Descriptive SetTheory

David Marker
Fall 2002

Contents

9

Classical Descriptiv e Set Theory
Polish Spaces

Borel Sets

E®ectiv e Descriptiv e Set Theory: The Arithmetic

Analytic Sets
Coanalytic Sets
Determinacy

Hyp erarithmetic = Sets

Borel Equiv alence Relations
! 1-Equiv alence Relations

Tame Borel Equiv alence Relations

10 Countable Borel Equiv alence Relations

11 Hyp er nite Equiv alence Relations

14
27
34
43
54

62

73
73
82
87

92



These are informal notes for a coursein Descriptive Set Theory given at
the University of lllinois at Chicagoin Fall 2002. While | hope to give a fairly
broad survey of the subject we will be concerrating on problems about group
actions, particularly those motivated by Vaught's conjecture. Kechris' Classial
Descriptive Set Theory is the main referencefor these notes.

Notation: If A isaset, A< isthe setofall nite sequence$rom A. Suppose

f :N! A, then fjn isthe sequencgf (0);:::;f (nj 1)).

If X is any set, P(X), the power setof X is the set of all subsetsX .

If X is a metric space,x 2 X and?2 > 0, then B:(x) = fy2 X :d(x;y) < 2g
is the open ball of radius 2 around x.

Part |
Classical Descriptiv e Set Theory

1 Polish Spaces

Denition 1.1 Let X be a topological space. We say that X is metrizable if
there is a metric d such that the topology is induced by the metric. We say that
X is seprableif there is a countable densesubset.

A Polish space is a separabletopological spacethat is metrizable by a com-
plete metric.

There are many classicalexamplesof Polish spaces.Simple examplesinclude
R", C", I = [0; 1], the unit circle T, and Qp, where Q, is the p-adic "eld.

Example 1.2 Countable discrete setsare Polish Spaces.
Let X be a courtable setwith the discrete topology. The metric

1/20 if
‘) = mx=y
dx¥)= 1 itxs y

is a complete metric inducing the topology.

If dis a metric on X, then

d(x; y)

&{XJY)= m

is also a metric, ®and d induce the sametopology and @(x; y) < 1 for all x.

Example 1.3 If Xg;Xq;::: are Polish spaces, then Q Xn is a Polish space.



Supposed, is a completemetric on X, with dy < 1,forn = 0;1;:::.. De ne
®on Xn by
X
Afig)=  Srpdh(f(n):ig(n):
n=0

If fo;f1;:::is a Cauchy-sequencethen f1(i);f2(i);::: is a Cauchy-sequence
in X; for eachi. Let g(n) = ||I1m fi(n). Then gisthe limit of fo;f1;:::.
I

Supposex; x};::: is a densesubsetof X;. For %2 N let
e if i <%
sn)y= Xuny MTI<14
F(n) x) ~  otherwise’

The ffs,: %2 N gis densein Q X.

In particular, the Hilbert cube H = IN is Polish. Indeed, it is a universal
Polish space.

Theorem 1.4 Every Polish space is homeomorphic to a subspce of H.

Pro of Let X bea Polish space.Let d be a compatible metric on X with d< 1
and let xo;x1;:::adenseset. Letf : X I H by f(x)= (d(x; xl);g(x; X2);:0).
If d(x;y) < 2=2, then jd(x; xi) i d(y;x;)j < 2and d(f (x);f(y)) < 52r2<2
Thus f is continuous. If d(x;y) = 2 chooseX; such that d(x; xj) < 2=2. Then
d(y;xi) > 2=2, sof (x) 6 f (y).

We needto show that fi ! is continuous. Let 2 > 0. Choosen sud that
dix;xp) < 2=3. If jy i xnj > 22=3, then d(f (x);f (y)) . W Thus if
d(f (x);f (y)) < ﬁ then d(x;y) < 2. Hencef i ! is continuous.

Function spacesprovide other classicalexamplesof Polish spaces.Let C(I)
be the corntinuous real-valued functions on I, with d(f;g) = supfif (x)i g(x)j:
X 2 1g. Becauseany Cauchy sequencecorvergesuniformly, d is complete. Any
function in | can be approximated by a piecewiselinear function de ned over
Q. Thus C(l) is separable.

