ÁÁm (m ) .
Let e = d(m). Then

Áe = Ád(m ) = ÁÁm (m ) = ÁÃ(m ) = Áf (d(m )) = Áf (e) :

For those of you who haven't seenthis before here is a sampleof the many
applications of the RecursionTheorem. Let

g(e;n) =

(
1 if e = n
0 if e 6= n
:

By the Parameterization Lemma, there is a total recursivef such that Áf (e) (n) =
g(e;n). By the RecursionTheoremthere is an e such that Áe(n) = 1 if n = e and
Áe(n) = 0 if n 6= e. So this function \recognizes" its own code. The Recursion
Theorem will be very useful in x7.

Computable Functions on N

There is also a notion of computable function f : N ! N .

De¯nition 3.10 We say that f : N ! N is computable if there is an oracle
program P such that if x 2 N and P is run with oracle x on input n, then P
halts and outputs (f (x))( n).
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We say that f : N ! N is computable from z if there is a two oracleprogram
P such that if x 2 N and P is run with oraclesz and x on input n, then M
halts and outputs (f (x))( n).

Lemma 3.11 f : N ! N is continuous if and only if there is z 2 N such that
f is computablefrom z.

Pro of
(( ) Let P be the oracle program computing f from z. Supposef (x) = y.

By the Use Principle, for any m there is an n such that if xjn = zjn, then
f (z)jm = yjm. Thus Nx jn µ f ¡ 1Ny jm and f is continuous.

() ) Let X = f (¿; ¾) : f ¡ 1(N¾) µ N¿g. Sincef is continuous, for all x 2 N
if f (x) = y, then for all n there is an m such that (xjm; yjn) 2 X .

We claim that f is computable from X . Supposewe given oraclesX and x
and input n. We start searching X until we ¯nd (¿; ¾) 2 X such that ¿ ½ x
and j¾j > n. Then (f (x))( n) = ¾(n).

The Arithmetic Hierarc hy

For the next few sectionswe will restrict our attention to Polish spacesX =
Nk £ N l where k; l ¸ 0.1 Of courseif k > 0 and l = 0, X is homeomorphic to
N while if l > 0, then X is homeomorphic to N . (In [14] this theory is worked
out for \recursiv ely presented Polish spaces".)

Let X = Nk £ N l . Let SX = f (m1; : : : ; mk ; ¾1; : : : ; ¾l ) : m i ; : : : ; mk 2
N; ¾1; : : : ; ¾l 2 N<! g. For ¾= (mi ; : : : ; mk ; ¾1; : : : ; ¾l ) 2 SX , let

N¾ = f (n1; : : : ; nk ; f 1; : : : ; f l ) 2 X : n i = m i if i · k and f i ¾ ¾i if i = 1 · lg:

Then f N¾ : ¾2 SX g is a clopen basisfor the topology on X . Of courseSX is a
countable set and there is a recursive bijection i 7! ¾i betweenN and SX . Thus
we can identify SX with N and talk about things like recursive subsetsof SX

and partial recursive functions f : N ! SX .

De¯nition 3.12 We say that A µ X is § 0
1 if there is a partial recursive

f : N ! SX such that A =
S

n N f (n ) .

Note that here we are using a \ligh tface" § 0
1 rather than the \b oldface"

§ 0
1 that denotes the open subsetsof X . Of courseevery § 0

1 set is open, but
there are only countably many partial recursive f : N ! SX thus there are only
countably many § 0

1 sets. Thus § 0
1 ½ § 0

1. Relativizing these notions we get all
open sets.

De¯nition 3.13 If x 2 N we say that A µ X is § 0
1(x) if there is f : N ! SX

partial recursive in x such that A =
S

n N f (n ) .

Lemma 3.14 § 0
1 =

[

x 2N

§ 0
1(x).

1At times we might also consider spaces
� k £ N l £ Cm but everything is similar
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We will tend to prove things only for § 0
1 sets. The relativization to § 0

1(x)
sets is usually straightforward.

For the two interesting examplesX = N and X = N we get slightly more
informativ e characterizations.

Lemma 3.15 i) A µ X is § 0
1 if and only if there is a recursively enumerable

W µ SX such that A =
S

´ 2 W N ´ . In particular A µ N is § 0
1 if and only if A

is recursively enumerable.
ii) A µ N is § 0

1 if and only if there is a recursive S µ N<! such that
A =

S
¾2 S N¾.

Pro of
i) This is clear since the recursively enumerable setsare exactly the images

of partial recursive functions.

ii) In this caseSX = N<! . Clearly if S µ N<! is recursive, there is f : N !
N<! partial recursive with image S and

S
¾2 N<! N¾ is § 0

1.
Suppose A =

S
n N f (n ) where f is partial recursive let S = f ¾ : there is

n · j¾j, the computation of f (n) halts by stage j¾j and f (n) µ ¾. It is easyto
seethat S is recursive. If ¾2 S, then there is an n such that f (n) µ ¾, then
N¾ µ N f (n ) µ A. On the hand if f halts on input n, there is m ¸ n; jf (n)j such
that f halts by stagem. If ¿ ¾ ¾and j¿j ¸ m, then ¿ 2 S. Thus

[

¾2 S

N¾ ¾
[

¿¾f (n ) ;j¿j= m

N¿ = N¾:

It follows that A =
S

¾2 S N¾.

We have natural analogsof the ¯nite levels of the Borel hierarchy.

De¯nition 3.16 Let X = Nk £ N l . We say that A µ X is ¦ 0
n if and only if

X n A is § 0
n .

We say that A µ X is § 0
n +1 if and only if there is B µ N £ X in ¦ 0

n such
that

x 2 A if and only if 9n (n; x) 2 B :

We say that A is ¢ 0
n if it is both § 0

n and ¦ 0
n .

We say that A µ X is arithmetic if A 2 ¢ 0
n for somen.

Lemma 3.17 A µ N is ¦ 0
1 if and only if there is a recursive tree T µ N<!

such that A = [T ].

Pro of If S is a recursive tree such that X n A =
S

¾2 S N¾, let

T = f ¾2 N<! : 8m · j¾j ¾jm 62Sg:

Then T is recursive and, as in 1.14 A = [T ].

The next exercisesshows that it is not always possible to ¯nd a recursive
pruned tree T with A = [T ].
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Exercise 3.18 a) Show that if T is a recursive pruned tree, then the left-most
path through T is recursive.

b) Let T = f ¾2 N<! : if e < j¾j and Áe(e) halts by stage j¾j, then Áe(e)
halts by stage ¾(e)g. Show that T is a recursive tree. Supposef 2 [T ]. Show
that Áe(e) halts if and only if it halts by stage f (e). Conclude that there are
no recursive paths through T and, using a), that there is no recursive pruned
subtree of T .

We show that § 0
n and ¦ 0

n have closureproperties analogousto those proved
in 2.6. The de¯nition of computable function madein 3.10makessensefor maps
f : X ! Y where both X and Y are of the form Nk £ N l

Lemma 3.19 i) § 0
n is closed under ¯nite unions, ¯nite intersections, and com-

putable inverse images.
ii) If A µ N £ X 2 § 0

n , then f x 2 X : 9n (n; x) 2 Ag 2 § 0
n .

iii) If f : X ! N is computableand A µ N £ X is § 0
n then f x 2 X : 8m <

f (x) (m; x) 2 Ag 2 § 0
n .

iv) Similarly ¦ 0
n is closed under union, intersection, computableinverse im-

ages,8n and 9n < f (x).
v) § 0

n µ ¢ 0
n +1 .

Pro of We prove this for § 0
1 and leave the induction as an exercise.

i) SupposeW0 and W1 are recursively enumerable subsetsof SX and A i =S
´ 2 W i

N ´ . ReplacingWi by the recursively enumerableset f º : 9´ 2 Wi ´ µ º g
if necessarywe may assumethat if º 2 Wi and ´ ¾ º , then ´ 2 Wi . Then

A0 [ A1 =
[

´ 2 W 0 [ W 1

N ´

and
A0 \ A1 =

[

´ 2 W 0 \ W 1

N ´

and W0 [ W1 and W0 \ W1 are recursively enumerable. Thus A0 [ A1 and A0 \ A1

are § 0
1.

If f : X ! Y is computable with program Pe, let

G = f (´ ; º ) 2 SX £ SY : x 2 N ´ ) f (x) 2 N º g:

Then (´ ; º ) 2 G if and only if for all m < jº j the program Pe using oracle
´ halts on input m and outputs º (m).2 Thus G is recursively enumerable.
SupposeA =

S
º 2 W N º whereW is recursively enumerable, let V = f ´ : 9º (º 2

W ^ (´ ; º ) 2 Gg. Then V is recursively enumerable and f ¡ 1(A) =
S

´ 2 V N ´ .

ii) SupposeA µ N £ X is § 0
1. There is a recursively enumerableW µ SN£ X

such that A =
S

´ 2 W N ´ . Let V = f º 2 SX : 9n (n; º ) 2 W g. Then V is
2We assume that if the computation makes any queries about numbers i ¸ j´ j, then the

computation does not halt.
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recursively enumerable and

f x : 9n (n; x) 2 Ag =
[

º 2 V

N º :

iii) SupposeA and W are as in ii) and f : X ! N is computable by program
Pe. Let V = f º 2 SX : 9k Pe with oracle º halts outputting k and (m; º ) 2 W
for all m · kg. Then V is recursively enumerable and

f x : 8m < f (x) (m; x) 2 Ag =
[

º 2 V

N º g:

Exercise 3.20 Give the inductiv e steps to complete the proof of 3.19

We can make two interesting observations about universal sets. We state
theseresults for § 0

n , but the analogousresults hold for ¦ 0
n .

Prop osition 3.21 i) There is U µ N £ X a § 0
n -set that is § 0

n -universal.
ii) There is V µ N £ X a § 0

n -set that is § 0
n -universal.

Pro of
i) Indeed the universal sets produced in 2.37 are § 0

n . Fix f : N ! SX a
recursive bijection. The set U1 = f (x; y) : 9n (x(n) = 1^ y 2 N f (n ) )g is § 0

1 and
§ 0

n -universal.
If U¤

n µ N £ N £ X is § 0
n and § 0

n -universal for N £ X , then

Un +1 = f (x; y) : 9n (x; n; y) 62U¤
n g

is § 0
n +1 and § 0

n -universal.
ii) Let V1 = f (n; x) : 9m (Án (m) # ^ x 2 NÁn (m ) )g. Let g : N £ N ! SN£ X

be partial recursive such that g(n; m) = (n; Án (m)), then

V1 =
[

n;m

Ng(n;m )

is § 0
1 and § 0

1-universal.
An induction as in i) extends this to all levels of the arithmetic hierarchy.

Corollary 3.22 For any X there is A µ X such that A is § 0
n but not ¢ 0

n .

Pro of For X = Nk £ N l wherel > 0 this follows asin x2 using 3.21i). Suppose
U µ N £ N is § 0

n and universal § 0
n . Let A = f m : (m; m) 62Ug. If U 2 ¢ 0

n ,
then A 2 § 0

n and A = f m : (i; m) 2 Ug for somei . Then

i 2 A , (i; i ) 62U , i 62A;

a contradiction. Thus U 2 § 0
n n ¢ 0

n . Using a recursive bijection f : N2 ! Nl ,
shows that for all X = N l , there is a § 0

n -set that is not ¢ 0
n .

Let ¡ be ¦ 0
n , § 0

n or ¢ 0
n for i = 0 or 1. If A; B µ N, B 2 ¡ and A · m B ,

then A 2 ¡.
We say that A µ N is ¡-complete if A 2 ¡ and B · w A for all B µ N in ¡.

Here are somewell known examplesfrom recursion theory.
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Fact 3.23 i) f e : dom (Áe) 6= ;g is § 0
1-complete.

ii) f e : Áe is totalg is ¦ 0
2-complete.

iii) f e : dom (Áe) is in¯nite g is ¦ 0
2-complete.

iv) If U µ N £ N is ¡ -universal, then U is ¡ -complete.

Exercise 3.24 Prove the statements in the last fact.

4 Analytic Sets

When studying the Borel sets, it is often useful to considera larger classof sets.

De¯nition 4.1 Let X be a Polish space.We say that A µ X is analytic if there
is a Polish spaceY , f : Y ! X continuous and B 2 B(Y) such that A = f (B )
the image of B . We let § 1

1(X ) denote the collection of all analytic subsetsof
X .

If no confusionariseswe write § 1
1 rather than § 1

1(X ). The following lemma
givesseveral alternativ e characterizations of analytic sets. In general if X £ Y
is a product space,we let ¼X and ¼Y denote the projections onto X and Y .

Lemma 4.2 Let X be a Polish space. The following are equivalent:
i) A 2 § 1

1;
ii) either A = ; or there is f : N ! X continuous such that f (N ) = X ;
iii) there is B µ N £ X closed, such that A = ¼X (B )
iv) there is a Polish space Y and B µ Y £ X Borel such that A = ¼X (B ).

Pro of
i) ) ii) SinceA 2 § 1

1, there is a Polish spaceY, f : Y ! X continuous, and
B µ Y Borel such that f (B ) = A. By 2.26 there is a continuous g : N ! Y ,
such that g(N ) = B . Then f ±g is a continuousmap from N to X whoseimage
is A.

ii) ) iii) Suppose f : N ! X is continuous and f (N ) = A. Let G(f ) µ
N £ X be the graph of f . Then G(f ) is closedand ¼X (G(f )) = A.

iii) ) iv) and iv) ) i) are clear.

Exercise 4.3 a) Show that if A 2 § 1
1(X ), then there is B 2 ¦ 0

2(C£ X ) such
that ¼(B ) = A.

b) Show that this cannot be improved to § 0
2(C£ X ).

De¯nition 4.4 Let X be a Polish space.We say that A µ X is ¦ 1
1(X ) if X nA

is § 1
1. ¦ 1

1(X )-sets are also called coanalytic.
We say A µ X is in ¢ 1

1(X ) if A 2 ¦ 1
1(X ) \ § 1

1(X ).

By 2.26 every Borel set is analytic. Since the complement of a Borel set
is analytic, every Borel set is ¢ 1

1. We will show below that there are analytic
sets that are not Borel. First we prove someof the basic closure properties of
analytic and coanalytic sets.
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Lemma 4.5 i) § 1
1 and ¦ 1

1 are closed under countableunions and intersections.
ii) If f : X ! Y is Borel measurable, and A 2 § 1

1(X ), then f (A) 2 § 1
1(Y ).

iii) § 1
1 and ¦ 1

1 are closed under Borel measurable inverse images.

Pro of
i) SupposeA0; A1; : : : 2 § 1

1(X ). Let Ci 2 ¦ 0
1(N £ X ) such that ¼(Ci ) = A i .

Then
S

A i = ¼(
S

Ci ) 2 § 1
1.

Using the homeomorphismbetweenN and N N we can view f 2 N ascoding
(f 0; f 1; : : :) 2 N N. Let

C = f (f ; x) 2 N £ X : 8n (f n ; x) 2 Ci g:

Then C is a closedsubsetof N £ X and
T

A i = ¼(C) 2 § 1
1.

Since§ 1
1 is closedunder countable unions and intersections,so is ¦ 1

1.

ii) If f : X ! Y is Borel measurable,then, by 2.3 iii), G(f ), the graph of f ,
is a Borel subsetof X £ Y . SupposeA 2 § 1

1(X ), there is a closedC µ N £ X
such that A = ¼X (C). Let

D = f (x; y; z) 2 N £ X £ Y : (x; y) 2 C and (y; z) 2 G(f )g:

Then D is Borel and f (A) = ¼Y (D ) 2 § 1
1(Y ).

iii) Supposef : X ! Y is Borel measurable,and G(f ) is the graph of X . If
A 2 § 1

1(Y ), then

f ¡ 1(A) = f x : 9y y 2 A ^ (x; y) 2 G(f )g:

If C µ N £ Y is closedsuch that ¼Y (X ) = A, then

f ¡ 1(A) = ¼X (f (x; y; z) 2 N £ X £ Y : (x; z) 2 C and (y; z) 2 G(f )g) 2 § 1
1(X ):

If A 2 ¦ 1
1(Y ), then f ¡ 1(A) = X n f ¡ 1(Y n A), so f ¡ 1(A) 2 ¦ 1

1(X ).

Intuitiv ely, § 1
1(X ) is closedunder ^ , _, 9n 2 N, 8n 2 N and 9x 2 X . While

¦ 1
1(X ) is closedunder ^ , _, 9n 2 N, 8n 2 N and 8x 2 X .

Examples

Example 4.6 Let LO be as in 2.12 and let W O = f x 2 LO : x is a well orderg.
Then W O is ¦ 1

1.

A linear order is a well order if and only if there are no in¯nite descending
chains. Thus

W O = f x 2 LO : 8f : N ! N 9n x(f (n); f (n + 1)) = 0g:

Example 4.7 Let Tr be Tr N as in 2.13, codesfor subsetsof N<! that are trees.
We say that T 2 Tr is well-founded if [T ] = ; . Let WF = f x 2 Tr : x is well
foundedg. Then WF is ¦ 1

1.
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Let s : (N<! )2 ! 2 be such that s(¾; ¿) = 1 if and only if ¾½ ¿. Then

WF = f x 2 Tr : 8f (8n x(f (n)) = 1 ! 9n s(f (n); f (n + 1)) = 0g:

Example 4.8 Ism(L ) = f (M 0; M 1) 2 Mod(L ) : M 0
»= M 1g is a § 1

1-equivalence
relation.

For notational simplicit y, we consideronly the caseL = f Rg whereR is a binary
relation symbol, the generalcaseis similar. Then

M 0
»= M 1 , 9f : N ! N 8i; j 2 N RM 0 (i; j ) $ RM 1 (f (i ); f (j )) :

Thus Ism(L ) is a § 1
1-equivalencerelation.

By 2.17 every Ism(L ) equivalenceclassis Borel.

Example 4.9 D(I ) = f f 2 C(I ) : f is di®erentiableg is ¦ 1
1(C(I )) .

We saw in 2.18 that E = f (f ; x) 2 C(I ) £ I : f is di®erentiable at xg is ¦ 0
3.

Thus D = f f : 8x 2 I (f ; x) 2 Eg is ¦ 1
1.

Example 4.10 If X is a Polish space, then f A 2 K (X ) : A is uncountableg is
§ 1

1.

An uncountable closedset contains a perfect set. In 2.19 and 2.21 we saw
that f (A; B ) : A µ B g and f P 2 K (X ) : P is perfectg are Borel. But A is
uncountable if and only if

9P 2 K (X ) (P is perfect and P µ A):

Thus the set of uncountable closedsets is § 1
1.

Univ ersal § 1
1-sets

We now start to prove there is an analytic set that is not Borel.

Lemma 4.11 There is U 2 § 1
1(C£ X ) that is § 1

1-universal.

Pro of By 2.37 there is a closedset V µ C£ N £ X such that if A µ N £ X is
closedthen A = Va for somea 2 C. Let U = f (a; x) 2 N £ N : 9f 2 N (a; f ; x) 2
V g. SinceU is the projection of a closedset, U 2 § 1

1(X ). If A 2 § 1
1(X ), there

is a closedB µ N £ X such that ¼(B ) = A. There is a 2 C such that Va = B .
Then Ua = A.

Corollary 4.12 If X is an uncountablePolish space, then there is A 2 § 1
1(X )

that is not ¦ 1
1 and hence not Borel.
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Pro of We ¯rst prove this for X = C. Let A = f a 2 N : (a; a) 62Ug. If U 2 ¦ 1
1,

then A 2 § 1
1 and A = Ua for somea 2 C. But then

a 2 A , a 2 Ua , (a; a) 2 U , a 62A;

a contradiction.
If X is an uncountable Polish space,there is f : C ! X be a Borel isomor-

phism. Let A µ C be § 1
1 but not ¦ 1

1. By 4.5 ii) f (A) 2 § 1
1(X ). By 4.5 iii), if

f (A) 2 ¦ 1
1(X ), then A = f ¡ 1(f (A)) 2 ¦ 1

1, a contradiction.

The last proof illustrates an important point. Since any two uncountable
Polish spacesare Borel isomorphic, if we are trying to prove something about
Borel and analytic sets, it is often enough to prove it for one particular Polish
space(lik e N or C) and then deduceit for all Polish spaces.

The Separation Theorem

We noticed that every Borel set is ¢ 1
1. We will show that the converseis true,

proving Souslin's Theorem that B(X ) = ¢ 1
1(X ).

Theorem 4.13 (§ 1
1-Separation Theorem) SupposeX is a Polish space and

A; B µ X are disjoint analytic sets. There is a Borel setC µ X suchthat A µ C
and B \ C = ; .

Pro of Let f ; g : N ! X be continuous functions such that f (N ) = A and
g(N ) = B . For ¾2 N<! let A¾ = f (N¾) and B¾ = g(N¾).

Let ¾2 N<! . Supposefor all i; j , there is Ci;j Borel such that A¾
�

i µ Ci;j

and B¾
�

j \ Ci;j = ; . Then C =
S

i

T
j Ci;j is a Borel set separating A¾ and B¾.

SupposeA and B can not be separatedby a Borel set. Using the observation
above, we can inductiv ely de¯ne ; = ¾0 ½ ¾1 ½ : : : and ; = ¿0 ½ ¿1 ½ : : : in
N<! such that j¾i j = j¿i j = i and A¾i and B¿i can not be separatedby a Borel
set. Let x =

S
¾i and y =

S
¿i . Then f (x) 2 A and g(x) 2 B . Let U and V

be disjoint open sets such that f (x) 2 U and g(x) 2 V . By continuit y, there
is an n such that f (Nx jn ) µ U and g(Ny jn ) µ V , but xjn = ¾n , yjn = ¿n , so,
A¾n = f (Nx jn ) and B¿n = g(Ny jn ) are Borel separable,a contradiction.

Corollary 4.14 If A 2 ¢ 1
1(X ), then A is Borel. Thus B(X ) = ¢ 1

1(X ).

Pro of SinceA and X n A are disjoint § 1
1-sets. They are separatedby a Borel

set. The only set separating A and X n A is A.

We can now prove the converseto 2.3 iii).

Corollary 4.15 Suppose X and Y are Polish spaces and f : X ! Y . The
following are equivalent:

i) f is Borel measurable;
ii) the graph of f is a Borel subsetof X £ Y ;
iii) the graph of f is an analytic subsetof X £ Y .
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Pro of i) ) ii) is 2.3 iii), and ii) ) iii) is obvious.
Supposethe graph of f is analytic and A 2 B(Y), then

x 2 f ¡ 1(A) , 9y (y 2 A ^ f (x) = y)

, 8y (f (x) = y ! y 2 A):

Theseare § 1
1 and ¦ 1

1, de¯nitions of f ¡ 1(A), so f ¡ 1(A) is Borel.

The Perfect Set Theorem

Next we will show that the Perfect Set Theorem is still true for analytic sets.
We needone preparatory lemma.

Lemma 4.16 Let X be a Polish space. If A µ X is uncountable, then there
are disjoint open sets U0 and U1 such that Ui \ A is uncountable for i = 0; 1.

Pro of Supposenot. For each n > 1 let Un; 0; Un; 1; : : : be an open cover of X
by open balls of radius 1

n . Choosex(n) such that Un;x (n ) \ A is uncountable.
Let An = A n Un;x (n ) . If An is uncountable we can ¯nd an open set V disjoint
from Un;x (n ) such that V \ A is uncountable, thus An is uncountable. But

A n (
[

n

An ) =
\

n

Un ;

sincediam (Un ) ! 0, there is at most one element in A n (
S

n An ) and henceA
is countable, a contradiction.

Theorem 4.17 (P erfect Set Theorem of § 1
1-sets) If X is a Polish space

and A µ X is analytic and uncountable, then X contains a perfect set.

Pro of Let f : N ! X be a continuous function with f (N ) = X . We build a
function ¾7! ¿¾ from 2<! to N<! such that:

i) ¿; = ; ;
ii) if ¾0 ½ ¾1, then ¿¾0 ½ ¿¾1 ;
iii) f (N¿¾ ) is uncountable for all ¾2 2<! .
iv) f (N¿¾ � 0 ) \ f (N¿¾ � 1 ) = ; for all ¾.
Let ¿; = ; . Supposewe have ¿¾ such that f (N¿¾ ) is uncountable.

Claim SupposeV µ N is open and f (V ) is uncountable. There are W1 and
W2 disjoint open subsetsof V such that f (Wi ) is uncountable for i = 0; 1.