More generally, if X is a compact metric spaceand Y is a Polish space
let C(X;Y) be the spaceof continuous functions from X to Y with metric
d(f;g) = supfif (x) i g(x)j:x 2 Xag.

Other classicalexamplesinclude the spacesl?, I' and LP from functional
analysis.

The next two lemmaswill be usefulin many results. If X is a metric space
and Y p X, the diameter of Y is diam (Y) = supfd(X;y) : X;y 2 Yg

Lemma 1.5 SupmwseX is a Polish sppce and Xo 1 X1 1 X, T ::: are closal
bsetsof X suchthat lim,; diam (X,) = 0. Then thereis x 2 X suchthat
Xn = fxg.

Pro of Choosexp 2 X;. Sincediam (X,)! O, (XT) is a Cauchy sequence.Let
x bethe limit of (x,). Sinceeadt X,, isclosedx 2  X,. Sincediam (X,)! O,
ify2 X,,thenx=y.



Lemma 1.6 If X is a Polish space, Ugt X is§p_en and 2 > 0, then there are
open setsUg; Uy;Up;ii:suchthat U= U, = U, anddiam (U,) < 2 for all
n.

Pro of Let D be a countable denseset. Let Ug; Uy;::: list all setan;(d) sud
that d 2 D, ¥ < 2=2 and B:(d) p U. Let x 2 U. Thereisn > 0 such

'n

that % < 2 Bn;(x) % U. Thereisd 2 D\ B%(xg. Then x 2 B%(d) and
B%(d) %U. ThusB%(d) isoneofthe Ui andx 2  U;.

Baire Space and Cantor Space

If A is any countable setwith the discretetopology and X is any courtable set,
then AX is a Polish space. Two very important examplesarise this way.

Denition 1.7 Baire space is the Polish spaceN = NN and Cantor space is
the Polish spaceC= 2N.

An equivalent complete metric on N is d(f;g) = z% where n is least such
that f (n) 6 g(n).

Since the two point topological spacef 0;1g with the discrete topology is
compact. By Tychono®s Theorem C is compact.

Exercise 1.8 Show that Cis homeomorphicto Cantor's \middle third" set.

Another subspaceof N will play a key role later.

Example 1.9 Let S; be the group of all permutations of N, viewed as a sub-
space of N .

If dis the metric on N, then d is not completeon S; . For examplelet
( i+1 ifi<n
fa(()= 0 ifi=n
[ otherwise

Then f, is a Cauchy sequencean N, but the limit is the function n 7! n+ 1 that
is not surjective. Let 8x;y) = d(x;y) + d(xi L;yi 1). It is easyto seethat if
(fn)is a@-Caumy sequencen Sy , then (f,) and (f 1) are d-Cauchy sequences
that cornvergein N . One canthen ched that the elemeris the convergeto must
be inversesof ead other and henceboth in S; .

Exercise 1.10 A metric d on a group G is called left-invariant if d(xy;xz) =
d(y; z) for all x;y;z 2 G. Show that the original metric d on S; is left-invariant,
but that there is no left-invariant complete metric on S; .

Exercise 1.11 Dene A:N ! Chy

A) = 00 9Hgs 30091

£0)  f(L+L f(2Q+L



Shaw that A is a cortin uous and one-to-one. What is the image of A?

Exercise 1.12 We sa that x 2 [0; 1] is a dyadic-rational is x = - for some
m;n 2 N. Otherwise, we say x is a dyadic-irrational. Shaw that N is homeo-
morphic to the dyadic-irrationals (with the subspacetopology). [Hint: let A be
asin Exercise1.11and map f to the dyadic-irrational with binary expansion

Af)]
Exercise 1.13 Y Show that
1
7!
1+ f(0) + L,

e

is a homeomorphismbetweenN and the irrational real numbersin (0; 1).

BecauseN will play a key role in our study of Polish spaces,we will look
more carefully at its topology. First we notice that the topology has a very
combinatorial/computational °avor.

If %22 N , Let Ny, = ff 2 N : 3% f g Then Ny, is an open neighborhood
of f. It is easy{ seethat fNy,: %2 N gis a basisfor the topology. Notice
that N nNy,= N, : ¢(i) 6 ¥i) for somei 2 dom ¥g is also open. Thus Ny,
is clopen. It follows that the Baire Spaceis totally disconnected(i.e., any open
set is the union of two disjoint open sets). [

If Upu N is open,thereis S u N suc that U = Ny, Let T = f%2

Y2 'S
N< :8¢ U ¥%¢ 625g. Note that if 342 T and ¢ 1 % then ¢ 2 T. We call a set
of sequencewith this property atree. We say that f 2 N is a path through T

[T]=ff 2 N :f is apath through Tg:

Then f 2 [T] if and only if %.6% for all %22 S if and only if f 62U. We have
proved the following characterizations of open and closedsubsetsof N .

Lemn[1a 1.14 i) U p N is open if and only if there is S u N such that
U= N,
2S
i) Fu N isclosalif andonly if thereis atree T u N suchthat F = [T].

We can improve the characterization a little.

Denition  1.15 We say that atree T u N is pruned if for all %2 T, there
isi 2 Nwith i 2 T.

Equivalertly, T is pruned if for all %2 T, thereisf 2 [T] with %% f. If
T isatree, then TO= 3,2 T : 9f 2 [T] %% fg. It is easyto seethat T%is a
pruned tree with T p T® Thus every closedset F is the set of paths through a
pruned tree.

If f :N ! N, then f is continuousif and only if for all x and 3% f (x),
there is a ¢ % x sudh that if ¢ %2y, then %% f (y). In other words, for all n



there is an m, such that the “rst n valuesof f (x) are determined by the rst m

valuesof x. In x4 we will showv how this brings in ideasfrom recursion theory.
Another key feature of the Baire spaceis that powers of the Baire spaceare

homeomorphicto the Baire space. Thusthere is no natural notion of dimension.

Lemma 1.16 i) If k> 0, then N is homeomorphic to N9 £ N ¥.
i) N is homeomorphic to NN,

If ~ = (fo;f1;::) 2 NN let
AC) = (Fo(0);fo(1);f1(0);::3):
It is easyto seethat A and A are homeomorphisms.
A third important feature of the Baire spaceis that every Polish spaceis a

continuousimage of the Baire space.We rst prove that every closedsubsetof
N is a corntinuousimage of N .

Theorem 1.17 If X is a Polish space, then there is a continuous surjective
A:N1 X.

Pro of Using Lemma 1.6 build a tree of sets(Us, : %42 N ) such that:
iU =X;
i) Uy, is an open subsetof X ;
i) diam (Uy) < %
iv) U, 1 Us, for %% ¢;

V) Uy, = Uy,;.

i=0
If f 2 N, then by 1.5 there is A(f ) such that

L L
Af) = Utjn = Utjn = FA(f)g:
n=0 n=0
Supposex 2 X. Webuild % Y2 % Y% :::with x 2 Uy, . Let % = ;. Givgn Ya
with x 2 Uy, , thereis aj sudthat x 2 Uy, ;. Let %41 = %bj. If f = 3,

then A(f) = x. Thus A is surjective.
SupposeA(f) = x. If gin = fjn, then A(g) 2 Us;, and d(A(f);A(g)) < .
Thus A is cortin uous.

Indeed we have shown that there is an open, cortinuous, surjective A: N !
X.

We will prove a re nement of this theorem. We needone lemma.

Recall that X is an Fs,-setif it a countable union of closedsetg If 0% X
is open, then, by 1.6 there are open setsUp; Uy;::: such that O = U,. Thus
every opgn set is and Fa@’set. The union of countably many Fs.-setsis an Fs,-set.
If X = AjandY = Bj are Fy-sets,then X\ Y = (A;\ Bj) is alsoan
Fs,-sets.



Lemma 1.18 SupmseX is a Polish space and Y p X is an Fy,-set @d 2> 0.

There are disjoint Fs-setsYp; Yp;::: with diam (Yj) < 2, Y;uYand Yi=Y.