By the preceedinglemma there are U0 and U1 disjoint open subsetsof X
such that f (V ) \ Ui is uncountable for i = 0; 1. Let Wi = f ¡ 1(Ui ) \ V . Clearly
W0 \ W1 = ; and f (Wi ) is uncountable.

Thus given ¿¾ with f (N¿¾ ) uncountable, there are ¿¾
�

0; ¿¾
�

1 ¾ ¿¾ such that
N¿¾ � 0 \ N¿¾ � 1 = ; and f (N¿¾ � i ) is uncountable.

Let g : C ! N by g(x) =
S

n ¿x jn . Then g is continuous and f ± g : C ! X
is one-to-one. SinceC is compact, f ±g(C) is closedand uncountable and hence
contains a perfect set.
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A little extra care would allow us to conclude that f ± g(C) is perfect. We
will give a secondproof of this theorem in x6.

The PerfectSetTheoremfor § 1
1-setsis the best result of this kind that wecan

prove in ZFC. The next natural question is whether the Perfect Set Theorem is
true for ¦ 1

1-sets. Unfortunately , this dependson set theoretic assumptions. Let
L be GÄodel's constructible universe. If x µ N, let L(x) be the setsconstructible
from x.

Theorem 4.18 (Mans¯eld, Solovay) The following are equivalent:
i) every uncountable ¦ 1

1-set contains a perfect subset;
ii) for all x µ N, @L(x )

1 is countable;
iii) @V

1 is an inaccessiblecardinal in L.

In particular if V = L, then there is ¦ 1
1-set with no perfect subset. For

proofs see[9] x41.

Baire Prop ert y

We will show that analytic setshave the Baire Property.
We begin by giving another normal form for § 1

1-sets. Let X be a Polish
space.

De¯nition 4.19 SupposeB¾ µ X for all ¾2 N<! . We de¯ne

A(f B¾g) =
[

f 2N

\

n 2 N

B¾:

We call A the Souslin operation..

Exercise 4.20 a) SupposeB¾ is closedfor all ¾2 N<! . Show that A(f B¾g)
is § 1

1.
b) SupposeA is analytic and f : N ! X is continuoussuch that f (N ) = A.

Let B¾ = f (N¾). Show that f (x) =
T

n Bx jn and A = A(f B¾g).
Thus A is analytic if and only if A = A(f B¾g) for some family of closed

sets.

We will assumethat X is a topological spacewith a countable basis. Al-
though we are primarily interested in Polish spaces.We will use the next two
lemmasin a more generalsetting in x8.

Lemma 4.21 Suppose A µ X . There is B ¶ A such that B has the Baire
Property and if B 0 ¶ A has the Baire Property, then B n B 0 is meager.

Pro of Let U0; U1; : : : be a basis for the topology on X . Let

A1 = f x 2 X : 8i if x 2 Ui , then Ui \ A is not meagerg:

If x 62A1, there is an i such that x 2 Ui and Ui \ A is meager. If y 2 Ui , then,
sinceUi \ A is meager,y 62A1. Thus Ui \ A1 = ; and A1 is closed.
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Then
A n A1 =

[
f A \ Ui : A \ Ui is meagerg;

a meagerset. Let B = A [ A1. SinceB = A1 [ (A nA1) is the union of a closed
set and a meagerset, B has the Baire Property.

SupposeB 0 ¶ A hasBaire Property, then C = B nB 0 hasthe Baire Property.
We must show that C is meager. If not then Ui nC is meagerfor somei . Then
Ui \ A is meager. Since Ui \ C 6= ; and C µ A1, there is x 2 Ui such that
x 2 A1. Thus Ui \ A is not meager,a contradiction.

Theorem 4.22 Suppose A¾ has the Baire Property for all ¾ 2 N<! . Then
A = A(f A¾g) has the Baire Property.

Pro of We may assumethat A¾ µ A¿ for ¿ µ ¾; otherwise replace A¾ byT
¿µ ¾ A¿. For ¾2 N<! let

A¾ =
[

x ¾¾

\

n 2 N

Ax jn µ A¾:

By 4.21 there is B ¾ ¶ A¾ with the Baire Property such that if B ¶ A¾ has the
Baire Property, then B ¾nB is meager. We may assumethat B ¾ µ A¾ and that
B ¾ µ B ¿ for ¿ µ ¾, replacing B ¾ by

T
¿µ ¾B ¿ if necessary.

Let C¾ = B ¾ n
S

n B ¾
�

n . Since A¾ µ
S

n B ¾
�

n , our choice of B ¾s insures
that C¾ is meager. Let C =

S
¾2 N<! C¾. Clearly C is meager.

Claim B ; n C µ A.
Let b 2 B ; nC. Sinceb 62C; , there is x(0), such that b 2 B x (0) . Supposewe

have x(0); : : : ; x(n) such that b 2 B x (0) ;::: ;x (n ) . Since b 62Cx (0) ;::: ;x (n ) , there is
x(n + 1) such that b 2 B x (0) ;::: ;x (n +1) . Continuing this way we construct x 2 N
such that

b 2
\

n

B x jn µ
\

n

Ax jn µ A:

Thus b 2 A.

Then B ; nA µ C. HenceB ; nA is meager. In particular B ¾ nA, and hence
A, have the Baire Property.

Corollary 4.23 If X is a Polish space, then every § 1
1-set has the Baire Prop-

erty.

In x8 it will be useful to notice that our proof that the collection of setswith
the Baire Property is closedunder the Souslinoperator works in any topological
spacewith a countable basis (not just Polish spaces).

Exercise 4.24 a) Provethat if A µ Rn , then there is B ¶ A such that if B 0 µ A
is Lebesguemeasurable,then B n B 0 has measurezero. [Hint: If ¹ ¤(A) < 1 ,
choose B ¶ A measurablewith ¹ (B ) = ¹ ¤(A), where ¹ ¤ is Lebesgueouter
measure.Otherwise write A as a union of setswith ¯nite outer measure.]

b) Modify the proof of 4.22, using a), to prove the following theorem.
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Theorem 4.25 The collection of Lebesguemeasurable subsetsof Rn is closed
under the Souslin operator. In particular every § 1

1-set is Lebesguemeasurable.

We give another restatement.

De¯nition 4.26 Let C be the smallest¾-algebracontaining the Borel setsand
closedunder the Souslin operator A .

We have proved that every C-measurableset is Lebesguemeasurable.

The Pro jectiv e Hierarc hy

The analytic and coanalytic sets form the ¯rst level of another hierarchy of
subsetsof a Polish space.

De¯nition 4.27 Let X be a Polish space.We say that A µ X is § 1
n +1 (X ) if

there is B 2 ¦ 1
n (X £ X ) such that A = ¼X (B ). We say that A µ X is ¦ 1

n (X )
if X µ A is § 1

n . We let ¢ 1
n (X ) = § 1

n (X ) \ ¦ 1
n (X ).

We say that A ½ X is projective if it is § 1
n for somen.

Exercise 4.28 a) Prove that § 1
n is closedunder countable unions, countable

intersections, Borel measurable inverse images, and Borel measurable inverse
images.

b) Show that for each n there is Un 2 § 1
n (C£ C) that is § 1

n -universal.
c) Show that if X is an uncountable Polish space,then for all n there is a

§ 1
n set that is not ¦ 1

n .
Thus we have the following picture of the projective hierarchy.

© © © © © © © © © © ©©H H H H H H H H H H HH

© © © © © © © © © © ©©H H H H H H H H H H HH

...

¢ 1
1

§ 1
1 ¦ 1

1

¢ 1
2

§ 1
2 ¦ 1

2

We give several examplesof higher level projective sets.

Example 4.29 Let M V = f f 2 C(I ) : f satis¯es the mean value theoremg.
Then M V is ¦ 1

2.

f 2 M V if and only if

8x8y
³

x < y ! 9z
³

f is di®erentiable at z and f 0(z) =
f (x) ¡ f (y)

x ¡ y

´´

Two interesting examplearise when studying L. See[9] x41.
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Example 4.30 The set f x 2 N : x 2 Lg is § 1
2.

The idea of the proof is that there is a sentence £ such that Z F ` £ and L
is absolute for transitiv e models of £. Using the Mostowski collapse

x 2 L if and only if there is M a countable well-foundedmodel of £ + V = L
with x 2 M .

This is a § 1
2 de¯nition of N \ L.

Example 4.31 If V = L, then there is a ¢ 1
2 well-order of N of order type ! 1.

Indeed the canonical well-ordering of L is ¢ 1
2.

Theseexample can be usedto show that projective setsneednot have nice
regularity properties. We will useFubini's Theorem, that a measurableA µ R2

has positive measureif and only if f a : f b : (a; b) 2 Ag has positive measureg
has positive measure.

Lemma 4.32 If R is a well-ordering of R of order type ! 1, then R is not
Lebesguemeasurable.

Pro of Suppose R is Lebesguemeasurable. We consider For each x 2 [0; 1],
Rx = f y : yRxg is countable and hencemeasurezero. By Fubini's Theorem,
R has measurezero. We now exchange the order of integration. For each x,
Rx = f y : xRyg has a measurezero complement. Thus, by Fubini's Theorem,
R has a measurezero complement, a contradiction.

Corollary 4.33 If V = L, then there is a nonmeasurable ¢ 1
2-set.

Fubini's Theorem has a category analog.
Let X be a Polish spaceand supposeA µ X £ X . For x 2 X let A x = f y 2

X : (x; y) 2 Ag.

Theorem 4.34 (Kurato wski-Ulam Theorem) If A has the Baire property,
then A is nonmeager if and only if f a 2 X : Aa is nonmeagerg is nonmeager.

For a proof see[6] 8.41.

Exercise 4.35 Show that if V = L, then there is a ¢ 1
2-set that doesnot have

the Baire property.

On the other hand we(probably) can't provein ZFC that there is a projective
set where any of the regularity properties above fail.

Theorem 4.36 (Solo vay) If ZFC + 9· · inaccessible is consistent then so
is ZFC + every uncountable projective set contains a perfect subset+ every
projective set is Lebesguemeasurable and has the property of Baire.

See[9] x42 for Solovay's proof. The samearguments also show that if ZFC
+ 9· · inaccessibleis consistent, then so is ZF+every set of reals is Lebesgue
measurableand has the Baire property.

By 4.18 the consistencyof an inaccessibleis neededto prove the consistency
of every uncountable ¦ 1

1-set containing a perfect subset. Shelahhasshown that
it is alsoneededto prove the consistencyof all projective setsbeing measurable,
but not to prove the consistencyof all projective setshaving the Baire property.
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The E®ectiv e Pro jectiv e Hierarc hy

We also have e®ective analogsof the projective point classes.Let X = Nk £ N l

for somek; l 2 N.

De¯nition 4.37 We say that A µ X is § 1
1 if there is a B µ N £ X such that

B 2 ¦ 0
1 and A = f x : 9y (y; x) 2 B g.

We say A µ X is ¦ 1
n if X n A is § 1

n and we say that A µ X is § 1
n +1 if there

is a B µ N £ X with B 2 ¦ 1
n such that A = f x : 9y (y; x) 2 B g.

We say A is ¢ 1
n if it is both § 1

n and ¦ 1
n .

The next theorem summarizes a number of important properties of the
classes§ 1

n and ¦ 1
n . We leave the proofs as exercises.

Theorem 4.38 i) The classes§ 1
n and ¦ 1

n are closed under union, intersection,
9n 2 N, 8n 2 N and computableinverse images.

ii) If A µ X £ N is arithmetic, then f x : 9y(x; y) 2 Ag is § 1
n .

iii) There is U µ N £ X a § 1
n -set that is § 1

n -universal.
iv) There is V µ N £ X a § 1

n -set that is § 1
n -universal.

v) § 1
n ½ ¢ 1

n +1 , but § 1
n 6= ¢ 1

n .
vi) The set WF of wellfounded trees is ¦ 1

1.

Exercise 4.39 Prove 4.38.

5 Coanalytic Sets

In this section we will study the structure of ¦ 1
1-sets. Becauseany two un-

countable Polish spacesare Borel isomorphic, it will be no lossof generality to
restrict our attention to the Baire space.

We begin by giving a normal form for § 1
1 and ¦ 1

1-sets.

De¯nition 5.1 We say that T µ N<! £ N<! is a tree if:
i) j¾j = j¿j for all (¾; ¿) 2 T;
ii) if (¾; ¿) 2 T and n · j¾j, then (¾jn; ¿jn) 2 T .
If f ; g 2 N we say that (f ; g) is a path through T if (f jn; gjn) 2 T for all

n 2 N. We let [T ] be the set of all paths through T.

Exercise 5.2 Show that F µ N £ N is closed if and only if there is a tree
T µ N<! £ N<! such that F = [T ].

If A µ N is § 1
1, then there is C µ N £ N closed such that A = f x :

9y (x; y) 2 Ag. Let T be a tree such that [T ] = C. For each x 2 N , let

T (x) = f ¾2 N<! : (xjn; ¾) 2 T for someng:

Then T(x) is a tree and x 2 A if and only if there is f 2 [T (x)]. Let Tr be as
in 2.13.3 Then x 7! T(x) is a continuous map from N to Tr and x 2 A if and
only if T (x) is ill-founded (i.e., not well-founded).

3Although T r was de¯ned to be a subset of 2
� <!

, we will (by suitable coding) view it as
a subset of C or N .
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Let IF be the set of ill-founded trees. We saw in x3 that WF the set of well-
founded trees is ¦ 1

1, thus IF is § 1
1. We have just arguedthat IF is § 1

1-complete.
In particular, IF is § 1

1 but not Borel.
If A is ¦ 1

1, then (N n A) · w IF , so A · w WF. We summarize theseresults
in the following theorem.

Theorem 5.3 (Normal form for ¦ 1
1) If A µ N is ¦ 1

1, then there is a tree
T µ N<! £ N<! such that x 2 A if and only if T (x) 2 WF.

Corollary 5.4 If A 2 ¦ 1
1, then there is f : N ! Tr continuous such that

A = f ¡ 1(WF ). In otherwords, WF is ¦ 1
1-complete. In particular WF is not

§ 1
1.

Ranks of Trees

Our analysis of ¦ 1
1-setsstarts with an analysis of trees.

De¯nition 5.5 If T is a tree, let T 0 = f ¾2 T : 9¿ 2 T ¾½ ¿g be the subtree
of nonterminal nodesof T . For ® < ! 1 de¯ne T ® as follows:

i) T 0 = T;
ii) T ®+1 = (T ®)0;
iii) T ® =

T
¯ <® T ¯ for ® a limit.

Lemma 5.6 For any tree T there is an ® < ! 1, such that T ® = T ¯ for all
¯ > ®.

Pro of Clearly if T ® = T ®+1 , then T ® = T ¯ for all ¯ > ®. If T ® 6= T ®+1 there
is ¾® 2 T ® nT ®+1 . If ® 6= ¯ , then ¾® 6= ¾̄ . Thus, sinceN<! is countable, there
is ® < ! 1 such that T ® = T ®+1 .

De¯nition 5.7 If T µ N<! is a tree, we de¯ne a rank ½T : T ! ! 1 [ f1g , by
i) if ¾2 T ® n T ®+1 , then ½T (¾) = ®.
ii) if ¾2

T
®<! 1

T ®, then ½T (¾) = 1 .
If T = ; let ½(T) = ¡ 1, otherwise let ½(T) = supf ½T (¾) : ¾2 Tg.

In general, ½(T) is the least ® such that T ®+1 = ; , if there is such an ®.
When no confusionariseswe drop the subscript T .

Lemma 5.8 Let T µ N<! be a tree and let ½be the rank of T .
i) Suppose ¾; ¿ 2 T and ¾½ ¿. If ½(¿) = 1 , then ½(¾) = 1 . If ½(¿) < 1 ,

then ½(¾) > ½(¿).
ii) If ¾2 T and ½(¿) < 1 for all ¿ 2 T with ¾½ ¿, then

½(¾) = supf ½(¾bi ) + 1 : ¾bi 2 Tg:

iii) If ½(¾) = 1 , then there is f 2 [T ] \ N¾;
iv) T is well-founded if and only if ½(T) < 1 .
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Pro of
i) If ¾½ ¿ and ¿ 2 T ®, then ¾2 T ®+1 .
ii) By i) ½(¾) ¸ supf ½(¾bi ) + 1 : ¾bi 2 Tg. On the other hand if ® =

supf ½(¾bi ) + 1 : ¾bi 2 Tg, then ¾has no extensionsin T ® so ¾62T ®+1 . Thus
½(¾) = supf ½(¾bi ) + 1 : ¾bi 2 Tg.

iii) If ½(¾) = 1 , then by ii) there is ¾bi 2 T with ½(¾bi ) = 1 . This allows
us to inductiv ely build f 2 [T ] with f ¾ ¾.

iv) Clear from i){iii).

Exercise 5.9 a) Show that if T 6= ; , then ½(T) = ½T (; ).
b) Show that for all ® < ! 1 there is a tree T with ½(T) = ®.
c) If T is a tree and ¾2 N<! , let T¾ = f ¿ 2 N<! : ¾b¿ 2 Tg. Show that T¾

is a tree and if T 6= ; , then ½(T) = supn 2 N(½(Thn i ) + 1).

De¯nition 5.10 If S and T are treeswe say that f : S ! T is order-preserving
if f (¾) ½ f (¿) for all ¾; ¿ 2 T with ¾½ ¿.

Lemma 5.11 i) If S;T µ N<! are trees, then ½(S) · ½(T) if and only if there
is an order preserving f : S ! T .

ii) If T is a well-founded tree, then ½(S) < ½(T) if and only if S = ; and
T 6= ; or there is n 2 N and f : S ! Thn i order preserving.

Pro of
i) If f : S ! T is order preserving, then an easy induction on rank shows

that ½S (¾) · ½T (f (¾)) for all ¾2 S. Thus ½(S) · ½(T). For the converse,we
build f by induction such that ½S (¾) · ½T (f (¾)) for all ¾2 S. Let f (; ) = ; .
Supposewe have de¯ned f (¾) with ½S (¾) · ½T (f (¾)) and ¾bi 2 T. By 5.8 ii)
and iii) there is j 2 N such that f (¾)bj 2 T and ½T (f (¾)bj ) ¸ ½S (¾bi ). Let
f (¾bi ) = f (¾)bj .

ii) If f : S ! Thn i is order preserving. Then

½(S) · ½(Thn i ) = ½T (hni ) < ½T (; ) = ½(T):

Conversely, if ½(S) < ½(T) and S 6= ; , then there is n 2 N such that ½(S) ·
½(Thn i ) and by i) there is an order-preservingf : S ! Thn i .

If ® < ! 1, let WF ® = f T 2 WF : ½(T) < ®g. We will show that WF ® is
Borel.

Lemma 5.12 WF ® is Borel.

Pro of We prove this by induction on ®. WF 0 = f;g . For all ®

WF ®+1 =
\

n 2 N

f T : hni 62T or Thn i 2 WF ®g:

SinceT 7! Thn i is continuous,by induction, WF ® is Borel. If ® is a limit ordinal,
then WF ® =

S
¯ <® WF ¯ . Thus WF ® is Borel.
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Ranks of ¦ 1
1 sets

We can now seehow ¦ 1
1-setsare built up from Borel sets.

Theorem 5.13 If A 2 ¦ 1
1, then A is the union of @1-Borel sets.

Pro of Supposef : N ! Tr such that x 2 A if and only if f (x) 2 WF. Then
A =

[

®<! 1

f ¡ 1(WF ®) and each f ¡ 1(WF ®) is Borel.

This allows us to say something about the cardinalit y of ¦ 1
1-sets.

Corollary 5.14 If A 2 ¦ 1
1 and jAj > @1, then A contains a perfect set. In

particular, jAj · @1 or jAj = 2@0 .

Pro of Let A =
S

®<! 1
A® where A® is Borel. If any A® is uncountable, then

A contains a perfect set. Otherwise jAj · @1.

It is consistent with ZFC that there is a ¦ 1
1-set that hascardinalit y @1 < 2@0 .

For example, this is true in any model of ZFC where @L
1 = @V

1 < 2@0 .

We next examine the complexity of comparing ranks.

Lemma 5.15 i) The set f (S;T) : ½(S) · ½(T)g is § 1
1.

ii) There is R 2 § 1
1(N £ N ) such that if T 2 WF, then f S : (S;T) 2 Rg =

f S : ½(S) < ½(T)g.

Pro of
i)

½(S) · ½(T) if and only 9f : S ! T order-preserving:

ii) For T 2 WF,

½(S) < ½(T) if and only if S = ; and T 6= ; or 9n 2 N 9f : S ! Thn i order-preserving:

Both of thesede¯nitions are § 1
1.

Corollary 5.16 (§ 1
1-Bounding) SupposeA µ WF is § 1

1. Then there is ® <
! 1 such that A µ WF ®.

Pro of Supposenot. Then

T 2 WF , 9S (S 2 A ^ ½(T) · ½(S)g

and WF is § 1
1, a contradiction.

§ 1
1-Bounding gives us a di®erent proof that ¢ 1

1-sets are Borel. SupposeA
is ¢ 1

1. Since A is ¦ 1
1 there is a tree T µ N<! £ N<! such that x 2 A if and

only if T (x) 2 WF. SinceA is § 1
1, the set f T (x) : x 2 Ag is a § 1

1 subsetof WF.
By § 1

1-Bounding there is ® < ! 1 such that T(x) 2 WF ® for all x 2 A. Thus
A · w WF ® is Borel.
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We will recast the work we just did in more modern languageintro ducedby
Moschovakis. This point of view is useful when one attempts to extend these
ideasto higher levels of the projective hierarchy.

De¯nition 5.17 A norm on a set A is a function Á : A ! On where On is the
classof ordinals.

Suppose A 2 ¦ 1
1. We say that Á : A ! On is a ¦ 1

1-norm if there are

relations · ¦ 1
1

Á 2 ¦ 1
1(N £ N ) and · § 1

1
Á 2 § 1

1(N £ N ) such that if y 2 A, then

x 2 A ^ Á(x) · Á(y) , x · ¦ 1
1

Á y

, x · § 1
1

Á y:

If A is ¦ 1
1 and f : N ! Tr is continuous, let Á = ½±f .

Exercise 5.18 a) Show that Á is a ¦ 1
1-norm on A.

For all ® < ! 1, let A® = f x : ½(x) < ®g.
b) SupposeB µ A® is § 1

1. Show that B µ A® for some®.
c) Show that A is Borel if and only if A = A® for all suitably large ®.

Reduction and Separation

The following structural property of ¦ 1
1-setsis a strong form of the § 1

1-separation
property.

De¯nition 5.19 A classof sets¡ hasthe reduction property if whenever A; B 2
¡ there are A0 µ A and B0 µ B such that A0; B0 2 ¡, A0 \ B0 = ; and
A0 [ B0 = A [ B .

Theorem 5.20 ¦ 1
1 has the reduction property.

Pro of Suppose A; B 2 ¦ 1
1. Let f ; g : N ! Tr be continuous such that

A = f ¡ 1(W F ) and B = g¡ 1(W F ).
Let A0 = f x 2 A : ½(f (x)) · ½(g(x))g and let B0 = f x 2 B : ½(g(x)) <

½(f (x))g. It is easyto seethat A0 µ A, B0 µ B , A0 \ B0 = ; , and A0 [ B0 =
A [ B . Notice that

x 2 A0 if and only if x 2 A ^ : (½(g(x)) < ½(f (x)))

and
x 2 B0 if and only if : (½(f (x)) · ½(g(x))) :

By 5.15 A0 and B0 are ¦ 1
1.

De¯nition 5.21 We say that ¡ has the separation property if whenever A; B 2
¡ and A \ B = ; there is C 2 ¡ \ ·¡ such that A µ C and C \ B = ; .

Lemma 5.22 If ·¡ has the reduction property, then ¡ has the separation prop-
erty.
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Pro of Suppose A; B 2 ¡ and A \ B = ; . Then X n A, X n B 2 ·¡ and
X nA [ X nB = X . Let C µ X nB , D µ X nA such that C; D 2 ·¡, C \ D = ;
and C [ D = X . Then C = X nD soC 2 ¡. If x 2 A, then x 2 (X nB ) n(X nA).
Thus x 2 C. Similarly if x 2 B , then x 2 D = X n C. Thus C separatesA and
B .

This gives a di®erent proof that § 1
1 has the separation property. We next

show that it is harder to separate¦ 1
1-sets.

Prop osition 5.23 ¦ 1
1 does not have the separation property.