Proof LetY = S Cn where C,, is closed. Replacing C, by Co[ :::[ Cy
we may assumethat Co 4 C; 4 :::. ThusY is the disjoint union of the sets
Co;C1nCp;ConCyq;::i. SinceCynCjyy M Cj U Y, it suxcesto shaw that eadh
CinGC;; 1 isadisjoint union of Fy-setsof diameter lessthan 2. SupposeY = F\ O
whereF is closedand O is opes. By L mal.6,wecan nd Og;Os;::: opensets
with diam (Op) < 2andO = O, = Op. Let Y,S=_F\ (Onn(Op\ :::0n; 1)).
The Y; aredisjoint, Yj p O; 20, s0Y; u Y,and Y;=Y.

Theorem 1.19 If X is Polish, thereis F p N closal and a continuous bijection
A:F1 X.

Pro of Using the previous lemma, we build a tree (X3, : %2 N< ) of Fy-sets
such that

i = X

) X’ _)%'1 i

") x%_ i=0 X3/4i!

i) X, U Xyif ¢ %%

iv) diam (Xsg,) < 13%4

V) ifi6j,thenTX3/4i\ Xy = 3.

If f 2N, then X;j, contains at most one point. Let

n \t [0}
F= f2N:9x2X x2 X in
n=0

Let A: F ! X sud that A(f) = T Xtjn. As above A is cortinuous. By v) A
is on|e-t0-0ne. For any x 2 X we can build a sequenceé¥y ¥2 % ¥ ::: sud that
X2 Xy, . Weneedonly show that F is closed.

Suppose (f,) is a Cauchy sequencein F. Supposef, ! f 2 N. We must
showv f 2 F. For any n thereisan m such that fijn = f,jn fori > m. But then
d(A(fi);A({.m ) < %T Thus A(f,) is a Cauchy sequence.SupposeA(f,) ! x.

Thenx2  Xgjn= Xf,,s0A(f)=xandf 2 F.

Exercise 1.20 Provethat if X and Y are closedsubsetsof N with X p Y
then there is a cortinuousf : Y ! X sud that fjX isthe identity (we say that
X is aretraction of Y). Usethis to deducel.17 from 1.19.

Cantor{Bendixson analysis

We next shaw that the Continuum Hypothesis is true for Polish spaces,and
closedsubsetsof Polish spaces.

De nition 1.21 Let X be a Polish space.We say that P p X is perfect if X
is a closedset with no isolated points.

Note that ; is perfect. Nonempty perfect sets have size 2@



Lemma 1.22 If P u X is a nonempty perfect set, then there is a continuous
injection f : C! P. Indeed, there is a perfect F u P, homeomorphic to C. In
particular jPj = 2@,

Pro of We build a tree (Uy, : %2 2 ) of nonempty open subsetsof X such
that:

iU =X;

i) U, ¥2Uqy, for %Y ¢;

i) Uyo\ Uspq =53

iv) diam (Us) < 557

v) Ug,\ P 6 ;;

Supposewe are given Uy, with Uy,\ P 6 ;. BecauseP is perfect, we can nd
Xo and x1 2 Uy, \ P with xg 6 x;. We can chooseUy, o and Uy, ; disjoint open
neighborhoods of xo and x1, respectively such that Uy, ; ¥2 Uy, and diam (U, ;) <
17+ This allows us to build the desiredtree.

By Lemma 1.5, wecande ne f : C! P such that

L L L
ff(x)g= ijn = ijn = ijn\ P:
n=0 n=o n=0

BN

It is easyto ched that f is continuousand one-to-one.
Sincef is continuousand Cis compact, F = f (Q) is closed. By construction
F is perfect. The mapf : C! F is openand hencea homeomorphism.

Exercise 1.23 Supposef : C! X is continuous and one-to-one. Prove that
f (C) is perfect.

Consider Q as a subspaceof R. As a topological spaceQ is closedand has
no isolated points. SincejQj = @, Q is not a Polish space.

We next analyzearbitrary closedsubsetsof Polish spaces.Let X be a Polish
space. Let Up; Uyp;::: be a countable basisfor the opensetsof X. If F p X is
closed,let Fq be the isolated points of F. For each x 2 Fq we can nd iy suc
that U, \ F = fxg. Thus Fg is countable and

FnFo=Fn [ Ui
Xx2Fg

X

is closed.

Denition 1.24 If F u X is closed,the Cantor{Bendixson derivative is
i(F)=fx2F :xisnot an isolated point of Fg:

For ead countable ordinal ®< ! 1, we de ne j ®(F) as follows:
)i %F)=F;
i) i ©1(F) =il ®(F));
i) i “(F)=" i (F).
-



Lemma 1.25 SupmseX is a Polish sppce and F p X is closal.
i) i ®F) is closal for all ®< ! 1;
i) ji @t (F)ni ®(F)j - @;
iiiy if j( F)=F, thenF is perfect, and j ®(F) = F for all ®< ! ;.
iv) there is an ordinal ® < ! ; suchthat j ®(F) = j ®* (F)

Pro of i){iii) are clear. For iv), let Up;Us;::: be a courtable basisfor X . If
ie+1 Ni® 6 ;, wecan nd ne 2 N suc that U, isolatesa point of j ®(F).
By construction U,, does not isolate a point of j (F) for any ~ < ® Thus
Nne 6 n- for any = < ®.

If there is no ordinal ® with j ®(F) = j ® (F), then ® 7! ne is a one-to-one
function from ! ; into N, a contradiction.

The Cantor{Bendixson rank of F, is the least ordinal ® sud that j ®(F) =
. ®+1
i~ (F).

Exercise 1.26 Y Shaow that for all ® < !4, there is a closedF p R with
Cantor{Bendixson rank ®.

Theorem 1.27 If X is a Polish space and F pu X is closal, thenF = P [ A
where P is perfect (possiblyempty), A is countableand P\ A = ;.

Proof If F pu X is a closedset of Cantor{Bendixson rank ® < !, then
F=P\AwhereP = j®F)andA = i "(F)nj (F). Clearly A is
countable and A\ P = ;.

Corollary 1.28 If X is a Polish space. and F p X is an uncountable closel
set then F contains a nonempty perfect setand jFj = 2@, Also, if Y p X is
an uncountable Fs;-set, then Y contains a perfect set.

In particular every uncountable Polish space has cardinality 2@ .

Exercise 1.29 Show that there is an uncountable A %2 R sud that no subset
of A is perfect. [Hint: Build A be diagonalizing against all perfect sets. You
will needto usea well-ordering of R.]

Polish subspaces

SupposeX is a Polish spaceand F p X is closed. If (x,) is a Cauchy sequence
with eat x, 2 F, then lim x, 2 F. ThusF is alsoa Polish space.

If U % X is open,then Cauchy sequencesn U, may not corvergeto elemerns
of U. For example, (0;1) 2R and % I 0620;1). The next lemma shows that
when U is open we are able to de ne a new complete metric on U compatible
with the topology.

Lemma 1.30 If X is a Polish space and U p X is open, then U (with the
subspmce topology) is Polish.



Pro of Let d be a complete metric on X compatible with the topology, we may
assumed < 1.
Let —

oy = ey oL - ! :
&x; y) = d(x; y) + dx;X nU) ' d(y;X nu)

It is easyto seethat @(x; X) is a metric. Since@(x; y) ., d(x;y), every d-open,
setis &lopen. Supposex 2 U, d(x; X nU) = r > 0and2 > 0. Chooset > 0 such
that if 0< ” - % then " + ey < 2. I d(x;y) < % then d(y; X nU) > rj +
Hence - - -

=]
&xy) - £+ —i

N

1
++

< 2
r++ r(ri %

Thus the ball of radius 2 around X, cortains the d-ball of radius + Hence
every &lopen subsetis open. Thus ®is compatible with the subspacetopology
on U. We needonly show ®is complete.

Suppose(xp) isa @-Cauchy sequence.Then (x;) is alsoa d-Cauchy sequence,
sothere is x 2 X sud that x, ! x. In addition for each n

-1 1 -

i;j"!rln d(xi; X nU) i d(xj; X nU) =0
Thusthereisr 2 R sudh that
lim __r =r
i d(xj; X nU)
In particular, m is bounded away from 0 and d(x; X nU) > 0. Thus

x 2 U. Hence®is a complete metric on U and U is a Polish space.