Pro of Let U µ N £ N be a universal ¦ 1
1-set. If x 2 N we think of x ascoding

hx0; x1i 2 N 2. Let P = f x : hx0; xi 2 Ug and let Q = f x : hx1; xi 2 Ug. By
reduction wecan¯nd P0 and Q0 2 ¦ 1

1 such that P0\ Q0 = ; and P0[ Q0 = P[ Q.
Suppose,for contradiction, that C is a Borel set with P0 µ C and P0 \ C = ; .
SupposeC = Ua and N n C = Ub. Let x = hb;ai .

Supposex 2 C, then (a; x) 2 U and, by the de¯nition of Q, x 2 Q. The only
elements of Q that are in C are also in P. Thus x 2 P. Using the de¯nition of
P, (b;x) 2 U. Thus x 62C.

Similarly

x 62C ) (b;x) 2 U ) x 2 P ) x 2 Q ) (a; x) 2 U ) x 2 C

a contradiction.

Uniformization

De¯nition 5.24 SupposeA µ X £ Y . We say that B µ A uniformizes A if
and only if

i) ¼X (A) = ¼X (B ), and
ii) for all x 2 ¼X (A) there is a unique b 2 Y such that (x; b) 2 B .

In other words, B is the graph of a function f : ¼X (A) ! Y such that
(x; f (x)) 2 A for all x 2 ¼X (A).

The Axiom of Choice tells us that for every A µ X £ Y, there is B µ A
uniformizing A. We will be interested in trying to understand how complicated
B is relative to A.

De¯nition 5.25 We say that ¡ has the uniformization property if for all A 2
¡( N £ N ), there is B 2 ¡ a uniformization of A.

We ¯rst show that uniformization can be di±cult.

Prop osition 5.26 There is a closed set C µ N £ N that can not be uniformized
by a § 1

1-set.
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Pro of By 5.23 there are ¦ 1
1-setsA0; A1 µ N such that A0 \ A1 = ; but there

is no Borel set B with A0 µ B and A1 \ B = ; .
There are closedsetsC0; C1 µ N such that

X n A i = f x : 9y (x; y) 2 Ci g:

Without lossof generality wecan takeCi µ N £ Nhi i . Let C = C0 [ C1. Suppose
B 2 § 1

1 uniformizes C. Then B is the graph of a function f : N ! C, and,
by 4.15 f is Borel measurable. Let B i = f ¡ 1(N £ Nhi i ). Then each B i is a
Borel set and B0 \ B1 = ; . If x 2 A i , then x 2 B1¡ i . Thus B1 is a Borel set
separating A0 and A1, a contradiction.

While Borel sets can not be uniformized by Borel sets, or even § 1
1-sets, we

will prove that any ¦ 1
1-set can be uniformized by a ¦ 1

1-set. As a warm-up we
¯rst prove a uniformization theorem for ¦ 1

1-subsetsof N £ N.

Theorem 5.27 (Kriesel's Uniformization Theorem) Every ¦ 1
1 subsetof

N £ N can be uniformized by a ¦ 1
1-set.

Pro of Let A µ X £ N be ¦ 1
1 and let f : X £ N ! Tr be continuous such that

x 2 A if and only if f (x) 2 WF. Let

B = f (x; n) 2 A : 8m 2 N ½(f ((x; m)) 6< ½(f (x; n)) and

8m < n ½(f (x; m)) 6· ½(f (x; n))g:

Then B is ¦ 1
1 and (x; n) 2 B if and only if (x; n) 2 A, ½(x; n) = inf m ½(x; m)

and for all m < n, ½(x; m) > ½(x; n). Clearly for all x 2 ¼(A) there is a unique
n such that (x; n) 2 B . Thus B uniformizes A.

We can do even better if ¼(A) is Borel.

Corollary 5.28 (Selection) Suppose A µ X £ N is ¦ 1
1 and ¼(A) is Borel.

Then A has a Borel-uniformization.

Pro of Let B be a ¦ 1
1-uniformization of A. Then

(x; n) 62B , 9m 2 N (m 6= n ^ (x; m) 2 B ):

This is a ¦ 1
1-de¯nition of X n B . Thus B is Borel.

Theorem 5.29 (Kondo's Theorem) ¦ 1
1 has the uniformization property.

Pro of Let A µ N £ N by ¦ 1
1. There is a tree T on N<! £ N<! £ N<! such

that A = f (x; y) : T (x; y) 2 WFg. Fix ¾0; ¾1; : : : an enumeration of N<! . We
may assumethat such that ¾0 = ; , j¾i j · i , and if ¾i ½ ¾j , then i < j .

We build a sequenceof ¦ 1
1-setsA = A0 ¶ A1 ¶ A2 ¶ : : : such that (x; y) 2

An +1 if and only if
i) (x; y) 2 An ;
ii) if (x; z) 2 An , then y(n) · z(n);
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iii) if (x; z) 2 An and z(n) = y(n), then ½(T(x; y)¾n ) · ½(T(x; z)¾n ).

In other words, we ¯rst ¯nd mx;n minimal such that there is a z with (x; z) 2
An and z(n) = mx;n , we then ¯nd ®x;n minimal such that there is (x; z) 2 An

with z(n) = mx;n and ½(T(x; z)¾n ) = ®x;n . Then (x; y) 2 An +1 if and only if
(x; y) 2 An , y(n) = mx;n and ½(T(x; y)¾n ) = ®x;n .

Let B =
T

n An . We will show that B is a ¦ 1
1-uniformization of A. Let ¼

be the projection (x; y) 7! x. If x 2 ¼(A), then, by induction, x 2 ¼(An ) for all
n. De¯ne yx 2 N by yx (n) = mx;n .

Claim 1 If (x; y) 2 B , then y = yx .
If (x; y) 2 An , y(n) = mx;n , thus y = yx .

We needto show that (x; yx ) 2 B for all x 2 ¼(A). Fix x 2 ¼(A).

Claim 2 Suppose¾i ; ¾j 2 T(x; yx ) and ¾i ½ ¾j . Then ®x;j < ®x;i .
Choose(x; z) 2 A j +1 . Sincei < j , (x; z) 2 A i +1 . Sincezjj + 1 = yjj + 1 and

j¾j j · j , ¾j 2 T(x; z). Thus

®x;i = ½(T(x; z)¾i ) > ½(T(x; z)¾j ) = ®x;j ;

as desired.

Claim 3 (x; yx ) 2 A.
If ¾i 0 ½ ¾i 1 ½ : : : is an in¯nite path through T(x; yx ), then, by claim 2,

®x; 1 > ®x; 2 > : : : a contradiction. ThusT(x; yx ) is well foundedand (x; yx ) 2 A.

Claim 4 (x; yx ) 2 B .
An induction on T(x; yx ) shows that if ¾n 2 T(x; yx ), then ½(T(x; yx )¾n ) ·

®x;n . By choice of ®x;n , we have ½(T(x; yx )¾n ) = ®x;n and (x; yx ) 2 An for all
n.

Thus B is the graph of a function uniformizing A.

Claim 5 B is ¦ 1
1.

De¯ne R(x; y; n) by
9z[(8k < n (y(k) = z(k) ^ ½(T(x; y)¾k ) = ½(T(x; z)¾k ))^

(z(n) < y(n) _ (z(n) = y(n) ^ ½(T(x; z)¾n ) < ½(T(x; y)¾n ):
By 5.15R is § 1

1. Suppose(x; y) 2 An . If (x; y) 62An +1 , then either y(n) 6= mx;n

or ½(T(x; y)¾n ) 6= ®x;n . In either caseR(x; y; n) holds. On the other hand,
supposeR(x; y; n) and z witnessesthe existential quanti¯er. Since(x; y) 2 An ,
(x; z) 2 An . It is easy to seethat either y(n) 6= mx;n or ½(T(x; y)¾n ) 6= ®x;n .
Thus (x; y) 62An +1 . Thus

(x; y) 2 B $ (x; y) 2 A ^ 8n : R(x; y; n)

and B is ¦ 1
1.

Corollary 5.30 § 1
2 has the uniformization property.

Pro of Suppose A µ N £ N is § 1
2. There is a ¦ 1

1-set B µ N 3 such that
A = f (x; y) : 9z (x; y; z) 2 B g. By Kondo's Theorem, there is a ¦ 1

1-set bB µ B
such that

¼(A) = f x : 9y9z (x; y; z) 2 B g = f x : 9y9z (x; y; z) 2 bB g
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and for all x 2 ¼(A) there is a unique pair (y; z) such that (x; y; z) 2 bB . Let
bA = f (x; y) : 9z (x; y; z) 2 bB g. Then ¼( bA) = ¼(A) and for all x 2 ¼(A) there is
a unique y such that (x; y) 2 bB .

Exercise 5.31 a) Show that § 1
2 has the reduction property.

b) Show that ¦ 1
2 doesnot have the uniformization property.

c) Suppose there is a ¢ 1
2 well-order of N . Show that § 1

n -uniformization
holds for all n ¸ 2. (In particular this is true if V = L).

While § 1
1 doesnot have the uniformizaton property, the next two exercises

show that we can get close.

Exercise 5.32 Let · lex be the lexicographic order on N . Suppose F µ N
is closedand nonempty. Show that there is x 2 F such that x · lex y for all
y 2 F .

Exercise 5.33 [Von Neumann Uniformization] SupposeA µ N £ N is § 1
1. Let

Cbe the smallest¾-algebrawith § 1
1 ½ C. There is B 2 Cuniformizing A. [Hint:

There is a continuous f : N ! N £ N with f (N ) = A. Let ¼(x; y) = x. For
a 2 A, let Fx = f z 2 N : ¼(f (z)) = xg. Let g : ¼(A) ! N by g(x) is the
lexicographic least element of Fx . Show that g is an C-measurablefunction. Let
B = f (x; f (g(x))) : x 2 ¼(A)g. Show that B 2 C and B uniformizes A.]

Conclude from 4.23 that every § 1
1-set has a C-measurableuniformization,

and hencea Lebesguemeasurableuniformization.

¦ 1
1-sets

Many of the proofs in this section work just as well for ¦ 1
1-sets. Here are

statements of the e®ective versions.

Theorem 5.34 i) If A µ X is ¦ 1
1, there is a computablef : X ! Tr such that

x 2 A if and only if f (x) 2 WF for all x 2 X .
ii) ¦ 1

1 has the reduction property.
iii) Any two disjoint § 1

1 setscan be separated by a ¢ 1
1-set.

iv) Any ¦ 1
1-subsetof N £ N can be uniformized by a ¦ 1

1-set.
v) If A µ N £ N is ¦ 1

1 and ¼(A) = N , then A has a ¢ 1
1-uniformization.

Further analysis of ¦ 1
1-sets will require looking at an e®ective version of

\ordinals".

Recursiv e Ordinals

The set WF is ¦ 1
1. If A µ N is ¦ 1

1, we know that A · w WF. We will show that
the reduction f can be chosencomputable. There is a recursive tree T, such
that

x 2 A , 8y (x; y) 62[T ] , T (x) 2 WF:

The function x 7! T(x) is computable.
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A similar construction givesrise to a ¦ 1
1-complete (for · m ) subsetof N.

Let O = f e 2 N : Áe is the characteristic function of a Well-founded tree
Te µ N<! g. Then e 2 O if and only if

i) 8¾Áe(¾) #
ii) 8¾2 N<! 8¿ 2 N<! ((¾µ ¿ ^ Áe(¿) = 1) ! Áe(¾) = 1).
iii) 8f : N ! N<! 9n (Áe(f (n)) = 0 _ Áe(f (n + 1)) = 0 _ f (n) 6½f (n + 1)).

Conditions i) and ii) are ¦ 0
2 while iii) is ¦ 1

1. Thus O is ¦ 1
1.

Prop osition 5.35 O is ¦ 1
1-complete.

Pro of We will argue that N n O is § 1
1-complete. SupposeA 2 § 1

1. There is
B µ N £ N in ¦ 0

1 such that n 2 A if and only if 9x (n; x) 2 B . There is a
recursive tree T µ N £ N<! such that (n; x) 2 A if and only if (n; xjm) 2 T for
all m 2 N. There is a recursive f : N ! N such that Áf (n) is the characteristic
function of f ¾: (n; ¾) 2 Tg. Then Áf (n) is the characteristic function of a tree
Tn and

n 2 A , Tn 62WF , f (n) 62O:

O will play a very important role in e®ective descriptive set theory. As a
¯rst example, we will show how oncewe know the complexity of a set, we can
say ¯nd relatively simple elements of the set.

Lemma 5.36 SupposeT µ N<! is a recursive tree. If [T ] 6= ; , there is x 2 [T ]
with x · T O.

Pro of There is a recursive function f such that Áf (¾) is the characteristic
function of T¾ for all ¾2 N<! . We build ; = ¾0 ½ ¾1 : : : with ¾i 2 T such that
[T¾i ] 6= ; . Given ¾i . Let n 2 N be least such that ¾ibn 2 T and f (¾i ) 62O.

Corollary 5.37 (Kleene Basis Theorem) If A µ N is § 1
1 and nonempty,

there is x 2 A with x · T O.

Pro of There is a ¦ 0
1-setB µ N £ N such that x 2 A if and only if 9y (x; y) 2 B .

By the previous lemma there is (x; y) 2 B with (x; y) · T O. Clearly x · T O.

Using the Uniformization Theorem, we can ¯nd de¯nable elements of ¦ 1
1-

sets.

Prop osition 5.38 If A µ N is ¦ 1
1, there is x 2 A such that x 2 ¢ 1

2.

Pro of Uniformizing f 0g £ A, we ¯nd x 2 N such that B = f (0; x)g is ¦ 1
1.

Then

x(n) = m , 9y ((0; y) 2 B ^ y(n) = m)

, 8y ((0; y) 62B _ y(n) = m)

The ¯rst de¯nition is § 1
2, while the secondis ¦ 1

2.

We next needto understand the possibleheights of recursive trees.

De¯nition 5.39 We say that an ordinal ® is recursive if there is a recursive
set A µ N and Á a recursive linear order of A such that (A; Á) »= (®;< ).
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Lemma 5.40 a) If ® is a recursive ordinal and ¯ < ®, then ¯ is a recursive
ordinal.

b) If ® is a recursive ordinal, then ®+ 1 is a recursive ordinal.
c) Suppose f : N ! N, g : N ! N are recursive functions such that Pf (n ) is

a program to compute the characteristic function of An , Pg(n ) is a program that
computesthe characterisitic function of Á n a well-order of An and (An ; Án ) has
order-type ®n . Then sup®n is a recursive ordinal.

Pro of a) and b) are routine. For c) we show that
P

An is a recursive well-
order. Let A = f (n; m) : M f (n ) (m) = 1g and let (n; m) Á (n0; m0) if and only
if n < n0 or n = n0 and m Á n m0. Then (A; Á) is a recursive well-order. Let ®
be the order type of A. Then ®n · ® for all n. Sincesup®n · ®, sup®n is a
recursive ordinal.

There are only countably many recursive well-orders. Thus there are only
countably many recursive ordinals.

De¯nition 5.41 Let ! ck
1 be the leastnon-recursiveordinal. We call this ordinal

the Church{Kleene ordinal.
More generally for any x we let ! x

1 be the least ordinal not recursive in x.

We needto be able to compareordinals with trees.

De¯nition 5.42 For ¾; ¿ 2 N<! we say ¾/ ¿ if ¿ ½ ¾or there is an n such that
¾(n) 6= ¿(n), but ¾(m) = ¿(m) for all m < n. We call / the Kleene{Brower
order.

Exercise 5.43 a) / is a linear order of N<! .
b) If T µ N<! is a tree, then T is well-founded if and only if (T; / ) is a

well-order.[Hint: If ¾0; ¾1; : : : is an in¯nite descendingsequencein (T; / ), de¯ne
x inductiv ely by x(n) = least m such that (x(0); : : : ; x(n ¡ 1); m) / ¾i for some
i . Prove that x 2 [T ].]

c) Prove that ! ck
1 = supf ½(T) : T µ N<! a recursive well founded treeg.

The proof of 5.15 actually shows the following.

Theorem 5.44 i) The set f (S;T) : ½(S) · ½(T)g is § 1
1.

ii) There is R 2 § 1
1(N £ N ) such that if T 2 WF, then f S : (S;T) 2 Rg =

f S : ½(S) < ½(T)g.

Corollary 5.45 (E®ectiv e § 1
1-Bounding) i) If A µ O is § 1

1, then there is
® < ! ck

1 such that ½(T) < ® for all T 2 A.
ii) If A µ WF and A 2 § 1

1. Then ½(T) < ! ck
1 for all T 2 A.

Pro of If either i) or ii) fails, then O = f e : Áe is the characteristic function of
a recursive tree 9T 8¾2 N<! ((¾2 T $ Áe(¾) = 1) and 9S 2 A ½(T) · ½(S))g
is § 1

1, a contradiction.

Exercise 5.46 Prove that if A µ N is ¢ 1
1, then A is § 0

® for some® < ! ck
1 .
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6 Determinacy

In this section we will intro duce another logical tool that shedsnew light on
Borel, analytic, and coanalytic sets,and is indispensablein the study of higher
levels of the projective hierarchy.

Let X be any nonempty set and let A µ X N. We de¯ne an in¯nite two
player game G(A). Players I and I I alternate playing elements of X . Player I
plays x0, Player I I replies with x1, Player I then plays x3. . . . A full play of the
gamelooks like this.

Player I Player I I
x0

x1

x2

x3

x4

x5
...

...

Together they play x = (x0; x1; x2; : : :) 2 X N. Player I wins this play of the
gameif x 2 A. Otherwise Player I I wins.

De¯nition 6.1 A strategy for Player I is a function ¿ : X < N ! X .

Player I usesthe strategy by opening with ¿(; ). If Player I I responds with
x0, then Player I replies¿(x0). If Player I I next plays, x1, then Player I I replies
¿(x0; x1). . . .

The full play looks like:

Player I Player I I
¿(; )

x0

¿(x0)
x1

¿(x0; x1)
x2

¿(x0; x1; x2)
...

...

De¯nition 6.2 We say that ¿ is a winning strategy for Player I if Player I
wins any gameplayed using the strategy ¿, i.e., for any x0; x1; x2; : : : 2 X , the
sequence

¿(; ); x0; ¿(x0); x1; ¿(x0; x1); x2; ¿(x0; x1; x2); : : :

is in A.

There areanalogousde¯nitions of strategiesand winning strategiesfor Player
I I.
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De¯nition 6.3 We say that the gameG(A) is determined if either Player I or
Player I I has a winning strategy.

We ¯rst show that if A is not too complicated, then G(A) is determined. We
considerX with the discrete topology and X N with the product topology.

Theorem 6.4 (Gale-Stew art Theorem) If A µ X N is closed, then G(A) is
determined.

Pro of Let T be a tree such that A = [T ]. SupposePlayer I I has no winning
strategy. We will show that Player I has a winning strategy. Suppose¾2 N<!

and j¾j is even. We consider the gameG¾(A) where Players I and I I alternate
playing elements of N to build x 2 N and Player I wins if ¾bx 2 A.

Let P = f ¾: j¾j is even and Player I I has a winning strategy in G¾(A)g. If
¾62T, then Player I I has already won G¾(A). In particular, always playing 0
is a winning strategy for Player I I. Thus N<! n T µ P.

Claim Supposethat for all n 2 N there is m 2 N such that ¾bnbm 2 P. Then
¾2 P.

Player I I has a winning strategy in G¾(A); namely if Player I plays n and
Player I I plays the least m such that Player I I hasa winning strategy in G¾

�

n
�

m ,
and then usesthe strategy in this game.

We describe a winning strategy for Player I. This strategy can be sumarized
as \a void losing postions".

SincePlayer I I doesnot have a winning strategy ; 62P. Player I's strategy
is to avoid P. If we are in position ¾where ¾62P and j¾j is even, then by the
claim there is a least n such that ¾bnbm 62P for all m. Player I plays n. No
matter what m Player I I now plays the new position is not in P. If Player I
continues Playing playing this way they will play x 2 N such that xj2n 62P
for all n. In particular xj2n 2 T for all n. Thus x 2 [T ] and this is a winning
strategy for Player I.

Exercise 6.5 Show that if A µ X N is open, then G(A) is determined

Exercise 6.6 Show that if A; B µ X N, A is openand B is closed,then G(A\ B )
is determined.

Exercise 6.7 SupposeX 0; X 1; : : : are discrete topological spaces.If A µ
Q

X i

we can considera modi¯ed gamewhere Player I plays x0 2 X 0, Player I I plays
x1 2 X 1, Player I plays x2 2 X 2,. . . . Player I wins if (x0; x1; : : :) 2 A. Show
that if A is closedthis gameis determined.

What other gamesare determined? Under the axiom of choice there are
undetermined games.

Exercise 6.8 Use the axiom of choice to construct A µ N such that no
player has a winning strategy in G(A). [Hint: Use AC to give a well-ordered
enumeration of all strategiesand diagonalizeagainst them.]

Martin proved the determinacy of Borel games.
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Theorem 6.9 (Borel Determinacy) If A µ N is Borel, then G(A) is deter-
mined.

For a proof see[6] I I x20.
This is the best result provable in ZFC. The resultsof the next subsection,for

example,show that if all analytic gamesare determined, then every uncountable
§ 1

2-set contains a perfect subsetand this is false if V = L.
For ¡ = § 1

n or ¦ 1
n we let Det(¡) be the assertion that if A 2 ¡, then G(A)

is determined. Projective determinacy PD is the assertion that all projective
gamesare determined.

Exercise 6.10 Show that Det(§ 1
n ) if and only if Det(¦ 1

n ).

The determinacy of projective gamesis intimately tied to the existenceof
large cardinals.

Theorem 6.11 (Martin/Harrington) i) If there is a measurable cardinal,
then Det(§ 1

1) holds.
ii) Det(§ 1

1) holds if and only if x# exists for all x 2 N .

For a proof see[9] Theorem 105.
More recently Martin and Steel [13] have found reasonablelarge cardinal

hypothesesthat imply PD.

Perfect Set Theorems

We ¯rst show how gamescan be used to prove perfect set theorems. Suppose
A µ C. We de¯ne a gameG¤(A) where at stage i Player I plays ¾i 2 2<! and
Player I I plays j i 2 f 0; 1g. Together they play

x = ¾0bj 0b¾1bj 1¾2bj 2 : : : 2 C:

Player I wins if x 2 A and Player I I wins if x 62A.

Prop osition 6.12 If Player I hasa winning strategy in G¤(A), then A contains
a perfect set.

Pro of Let ¿ be a winning strategy for Player I. De¯ne f : C ! A by f (x) is
the play of the game where Player I uses¿ and Player I I plays x(0); x(1); : : :.
In other words

f (x) = ¿(; )bx(0)b¿(x0)bx1b¿(x(0); x(1))bx2b¿(x(0); x(1); x(2); x(3)) : : : :

Clearly if xjn = yjn, then f (x)jn = f (y)jn. Thus f is continuous. Suppose
x 6= y and n is least such that x(n) 6= y(n). Let

¹ = ¿(; )bx(0)b¿(x(0))bx1 : : :b¿(x(0); : : : x(n ¡ 1)):

Then f (x) ¾ ¹ bx(n) and f (y) ¾ ¹ by(n). Thus f (x) 6= f (y). Thus f is continu-
ous and one-to-one. Hencef (C) is an uncountable closedsubsetof A.
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Prop osition 6.13 If Player II has a winning strategy in G¤(A), then A is
countable.

Pro of Let ¿ be a winning strategy for Player I I. Consider a position p =
(¾0; j 0; : : : ; ¾n ; j n ) where Player I I has played using ¿ and it is Player I's turn
to play. Supposex 2 A and x ¾ ¹ = ¾0bj 0; : : : ; ¾nbj n . We say that x is rejected
at p if for all ¾n +1 , if x ¶ ¹ b¾n +1 , then x 6¶¹ b¾n +1 b¿(¾0; : : : ; ¾n +1 ). In other
words, up to stage p, it looks like it is possiblethat we will eventually play x,
but in fact no matter what Player I doesat this stage,Player I I will immediately
make a play which ensuresthat we will not eventually play x.

Claim If x 2 A, there is a position p such that x is rejected at p.
Supposenot. Considerthe following play of the game. Sincex is not rejected

at the empty position. There is ¾0 ½ x such that x ¾ ¾0b¿(¾0). Player I plays¾0.
Let pn denotethe position after Player I I's nth move and let ¹ n be the sequence
¾0b¿(¾(0))b: : : ¿(¾0; : : : ; ¾n ). We assumeby induction that x ¾ ¹ n . Sincex is
not rejected at pn , there is ¾n +1 2 2<! such that x ¾ ¹ nb¾n +1 b¿(¾0; : : : ; ¾n +1 ).
Player I plays ¾n +1 . But then the ¯nal play of the game is

S
¹ n = x 2 A,

contradicting the fact that ¿ is a winning strategy for Player I I.

Claim There is at most one x 2 A rejected at p.
Supposex is rejected at p = (¾0; ¿(¾0); : : : ; ¾n ; ¿(¾0; : : : ; ¾n )). Let ¹ = xjk

be the portion of x we have decidedby position p. We claim that knowing only
p we can inductiv ely determine the remaining values of x. Suppose we have
determined x(k); : : : ; x(m ¡ 1). If Player I plays x(k); : : : ; x(m ¡ 1), the Player
I I must play 1 ¡ x(m + 1). Thus

x(m) = 1 ¡ ¿(¾0; : : : ; ¾n ; hx(k); : : : ; x(m ¡ 1)i ):

Thus there is a unique element of A rejected at p.

Since every element of A is rejected at one of the countably many possible
positions, A must be countable.

Corollary 6.14 If A is uncountableand G¤(A) is determined, then A contains
a perfect set.

Exercise 6.15 Let A µ X . Prove the following without using determinacy.
a) If jAj · @0, then Player I I has a winning strategy in G¤(A).
b) If A contains a perfect set, then Player I hasa winning strategy in G¤(A).

We have only proved this for A µ C, but using the fact that any two un-
countable standard Borel spacesare Borel isomorphic we seethat it is true for
any uncountable Polish space.

Corollary 6.16 If PD holds, the any uncountableprojective set contains a per-
fect subset.
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There is a technique of \unfolding" games,that allows us to show that if
Det(§ 1

n ) holds, then every uncountable § 1
n +1 set contains a perfect subset. We

will illustrate this idea by giving another proof of the perfect set theorem for
§ 1

1-setsusing only the determinacy of closedgames.
SupposeA µ C is § 1

1. Let B µ C£ N such that A = f x : 9y (x; y) 2 B g.
Consider the gameG¤

u (A) whereat stagei Player I plays ¾i 2 2<! and y(i ) 2 N
and Player I I responds with j i 2 2. Together they play

x = ¾0bj 0b¾1bj 1b: : :

and
y = (y(0); y(1); : : :):

Player I wins if (x; y) 2 A. By closeddeterminacy (or more correctly by 6.7),
G¤

u (A) is determined.

Lemma 6.17 If Player I has a winning strategy in G¤
u (A), then A contains a

perfect subset.

Pro of As in 6.12 if ¿ is a winning strategy for Player I, there are continuous
functions f : C ! Cand g : C ! N such that if Player I I plays z(0); z(1); z(2); : : :
and Player I uses¿, then together they play x = f (z) 2 C and y = g(z) 2 N
with (x; y) 2 B . As in 6.12 f is one-to-oneand f (C) is an uncountable closed
subsetof A.

Lemma 6.18 If Player II hasa winning strategy in G¤
u (A), then A is countable.

Pro of Supposex 2 A. Choosey such that (x; y) 2 B . As in 6.13 there is a
position p at which (x; y) is rejected. Let ¹ = (x(0); : : : ; x(k ¡ 1)) be the portion
of x forced by p. If Player I now play (x(k); : : : ; x(m ¡ 1)) and y(n), then

x(m) = 1 ¡ ¿(¾0; y(0); : : : ; ¾n ¡ 1; y(n ¡ 1); hx(0); : : : ; x(m ¡ 1)i ; y(n)i :

Indeed for each possiblevalue of y(n), there is at most onex rejectedat p. Thus
the set of x rejected at p is countable and A is countable.

Lemmas6.17 and 6.18 together with the determinacy of closedgamesgives
a secondproof of the Perfect Set Theorem for § 1

1.
In x7 we will examinethis gameagain. At that time it will be useful to note

that if x is rejected at p, then x is recursive in ¿.

Banac h-Mazur Games

We will show that, assumingProjective Determinacy, all projective sets have
the Baire property. Unfolding this argument will prove in ZFC that all § 1

1 sets
have the Baire property (and henceall ¦ 1

1-setshave the Baire property).
Let A µ N . Consider the Banach{Mazur game G¤¤ (A) where at stage i ,

Player I plays ¾2i 2 N<! and Player I I plays ¾2i +1 2 N<! such that ¾0 ½ ¾1 ½
¾2 ½ : : :. The ¯nal play of the gameis x =

S
¾n and Player I wins if x 2 A.
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Lemma 6.19 Player II has a winning strategy in G¤¤ (A) if and only if A is
meager.

Pro of
(( ) SupposeA =

S
n An where each A i is nowhere dense. We informally

describe a winning strategy for Player I I. If, at stagei , Player I plays ¾2i 2 N<! ,
then Player I I plays ¾2i +1 ¾ ¾2i such that N¾2 i +1 \ A i = ; . Since each A i is
nowheredensethis is always possible. If x =

S
¾n is the ¯nal play of the game,

then, for each i ,
x 2 N¾2 i +1 µ N n A:

Thus this is a winning strategy for Player I I.

() ) Suppose ¿ is a winning strategy for Player I I. Suppose x 2 A. Let
p = (¾0; : : : ; ¾2m ¡ 1) be a position in the gamewhere Player I I has used¿. We
say that x is rejected at p if and only if x ¾ ¾2m ¡ 1 but for all ¾2m ¾ ¾2m ¡ 1 if
x ¾ ¾2m ¡ 1, then x 6¾¿(¾0; ¾2; : : : ; ¾2m ).

Claim If x 2 A, then there is a position p = (¾0; : : : ; ¾2m ¡ 1) such that x ¾
¾2m ¡ 1 and x is rejected at p.

Supposenot. Becausex is not rejected at ; , there is ¾0 such that x ¾ ¿(¾0).
Inductiv ely we build ¾0; ¾2; : : : such that

x ¾ ¿(¾0; ¾2; : : : ; ¾2m )

for all m. But then if Player I plays ¾0; ¾2; : : : and Player I I uses¿, then the
eventually play x 2 A contradicting the claim that ¿ is a winning strategy for
Player I I.

Let Rp = f x 2 A : x is rejected at position pg.

Claim Rp is nowhere dense.
Note that Rp µ N¾2m ¡ 1 . For all ¾ ¾ ¾2m ¡ 1 let ´ ¾ = ¿(¾0; : : : ; ¾2m ¡ 1; ¾).

Then ´ ¾ ¾ ¾and Rp \ N ´ ¾ = ; . Thus Rp is nowhere dense.

Thus A =
S

p Rp is meager.

Lemma 6.20 If Player I has a winning strategy in G¤¤(A), then there is ´ 2
N<! such that N ´ n A is meager.

Pro of Let ¿ be Player I's winning strategy for G¤¤(A). Suppose Player I's
¯rst move in G¤¤(A) is ´ . We will show that N ´ nA is meager,by showing that
Player I I has a winning strategy b¿ in G¤¤ (N ´ n A).

Let
b¿(¾0; ¾2; : : : ; ¾2m ) = ¿(¾0; ¾2; : : : ; ¾2m ):

In other words Player I I plays G¤¤(N ´ n A), by pretending to be Player I using
¿ in a gameof G¤¤ (A).

If Player's I ¯rst move in G¤¤(N ´ n A) is ¾0, Player I I checks to seehow
Player I would reply if Player I I played ¾0 in G¤¤(A). The following picture
describesthe play of the games.
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G¤¤(N ´ n A) G¤¤ (A)
Player I Player I I Player I Player I I

¾0 ´
¿(¾0) ¾0

¾1 ¿(¾0)
¿(¾0; ¾1) ¾1

¾2 ¿(¾0; ¾1)
¿(¾0; ¾1; ¾2) ¾2

...
...

...
...

If x is a play of G¤¤(N ´ n A) where Player I I usesthe strategy b¿, then x is
also a play of G¤¤ (A) where Player I uses¿. Thus x 2 N ´ \ A and Player I I
wins the play of G¤¤ (N ´ n A). Thus b¿ is a winning strategy for Player I I and
N¾ n A is meager.

Theorem 6.21 Assuming Projective Determinacy all projective sets have the
Baire property.

Pro of Let A µ N . If Player I I has a winning strategy in G¤¤(A), then by 6.20
A is meager.

Suppose Player I has a winning strategy, let S = f ¾ 2 N<! : N¾ n A is
meagerg. By 6.19, S is nonempty. Let U =

S
¾2 S N¾ n A. Then

U n A =
[

¾2 S

N¾

is meager. It su±ces to show that A n U is also meager.
Suppose A n U is nonmeager. Since the game G¤¤(A n U) is determined

and, by 6.20, Player I I doesnot have a winning strategy, Player I must have a
winning strategy and, by 6.19, there is ´ such that N ´ n(A nU) is meager. But
then N ´ n A is meagerand ´ 2 S. But then N ´ µ U and N ´ n (A n U) = N ´ , a
contradiction.

Exercise 6.22 Give another proof that analytic sets have the Baire property
using the determinacy of closedgamesand \unfolding" a Banach{Mazur game.

Further Results

Projective Determinacy can also be used to prove that all projective sets are
Lebesguemeasurable(see[6] x21 or [9] x43).

Can every projective set be uniformized by a projective set? If V = L, then
we can use the ¢ 1

2 well-ordering of N to show that they can. Moschovakis
showed that Projective Determinacy also leadsto an interesting answer.

Theorem 6.23 (P erio dicit y Theorems) AssumeProjective Determinacy.
a) The classeswith the reduction property are exactly ¦ 1

2n +1 and § 1
2n +2 :

b) The classeswith the uniformization property are exactly¦ 1
2n +1 and § 1

2n +2 .

60



One key idea is to use determinacy to build ¦ 1
2n +1 prewellorderings. For

proofs see[6] x39.
Another interesting classof gamesare the Wadgegames. SupposeA; B µ N .

Consider the gameGw (A; B ) where Player I plays x(0); x(1); : : :, and Player I I
plays y(0); y(1) with x(i ); y(i ) 2 N. Player I I wins if x 2 A if and only if x 2 B .

Lemma 6.24 a) If A and B are Borel, then Gw (A; B ) is determined.
b) AssumingProjective Determinacy if A and B are Projective, then Gw (A; B )

is determined.
c) If Player II has a winning strategy in Gw (A; B ), then A · w B .
d) If Player I has a winning strategy in Gw (A; B ), then B · w (N n A).

Pro of b) is clear. a) follows from Borel Determinacy.

c) SupposePlayer I I has a winning strategy. Let f (x) = y, where y 2 N is
Player I I's plays using this strategy if Player I plays x(0); x(1); : : :. Clearly f is
continuous and x 2 A if and only if f (x) 2 B . Thus A · w B .

d) SupposePlayer I has a winning strategy and g(y) = x where x is Player
I's play if Player I I plays y and Player I usesthe winning strategy. Then y 2 B
if and only if g(y) 62A. Thus B · w A.

Corollary 6.25 If A 2 § 0
® n ¢ 0

®, then A is § 0
®-complete.

Pro of SupposeB 2 § 0
® and B 6·w A. Then Player I I doesnot have a winning

strategy in Gw (B ; A). By Borel Determinacy, Player I has a winning strategy.
Thus A · w (N n B ) and A 2 ¦ 0

®, a contradiction.

Exercise 6.26 Show that under Projective Determinacy and non-Borel § 1
1-set

is § 1
1-complete.

We write A < w B if A · w B but B 6·w A.

Theorem 6.27 (W adge, Martin) There is no in¯nite sequence of Borel sets
A0; A1 : : : with A i +1 < w A i for all i .

Similarly under Projective Determinacy, there is no in¯nite descendingWadge-
chain of projective sets.

See[6] 21.15for a proof.
We give one more application of determinacy as an Exercise.

Exercise 6.28 Let · T be Turing reducibilit y and x ´ T y if x · T y and x · T y.
We say that A µ N is Turing-invariant if whenever x 2 A and y ´ T x, then
y 2 A. If z 2 N , the coneCz = f x 2 N : z · T xg.

a) Show that if A is Turing-invariant and Cz µ A, then there is no y with
Cy \ A = ; .

b) Show that if A is Borel and Turing-invariant, then either A contains a
coneor there is a conedisjoint from A. [Hint: Consider the gameG(A) where
Player I plays x(0); x(2); : : : ; Player I I plays x(1); x(2); : : : and Player I wins if
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x 2 A. Show that if ¿ is a winning strategy for Player I, then C¿ µ A, while if
b¿ is a winning strategy for Player I I, then C �

¿ \ A = ; .]
c) Let ­ be the collection of Turing-invariant Borel subsetsof N . Show that

­ is ¾-algebra.
d) Let ¹ : ­ ! 2 be ¹ (A) = 1 if and only if A contains a cone. Show that ¹

is a ¾-additiv e measureon ­. ¹ is called the Martin-measure.

Assuming Projective Determinacy we can considerprojective setsinstead of
Borel sets.

The axiom of choice tells us there are undetermined games.It is interesting
to abandonthe axiom of choiceand considerZF with the Axiom of Determinacy
AD which assertsthat all gamesare determined. While AD is refutable from
ZFC, it is consistent with large cardinals that ZFC + L(R) j= AD. ZF+AD has
wild consequences.For example:

Theorem 6.29 (Solo vay) If ZF + AD then @1 and @2 are measurable cardi-
nals, while @n is singular of co¯nality ! for 3 · n < ! .

For a proof of the ¯rst assertionsee[9] Theorem 103.

7 Hyp erarithmetic Sets

Our ¯rst goal is to try to characterize the ¢ 1
1-sets. In particular we will try to

formulate the \ligh t-faced" version of

¢ 1
1 = Borel:

We begin by studying a method of coding Borel sets.

Borel Codes

Let X = Nk £ N l . Let SX be as in x3.

De¯nition 7.1 A Borel code for a subsetof X is a pair hT; l i where T µ N<!

is a well-founded tree and l : T ! (f 0g £ f 0; 1g) [ (f 1g £ SX ) such that:
i) if l (; ) = h0; 0i , then ¾b0 2 T and ¾bn 62T for all n ¸ 1;
ii) if l (; ) = h1; ´ i , then ¾bn 62T for all n 2 N.

Let B C be the set of all Borel codes. It is easyto seethat B C is ¦ 1
1.

If x = hT; l i is a Borel code, we can de¯ne B (x) the Borel set coded by x. If
¾2 T, recall that T¾ = f ¿ : ¾b¿ 2 Tg. We let l¾ : T¾ ! f 0g £ 2 [ f 1g £ SX by
l¾(¿) = l(¾b¿). It is easyto seethat hT¾; l¾i is also a Borel code.

De¯nition 7.2 We de¯ne B (hT; l i ) inductiv ely on the height of T .
i) B (h;; ;i ) = ; .
ii) If l (; ) = h1; ´ i , then B (hT; l i ) = N ´ .
iii) If l (; ) = h0; 0i , then B (hT; l i ) = X n B (hTh0i ; lh0i i ).
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iv) If l (; ) = h0; 1i , then

B (hT; l i ) =
[

hn i2 T

B (hThn i ; lhn i i ):

Exercise 7.3 a) Show that if x 2 B C, then B (x) is a Borel set.
b) Show that if A µ X is Borel, then there is x 2 B C with B (x) = A.

Lemma 7.4 There are R 2 § 1
1 and S 2 ¦ 1

1 such that if x 2 B C then

y 2 B (x) , (x; y) 2 R , (x; y) 2 S:

In particular B (x) 2 ¢ 1
1(x).

Pro of We de¯ne a set A such that (x; y; f ) 2 A if and only if x is a pair hT; l i
where T µ N<! is a tree, l : T ! f 0g £ 2 [ f 1g £ SX and f : T ! 2 such that
for all ¾2 T:

i) if l (; ) = h1; ´ i , then f (¾) = 1 if and only if y 2 N ´ ;
ii) if l (; ) = h0; 0i , then f (¾) = 1 if and only if f (¾b0) = 0;
iii) if l (; ) = h0; 1i , then f (¾) = 1 if and only if f (¾bn) = 1 for somen.

An easyinduction shows that if x = hT; l i is a Borel code then (x; y; f ) 2 A
if and only if f is the function

f (¾) = 1 , y 2 B (hT¾; l¾i ):

It is easyto seethat A is arithmetic and if x 2 B C, then

y 2 B (x) , 9f ((x; y; f ) 2 A ^ f (; ) = 1)

, 8f ((x; y; f ) 62A _ f (; ) = 1)

Corollary 7.5 If x 2 B C is recursive, then B (x) is ¢ 1
1.

Pro of Let R and S be as in the previous lemma. Let Áe = x. Then

y 2 B (x) , 9z ((8n Áe(n) #= z(n)) ^ R(z; y))

, 8z ((8n Áe(n) #= z(n)) ! S(z; y)) :

The ¯rst condition is § 1
1 and the secondis ¦ 1

1.

Recursiv ely Coded Borel Sets

Our goal is to show that ¢ 1
1 is exactly the collection of Borel setswith recursive

codes. That will follow from the following two results and § 1
1-Bounding.

Theorem 7.6 If A µ Y is a recursively coded Borel set and f : X ! Y is
computable, then f ¡ 1(A) is a recursively coded Borel set.
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Prop osition 7.7 If ® < ! ck
1 , then WF ® is a recursively coded Borel set.

Corollary 7.8 SupposeA µ X . The following are equivalent:
i) A is ¢ 1

1;
ii) A is a recursively coded Borel set.

Pro of We have already shown that every recursively coded Borel set is ¢ 1
1.

SupposeA is ¢ 1
1. SinceA is ¦ 1

1, there is a computable f : X ! Tr such that
x 2 A if and only if f (x) 2 WF. The set

f (A) = f y : 9x x 2 A ^ f (x) = yg

is a § 1
1-subsetof WF. By § 1

1-Bounding, there is ® < ! ck
1 such that f (A) µ WF ®.

By 7.7WF ® is recusively coded,and by 7.6A = f ¡ 1(WF ®) is recursively coded.

For notational simplicit y we will assumeX = N , but all our arguments
generalizeeasily.

Let B Crec = f (e;x) : Áx
e is a total function and Áx

e 2 B Cg. Then

(e;x) 2 B Crec , Áx
e is total ^ 8z (8n Áx

e (n) = z(n)) ! z 2 B C):

Thus B Crec is ¦ 1
1.

If e 2 B Crec , then B rec(e;x) is the Borel set codedby Áx
e . A similar argument

shows that there are Rrec 2 § 1
1 and Srec 2 ¦ 1

1 such that if (e;x) 2 B Crec then

y 2 B rec(e;x) , Rrec (e;y) , Srec(e;x)

We say e 2 B Crec and x 2 B rec (e) if (e;; ) 2 B Crec and x 2 B rec(e;; ).
The proofs of both 7.6 and 7.7 will use the Recursion Theorem to do a

trans¯nite induction.
We begin with the basecaseof the induction

Lemma 7.9 There is a recursive function F : N £ SY ! N such that if
f : X ! Y is computableand e is a code for the program computing f , then
B rec(F (e;i )) = f ¡ 1(N ´ ).

Pro of For notational simplicit y we assumeX = Y = N , this is no loss of
generality. Let

W = f º 2 N<! : 8m < j´ j 9s · jº j Áº
e (m) #s= ´ (m)g:

Then W is recursive and f ¡ 1(N ´ ) =
S

º 2 W N º . Let º 0; º 1; : : : be a recursive
enumeration of N<! . Let T = f;g [ fhni : ¾n 2 W g and let l (; ) = h0; 1i ,
l (hni ) = h1; º i . Then x = hT; l i is a recusive code. Given e and ´ we can easily
compute F (e;´ ) = i such that Ái = x.

Lemma 7.10 i) There is a total recursive function H c : N ! N such that if
e 2 B C, then B rec(H c(e)) = N n B rec(e).

ii) There is a total recursive function H u : N ! N suchthat if Áe(n) 2 B Crec

for all n, then B rec(Hu (e)) =
S

n B rec(Áe(n)) .
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Pro of i) Áe is a code for a pair hT; l i . Let

T 0 = f;g [ f 0b́ : ´ 2 Tg

and l0(; ) = h0; 0i , l0(0b́ ) = l (´ ). It is easy to ¯nd H c such that H c(e) codes
hT 0; l0i and that if e 2 B Crec , then H c(e) is a code for the complement.

ii) SupposeÁe(n) code a pair hTn ; ln i . Let

T = f;g [ f nb¾: ¾2 Tn g

and let l (; ) = h0; 1i and l(nb¾) = ln (¾). It is easyto ¯nd Hu such that Hu (e)
codeshT; l i . If each hTn ; ln i is a Borel code, then hT; l i codestheir union.

Theorem 7.6 follows from the next lemma.

Lemma 7.11 If x = hT; l i is a recursive Borel code, there is a recursive func-
tion G : N £ T ! N such that if f : N ! N is a computed by program Pe, then
G(e;¾) 2 B Crec is a Borel code for f ¡ 1(B (hT¾; l¾i ) for all ¾2 T.

Pro of
We de¯ne a recursive function g : N £ N £ T ! N as follows:
i) If l (¾) = h1; ´ i , then g(i; e;¾) = F (e;´ );
ii) If l (¾) = h0; 0i , then g(i; e;¾) = H c(Ái (e;¾b0));
iii) Suppose l(¾) = h0; 1i . Choose j such that Áj (n) = Ái (e;¾bn). Then

g(i; e;¾) = Hu (j ).

By the Recursion Theorem, there is bi such that Á�

i (e;¾) = g(bi; e;¾) for all
e;¾. Let G(e;¾) = Á�

i (e;¾).
We prove by induction on T, that G(e;¾) is a code for f ¡ 1(B (hT¾; l¾i ). By

i) this is clear if l (¾) = h1; ´ ). We assumethe claim is true for all ¿ ¾ ¾.
If l (¾) = h0; 0i , then

G(e;¾) = g(bi ; e;¾) = H c(Á�

i (e;¾)) = H c(G(e;¾b0)):

By inducition, H c(G(e;¾bn) is a code for

f ¡ 1(B (hT¾; l¾i ) = X n f ¡ 1(B (hT¾
�

0; l¾�

0i ):

If l (¾) = h0; 1i , then G(e;¾bn) is a Borel code for An = f ¡ 1(B (hT¾bn; l¾�

n i ).
We choosej such that Áj (n) is a code for An and G(e;¾) = Hu (j ) is a code forS

An .

Theorem 7.7 follows from the next lemma.

Lemma 7.12 If T is a recursive well founded tree, then there is a recursive
function G : T ! B Crec , such that B rec (G(¾)) = f S 2 Tr : ½(S) · ½(T¾)g.

Pro of For ¾2 N<! let f ¾ : T r ! T r be the computable function S 7! S¾.
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Note that ½(S) · ½(T) if and only if for all n 2 N there is m 2 N such that
½(Shn i ) · ½(Thm i ). Thus

f S 2 Tr : ½(S) · ½(T¾)g =
\

n 2 N

[

m 2 N

f ¡ 1
hn i (f S 2 Tr : ½(S) · ½(T¾

�

m )g):

Fix c such that B rec(c) = ; . We de¯ne a recursive function g : N £ T ! N
as follows.

i) If ¾62T, then g(i; ¾) = c.
ii) Otherwise g(i; ¾) is a Borel code for

\

n

[

m

f ¡ 1
hn i (B rec (Ái (¾bm))) :

We can do this using the functions F; H u and H c above. Of coursefor somei ,
this may well be unde¯ned.

By the RecursionTheorem there is bi such that Á�

i (¾) = g(bi; ¾) for all ¾.
An easyinduction shows that G = Á�

i is the desiredfunction.

Hyp erarithmetic Sets

De¯nition 7.13 We say x 2 N is hyperarithmetic if x 2 ¢ 1
1. We say that x is

hyperarithmetic in y, and write x · hyp y if x 2 ¢ 1
1(y).

We sometimeslet H Y P denote the hyperarithmetic elements of N .

Exercise 7.14 i) Show that if x · hyp y · hyp z, then x · hyp z.
ii) Show that if x · T y, then x · hyp y.

Lemma 7.15 i) f (x; y) : x · hyp yg is ¦ 1
1. In particular, f x : x 2 ¢ 1

1g is ¦ 1
1.

Pro of x · hyp y if and only if 9e (B Crec(e;y) ^ 8n8m (x(n) = m $ (n; m) 2
B Crec(e;y).