We can generalizethis a bit further. Recallthat Y p X is a Gs-setif Y is
a countable intersection of open sets. The G.-setsare exactly the complemerns
of Fy,-sets. Thus every open setis G; and every closedset is G..

Corollary 1.31 If X is a Polish sppee and Y p X is G4, then Y is a Polish
space.

T
Proof LetY = O, whereead O, is open. Let d, be a complete metric on
O, compatible with the topology. We may assumethat d, < 1. Let

X
Bxy)= Spdh(Gy):
n=0

If (xj) isa @-Cauchy sequencethen (x;) is dn-Cauchy for each n. Thus there
is xT2 X such that eah x; ! x in eadh O,. Since eah O, is complete
X2 On=Y. Hence®is complete.

Corollary 1.32 If X is a Polish space and Y p X is an uncountable G.-set,
then Y contains a perfect set.

10



Can we generalizeCorollary 1.31further? We already saw that Q 4 R is not
a Polish subspace. Since Q is courtable it is Fs,. Thus we can not generalize
this to Fy-sets. Indeed the converseto the corollary is true.

Theorem 1.33 If X is a Polish space, then Y u X is a Polish subspce if and
only if Y is a G;-set.

Pro of SupposeY is a Polish subspaceof X. Let d be a complete metric on
Y compatible with the subspacetopology. Let Up; U;;::: be a basis of open
subsetsof X. If x 2 Y and 2 > 0, then for any open neighborhood V of X
there is Uy 2V sudh that x 2 U, and diam (Y \ Up) < 2, where the diameter
is computed with respect to d.
Let
A=fx2Y:8>09nx2 U, " diam (Y \ Up) < 2g:

Then
\l

[
A= fUn s diam (Y \ Up) < ig
m
m=1
isa Gs-setand Y p A. Supposex 2 A. For all m > 0, there is U,,, sudh that
X 2 Uy, anddiam (Y \ U,,) < 2. SinceY is densein A, for eadh m we can
nd ym 2 Y\ Uy, \ i\ Uy, . Thenys;y,;:::isa Cauchy sequencecorverging
to x. Hencex 2 Y. ThusY = A is a G.-set.

Corollary 1.34 Every Polish space is homeomorphic to a G.-subsetof H.

Pro of By 1.4,if X is Polish space,then X is homeomorphicto a subspaceY
of H. By 1.33Y is a G.-subsetof X .

Spaces of L-structures

We concludethis sectionwith another important example of a Polish space.

Let L be a courtable rst-order language. Let Mod(L) be the set of all
L -structures with universe N. We will de ne two topologieson Mod(L). Let
fco;cy;:::g be a set of countably many distinct new constart symbols and let
L® = L[ fco;cp;:i:g. If M 2 Mod(L), then we can naturally view M as an
L “-structure by interpreting the constart symbol ¢; asi.

If Ais an L®-sertence,let Bx = fM 2 Mod(A) : M F Ag. Let ¢ be the
topology with basicopensetsf By : Aaquarnti er-free L°-formulag and let ¢; be
the topology with basicopensetsfBy4 : A an L°-formulag. Clearly the topology
éi-re nes ¢p.

Theorem 1.35 (Mod(L); ¢p) and (Mod(L);¢1) are Polish spaces.

We give oneillustrativ e exampleto show that (Mod(L); ¢p) is a Polish space.
SupposeL = fR;f;cgwhereR isabinary relation symbol, f is abinary function

symbol and c is a constart symbol. Let X be the Polish spaceZNZ £ NV EN,
with the product topology. If M is an L-structure, let RM , fM and ¢V be

11



the interpretation of the symbols of L in M and let Agu : N2 | 2 be the
characteristic function of RM . The function M 7! (Agwm ;fM ;cM ) is a bijection
betweenMod(L) and X .