This de¯nition is ¦ 1
1.

Theorem 7.16 SupposeA µ N £ N is ¦ 1
1. Then B = f x : 9y · hyp x (x; y) 2

Ag is ¦ 1
1.

Pro of x 2 B if and only if
9e 2 N 8z 2 N (Áe = z ! (z 2 B C^ (8n8m ((y(n) = m ! S((n; m); z)) ^

(y(n) 6= m ! : R((n; m); z)))) ^ (x; y) 2 A)
This de¯nition is ¦ 1

1.

We next give a re¯nement of Kleene's Basis Theorem.

Lemma 7.17 If ! ck
1 < ! x

1 , then O · hyp x.
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Pro of Clearly O is ¦ 1
1(x). There is T recursive in x such that T 2 WF and

½(T) > ! ck
1 . Then

O = f e : e codesa recursive tree S and ½(S) < ½(T)g

is § 1
1(x). Thus O · hyp x.

Theorem 7.18 (Gandy's Basis Theorem) If A µ N is § 1
1 and nonempty,

there is x 2 A such that x · T O, x < hyp O and ! ck
1 = ! x

1 .

Pro of Let B = f (x; y) : x 2 A ^ y 6·hyp xg. By 7.15 B is § 1
1. By Kleene's

Basis Theorem, there is (x; y) 2 B with (x; y) · T O. If O · hyp x, then
y · T O · hyp x, so y · hyp x, a contradiction. Thus y · hyp x, a contradiction.
By the previous lemma ! ck

1 = ! x
1 .

The E®ectiv e Perfect Set Theorem

The following theorem is very important.

Theorem 7.19 (Harrison) Let A µ N be § 1
1. If A is countable, then every

element of A is hyperarithmetic. In particular, if A contains a nonhyperarith-
metic element, then A contains a perfect set.

We delay the proof to the end of the section and look at some important
corallaries.

Corollary 7.20 Suppose A µ N £ N is ¢ 1
1 and f y : (x; y) 2 Ag is countable

for all x 2 N . Then
i) the projection ¼(A) = f x : 9y (x; y) 2 Ag is ¢ 1

1 and
ii) A has a ¢ 1

1-uniformization

Pro of
i) Clearly ¼(A) is § 1

1, but by Harrison's Theorem

9y (x; y) 2 A $ 9y · hyp x (x; y) 2 A:

The later condition is ¦ 1
1.

ii) Let

A¤ = f (x; e) : e 2 B Crec(x) ^ 8y(y = B rec(e;x) ! (x; y) 2 Ag:

Then A¤ is ¦ 1
1 and has a ¦ 1

1 uniformization B . But

(x; e) 62B , x 62¼(A) _ 9i 6= e (x; i ) 2 B :

Thus B is ¢ 1
1. Let

C = f (x; y) : 9e (x; e) 2 B ^ y = B rec(e;x)g:

Then C is a ¢ 1
1-uniformization of A.

Relativizing thesecorollaries lead to interesting results about Borel sets.
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Corollary 7.21 SupposeA µ N £ N is a Borel set such that every section is
countable. Then X the projection of X is Borel and X can be uniformized by a
Borel set.

Corollary 7.22 Suppose f : N ! N is continuous, A is Borel and f jA is
one-to-one. Then f (A) is Borel.

Pro of f (A) is the projection of f (x; y) : x 2 A ^ f (x) = yg and sectionsare
singletons.

These results all have classicalproofs, but in x8 we will give an example of
an e®ective proof of a result where no classicalproof is known.

SupposeA µ N is ¦ 0
1. We consider the game G(A) where Player I and I I

alternate playing x(i ) 2 N and Player I wins if x 2 A.

Theorem 7.23 If Player II hasa winning strategy in G(A), then Player II has
a hyperarithmetic winning strategy.

Pro of Let T be a recursive tree such that A = [T ]. SupposePlayer I I does
not have a hyperarithmetic winning strategy. We will show that Player I has
a winning strategy. Suppose¾2 N<! and j¾j is even. We consider the game
G¾(A) where Players I and I I alternate playing elements of N to build x 2 N
and Player I wins if ¾bx 2 A.

Let P = f ¾: j¾j is evenand Player I I hasa hyperarithmetic winning strategy
in G¾(A)g. If ¾ 62T, then Player I I has already won. In particular, always
playing 0 is a hyperarithmetic winning strategy for Player I I. Thus N<! nT µ P.

Claim Supposethat for all n 2 N there is m 2 N such that ¾bnbm 2 P. Then
¾2 P.

Let B = f (n; m; e) : e is a hyperarithmetic code for ¿ and 8y if we play
G¾

�

n
�

m (A) where Player I plays y and Player I I plays using ¾, then the result
is in Ag. The set B is ¦ 1

1. and 8n9m9e(n; m; e) 2 B . By selection there is a
¢ 1

1-function f : N ! N2 such that (n; f (n)) 2 B for all n 2 N. Player I I has
a hyperarithmetic winning strategy in G¾(A); namely if Player I plays n and
f (n) = (m; e), then Player I I plays m, and then usesthe strategy coded by e.

We describe a winning strategy for Player I.
Since Player I I does not have a hyperarithmetic winning strategy ; 62P.

Player I's strategy is to avoid P. If we are in position ¾where ¾62P and j¾j is
even, then by the claim there is a least n such that ¾bnbm 62P forall m. Player
I plays n. No matter what m Player I I now plays the new postion is not in P.
If Player I continues Playing playing this way they will play x 2 N such that
xj2n 62P for all n. In particular xj2n 2 T for all n. Thus x 2 [T ] and this is a
winning strategy for Player I.

Exercise 7.24 SupposeA is ¦ 0
1 and Player I has a winning strategy in G(A).

Then Player I has a winning strategy hyperaritmetic in O.

Pro of of 7.19 SupposeA is § 1
1. We consider the unfolded game G¤

u (A) from
x5. This is a closed game and an argument similar to the one above shows
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that if Player I I hasa winning strategy, then there is a hyperarithmetic winning
strategy ¿. Then A is countable. The proof of 6.18 shows that every x 2 A is
rejectedat someposition and x · T ¿. Thus x is hyperarithmetic and A µ HYP.

Exercise 7.25 Show that if A is § 1
1 and uncountable, then there is a continuous

injection f : C ! A with f computable in x for somex · hyp O.

Further Unifomization Results

Wewill usehyperarithmetic theory to proveseveral other classicalunifomization
results. We begin with a variant of Corollary 7.21.

Theorem 7.26 Suppose A µ N £ N is a Borel set with countable sections.
Then there are Borel measurable functions f 0; f 1; : : : with disjoint graphs such
that A is the union of the graphs.

Before proving this we need one lemma about hyperarithmetic sets. If x 2
NN2

we identify x with (x0; x1; : : :) in N N where xn (m) = x(n; m).

Lemma 7.27 Suppose A is a ¢ 1
1-subsetof HYP. There is a hyperarithmetic

x 2 NN2
such that A µ f x0; x1; : : :g.

Pro of Let

B = f (x; i ) 2 N £ N : x 2 A^ i 2 B Crec ^ 8n8m (x(n) = m $ (n; m) 2 B rec(i ))g:

Then B is ¦ 1
1 and ¼(B ) = A. By selection, there is a ¢ 1

1 function s : A ! N,
uniformizing B .

Let C = f i : 9x 2 A s(x) = ig. Clearly C is § 1
1. Since

i 2 C $ 9x 2 HYP (x 2 A ^ s(x) = i );

C is ¢ 1
1. Let

x(i; n) =
½

0 if i 62C
m if i 2 D ^ (n; m) 2 B rec (i )

:

Then A µ f x0; x1; : : :g.

Exercise 7.28 Show that the sameis true if A is § 1
1. [Hint: First show that

any § 1
1 subsetof HYP is contained in an ¢ 1

1 subsetof HYP.]

Pro of of Theorem 7.26 By relativizing, we assumethat A is ¢ 1
1. Suppose

A µ N £ N has countable sections. By the E®ective Perfect Set Theorem,
for any x the set Ax = f y : (x; y) 2 X g is a ¢ 1

1(x) subset of f y : y · hyp xg.
By relativising the lemma, there is y 2 NN2

such that y · hyp x and Ax µ
f y0; y1; : : :g.

Let B = f (x; j ) 2 N £ N : j 2 B Crec (x) ^ 8z ((x; z) 2 A !
9n8m8k (z(m) = k) $ (n; m; k) 2 B rec(x; j )g: Then B is ¦ 1

1 and ¼(B ) = ¼(A).
By 7.21 ¼(A) is ¢ 1

1. Thus, by selection, there is a ¢ 1
1 function t : ¼(A) ! N

uniformizing B .
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Let gn : ¼(A) ! N be such that gn (x) = y if and only if

y(i ) = j , (n; i; j ) 2 B rec(x; t(x)) :

Sincegn hasa ¢ 1
1-graph, it is Borel measurableand A is contained in the union

of the graphs of the gn .
Let

Cn =

(

x 2 ¼(A) : (x; gn (x)) 2 A ^
n ¡ 1^

i =0

gn (x) 6= gi (x)

)

and let f n = gn jCn . Each gn is Borel measurableand A is the disjoint union of
the graphs of the gn .

We next uniformize Borel sets with compact sections. We begin with a
lemma that comparestwo di®erent measuresof the complexity of a set. Suppose
a set A is ¢ 1

1 and open. There is no reasonto believe A is § 0
1. For example if

W ½ N is any ¢ 1
1 set, then A = f x 2 N : x(0) 2 W g is ¢ 1

1 and open, but need
not be § 0

1. The next lemma shows while A is not § 0
1, A will be § 0

1(x) for some
x 2 HYP.

Lemma 7.29 SupposeA µ N is ¢ 1
1 and open. Then there is a hyperarithmetic

S µ N<! such that A =
S

¾2 S N¾.

Pro of Let S = f ¾: 8x x ¾ ¾ ! x 2 Ag. Then S is ¦ 1
1 and A =

S
¾2 S N¾.

There is a computable f : N<! ! T r such that

x 2 S if and only if f (x) 2 WF:

Let
B = f ¿ : 8x 2 A9¾½(f (¿)) 6· ½(f (¾)) ^ ¾½ xg:

Note that B is ¦ 1
1 and N<! n S µ B . If B = N<! n S, then S is ¢ 1

1, as desired.
If not, there is ¿ 2 S \ B . Then S0 = f ¾: f (¾) < f (¿)g is ¢ 1

1 and

A =
[

¾2 S0

N¾ µ
[

¾2 S

N¾ = A:

If A is ¢ 1
1 and closed,then there is a ¢ 1

1-setS µ N<! with N nA =
S

¾2 S N¾.
Let T = f ¾ 2 N<! : 8¿ µ ¾ ¿ 62Sg. Then T is a hyperarithmetic tree and
A = [T ]. If A is compact, we can go a bit further.

Lemma 7.30 If A is ¢ 1
1 and compact, then there is a ¯nite branching hyper-

arithmetic tree T suchthat A = [T ]. More generally, if A is a compact § 1
1-set, F

is a closed ¢ 1
1-set, and A µ F , then there is a ¯nite branching hyperarithmetic

tree T such that A µ [T ] µ F .
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Pro of By the remarks above, there is a hyperarithmetic tree T such that
F = [T ].

Let B = f (¾; C) : ¾2 N<! ^ C ½ N ¯nite ^ 8x ((x 2 A ^ ¾½ x) !
(
V

i 2 C ¾bi 2 T ^
W

i 2 C x ¾ ¾bi ).
Then B is ¦ 1

1. If N¾\ A = ; , then (¾; C) 2 B for all ¯nite C ½ N. If N¾\ A 6= ; ,
then, by compactness,there is a ¯nite set C ½ N such that

A \ N¾ =
[

i 2 C

A \ N¾
�

i :

Clearly (¾; C) 2 B . By 5.28 there is a ¢ 1
1-function f such that if ¾2 N<! , then

(¾; f (¾)) 2 B . Let

T1 = f ¾2 T :
^

i< j¾j

¾(i ) 2 f (¾ji )g:

Clearly T1 µ T is ¢ 1
1 and ¯nite branching. By choice of B , if x 2 A, then

x 2 [T1].

Corollary 7.31 If A µ N is ¢ 1
1, compact and nonempty, then there is x 2 A

such that x 2 HYP.

Pro of There is a hyperarithmetic ¯nite branching tree T such that A = [T ].
By KÄonig's Lemma, if f ¿ 2 T : ¾µ ¿g is in¯nite, then there is x 2 N¾ \ A. Let

T2 = f ¾2 T : 8n > j¾j 9¿ ¾½ ¿ ^ ¿ 2 T ^ j¿j = ng:

Then T2 is hyperarithmetic (indeed T2 is arithmetic in T) and T2 is pruned.
Inductiv ely de¯ne x 2 N such x(n) is least such that hx(0); x(1); : : : ; x(n)i 2 T2.
Then x is recursive in T2 and hence,hyperarithmetic.

Corollary 7.32 (No vik ov) If A µ N £ N is ¢ 1
1 and all sections Ax = f y :

(x; y) 2 Ag are compact, then ¼(A) is ¢ 1
1 and there is a ¢ 1

1 uniformization of
X .

In particular, any Borel A µ N £ N with compact sections has a Borel
uniformization.

Pro of Clearly ¼(A) is § 1
1. By relativizing the previous corollary, we seethat

x 2 ¼(A) , 9y · hyp x (x; y) 2 A:

Hence¼(A) is ¢ 1
1.

Let B = f (x; e) : x 62¼(A) _ (e;x) 2 B Crec and if y 2 N is coded by (e;x)
then (x; y) 2 Ag. Then B is ¦ 1

1 and by 5.28there is a ¢ 1
1 function f unifomizing

B . The set C = f (x; y) : x 2 ¼(A) ^ (x; f (x)) codesyg is a ¢ 1
1-uniformization

of A.

Wewill proveonefurther generalization. We¯rst needonetopological result.
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Exercise 7.33 Suppose A µ N is closed, f : N ! N is continuous and
f (A) µ

S
Fn where each Fn is closed. There is ¾2 N<! and n 2 N such that

A \ N¾ 6= ; and f (A \ N¾) µ Fn . [Hint: Supposenot. Build ¾0 ½ ¾1 ½ : : :
such that A \ N¾i 6= ; and f (N¾i +1 \ Fi ) = ; . Consider x =

S
¾i to obtain a

contradiction.]

De¯nition 7.34 We say that A is a K ¾ set if it is a countable union of compact
sets.

SinceRn is locally compact, in Rn every F¾-set is a K ¾-set.

Lemma 7.35 SupposeA is ¢ 1
1 and a K ¾-set. Then there is x 2 A \ HYP.

Pro of There is a ¦ 0
1-set B µ N £ N such that A is the projection of B . By

the previous exercise,there is a basic open set N such

A1 = f x : 9y (x; y) 2 N £ B g

is § 1
1 and contained in a closedsubsetof F of A. Then

A1 = f x : 8¾(¾½ x ! 9y (y 2 A1 ^ ¾½ y))g

the closureof A1 is also § 1
1 and contained in A.

Let B = f (x; ¾) : x 62A ^ ¾½ x ^ 8y (y ¾ ¾! y 62A1g. Then B is ¦ 1
1 and

for all x 62A there is a ¾such that (x; ¾) 2 B . By 5.28 there is a ¢ 1
1 function

f such that (x; f (x)) 2 B for all x 62A.
Let W0 = f f (x) : x 62Ag, let W1 = f ¾ : 8y ¾ ¾ y 62A1g. Then W0 is

§ 1
1, W1 is ¦ 1

1 and W0 µ W1. By § 1
1-separation, there is a ¢ 1

1-set W such that
W0 µ W µ W1. Let

T = f ¾: 8¿ µ ¾: ¿ 62W g:

Then T is a ¢ 1
1 tree. SinceW µ W1, A1 µ [T ]. SinceW0 µ W , [T ] µ A.

By 7.30 there is a ¯nite branching tree T1 2 ¢ 1
1 such that T1 ½ T and

A1 µ [T1] µ [T ] µ A:

As in 7.31 there is x 2 [T1] \ HYP.

Corollary 7.36 (Aresenin, Kun ugui) If A µ N £ N is Borel and every
section if K ¾, then ¼(A) is Borel and A has a Borel uniformization.

Theseproofs are a little unsatisfactory as we have only proved the uniform-
results for N £ N or more generally recursively presented Polish spaces(lik e
Rn ). Since \compact" and \ F¾" are not presercedby Borel isomorphismswe
can not immediately transfer these results to arbitrary Polish spaces. In fact
theseresults are true in general (see[6] 35.46).

Exercise 7.37 a) Modify the proof of the E®ective Perfect Set Theorem, using
the Banach{Mazur game, to prove that if A µ N is a nonmeager¢ 1

1-set, then
there is a hyperarithmetic x 2 A.

b) Prove that any Borel set with nonmeagersectionscan be uniformized by
a Borel set.
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Part I I

Borel Equiv alence Relations
The secondhalf of thesenotes will be concernedwith the descriptive set theory
of equivalencerelations.

Part of our interest in Descriptive Set Theory is motivated by Vaught's
Conjecture. Suppose L is a countable language and T is an L-theory. Let
I (T; @0) be the number of isomorphism classesof countable models of T .

Vaugh t's Conjecture If I (T; @0) > @0, then I (T; @0) = 2@0 .

Of courseif the Continuum Hypothesis is true, Vaught's Conjecture is true.
But perhapsit is provable in ZFC (though at the moment there is a manuscript
with a plausible counterexample due to Robin Knight).

We haveseenbeforethat Mod(T) is a Polish spaceand »= is a § 1
1-equivalence

relation on Mod(T). A ¯rst hopewould be to deduceVaught's Conjecture from a
perfect set theorem for § 1

1-equivalencerelations. This won't work. For example,
consider the following equivalencerelation on Tr .

T » S , ½(S) = ½(T)

Then » is § 1
1. There is one equivalence class for all the ill-founded trees

and then one for each possiblevalue of ½. Thus » has exactly @1-equivalence
classes.

We will seein x8, that while there is a perfect set theorem for ¦ 1
1 (and hence

Borel) equivalencerelations and a weaker perfect set theorem for§ 1
1-equivalence

relations.
The rest of the noteswill beconcernedwith two specialcasesof § 1

1-equivalence
relations:

i) Borel Equivalencerelations
ii) Orbit Equivalencerealations, supposeG is a Polish group, X is a Borel

set in a Polish spaceand ¹ : G £ X ! X is a continuous action of G on A.
Let EG be the equivalencerelation xE G y if and only if there is g 2 G such that
gx = y.

It is easy to seethat the orbit equivalence relations EG are § 1
1. Of par-

ticular interest is the casewhere S1 acts on Mod(T). In this caseEG is the
isomorphism equivalencerelation on Mod(T).

The study of theseequivalencerelations is also tied up with the study of the
dynamics of group actions and these ideaswill also play a key role.

8 ¦ 1
1-Equiv alence Relations

Vaught's Conjecture would be true if it were true that every § 1
1-equivalencere-

lation with uncountably many classeshasa perfect set of inequivalent elements.
But the example above shows this is false. On the other hand, Silver proved
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that ¦ 1
1-equivalencerelations, and in particular Borel equivalencerelations, are

better behaved.

Theorem 8.1 (Silv er's Theorem) If X is a Polish space and E is a ¦ 1
1-

equivalence relation with uncountably many classes,then there is a nonempty
perfect set P of inequivalent elements. In particular, if there are uncountably
many classes,then there are 2@0 classes.

Silver's original proof usedheavy set-theoretic machinery. We will describe a
proof givenby Harrington that usesthe e®ectivedescriptiveset theory developed
in x7.

To warm up we prove the following result that illustrates a key idea of
Harrington's proof.

Prop osition 8.2 Suppose E is an equivalence relation on N and there is a
nonemptyopen set U suchthat E \ (U £ U) is meager. Then there is a nonempty
perfect set P of E-inequivalent elements.

Pro of
Let E \ U £ U =

S
An where each An is nowhere dense.

We build (U¾ : ¾2 2<! ) nonempty basic clopen setssuch that:
i) U; µ U;
ii) U¾ µ U¿ for ¾µ ¿;
iii) diam U¾ < 1

j¾j ;
iv) if j¾j = j¿j = n and ¾6= ¿, then E \ (U¾ \ U¿) \ (A0 [ : : : [ An ¡ 1) = ; .

For f 2 C, let x f =
T

Uf j n . By contstruction if f 6= g, then x f 6E xg. Thus
there is a perfect set of E-inequivalent elements.

We chooseU; an nonempty basic clopen subsetof U.
Supposewe have constructed U¾ for all ¾with j¾j = n satisfying i){iv). Let

f (¾i ; ¿i ) : i = 1; : : : kg list all pairs of distinct sequencesof length n + 1. If
j¾j = n + 1 we inductiv ely de¯ne U i

¾ for i = 0; : : : k.
Let U0

¾ = U¾jn .
If ¾6= ¾i and ¾6= ¿i , then U i +1

¾ = U i
¾. Otherwise, sinceA0 [ : : : [ An + 1 is

nowhere densein U £ U. We can ¯nd basic clopen U i +1
¾i

µ U i
¾i

and U i +1
¿i

µ U i
¿i

such that
E \

¡
U i +1

¾i
£ U i +1

¿i

¢
= ; :

ChooseU¾ a basic closedsubsetof Uk
¾ of diameter lessthat 1

j¾j .

While the argument abovewill be the model for our proof of Silver's theorem,
there are somesigni¯cant obstacles.First and foremost, if E is a ¦ 1

1-equivalence
relation, there is no reason to believe that there is an open set U such that
E \ (U £ U) is meager. Harrington's insight was to changethe topology so that
that this is true.
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Gandy Topology

De¯nition 8.3 The Gandy topology on N is the smallest topology in which
every § 1

1-set is open.

We let ¿G denote the Gandy topology on N .
Since there are only countably many § 1

1-sets, the Gandy topology has a
countable basis. As we will be considering meager and comeagersets in the
Gandy topology, we ¯rst note that the Baire Category Theorem is still true for
¿G .

Prop osition 8.4 If U µ N is nonemptyant ¿G -open, then U is not ¿G -meager.

Pro of
SupposeA0; A1; : : : are¿G -nowheredensesubsetsof U. It is easyto construct

U = U0 ¶ U1 ¶ U2 ¶ : : : a sequenceof nonempty § 1
1-setssuch that Un \ An = ; .

To prove the Lemma we needonly do this in such a way that
T

Un 6= ; . This
will require a bit more work.

At stages of the construction we will have:
i) nonempty § 1

1-sets U = U0 ¶ U1 ¶ U2 : : : ¶ Us such that Ui \ A i = ; for
all i · s;

ii) recursive trees T0; T1; : : : Ts such that Ui = f x : 9y (x; y) 2 [Ti ]g;
iii) sequences¾0 ½ ¾1 : : : ½ ¾s such that Ui ½ N¾i for all i ;
iv) sequenceś i

j for i · j · s such that ´ i
i ½ ´ i

i +1 ½ ´ i
s and there is (x; y)

such that ¾s ½ x, ´ i
s ½ y and (x; y) 2 [Ti ] for all i · s .

Suppose we have done this. Let x =
S

n 2 N ¾n and yi =
S

n ¸ i ´ i
n . Then

(x; yi ) 2 [Ti ] for all i . Hencex 2
T

Un and x 62
S

An .
At stage0 we let U0 = U and ¾0 = ´ 0

0 = ; .
At stages + 1 let

W = f x 2 Us : x ¾ ¾s ^ 9y0 : : : 9ys

ŝ

i =0

(x; yi ) 2 [Ti ] ^
^

i · s

yi ¾ ´ i
sg:

Then W is a nonempty § 1
1-subsetof Us . SinceAs+1 is ¿G -nowheredense,there

is V ½ W a nonempty § 1
1-set such that V \ As+1 = ; . Let v 2 V . Choose

¾s+1 ¾ ¾s such that v ¾ s. Let Us+1 = V \ N¾s +1 . Let Ts+1 be a recursive
tree such that Us+1 is the projection of Ts+1 . For i · s + 1 choosezi such that
(v; zi ) 2 [Ti ] and ´ i

s ½ zi and let ´ s+1
s+1 = ; . Thesechoicessatisfy i){iv).

We will usethe fact proved in x3 that in any topological spacewith a count-
able basis, the Baire Property is preserved by the Souslin operation.