We will prove (Mod(L); ¢o) is Polish by shawing that this map is a homeo-
morphism. Let Yo = f(g;h;n) 2 X :g(i;j) = 1g, Y1 = f(g;h;n) : h(i; j) = kg,
Ys; = f(g;h;n) 2 X : n = mg. The inverseimages of these sets are the ba-
sic clopen sets Bryc;¢;)s Bf(ciicj)=cc @nd Be, =c, (espectively. It follows that
this map is cortinuous. We needto show that if A is quanti er-free, then the
image of B4 is clopen. This is an easyinduction once we show it for atomic
formulas. For formulas of the form R(ci; ) or f(Gi;¢) = ¢, this is obvious.
A little more care is neededto deal with formulas built up from terms. For
example, let A be the formula f (cp;f (c1;¢2)) = cs. Then the image of Bj is
Y = f(g;h;n) : h(0; h(1;2)) = 3g. Then

[
Y = f(g;h;n):h(;2)=i"h(0;i) = 3g

i2N
is open and

[

(Y = f(g;h;n):h(1;2)=i"h(0;i)=jg

i2Nj63

is open. ThusY is clopen. This idea can be generalizedto all atomic A.

Exercise 1.36 Give a detailed proof that (Mod(L); ¢o) is a Polish spacefor
any countable rst order languagel.

Next, we consider (Mod(L);¢1). Let S be all L°-sertences. Then 25 with
the product topology is a Polish spacehomeomorphicto the Cantor space. Let
X bethe setof all f 2 25 such that

i) fA2 S:f(A) = 1gis consistern;

i) for all Awehavef(A)=0$ f(: A = 1;

i) f(ci=¢)=0fori6j;

iv) for all A, if f (9vA(v)) = 1, then f (A(cy,)) = 1 for somem 2 N.

Lemma 1.37 X is Gi-subsetof 25.

Proof Let X; = ff : fA: A(f) = 1ggis consistert. Let | be the set of Tnite
subsetsof S that are inconsistert. Then

\
Xi=  ff :f(A) = 0for someA2 Ag
A2l
and X1 is closed.
Also \
Xo = ff:f(A=0% f( A= 1g
A2s
and \
Xz3= ff :f(c=g¢)=0g
i6]
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are closed.

Let F be the set of L”-formulas with one free-variable. Then
3

\ .
X4 = ff @ (QVA(v)) = Og[ [ ff :f (A(Gh)) = 1g
A2F n2N

is Gs. SinceX = X1\ :::\ X4, X is Gs.

Thus X is a Polish subspaceof 25.

If M 2 Mod(L), letfy (A) = 1ifM F Aandfy (A =0ifM F:A ltis
easyto seethat f\y 2 X. If f 2 X, then Henkin's proof of GAdel's Completeness
Theorem shows that there is an L-structure M with universeN sud that:

i) if R isan n-ary relation symbol, thenRM = f(ny;:::;ny) : f(R(Cn,;:005Cn,, ) =
1g;

ii) if gis an m-ary function symbol, then g™ : N™ I N is the function
wheregM (ny;:::;nm) = k if and only if f (9(Cn,;:::5Chy ) = Cn) = 1

iii) if cis a constart symbol, then M = nif and only if f (c= ¢,) = 1.

Thus M 7! fy is a bijection betweenMod(L) and X. The image of B4
isff 2 X : f(A) = 1g. Thus this map is a homeomorphismand Mod(L) is a
Polish space.

Spaces of Compact Sets

We describe one more interesting examplewithout giving proofs. For proofs see
Kechris [6] 4.F.

De nition 1.38 Let X be a topological space. Let K (X) be the collection
of all compact subsetsof X . The Vietoris topology on K (X) is the smallest
topology sud that for each open U p X the setsfA 2 K(X) : A n Ug and
fA2K(X):A\ U6 ;g areopen.

Exercise 1.39 SupposeX is separableand D pu X is a countable denseset.
Show that fA p D : A "niteg is a densesubset of K (X). Thus K(X) is
separable.

De nition  1.40 SupposeX is a metric space.We de ne the Hausdor®metric
on K (X) by 3
dy (A; B) = max glaxd(a;B);rtg%xd(b;A) :

Exercise 1.41 Show that the Hausdor®metric on K (X) is compatible with
the Vietrois topology.

Theorem 1.42 If dis a complete metric on X, then dy is a complete metric
on K (X). In particular, if X is a Polish space, then sois K (X).