Let ¿n
G denotethe Gandy topology on N n . Sincethere is a computablebijec-

tion betweenN n and N , (N ; ¿G ) and (N n ; ¿n
G ) are homeomorphic topological

spaces.We have to be a little bit careful here since, for example, ¿2
G is not the

¿G -product topology. We let ¿k ;l
G denote the product of (N k ; ¿k

G ) and (N l ; ¿l
G ).

The topology ¿k+ l
G re¯nes the topology ¿k ;l

G .
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Exercise 8.5 Modify the proof of 8.4 to show each topology ¿k ;l
G also satis¯es

the Baire category theorem.

We will need the following technical lemma. Let A µ N 2 and let A¤ =
f (x; y; z) 2 N 3 : (x; z) 2 Ag.

Lemma 8.6 If A is ¿1;1
G -nowhere dense,then A¤ is ¿2;1

G -nowhere dense.

Pro of SupposeB µ N 2 and C µ N are § 1
1-sets. Let B1 = f x : 9y (x; y) 2 B g.

Then B1 is § 1
1. SinceA is ¿1;1

G -nowhere dense,there are B2 µ B1 and C2 µ C
nonempty such that A \ (B2 £ C2) = ; . Let B 0 = f (x; y) 2 B : x 2 B2g. Then
B 0 is nonempty and (B 0£ C2) \ A¤ = ; .

Harrington's Pro of

We will prove Silver's Theorem for ¦ 1
1-equivalence relations. The proof will

easily relativize to ¦ 1
1-equivalencerelations.

SupposeE is a ¦ 1
1-equivalencerelation on N with uncountably many equiv-

alenceclasses.We say that A µ N is E-small if xE y whenever x; y 2 A. Let

U = f x : there is no E-small § 1
1-set A with x 2 Ag:

Sincethere are only countably many § 1
1-sets,U is non-empty.

Lemma 8.7 If x 62U, then there is an E-small ¢ 1
1-set A with x 2 A.

Pro of There is an E-small § 1
1-set B such that x 2 B and

yEx , 8z (z 2 B ! zEy):

Thus the E-classof x is ¦ 1
1. By § 1

1-separation there is a ¢ 1
1 set A such that

B µ A µ f y : yExg:

HenceA is an E-small ¢ 1
1-set containing x.

Corollary 8.8 U is § 1
1.

Pro of x 2 U if and only if

8e ((e 2 B Crec ^ x 2 B rec(e)) ! 9y9z (y; z 2 B rec(e) ^ x 6Ey):

This is a ¦ 1
1-de¯nition of U.

We now show the connection to our \w arm up" argument.

Lemma 8.9 E \ (U £ U) is ¿1;1
G -meager.
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Pro of
We ¯rst argue that E has the Baire property in the ¿1;1

G -topology.

Claim If A µ N is § 1
1, then there are basic open sets (B¾ : ¾ 2 N<! ) such

that A = A(B¾).
Let T µ N<! £ N<! be a tree such that A = f x : 9y (x; y) 2 [T ]g. Let

B¾ = f x : (xjj¾j; ¾) 2 Tg. Then

A =
[

y2N

\

n 2 N

By jn = A(B¾):

The basic open sets of N £ N are open in the topology ¿1;1
G , and hence

have the Baire Property, in this topology. Sincethe Souslin operator preserves
the Baire Property, every § 1

1 subset of N £ N has the Baire Property in the
¿1;1

G -topology.
Supposefor purposesof contradiction that E \ (U £ U) is ¿1;1

G -nonmeager.
SinceE hasthe Baire property there are nonempty § 1

1-setsA; B µ U, such that
E is ¿1;1

G -comeagerin A £ B .
Let A1 = f (x0; x1) 2 A £ A : x0 6E x1g. SinceA µ U is a nonempty § 1

1-set,
A is not E-small. Thus A1 is a nonempty § 1

1-set.
Let Ci = f (x0; x1; y) : (x0; x1) 2 A1; y 2 B ; x i 6Eyg, for i = 0; 1.

Claim Ci is ¿2;1
G -meager.

SinceE is ¿1;1
G -comeagerin A £ B , there are D 0; D1; : : : ¿1;1

G -nowheredense,
such that [

Dn = f (x; y) 2 A £ B : x 6Eyg:

By Lemma 8.6, D 0
n = f (x0; x1; y) : (x0; y) 2 Dn g is ¿2;1

G -nowhere dense,and
Ci µ

S
D 0

n is ¿2;1
G -meager.

Since¿2;1
G satis¯es the Baire Category Theorem, There is

(x0; x1; y) 2 (A1 £ B ) n (C0 [ C1):

But then x0Ey, x1Ey and x0 6Ex1, a contradiction.

We now proceed as in our \w arm up" to construct a perfect set of E-
inequivalent elements. We need to exercisea little care|as in the proof of
the Baire Category Theorem|to ensurethat

T
n Uf j n are nonempty.

Let A0; A1; : : : be ¿1;1
G -nowhere densesuch that

S
A i = E \ (U £ U). Let

T µ N<! £ N<! be a tree such that U = f x : 9y (x; y) 2 [T ]g.
We construct a family (U¾ : ¾2 2<! ) of nonempty § 1

1-setssuch that:
i) U; µ U;
ii) U¾ µ U¿ for ¾µ ¿;
iii) if j¾j = j¿j = n and ¾6= ¿, then (U¾ £ U¿) \ (A0 [ : : : [ An ¡ 1) = ; .
As in the proof of the Baire Category Theorem for ¿G , we also need to

take extra measuresto insure that
T

Uf j n 6= ; . We construct (T ¾ : ¾2 2<! ),
(¹ ¾ : ¾2 2<! ), and (´ ¾

¿ : ¾µ ¿ 2 2<! ) such that:
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iv) each T ¾ ½ N<! £ N<! is a recursive tree such U¾ = f x : 9y (x; y) 2 [T ¾]g
and T ¾ ¶ T ¿ for ¾µ ¿;

v) ¹ ¾ 2 N<! , ¹ ¾ ½ ¹ ¿ for ¾½ ¿, and U¾ µ N ¹ ¾ ;
vi) ´ ¾

¿ 2 N<! , ´ ¾
¿0

½ ´ ¾
¿1

if ¾µ ¿0 ½ ¿1, and

9x9y x ¾ ¹ ¿ ^ y ¾ ´ ¾
¿ ^ (x; y) 2 [T ¾]:

Exercise 8.10 Finish the proof of Silver's Theorem by showing:
a) if E is a ¦ 1

1-equivalence relation with uncountably many classes,then,
taking U as above we can ¯nd (U¾ : ¾2 2<! ), (T ¾ : ¾2 2<! ), (¹ ¾ : ¾2 2<! ),
and (´ ¾

¿ : ¾µ ¿ 2 2<! ) satisfying i){vi).
b) if we let x f =

S
¹ f j n , then P = f x f : f 2 Cg is a perfect set of E-

inequivalent elements.

Harrington's original proof used forcing rather than the category argument
given above. We sketch the main idea.

Exercise 8.11 Let P = f A : A 2 § 1
1; A 6= ;g .

a) If G µ P is su±ciently generic, then there is x 2 N such that

f xg =
\

f A : A 2 Gg:

[Hint: This just the Baire Category Theorem for ¿G .]
b) For x 2 N let x = hx0; x1 i 2 N 2. If b is su±ciently generic, the so are b0

and b1.
c) Let U be as in the proof above. If (a; b) are su±ciently P £ P generic

below (U;U), then a 6Eb.
d) There is a perfect set of mutually su±ciently P £ P-generic elements

below (U;U).
e) Conclude Silver's Theorem.

§ 1
1-Equiv alence Relations

While Silver's Theorem can not be generalized to § 1
1-equivalence relations,

Burgessshowed that it can be usedto prove the following result.

Theorem 8.12 (Burgess' Theorem) If X is a Polish space and E is a § 1
1-

equivalence relation with at least @2 equivalence classes,then there is a perfect
set of inequivalent elements.

Suppose E is a § 1
1-equivalence relation. There is a continuous function

f : X £ X ! Tr such that xE y if and only if f (x; y) 62WF.
For ® < ! 1, let E® = f (x; y) : ½(f (x; y) ¸ ®g. Then E® is Borel, E® ¶ E ¯

for ® < ¯ , E® =
T

¯ <® E¯ for ® a limit ordinal, and E =
\

®<! 1

E®.

Let A = f ® < ! 1 : E® is an equivalencerelationg.

78



Lemma 8.13 A is a closed unbounded subsetof ! 1.

Pro of Suppose ®0 < ®1 < : : :, ®i 2 A and ® = sup®i . Since each E®i is
re°exive, symmetric and transitiv e so is E®. Thus A is closed.

Claim 1 For all ® < ! 1, there is ¯ < ! 1, such that if x 6E®y, then y 6E ¯ x for all
x; y 2 X .

Since E is an equivalencerelation and E® ¶ E, if x 6E®y, then y 6Ex. Let
B = f f (y; x) : x 6E®yg. Then B is a § 1

1 subsetof WF. Thus by § 1
1-bounding,

there is ¯ < ! 1, such that if T 2 B , then ½(T) < ¯ . Thus if x 6E®y, then y 6E ¯ x.

Claim 2 For all ® < ! 1, there is ¯ < ! 1, such that if xE ®y, yE®z and x 6E®z,
then x 6E¯ y or y 6E ¯ z.

Let C = f T : 9x; y; z xE ®y^ yE®z^ x 6E®z^ ½(T) · f (x; y)^ ½(T) · f (y; z)g.
Then C is a § 1

1-set of well-founded trees. Thus there is ¯ < ! 1 such that
½(T) < ¯ for all T 2 C. If xE ®y, yE®z and x 6E®z, then either f (x; y) 2 C or
f (y; z) 2 C. Thus either x 6E ¯ y or y 6E ¯ z.

Let g; h : ! 1 ! ! 1 such that g(®) is the least ¯ < ! 1 such claim 1 holds and
h(®) is the least ¯ < ! 1 such that claim 2 holds.

Given ® < ! 1, build ®0 < ®1 < : : : < ! 1 such that ®0 = ® and ®i +1 >
h(®i ); g(®i ). Let ¯ = sup®i .

Clearly xE ¯ x for all x (since this is true of E).
If x 6E¯ y, then x 6E®i y for somei , thus y 6E®i +1 x. Thus y 6E ¯ x.
SupposexE ¯ y and yE ¯ z. We claim xE ¯ z. Supposenot. Then x 6E®i z for

somei . But then x 6E®i +1 y or y 6E®i +1 z. Hencex 6E ¯ y or y 6E ¯ z, a contradiction.
Thus for all ® < ! 1, there is ¯ ¸ ® with ¯ 2 A. Thus A is unbounded.

We can inductiv ely de¯ne Á : ! 1 ! A such that:
i) Á(0) 2 A;
ii) Á(® + 1) > Á(®) for all ® < ! 1;
iii) Á(®) = sup̄ <® Á(¯ ) for ® < ! 1 a limit ordinal.

Corollary 8.14 If E is a § 1
1-equivalence relation, there is a sequence (E® :

® < ! 1) of Borel equivalence relations such that:
i) E® ¶ E ¯ for ® < ¯ ;
ii) E® =

T
¯ <® E¯ , for ® a limit ordinal;

iii) E =
T

®<! 1
E®.

Pro of Let E 0
® = EÁ(®) . Then the sequenceE 0

® has the desiredproperties.

Wearenow ready to proveBurgess'Theorem. SupposeE is a § 1
1-equivalence

relation with at least @2 equivalence classes. Let E® be a sequenceof Borel
equivalencerelations such that E ¯ µ E® for ® < ¯ and E =

T
E®. By Silver's

Theorem, if any E® hasuncountably many classes,then there is a perfect set of
E-inequivalent elements. Thus we will assumethat each E® has only countably
many classes.
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Lemma 8.15 Suppose A µ N contains at least @2 E-classes. Then there is
® < ! 1 and a 2 A such that f x 2 A : xE ®ag and f x 2 A : x 6E® ag each
contain at least @2 elements. In particular there is b 2 A such that b 6Ea and
f x 2 A : x 6E® bg also contains at least @2 E-classes

Pro of Since each E® has only countably many equivalenceclasses.For each
® < ! 1 we can ¯nd a® 2 A such that f x 2 A : xE ®a®g represents at least
@2 E-inequivalent elements. If the lemma is false, then f x 2 A : x 6E® a®g
represents at most @1-inequivalent elements. Thus

B =
[

®<! 1

f x 2 A : x 6E®a®g

represents at most @1-equivalenceclasses.But if x; y 2 A nB , then xE ®y for all
® < ! 1 and xE y. Thus A represents at most @1 E-classes,a contradiction.

To ¯nish the proof of Burgess'Theorem we use8.15 to build (U¾ : ¾2 2<! )
such that:

i) U¾ is a nonempty § 1
1-set with U¾ µ U¿ for ¾µ ¿ such that U¾ represents

at least @2 E-classes;
ii) if x 2 U¾

�

0 and y 2 U¾
�

1, then x 6Ey;

If f ; g 2 C, x 2
T

Uf j n and y 2
T

Ugjn , and m is least such that f (m) 6= g(m)
then x 6E®m y and x 6E y. This would su±ce if we knew that the

T
Uf j n 6= ; for

f 2 C. We can insure this as in the proof of Silver's Theorem.
We also build (T ¾ : ¾2 2<! ), (¹ ¾ : ¾2 2<! ), and (´ ¾

¿ : ¾µ ¿ 2 2<! ) such
that:

iii) each T ¾ ½ N<! £ N<! is a tree such U¾ = f x : 9y (x; y) 2 [T ¾]g and
T ¾ ¶ T ¿ for ¾µ ¿;

iv) ¹ ¾ 2 N<! , ¹ ¾ ½ ¹ ¿ for ¾½ ¿, and U¾ µ N ¹ ¾ ;
v) ´ ¾

¿ 2 N<! , ´ ¾
¿0

½ ´ ¾
¿1

if ¾µ ¿0 ½ ¿1;
vi) for each ¿

V¿ = f x 2 U¿ : x ¾ ¹ ¿ ^
^

¾µ ¿

9y ¾ ´ ¿
¾ (x; y) 2 [T ¾]g

represents at least @2 E-clases.In particular (¹ ¿; ´ ¾
¿ ) 2 T ¾.

Suppose we have done this. For f 2 C let x f =
S

n ¹ f j n . We claim that
x f 2

T
n Uf j n . Let ¾= f jn. Then (¹ ¿; ´ ¾

¿ ) 2 T ¾ for all ¿ ¶ ¾. If y =
S

¿¶ ¾ ´ ¾
¿ ,

then (x f ; y) 2 [T ¾]. Thus x f 2 U¾. Thus f x f : f 2 Cg is a perfect set of
E-inequivalent elements.

We next sketch how to do the construction. Supposewe have de¯ned U¿; ¹ ¿

and (´ ¾
¿ : ¾µ ¿) such that i){vi) hold.

SinceV¿ represents at least @2 E-classes,by Lemma 8.15 there is ® < ! and
a0; a1 2 V¿ such that a0 6E®a1 and Wi = f x 2 V¿ : xE ®ai g represents at least
@2 E-classesfor i = 0; 1.
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If j 2 N and » = (k¾ : ¾µ ¿) where each k¾ 2 N let

W j;»
i = f x 2 Wi : x ¶ ¹ ¿bj ^

^

¾µ ¿

9y ¶ ´ ¾
¿bk¾ (x; y) 2 [T ¾]g:

Since
Wi =

[

j;»

W j;»
i

someW j;»
i must represent at least @2 E-classes.

Let U¿
�

i = W j;»
i . Since U¿

�

i is § 1
1 conditions i) and ii) are satis¯ed. Let

¹ ¿
�

i = ¹ ¿bj , let ´ ¾
¿

�

i = ´ ¾
¿bk¾ for ¾ µ ¿. Let T ¿

�

i µ T ¿ be a tree such that
U¿

�

i = f x : 9y (x; y) 2 T ¿
�

i g and let ´ ¿
¿ = ; . Our choice of j; » insures that

i){vi) hold.

Burgess'Theorem has an important model theoretic corollary.

Corollary 8.16 (Morley's Theorem) If L is a countable languageand T is
an L-theory such that I (T; @0) > @1, then I (T; @0) = 2@0 . Indeed if Á is an
L ! 1 ;! -sentence and I (Á;@0) > @1, then I (Á;@0) = 2@0 .

Morley's original proof usesthe Perfect Set Theorem for § 1
1-sets, but does

not useSilver's Theorem. His proof is given in [11] x4.4.
Using Scott's analysis of countable models (see [11] x2.4) it is easy to see

that isomorphism is an intersection of @1 Borel equivalencerelations.
If M and N are countable L -structures a 2 M n and b 2 N n we de¯ne

(M ; a) » ® (N ; b) as follows:
(M ; a) » 0 (N ; b) if and only if M j= Á(a) if and only if N j= Á(b) for all

quanti¯er free formulas;
(M ; a) » ®+1 (N ; b) if and only if for all c 2 M there is d 2 N such that

(M ; a; c) » ® (N ; b;d) and for all d 2 N there is c 2 M such that (M ; a; c) » ®

(N ; b;d);
if ® is a limit ordinal, then (M ; a) » ® (N ; b) if and only if (M ; a) » ¯ (N ; b)

for all ¯ < ®.

Exercise 8.17 Prove that » ® is a Borel equivalencerelation on Mod(L ).

Prop osition 8.18 If M a countable L -structure, there is ® < ! 1 such that if
N is countable and M » ® N , then M and N are isomorphic.

For a proof see[11] 2.4.15. It follows that
T

®<! 1
» ® is the isomorphism

equivalencerelation. This proposition makesisomophismeasierto analyzethan
general § 1

1-equivalencerelations. In particular for any M there is an ® such
that the » ®-class of M is the isomorphism class. This makes the counting
argument much easier.

Exercise 8.19 Give an example of a § 1
1-equivalance relation E on a Polish

spaceX and x 2 E such that if E =
T

®<! 1
E® where each E® is a Borel

equivalencerelation, then for all ® < ! 1 there is y 2 X such that xE ®y and
x 6Ey.
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9 Tame Borel Equiv alence Relations

In this section we will look at some general results about Borel equivalence
relations. Let X be a Polish spaceand let E be a Borel equivalencerelation on
X . If x 2 X we let [x] denote the equivalenceclassof X .

We start by looking at someof the simpler Borel equivalencerelations.

De¯nition 9.1 T µ X is a transversalfor E if

jT \ [x]j = 1

for all x 2 X .
We say that s : X ! X is a selector for E if s(x)Ex for all x 2 X and

s(x) = s(y) if xE y.

For example, let X be the set of all f : N ! R such that f is Cauchy and
let E be the equivalencerelation

f Eg , 8n9m8k > m jf (k) ¡ g(k)j <
1
n

:

Then the set T of constant sequencesis a Borel transversal.

Lemma 9.2 Let E be a Borel equivalence relation on a Polish space X . Then
E has a Borel transversalif and only if E has a Borel-measurable selector.

Pro of
() ) If T is a Borel transversal, let

s(x) = y , y 2 T and xE y:

Sincethe graph of s is Borel, s is Borel measurableby Lemma 2.3.
(( ) If s is a Borel measurableselector, then

T = f x : s(x) = xg

is a Borel selector.

Exercise 9.3 SupposeE is a Borel equivalencerelation on X and ­ is a ¾-
algebra on X containing the Borel sets. Show that more generally E has a
transversal in ­ if and only if E has an ­-measurable selector.

De¯nition 9.4 Let E be an equivalencerelation on X . We say that (An : n 2
N) is a separating family for E if

xE y , 8n (x 2 An $ y 2 An ):

We say that E is tame if there is a separating family (An : n 2 N) where
each An is Borel. More generally, if ­ is a ¾-algebra on X containing the Borel
sets,we say that E is ­ -tame if there is a separating family (An : n 2 N) where
each An 2 ­.

Note that if E is tame, then E is ­-tame for any ¾-algebra containing the
Borel sets.

We can give another characterization of tameness.
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Prop osition 9.5 If E is a Borel equivalence relation on X , then E is tame if
and only if there is a Borel measurable f : X ! C such that xE y if and only if
f (x) = f (y).

Pro of
() ) If (An : n 2 N) is a Borel separating family, let (f (x))( n) = 1 if and

only if x 2 An . Then xE y if and only if f (x) = f (y).
(( ) Let An = f x : (f (x))( n) = 1g. Then An is Borel and (An : n 2 N) is a

separating family.

Proposition 9.5 leads us to the following key idea for comparing the com-
plexity of Borel equivalencerelations.

De¯nition 9.6 SupposeE is a Borel equivalencerelation on X and E ¤ is a
Borel equivalencerelation on Y . We say that E is Borel reducible to E ¤ if there
is Borel measurablef : X ! Y such that

xE y , f (x)E ¤f (y):

In this casewe write E · B E ¤. As usual, we write E < B E ¤ if E · B E ¤ but
E ¤ 6·B E and E ´ B E ¤ if E · B E ¤ and E ¤ · B E.

We say that E is continuously reducibleto E ¤ if we can choosef continuous.
In this casewe write E · c E ¤.

If X is a Polish spacewe let ¢( X ) be the equivalencerelation of equality on
X .

Exercise 9.7 Let n = f 0; : : : ; n ¡ 1g. We view n and N as Polish spaceswith
the discrete topology.

a) Prove that

¢(1) < B ¢(2) < B : : : < B ¢( n) < B : : : < B ¢( N) < B ¢( C):

b) SupposeX is an uncountable Polish space.Show that ¢( X ) ´ B ¢( C).
c) If E is a Borel equivalence relation, then E · B ¢( N) or ¢( C) · B E.

[Hint: This is an easyconsequenceof Silver's Theorem.]
d) Show that a Borel equivalencerelation E is tame if and only if there is a

Polish spaceX such that E · B ¢( X ).

d) Says that an equivalencerelation is tame if and only if there is a Borel
way to assigninvariants in a Polish space.

We next show how tamenessis related to the existenceof selectors. If E is
a Borel equivalencerelation with a Borel selector, then the selectorshows that

E · B ¢( X ) · B ¢( C):

Thus E is tame.
In generaltame equivalencerelations neednot have Borel transversals. Sup-

pose C µ N £ N is a closed set such that ¼(C) is not Borel. Let E be the
equivalencerelation (x; y)E(u; v) if and only if x = u on C. Clearly ¼ shows
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E is tame. If T is a transversal for E is a Borel uniformization of C. If T is
Borel, then, since¼jT is one-to-one,by Corollary 7.22, ¼(C) = ¼(T) is Borel, a
contradiction.

In someimportant casesthesenotions are equivalent.

Prop osition 9.8 Suppose E is a Borel equivalence relation on a Polish space
X such that every E-class is K ¾. Then E is tame if and only if E has a Borel
transversal.

In particular this is true if every E-class is countable.

Pro of We know that if E has a Borel transversal, then E is tame.
Suppose E is tame. There is a Borel measurable f : X ! C such that

xE y $ f (x) = f (y). Let A = f (x; y) : f (y) = xg. By 2.3, A is Borel and

Ax = f y : f (y) = xg

is K ¾ for all x 2 C. By 7.36, A has a Borel uniformization B .
Let

T = f y : 9x (x; y) 2 B g:

Then T is a transversal of E and since T is the continuous injective image of
B , T is Borel.

For general E we can use uniformization ideas to say something about
transversals. Recall that C is the smallest ¾-algebra containing the Borel sets
and closedunder the Souslin operator A . We have shown that every C set is
Lebesguemeasurableand every analytic subset of X £ X can be uniformized
by a C-set (Theorem 4.25 and Exercise5.33).

Prop osition 9.9 If E is a tame Borel equivalence relation on X , then E has
a C-measurable transversal.

Pro of Let f : X ! C be Borel measurable such that xE y if and only if
f (x) = f (y). Let A = f (z; x) 2 C£ X : f (x) = zg. Let B 2 C uniformize A
and let

T = f x 2 X : (f (x); x) 2 B g:

Then T is a C-measurabletransversal of E .

What equivalencerelations are not tame? There is a very natural example.

De¯nition 9.10 Let E0 be the equivalencerelation on C de¯ned by

xE 0y if and only if 9n8m ¸ n x(n) = y(n):

We call E0 the Vitali equivalence relation.

The proof that E0 is not tame detours through a bit of ergodic theory.

De¯nition 9.11 We say that ¹ is a Borel probability measure on X if there
is a ¾-algebra ­ on X containing the Borel sets, and a measure¹ : ­ ! [0; 1]
with ¹ (X ) = 1.
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De¯nition 9.12 We say that A µ X is E-invariant if whenever x 2 A and
yEx, then y 2 A. If ¹ is a Borel probabilit y measure,we say that ¹ is E-ergodic,
if ¹ (A) = 0 or ¹ (A) = 1 whenever A is ¹ -measurableand E-invariant.

De¯nition 9.13 We say that A µ X is E-atomic if there is x 2 X with
¹ ([x]) > 0.

If the equivalence relation is clear from the context we will refer to E as
\atomic" rather than E-atomic.

Lemma 9.14 If E is a tame Borel equivalence relation, then there is no E-
ergodic, nonatomic Borel probability measure on X . Indeed, if ¹ is an E-ergodic,
nonatomic Borel probability measure on X , then E is not ¹ -tame.

Pro of Suppose¹ is an E-ergodic, nonatomic Borel probabilit y measureon X
and E is ¹ -tame. Suppose (An : n 2 N) is a ¹ -measurableseparating family.
If xE y and x 2 An , then y 2 An . Thus each An is E -invariant. Since ¹ is
E-ergodic ¹ (An ) = 0 or ¹ (An ) = 1.

Let
B =

\
f An : ¹ (An ) = 1g \

\
f X n An : ¹ (An ) = 0g:

Each of the sets in the intersection has measure1, thus ¹ (B ) = 1. Let x 2 B .
SinceAn is a separating family, [x] = B . Thus ¹ is atomic, a contradiction.

We needone basic lemma from probabilit y theory.

Lemma 9.15 (Zero-one law for tail events) Let ¹ be the usual Lebesgue
measure on C. If A µ C is E0-invariant, then ¹ (A) = 0 or ¹ (A) = 1.

Pro of SinceA is Lebesguemeasurable,for any ² > 0, there is an open set U
such that U ¶ A and ¹ (U n A) < ².

If U µ C is open, there is a tree T on 2<! such that Cn U = [T ]. Let

S = f ¾62T : 8¿ µ ¾¿ 2 Tg:

Note that U =
S

¾2 S N¾ and N¾ \ N¿ = ; for ¾; ¿ distinct elements of S.
Thus

¹ (U) =
X

¾2 S

¹ (N¾) =
X

¾2 S

1
2j¾j

:

But N¾ and A are independent events. Thus ¹ (N¾ \ A) = ¹ (N¾)¹ (A) and

¹ (A) =
X

¾2 S

¹ (N¾ \ A) =
X

¾2 S

¹ (N¾)¹ (A) = ¹ (U)¹ (A):

It follows that either ¹ (A) = 0 or ¹ (U) = 1. Thus either ¹ (A) = 0 or A has
outer measure1. In the later case¹ (A) = 1 sinceA is measurable.

Corollary 9.16 E0 is not tame.

85



Pro of Let ¹ be Lebesguemeasureon C. By the zero-onelaw for tail events ¹
is E0-ergodic. If x 2 C, then [x] is countable and hencemeasurezero. Thus ¹
is nonatomic. Thus E0 is not tame.

Indeed if ­ is the ¾-algebra of Lebesguemeasurablesubsetsof C, our proof
shows that E0 is not ­-tame. In particular E0 is not C-tame.

The ¯rst major result on Borel equivalencerelations is the next theorem of
Harrington, Kechris and Louveau.4 It says that E0 is the simplest nontame
Borel equivalencerelation.

Theorem 9.17 (Glimm{E®ros Dic hotom y) Suppose E is a Borel equiva-
lence relation on a Polish space X . Then either

i) E is tame or
ii) E0 · B E.

The proof of Theorem 9.17 heavily usese®ective descriptive set theory. We
postpone the proof. For now we will be content giving the following corollary.

Corollary 9.18 Let E be a Borel equivalence relation on a Polish space X .
The following are equivalent:

i) E is tame;
ii) E has a C-measurable transversal;
iii) There is no Borel probability measure ¹ that is E-ergodic and nonatomic.
iv) E0 6·B E.

Pro of We have already shown i) ) ii), i) ) iii) and are assumingi) , iv).
ii) ) i) SupposeE in not tame. Then E0 · B E. Let f : C ! X be a Borel

reduction of E0 to E . If T is a C-measurabletransversal for E , then f ¡ 1(T ) is
a C-measurabletransversal for E0. But then E0 is C-tame, a contradiction.

iii) ) i) If E is not tame, there is f : C ! X a Borel reduction of E0 to E .
Let ¹ be Lebesguemeasureon C. We de¯ne a measureº on X by

º (A) = ¹ (f ¡ 1(A)) :

Claim º is a Borel probabilit y measureon X .
We will only argue ¾-additivit y. If A0; A1; : : : µ X are pairwise disjoint,

then f ¡ 1(A0),f ¡ 1(A1); : : : are disjoint and

º (
[

A i ) = ¹ (f ¡ 1(
[

A i )) =
1X

i =0

¹ (f ¡ 1(A i )) =
1X

i =0

º (A i )

as desired.

If A µ X is E-invariant, then f ¡ 1(A) is E0-invariant. Thus

º (A) = ¹ (f ¡ 1(A) = 0 or 1
4Glimm proved this when E is the orbit equivalence relation for a second countable locally

compact group. E®ros extended this to the case where E is an F¾ orbit equivalence relation
for a Polish group. The general case is due to Harrington, Kechris and Louveau [3].
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so º .. For any x 2 X , either f ¡ 1([x]E ) = ; and º ([x]E = 0, or there is y 2 C
with f (y) = x. Then f ¡ 1([x])E = [y]E 0 and º ([x]E ) = 0. Thus º is an E-ergodic
nonatomic probabilit y measureon X .

10 Coun table Borel Equiv alence Relations

De¯nition 10.1 SupposeG is a group. A map ® : G £ X ! X is an action. If
®(g; ®(h; x)) = ®(gh; x) for all g; h 2 G and ®(e;x) = x for the identit y element
x.

If G and X are Borel subsetsof Polish spacesand the action ® is Borel
measurable,we say that ® is a Borel action.

When no confusionariseswe write gx for ®(g; x):

De¯nition 10.2 If ® : G £ X ! X is a Borel action, the orbit equivalence
relation EG is given by

xE y , 9g 2 G gx = y:

For arbitrary Borel actions, the orbit equivalencerelation is § 1
1, but if G is

countable
xE y ,

_

g2 G

gx = y:

So EG is a Borel equivalencerelation.

De¯nition 10.3 A Borel equivalencerelation E is countableif and only if every
E-classis countable.

If G is a countable group, then the orbit equivalencerelation is a countable
Borel equivalencerelation. Of course,there are alsocountable Borel equivalence
relations like ´ T and ´ hyp , Turing equivalenceand hyperarithmetic equivalence,
that seemto have nothing to do with group actions. Remarkably, every count-
able Borel equivalencerelation arisesas an orbit equivalencerelation.

Theorem 10.4 (Feldman{Mo ore) If E is a countable Borel equivalence re-
lation on a Borel set X , then there is a countable group G and a Borel action
of E on X such that E is the orbit equivalence relation.

Pro of Consider E µ X £ X . Sinceeach section is countable, by 7.26 we can
¯nd Borel measurablefunctions f 0; f 1; : : : such that f i : A i ! X , the f i have
disjoint graphs and E =

S
i Graph f i .

For i; j 2 N let

xR i;j y , x 2 A i ^ y 2 A j ^ f i (x) = y ^ f y (x) = x:

Note that E =
S

i;j Ri;j .
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For each i; j let E i;j be the equivalence relation generatedby R i;j . Then
E i;j is Borel and E =

S
i;j E i;j . We claim that there is a Borel measurable

gi;j : X ! X such that E i;j -classesare the orbits of gi;j .
For each x there is at most one y such that xR i;j y and at most one z such

that zRi;j x. Thus every E i;j -classis of one of the following forms:
1) f x i : i 2 Zg;
2) f x i : i 2 Ng;
3) f x¡ i : i 2 Ng; or
4) f x i : i = 0; : : : ; ng for somen 2 N, where xk Ri;j xk+1 .
Let B i = f x : [x] is of type i)g. Then B i is a Borel set.
We de¯ne gi;j as follows.
1) On classesof type 1) gi;j (xk ) = xk+1 .
2) On classesof type 2)

gi;j (xk ) =

( x1 if k = 0
xk¡ 2 if k > 0 is even
xk+2 if k is odd.

:

3) On classesof type 3)

gi;j (xk ) =

( x¡ 1 if k = 0
x¡ k+2 if k > 0 is even
x¡ k ¡ 2 if k is odd.

:

4) On classesof type 4)

gi;j (xk ) =
½

xk+1 if k < n
x0 if k = n

:

Let G be the countable group of Borel permutations of X generated by
f gi;j : i; j · ng. We give G the discrete topology. The natural action of G on
X is Borel and the orbit equivalencerelation is E .

Univ ersal Equiv alence Relations

De¯nition 10.5 We say that a countable Borel equivalencerelation E is uni-
versal if E ¤ · B E for all countable Borel equivalencerelations E.

We will show how to use the Feldman-Moore Theorem to ¯nd natural uni-
versal equivalencerelations Let X be a set and let G be a group if f 2 X G and
g 2 G de¯ne gf 2 X G by

gf (h) = f (g¡ 1h):

Note that

g1(g2f )(h)) = (g2f )(g¡ 1
1 h) = f (g¡ 1

2 g¡ 1
1 h) = (g1g2)f (h):

Thus (g; f ) 7! gf is an action of G on X G .
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Our main goal is to show that if F2 is the free group on two generators,then
the orbit equivalencerelation for the natural action of F2 on 2F2 is universal.

If G is a countable group and X is a standard Borel set, then (g; f ) 7! gf is
a Borel action of G on X G . We let E(G; X ) denote this action.

We ¯rst show that there is a universal G-action.

Lemma 10.6 SupposeG is a countablegroup acting on a Borel set X . Let EG

be the orbit equivalence relation. Then EG · B E(G; C).

Pro of Let U0; U1; : : : be Borel subsetsof X such that if x 6= y there is Ui such
that only one of x and y are in Ui (we say Ui separates points of X ).

We view elements of CG as functions from G £ N to f 0; 1g. Let Á : X ! CG

be the function
Á(x)(g; i ) = 1 , g¡ 1x 2 Ui :

Since Á(x)(e;i ) = 1 , x 2 Ui and the Ui separate points, we seethat Á is
one-to-one.

Note that

(hÁ(x))( g)( i ) = 1 , Á(x)(h¡ 1g)( i ) = 1 , g¡ 1hx 2 Ui , Á(hx)(g)( i ) = 1:

Thus hÁ(x) = Á(hx).
SupposexE G y. Then there is g 2 G such that y = hx and Á(y) = gÁ(x).

Thus Á(x)E(G; C)Á(y). Moreover, if Á(x)E(G; C)Á(y), there is g 2 G such that
Á(y) = gÁ(x) = Á(gx). Since Á is one-to-oney = gx and xE G y. Thus Á is a
Borel reduction of EG to E(G; C).

Lemma 10.7 Suppose G and H are countable groups and ½ : G ! H is a
surjective homomorphismthen E(H ; X ) · B E(G; X ) for any Borel X .

Pro of Let Á : X H ! X G be the function

Á(f )(g) = f (½(g)) :

Clearly, Á is one-to-one.
If h 2 H and ½(h¤) = h, then

Á(hf )(g) = (hf )(½(g)) = f (h¡ 1½(g)) = f (½(h¡ 1
¤ g))

and
h¤Á(f )(g) = Á(f )(h¡ 1

¤ g) = f (½(h¡ 1
¤ g)) :

Thus Á(hf ) = h¤Á(f ). Moreover, if there is g 2 G such that gÁ(f 1) = Á(f 2),
then f 2 = gÁ(f 1) = Á(½(g)f 1). SinceÁ is one to one ½(g)f 1 = f 2. Thus f 1EG f 2

if and only if Á(f 1)E (G; X )Á(f 2).

For any cardinal · let F· be the free group with · generators.

Corollary 10.8 If E is a countable Borel equivalence relation, then E · B

E(F@0 ; C).
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Pro of By the Feldman-Moore Theorem there is a countable group G and a
Borel action of E on X such that E is the orbit equivalence relation for the
action. By Lemma 10.6 E · B E(G; C). There is a surjective homomorphism
½: F@0 ! G. Thus by Lemma 10.7

E · B E(G; C) · B E(F@0 ; C):

We will simplify this examplea bit more after a couple of simple lemmas.

Lemma 10.9 If G is a countablegroup and H µ G, then E(H ; X ) · B E(G; X )
for any Borel X .

Pro of Fix a 2 X . Let Á : X H ! G be the function

Á(f )(g) =
n

f (g) if g 2 H
a otherwise.

Clearly Á is one-to-one.
Let h 2 H . If g 2 H , then

Á(hf )(g) = (hf )(g) = f (h¡ 1g) = (hÁ(f ))( g):

If g 62H , then h¡ 1g 62H so

Á(hf )(g) = a = (hÁ(f ))( g):

Since Á is one-to-one,we may argue as above that f 1E(H; X )f 2 if and only if
Á(f 1)E (G; X )Á(f 2).

Suppose a; b are free generatorsof F2. Then f an ban : n = 1; 2; : : :g freely
generatea subgroup of F2 isomorphic to F@0 . Thus E(F2; C) is also a universal
countable Borel equivalencerelation.

Lemma 10.10 If G is a countable group, then E(G; C) · B E(G £ Z; 2).

Pro of We identify CG with 2G£ N. Let Á : CG ! 2G£ Z be the function

Á(f )(g; i ) =

(
f (g; i ) if i · 0
1 if i = ¡ 1
0 if i < ¡ 1.

Clearly Á is one-to-one.
Suppose f 2 CG and h 2 G. Then Á(hf ) = (h; 0)Á(f ). SupposeÁ(f 1) =

(h; m)Á(f ). Then
Á(f 1)(g; i ) = Á(f )(h¡ 1g; i ¡ m)

for all g 2 G, i 2 Z. We claim that m = 0. Let i = ¡ 1, Then Á(f 1)(g; ¡ 1) = 1.
Thus ¡ 1 ¡ m ¸ ¡ 1 and m · 0. On the other hand, let i = m ¡ 1. Then
Á(f 1)(g; m ¡ 1) = Á(f )(h¡ 1g; ¡ 1) = 1. Thus m ¡ 1 ¸ ¡ 1 and m ¸ 0. Thus
m = 0. Thus

Á(f 1) = (h; 0)Á(f ) = Á(hf ):
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SinceÁ is one-to-one,f 1 = hf . Thus

f 1E(G; C)f 2 , Á(f 1)E (G £ Z; 2):

Theorem 10.11 If E is a countable Borel equivalence relation, then
E · B E(F2; 2).

Pro of

E · B E(F@0 ; C)

· B E(F@0 £ Z; 2) by 10.10

· B E(F@0 ; 2) by 10.7

· B E(F2; 2) by 10.9 sincewe can embed F@0 into F2
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11 Hyp er¯nite Equiv alence Relations

De¯nition 11.1 We say that a Borel equivalencerelation E is ¯nite if every
equivalenceclassis ¯nite. We say that E is hyper¯nite if there are ¯nite Borel
equivalencerelations E0 µ E1 µ : : : such that E =

S
En .

The equivalencerelation E0 is hyper¯nite. Let Fn be the equivalencerelation
on C

xFn y , 8m > n x(m) = y(m):

Then E0 =
S

Fn and each Fn is ¯nite.
The main goal of this section will be to give the following characterizations

of hyper¯nite equivalencerelations.

Theorem 11.2 Let E be a countableBorel equivalence relation. The following
are equivalent:

i) E is hyper¯nite;
ii) E is the orbit equivalence relation for a Borel action of Z;
iii) E · B E0.

We ¯rst show that, for countable Borel equivalencerelations, ¯nite ) tame
) hyper¯nite.

Prop osition 11.3 If E is a ¯nite Borel equivalence relation, then E is tame.

Pro of There is a Borel action of a countable group G on X such that E is
the orbit equivalencerelation. Without loss of generality we may assumethat
X = R so we can linearly order X . Then

T = f x 2 X : 8g 2 G x · gxg

is a Borel transversal for E .

Prop osition 11.4 If E is tame countableBorel equivalence relation, then E is
hyper¯nite.

Pro of There is a countable group G such that E is the orbit equivalence
relation on X . SupposeG = f g0; g1; : : :g where g0 = e. SinceE is tame, there
is a Borel measurableselectors : X ! X . Let

xE n y , xE y and

Ã

x = y _

Ã
n̂

i =0

x = gi s(x) ^
n̂

i =0

y = gi s(x)

! !

:

Then xE n s(x) if and only if x 2 f gi s(x) : i = 0; : : : ; ng and if x 6En s(x) then
j[x]E n j = 1. Thus En is a ¯nite equivalencerelation and

S
En = E.

SinceE0 is hyper¯nite, the converseis false. There is a partial converse.

92



Theorem 11.5 Let E be a countable Borel equivalence relation, then E is hy-
per¯nite if and only if there are tame Borel equivalence relations E0 µ E1 µ
E2 µ : : : with E =

S
n En .

For a proof see[2] Theorem 5.1.
We mention a few important closure properties for hyper¯nite equivalence

relations.

De¯nition 11.6 If E is an equivalencerelation on X we say that A µ X is
ful l for E if for all x 2 X there is y 2 A such that xE y.

Prop osition 11.7 i) If E µ F and F is hyper¯nite, then E is hyper¯nite.
ii) If E is hyper¯nite and A µ X is Borel, then E jA is hyper¯nite.
iii) If E is a countable Borel equivalence relation, A µ X is Borel and ful l

for E , and E jA is hyper¯nite, then A is hyper¯nite.
iv) If E is a countable Borel equivalence relation, E · B E ¤ and E ¤ is

hyper¯nite, then E is hyper¯nite.

Pro of i) and ii) are obvious.
iii) SupposeE0 µ E1 µ E2 µ : : : are ¯nite Borel equivalencerelations on A

such that E jA =
S

E i . There is a countable group G = f g0; g1; : : : ; g such that
E is the orbit equivalencerelation for a Borel action of G on X . For x 2 X , let
nx be least such that gn x x 2 A.

Let xFn y if and only if

xE y ^ (x = y _ (x · n ^ ny · n ^ gn x xFn gn y y)) :

Then Fn is a ¯nite equivalencerelation and
S

Fn = E.

iv) Let f : X ! Y be a Borel reduction E to a hyper¯nite E ¤. Since E is
countable, the map f hascountable ¯b ers. Thus by 7.21,B = f (X ) is Borel and
there is a Borel measurables : B ! X such that f (s(y)) = y for all y 2 f (X ).
Let A = s(B ) = f x 2 X : s(f (x)) = xg. Then A is Borel and full in E . By
ii) E ¤ jB is hyper¯nite. But E jA is Borel isomorphic to E ¤ jB . By iii) E is
hyper¯nite.

Z-actions

SupposeE is a Borel equivalencerelation on X and < [x ] is a linear order of [x].
We say that [x] 7! < [x ] is Borel if there is a Borel R µ X £ X £ X such that

i) R(x; y; z) ) (xE y ^ xE z);
ii) R(x; y; z) ) y < [x ] z;
iii) if xE x1 then R(x; y; z) , R(x1; y; z).

Theorem 11.8 Let E be a Borel equivalence relation on X . The following are
equivalent:

i) E is hyper¯nite;
ii) There is a Borel [x] 7! < [x ] such that each in¯nite E-class has order type

Z, ! or ! ¤.
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iii) There is a Borel [x] 7! < [x ] such that each in¯nite E-classhas order type
Z.

iv) There is a Borel action of Z on X such that E is the orbit equivalence
relation.

v) There is a Borel automorphism T : X ! X such that E-equivalence
classesare T-orbits.

Pro of
It is clear that iv) , v)
i) ) ii) Let E0 µ E1 µ E2 µ : : : be ¯nite Borel equivalencerelations such

that E =
S

En . We may assumethat E0 is equality. We may also assumethat
there is an ordering < of X .

We inductiv ely de¯ne < [x ]E n
as follows.

1) < [x ]E 0
is trivial, since [x]E 0 = f xg.

2) Supposey; zEn x and yEn ¡ 1z, then y < [x ]E n
z if and only if y < [y ]E n ¡ 1

z.
3) Suppose y; zEn x and y 6En ¡ 1z. Let by be the < [y ]E n ¡ 1

-least element of
[y]n ¡ 1 and bz be the < [z]E n ¡ 1

-least element of [z]E n ¡ 1 . If by < bz, then y < [x ]E n
z.

Otherwise z < [x ]E n
y.

In other words: we order [x]E n be breaking it into ¯nitely many En ¡ 1 classes
C1; : : : ; Cm . We then order the classesCi by letting yi be the < [y i ]E n ¡ 1

-least
element and saying that Ci < Cj if yi < yj .

Let < [x ]E =
S

< [x ]E n
. If xE n y and x < [x ] z < [x ] y, then xE n x. It follows

that < [x ] is a discrete union of ¯nite orders. Thus < [x ] is either a ¯nite order or
has order type ! , ! ¤ or Z.

We need only argue that the assignments [x] 7! < [x ]E n
is Borel. The only

di±cult y is picking bx the < [x ]E n
-least element of [x]E n . There is a countable

groups G and a Borel actions of G on X such that En is the orbit equivalence
relation of Gn . Then

y = bx , (yEn x ^ 8g 2 Gn y · [x ]E n
gx):

This is easily seento be Borel.

ii) ) iii) We may assumethat E is the orbit equivalence relation for the
action of a countable group G. Since

f x : 9g 2 G8h 2 G hx · [x ] gxg

and
f x : 9g 2 G8h 2 G gx · [x ] hxg

are Borel we can determine the order type of each class. If a classhas order
type ! of ! ¤ we can reorder it so that it has order type Z. For example if [x] is
x0 < [x ] x1 < [x ]< : : : we de¯ne a new order < ¤ so that

: : : x5 < ¤ x3 < ¤ x1 < ¤ x0 < ¤ x2 < ¤ x4 < : : :

The ! ¤ caseis similar. This can clearly be done in a Borel way.
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iii) ) iv) We de¯ne a Borel automorphism g : X ! X such that E is the
orbits of g. If x is the < [x ]-maximal element of [x], then [x] is the < [x ]-least
element of [x]. Otherwise let g(x) be the < [x ]-successorof x. Arguing as above
g is Borel. We let Z act on X by nx = g(n ) x. Clearly E is the orbit equivalence
relation.

iv) ) iii) Let g : X ! X be a Borel automorphism such that E-classesare
g-orbits. Then X 0 = f x : 9n 6= 0 : g(n ) x = xg is Borel. On X 0 we can de¯ne
< [x ] using < is a ¯xed linear order of X . Thus, without loss of generality, we
may assumethat every E-class is in¯nite. But then we can de¯ne x < [x ] y if
and only if there is an n > 0 such that g(n ) x = y. Clearly this is a Z-ordering
of [x].

iii) ) i) We may assumethat E is an equivalencerelation on C. For each
equivalenceclassC we de¯ne a tree TC µ 2<! by

TC = f ¾2 2<! : 9x 2 C x ¾ ¾g:

There is a Borel automorphism g such that E-classesare g-orbits. Since

T[x ] = f ¾: 9n 2 Z : g(n ) x ¾ ¾g;

the function x 7! T[x ] is Borel measurable.Clearly TC is in¯nite. Let zC 2 [TC ]
be the leftmost path in TC .

Claim The functions x 7! z[x ] is Borel measurable.
We de¯ne ¾x

0 ½ ¾x
1 ½ : : : such that f ¿ 2 T[x ] : ¿ ¶ ¾x

i g is in¯nite. Let ¾x
0 = ;

and ¾x
i +1 = ¾x

i bj where j is least such that f ¿ 2 T[x ] : ¿ ¶ ¾x
i bj g is in¯nite.

Then z[x ] =
S

¾x
i . It is easyto seethat (T[x ] ; z[x ]) is ¦ 0

1. Thus x 7! z[x ] is Borel
measurable.

There are several casesto consider. It will be clear that deciding which case
we are in is Borel.
case1: zC 2 C.

For x 2 C we de¯ne xE n y if and only if x = y or there are i; j with ji j; jj j · n
such that x = g( i ) z[x ] and y = g( j ) z[x ].

For m 2 N let Cm = f x 2 C : xjm = zC jmg.
case2: There is an m such that Cm has a < C -least element.

Let m be least such that Cm has a least element wC . For x 2 C, we de¯ne
xE n y if and only if x = y or there are i; j with ji j; jj j · n such that x = g( i ) w[x ]

and y = g( j ) w[x ] .

case3: There is an m such that Cm has a < C -maximal element.
Similar.

case4: Otherwise.
We have C0 ¶ C1 ¶ C2 ¶ : : :. Sincewe are not in case1,

T
Ci = ; . Since

we are not in case2 or 3, Ci has no smallest or largest element.
We de¯ne En on C by: xE n y if and only if (x 2 Cn and x = y) or and there

is i > 0 such that g( i ) x = y and g( j ) x 62Cn for j = 0; : : : ; i .
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Clearly each En classis ¯nite and if xE y, then xE n y for all su±ciently large
n.

The i) , iii) is due to Slaman and Steel. The direction iv) ) i) is due to
Weiss.

It follows immediately that there is a universalhyper¯nite Borel equivalence.

Corollary 11.9 If E is a hyper¯nite Borel equivalence relation, then
E · B E(Z; C).

Recall that an action of G on X is a free action if gx 6= hx for any x 2 X
and g 6= h. Our proof shows the following.

Corollary 11.10 If E is a hyper¯nite equivalence relation on a standard Borel
space X and every E class if in¯nite, then E is the orbit equivalence relation
for a free Borel action of Z on X .

Reducibilit y to E0

Theorem 11.11 (Doughret y-Jac kson-Kec hris) If E is a hyper¯nite Borel
equivalence relation, then E · B E0.

Corollary 11.12 If E is a nontame hyper¯nite Borel equivalence relation then
E ´ B E0.

Pro of By Theorem 9.17 E0 · B E and by Theorem 11.11E · B E0.

By Theorem 11.8 and Lemma 10.6 every hyper¯nite Borel equivalencerela-
tion is Borel-reducible to E(Z; C). Thus we may assumethat E = E(Z; C).

We say that X µ CZ is tame if X is E-invaraint and E jX is tame.

Lemma 11.13 Suppose X µ CZ is tame, and f : CZ n X ! C is a Borel
reduction of E jY to E0. Then E · B E0.

Pro of Let g : X ! C be a Borel measurablefunction such that

xE y , g(x) = g(y)

for x; y 2 X . Sincethere is a perfect set of E0-inequivalent elements, there is a
continuous p : C ! C such that p(x) 6E0p(y) for x 6= y. Let h; i : C2 ! C be the
ususalbijection

< x; yi = (x(0); y(0); x(1); y(1); : : :):

Finally let 0; 1 2 C denote the in¯n te sequencesthat are constantly 0 and
constantly 1, respectively.

De¯ne bf : CZ ! C by

bf (x) =
½

hp(g(x)) ; 0i if x 2 X
hf (x); 1i if x 62X

:

96



If x 2 X and y 62X , then f (x) 6E0f (y), sincethe even part of f (x) is 0 and
the even part of f (y) is 1.

If x; y 2 X , then

bf (x)E0
bf (y) , p(g(x))E0p(g(y)) , g(x) = g(y) , xE y:

If x; y 62X , then

bf (x)E0
bf (y) , f (x)E0f (y) , xE y:

Thus bf is the desiredreduction.

Lemma 11.14 If X 0; X 1; : : : ; µ CZ are tame, then
S

X n is tame.

Pro of Sinceeach X i is invariant we may assumethat the X i are disjoint. If f i :
X i ! C is a Borel reduction and f :

S
X i ! C is the function f (x) = 0i 1bf i (x)

for x 2 X i , then f is a Borel reducition of E jX to ¢( C).

The two lemmasallow us to work \mo dulo tame sets", i.e. if X is tame we
may ignore it and assumewe are just working with E j(CZ n X ).

Pro of of Theorem 11.11 We will view each x 2 CZ as a Z £ N array of
zerosand ones. The columns are : : : ; x ¡ 2; x¡ 1; x0; x1; x2; : : : where x i 2 C. If
¾ 2 (2n )n , we view ¾ as (¾0; : : : ; ¾n ¡ 1) where each ¾i 2 2n . We say that ¾
occurs in x at k if ¾i = xk+ i jn for i = 0; : : : ; n:

Fix ¾2 (2n )n . Let Y be the set of all x 2 CZ such that there is a largest k
such that ¾occurs in x at k. We will argue that Y is tame. Supposex 2 X and
k is maximal such that ¾occurs in x at k. If n 2 Z, then (nx) i (j ) = x i ¡ n (j ).
Thus k ¡ n is the largest i such that ¾occurs in nx at i . Thus Y is Z-invariant.
Let s : X ! X be the function s(x) = kx where k is maximal such that ¾
occurs in x at k. Then s(x) is the unique element of [x] where 0 is the largest i
such that ¾occurs at i . Thus s is E-invariant and Y is tame.

Similarly, the set of x such that there is a least k such that ¾occurs in x at
k is tame. By throwing out thesetame Borel sets,we may restrict attention to
a Borel set X that for all ¾and x 2 X , the set of k such that ¾occurs in x at
k is unbounded in both directions.

If ¾2 (2n )n and m < n we let ¾jm = (¾0 jm; : : : ; ¾m ¡ 1jm). Fix < n a linear
order of (2n )n such that if ¾; ¿ 2 (2n )n and ¾jm < m ¿jm for somem < n, then
¾< n ¿.

For x 2 X let f n (x) be the < n -least element of (2n )n occuring in x. Our
assumptionson < n , insure that f n (x)jm = f m (x) for m < n. De¯ne f : X ! CN

by
f (x) = (y0; y1; : : :)

where f n (x) = (y0jn; y1jn; : : : ; yn ¡ 1jn) for all n. Note that each f n and f are
E-invariant.

We say that g 2 CN occurs in x at k if xk+ i = g(i ) for all i 2 N. Let Y be
the set of x 2 X such that f (x) occurs in x and there is a least k such that
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f (x) occurs in x at k. Then Y is Borel, E -invariant and the function s(x) = kx
where k is least f (x) occurs at k is a Borel selector. Thus Y is tame. Let W be
the set of all x 2 X such that f (x) occurs in x at k for arbitrarily small k. If
x 2 W , then the action of Z on [x] is periodic. Thus [x] is ¯nite and W is tame.
Throwing out Y and W we may assumethat f (x) does not occur in x for all
x 2 X .

For x 2 X and n 2 N de¯ne

kx
0 = 0

kx
2n +1 = the least k such that k > kx

2n and f 2n +1 (x) occurs in x at k:

kx
2n +2 = the largest k such that k < kx

2n and f 2n +2 (x) occurs in x at k:

Then
: : : · kx

4 · kx
2 · kx

0 < kx
1 · kx

3 · : : : :

Sincef (x) doesnot occur in x, kx
2n ! 1 and kx

2n +2 ! ¡1 .
We make the usual identi¯cation between C and P(N) by identifying sets

with their characteristic functions. Under this identi¯cation

AE 0B , A4 B is ¯nite :

Fix a bijection
p : N £ (2<! )<! ! N:

For x 2 X and n 2 N let
tx
n = jkx

n +1 ¡ kx
n j + 1

and let r x
n 2 (2<! )t x

n be (¾0; : : : ; ¾t x
n ¡ 1) where

¾i = xmin f k x
n ;k n +1 g+1 jn:

This looks more confusing then it is. Supposen is even. Then kx
n < kx

n +1
and r x

n is just the block of the matrix x where we look take rows 0; : : : ; n ¡ 1
and columns kx

n to kx
n +1 .

Let G(x) = f p(n; r x
n ) :2 Ng. From G(x), and knowing kx

0 = 0, we can
reconstruct the sequence(kx

i : i 2 N) and x. Thus G is one-to-one.
SupposeG(x)4 G(y) is ¯nite. Then there is an m such that r x

n = r y
n for all

n > m. It follows that y is obtained by shifting x. Thus xE y.
SupposexE y. There is m 2 Z such that xm + i = yi for all i 2 N. Without

loss of generality assumem > 0. Let n0 be least such that kx
2n 0 +1 > m. Since

f (x) = f (y),
kx

2n 0 +1 = m + ky
2n 0 +1 :

Thus kx
n = m + ky

n for all n > n0. It follows that G(x)4 G(y) is ¯nite.
Thus G reducesE to E0.
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Gro wth Prop erties

Our next goal is to show that there are countable groupsG 6= Z such that every
G-action is hyper¯nite.

De¯nition 11.15 Suppose G is a ¯nitely generated group. We say that G
has polynomial growth if there is a ¯nite X µ G closedunder inversesuch that
G =

S
X n and there are C; d 2 Z such that

jX n j 2 O(nd)

for all n > 0.

For example Zd has polynomial growth. Suppose X = f 0; § e1; : : : ; § edg
where

ei (j ) =
n

1 if i = j
0 otherwise.

Then (m1; : : : ; md) 2 X n if and only if
P

jmi j · n. Clearly, jX n j · (2n + 1)d 2
O(nd).

Sinceevery ¯nitely generatedAbelian group is a quotient of Zd for somed,
every ¯nitely generatedAbelian group has polynomial growth.

The free group F2 does not have polynomial growth. Let a; b generateF2

and let X = f a; b;a¡ 1; b¡ 1g. Then X n is the number of words of length at most
n and

jX n j =
n ¡ 1X

i =0

43i = 4(3n ¡ 1) 2 O(3n ):

Theorem 11.16 (Gromo v) SupposeG is a ¯nitely generated group. Then G
is of polynomial growth if and only if G is nilpotent-by-¯nite.

Wewill provethat all Borel actionsof ¯nitely generatedgroupsof polynomial
growth induce hyper¯nite orbit equivalencerelations. In fact we will work in
a more general context which will also allow us to understand actions of some
non¯nitely generatedgroups like Qd.

De¯nition 11.17 Let G be a countable group. We say that G has the mild
growth property of order c, if there is a sequenceof ¯nite setsK 0 µ K 1 µ K 2 : : :
such that:

i)
S

K i = G;
ii) 1 2 K 0;
iii) K i = K ¡ 1

i for all i ;
iv) K 2

i µ K i +1 for all i ;
v) jK i +4 j < cjK i j in¯nitely many i .

Lemma 11.18 If G is a ¯nitely generated group of polynomial growth O(nd),
then G has the mild growth property of order 16d + 1.
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Pro of Let X be a set of generatorsclosedunder inversesuch that jX n j · Cnd

for all n > 0. Let K n = X 2n
. Clearly i)|iii) hold. SinceX 2n

X 2n
= X 2n +1

iv)
holds. We needonly argue v). Supposenot. Then there is n0 such that

jK n +4 j ¸ (16d + 1)jK n j

for all n ¸ n0. Then
jK 4k+ n 0 j ¸ (16d + 1)k jK n 0 j

for all k. But

jK 4k+ n 0 j = jX 24k + n 0 j · C2n 0 d24kd = C2n 0 d(16d)k

and
(16d + 1)k jK n 0 j · C2n 0 d(16d)k

for all k. But this is clearly impossible.

Lemma 11.19 SupposeG0 ½ G1 ½ G2 ½ : : : are ¯nitely generated groupswith
the mild growth property of order c. Then

S
Gi has the mild growth property of

order c.

Pro of Let K i; 0 µ K i; 1 µ : : : witness that Gi has the mild growth property of
order c. Let ¾: N ! N £ N be a bijection such that if ¾(i ) = (j; k), then j · i .

We will build K 0 µ K 1 µ : : : ½ G. For notational conveniencelet K ¡ 1 =
f 1g.

Supposewe have K i µ Gi for i < 5k. We will show how to de¯ne K 5k+ i for
i = 0; : : : ; 4. Let

K = K 2
5k¡ 1 [ K ¾(k) µ G5k :

We can ¯nd an n such that

K µ K 5k;n and jK 5k;n +4 j · cjK 5k;n j:

Let K 5k+ i = K 5k;n + i for i = 0; : : : ; 4. It is easyto seethat i){iv) hold and

jK 5k j · cjK 5k+4 j for all k:

SinceQd =
S 1

n =1
1
n ! Z

d; Qd has the mild growth property.

Theorem 11.20 (Jac kson-Kec hris-Louv eau) Let G be a countable group
with the mild growth property. If E is the orbit equivalence relation for a Borel
action of G on a Borel space X , then E is hyper¯nite.

In particular the orbit equivalencerelation for any Borel action of a ¯nitely
generatedAbelian group is hyper¯nite and the orbit equivalencerelation for any
Borel action of Qd is hyper¯nite. It is still an open question if any action of a
countable Abelian group is hyper¯nite.
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The theorem will follow from several lemmas.

De¯nition 11.21 Let F be a symmetric, re°exive Borel binary relation on a
Borel spaceX . We say that F is locally ¯nite if f y : yF xg is ¯nite for all x. We
say that Y µ X is F -discrete if : (xF y) for all distinct x; y 2 Y and we say that
Y is maximal F -discrete if it is discrete and for all x 2 X there is y 2 Y with
xF y.

Lemma 11.22 Let F be a locally ¯nite, symmetric, re°exive Borel binary re-
lation on X . Then there is a maximal F -discrete Y µ X .

Pro of Let (X n : n 2 N) be a family of Borel subsetsof X that separatespoints
and is closedunder ¯nite interesections.For x 2 X let Á(x) be the least n such
that Bn \ f y : yF xg = f xg. For each n, Á¡ 1(n) is F -discrete. Let Y0 = Á¡ 1(0)
and

Yn +1 = Yn [ Á¡ 1(n + 1) n
[

j · n
[

y2 Yn

f x : xF yg:

Each Yi is Borel and
S

Yi is maximal F -discrete.

De¯nition 11.23 Let F0 µ F1 µ F2 be a sequenceof locally ¯nite, symmet-
ric,re°exiv e Borel binary relations on X . We say that the sequencessatis¯es
the Weiss condition if F 2

n µ Fn +1 for all n and there is a integer c such that for
all x 2 X there are in¯nitely many n such that any Fn -discrete set contained
in f y : yFn +2 xg has cardinalit y at most c.

Note that
S

Fi is an equivalencerelation.

Lemma 11.24 If G is a group with the mild growth property and E is the
orbit equivalence relation for a Borel action of G, then there are locally ¯nite,
symmetric, re°exive Borel binary relations F0 µ F1 µ : : : satisfying the Weiss
condition such that E =

S
Fi .

Pro of Let K 0 µ K 1 µ : : : witness that G has the mild growth property of
order c. Let xFn y if and only if there is g 2 K n with gx = y. Since1 2 K 0 and
g 2 K n if and only if g¡ 1 2 K n , Fn are locally ¯nite, re°exive and symmetric.
Clearly

S
Fn = E.

We need only show it satis¯es the Wiess condition. Since K 2
n µ K n +1 ,

F 2
n µ Fn +1 . Let x 2 X . Given m 2 N there is a n > m such that jK n +4 j ·

cjK n j. Suppose x1; : : : ; xN is an Fn +1 -discrete set and x i Fn +3 x. There are
g1; : : : ; gN 2 K n +3 such that gi x = x i for i = 1; : : : ; N .

Claim K n gi \ K n gj = ; for i < j · N .
Supposea; b 2 K n and agi = bgj . Then

gj g¡ 1
i = b¡ 1a 2 K n +1 :

Thus
x i x¡ 1

j = gi g¡ 1
j 2 K n +1

and x i Fn +1 x j , a contradiction.

101



If h 2 K n , then hgi 2 K n +4 . Thus

N jK n j · jK n +4 j · cjK n j

and N · c. Hence there are in¯nitely many n such that any Fn +1 -discrete
subsetof f y : yFn +3 xg hascardinalit y at most c and (Fn : n 2 N) has the Weiss
condition.

Lemma 11.25 Suppose E µ E ¤ are countable Borel equivalence relations. If
E is hyper¯nite and every E ¤-class contains ¯nitely many E-classes,then E ¤

is hyper¯nite.

Pro of Since E ¤ is the orbit equivlance relation for a Borel action of some
countable group G. Then j[x]E ¤ =Ej = k if and only if there are g1; : : : ; gk 2 G
such that gi x 6Egj x for i 6= j and for all g 2 G gxE gi x for somei = 1; : : : ; k.
Thus f x : j[x]E ¤ =Ej = kg is Borel and, without lossof generality we may assume
that there is a ¯xed k such that each E ¤ classcontains exactly k E-classes.

Let G = f g0; g1; : : :g. We inductiv ely de¯ne functions f 1(x); : : : ; f k (x) by
f 1(x) = x. Let N i +1 (x) be the least n such that gn x 6Ef j (x) for all j · i and
f i +1 (x) = gN i +1 (x ) x. Then

[x]E ¤ =
k[

i =1

[f i (k)]E :

Suppose E =
S

En where E0 µ E1 µ : : : are ¯nite Borel equivalence rela-
tions. Let xE ¤

n y if and only if there is ¾a permutaion on f 1; : : : ; kg such that
f i (x)En f ¾(i ) (y) for all i .

Clearly E ¤
n is an equivalence relation and E ¤

n µ E ¤
n +1 . If xE ¤

n y, then
xE n f i (y) for some i . Thus each E ¤

n class is ¯nite. If xE ¤y, then there is a
permutation ¾ such that f i (x)E f ¾(i ) (y) for all i . There is an m such that
f i (x)En f ¾(i ) (y) for all i and all m > n. Thus E ¤ =

S
E ¤

n is hyper¯nite.

Pro of of Theorem 11.20 By Lemma 11.24 we can ¯nd F0 µ F1 µ : : : a
sequenceof locally ¯nite, symmetric, re°exive Borel binary relations with the
Weisscondition such that

S
Fn = E. Let Yn be a Borel maximal Fn -disjoint

set. Let sn : X ! Yn be a Borel measurablefunction such that sn (x)Fn x. Let
¼n : X ! X be sn ±sn ¡ 1 ± : : : ±s0 and let xE n y if and only if ¼n (x) = ¼n (y).

Clearly En is an equivalence relation and En µ En +1 . Since each sn is
¯nite-to-one, ¼n is ¯nite-to-one and En is a ¯nite equivalencerelation. An easy
induction shows that if xE n y, then xE y. Thus E ¤ =

S
En is a hyper¯nite

equivalence relation and E µ E ¤. By Lemma 11.25 it su±ces to show that
every E-classcontains at most ¯nitely many E ¤-classes.

Suppose (Fn : n 2 N) satisi¯es the Weisscondition with constant c. Sup-
posex1; : : : ; xN are E-equivalent but E ¤-inequivalent. We can ¯nd arbitrarily
large n such that x1; : : : ; xN Fn x1 and any Fn -discrete subsetof f y : yFn +2 x1g
has cardinalit y at most c. Then ¼n (x1); : : : ; ¼n (xN ) are distinct elements of
Yn and hence are Fn -discrete. Since F 2

i µ Fi +1 , we see, by induction, that
¼n (x i )Fn +1 x i . Since x i Fn x1, ¼n (x i )Fn +2 x1. Thus N < c. Thus every E-class
contains at most c, E ¤-classesand E is hyper¯nite.
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Ammenabilit y

Throughout this section ¡ will be a countable group.

Theorem 11.26 Suppose ¡ acts freely on a standard Borel space X and ¹ is
a ¡ -invariant probability measure on X . If the orbit equivalence relation E is
hyper¯nite, then ¡ is ammenable.

The proof we give was pointed out to me by Greg Hjorth. It usesoneof the
many useful characterizations of ammenability.

SupposeK is a compact metric space. Let P(K ) be the spaceof all Borel
probabilit y measureson K . We topologize P(K ) with the weakest topology
such the maps

¹ 7!
Z

f d¹

are continuous for all bounded continuous f : K ! R. The spaceP(K ) is also
a compact metric spaceand if K is a Polish spaceso is P(K ) (see[6] 17.E).

A continuous action of ¡ on K inducesan action of ¡ on P(K ) by

g¹ (A) = ¹ (g¡ 1A):

We say that ¹ is ¡-in variant if g¹ = ¹ for all g 2 ¡.

Theorem 11.27 A countable group ¡ is ammenableif and only if for every
compact metric space K and every continuous action of ¡ on K , there is a
¡ -invariant measure in ¹ (K ).

De¯nition 11.28 Let G and H be countable groupsacting on a standard Borel
spaceX . We say that a Borel measurable® : G £ X ! H is a Borel cocycle if

®(gh; x) = ®(g; hx)®(h; x)

for all g; h 2 G and x 2 X .
If ® : G£ H ! X is a Borel cocyle and H acts on Y , we say that f : X ! Y

is ®-invariant if and only if

®(g; x)f (x) = f (gx)

for all g 2 G, x 2 X .

Pro of of Theorem 11.26
Suppose¡ acts freely on X , ¹ is a ¡-in variant probabilit y measureand the

orbit equivalencerelation E is hyper¯nite. SinceE is hyper¯nite and every class
is in¯nite it is also the orbit equivalencerelation for a Borel action of Z on X .

We de¯ne a Borel cocyle ® : Z £ X ! ¡ such that ®(n; x) = g if and only if
nx = gx. Since the action of ¡ is free this is a well-de¯ned cocycle. Note that
there is also a Borel cocycle ¯ : ¡ £ X ! Z such that ®(n; x) = g if and only if
¯ (g; x) = n.

Suppose ¡ acts continuously on a compact metric spaceK . We need the
following theorem of Zimmer. This is a special caseof Theorem B3.1 of [5].
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Theorem 11.29 (Zimmer) There is an ®-invariant, ¹ -measurable x 7! º x

from X to P(K ).

Assuming Zimmer's result we will complete the proof. We claim that there
is a ¡-in variant Borel probabilit y measureon K .

For A µ K Borel let

º (A) =
Z

X
º x (A) d¹:

Since ¹ and each º x are probabilit y measures,º is a probabilit y measure,we
needonly show that it is ¡-in variant.

º (gA) =
Z

X
º x (gA) d¹

=
Z

X
g¡ 1º x (A) d¹

=
Z

X
º ¯ (g¡ 1 ;x )x (A) d¹

=
Z

X
º g¡ 1 x (A) d¹:

But Z

X
F (x) d¹ =

Z

X
gF (x) d¹ =

Z

X
F (g¡ 1x) d¹

for any ¹ -measurableF : X ! R and g 2 ¡. Thus
Z

X
º x (gA) d¹ =

Z

X
º g¡ 1 x (A) d¹ =

Z

X
º x (A) d¹

and º (gA) = º (A).
Thus º is a ¡-in variant Borel probabilit y measureon K . It follows that ¡ is

ammenable.
We sketch the proof of Zimmer's result. Let l 1

1 (X ; P(K )).

104



References

[1] H. Becker and A. Kechris, The Descriptive Set Theory of Polish Group
Actions, Cambridge Univ, Press,Cambridge UK, 1996.

[2] R. Dougherty, S.Jacksonand A. Kechris, The structure of hyper¯nite Borel
equivalencerelations, Trans. Amer. Math. Soc., 341, 193{225, 1994.

[3] L. Harrington, A. Kechris and A. Louveau, A Glimm-E®ros dichotomy for
Borel equivalencerelations, Jour. Amer. Math. Soc., (3) 1990,903{928.

[4] L. Harrington, D. Marker and S. Shelah, Borel orderings, Trans. Amer.
Math. Soc. (310) 1998,293{302.

[5] G. Hjorth and A. Kechris, Rigidit y theoremsfor actions of product groups
and countable Borel equivalencerelations, preprint.

[6] A. Kechris, Classical Descriptive Set Theory, Springer-Verlag, New York,
1995.

[7] A. Kechris, Lectures on de¯nable group actions and equivalencerelations,
unpublished notes.

[8] S. Jackson, A. Kechris and A. Louveau, Countable Borel equivalencerela-
tions,

[9] T. Jech, Set Theory, Academic Press,New York, 1978.

[10] R. Mans¯eld and G. Weitkamp, Recursive Aspects of Descriptive Set The-
ory, Oxford SciencePub., Oxford UK, 1985.

[11] D. Marker, Model Theory: An Intro duction, Springer, New York, 2002.

[12] D. M. Martin and A. S. Kechris, In¯nite gamesand e®ective descriptive set
theory, Analytic Sets, C. A. Rogers et. al. ed., Academic Press, London,
1980.

[13] D. Martin and J. Steel, A proof of projective determinacy, J. Amer. Math.
Soc, 2 (1989) 71-125.

[14] Y. Moschovakis, DescriptiveSet Theory, North Holland, Amsterdam, 1980.

[15] S. M. Srivastava, A Courseon Borel Sets. Springer, New York, 1998.

[16] J. Steel, On Vaught's Conjecture, in Cabal Seminar 76{77, A. Kechris and
Y. Moschovakis, eds.,Springer-Verlag, New York, 1978.

105