In 2.20we shaw that fA p X : A is nite g is an Fy, subsetof K (X).
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2 Borel Sets

De nition 2.1 If X is any set, a ¥salgeba on X is a collection of subsetsof X
that is closedunder complemen and countable union. A measure space (X;-)
is a set X equipped with a ¥zalgebra-.

If (X;-x)and(Y;-y)aremeasurespaceswesayf : X | Y isameasurable
function if fi 1(A) 2 - x for all A 2 - y. We say that (X;- x) and (Y;- v)
are isomorphic if and only if there is a measurablebijection with measurable
inverse.

De nition 2.2 If X is a topological space,the classof Borel setsB(X) is the
smallest ¥+algebra containing the open sets.
If X andY aretopologicalspaceswesay that f : X | Y is Borel measurable
if it is a measurablemap betweenthe measurespaces(X; B(X)) and (Y;B(Y)).
We say that a measurespace(X;-) is a standard Borel space if there is a
Polish spaceY sud that (X;-) isisomorphicto (Y;B(Y)).

Lemma 2.3 SupmwseX and Y are topological spacesand f : X I Y.

i) f is Borel measurableif and only if the inverse image of every open setis
Borel.

i) If Y is semrable, then f is Borel measurable if and only if the inverse
image of every basic open setis Borel.

iiiy If Y is se@rableandf : X ! Y is Borel measurable, then the graph of
f is Borel.

Proof If f : X | Y isBorel measurable,then the inverseimage of every open
setis Borel.

i) Let - = fA 2 B(Y):fil(A)2 B(X)g. Supposeevery opensetisin -. If
A2- theafil(YaA)= Xnfil(A)isBoggland X nA 2 -. If Ag;A;:::2 -,
thenfi (" A))= fil(A;)isBoreland (A;) 2 -.

S i) SupposeO is ope. There are basic open sets Up; Uy;::: such that O =
U. Thenfil(0) = ~fil(U) is a countable union of Borel setsand hence
Borel.

iii) Let Up;Us;::: be a basisfor the topology of Y. Then the graph of f is
\1
(F(y) 1y 62050\ F(xiy) 1 x 2 f11(Uy)a:
n=0
Sinceead f i 1(U,) is Borel sois the graph of f .

By ii) any continuousf : X ! Y is Borel measurable.We will seelater that
the cornverseof iii) is alsotrue.

Since \ [
Ai=Xn (X nA);

any ¥zalgebrais also closedunder courntable intersections. Thus B(X ) contains
all of the open, closed, Fy, and G: sets. We could generalizethis further by

14



taking Fs., intersections of Fsy-sets, Gig, unions of Gi-sets, Fygy, Gaive '
There is a more useful way of describing these classes.

Denition 2.4 Let X beametrizable space.For eahh ®< ! ; wede ne § 3(X)
and| 3(X) %P (X) asfollows:

§ 9(X) is the collection of all open subsetsof X ;

| §(X) is the collection of all setsX nA where A 2 §8(X);

For®> 1, 8§ %(X) is the collection of all setsX = A; whereeah A; 2
1 2 (X) for some™; < ®.

Wesay that A2 ¢ {(X)if A2 83(X)andA 2| I(X).

When we are working in a single spacewe omit the X and write § 2 and! &
instead of § (X ) and | 3(X).
Closedsetsare | 9, Fy-setsare § 9, G.-setsare| 9,....

Lemma 2.5 SupmseX is metrizable.
) 8Q[ 1 B4t ¢ @y forall ®< !,
i) BOX) = gq 89
i) If X isinnite, thenjB(X)j= 2@.

Pro of In any metric spaceevery open setis both Fy, and G, thus§9[ | 9
¢ §. i) then follows easily by induction. An easyinduction shaws that any
¥~algebra containing the open setsmust contain § § for eath ®< ! ;.

iii)SIf Uo; Us;::: is a basis for the topology, then every open set is of the
form ~ ., Uy for someS u N, thusjg 2j - 2%. Clearly j; 2j = j82j. Suppose
®<!iandj 9 - 2@ forall ~ < ® Thenj - | %< ®andif F is the set
off :N! ~— o1 % thenjFj- (2@)@ = 2@ and for any A 2 § 9, there is
f 2 F suchthat A= " f(n). Thusj§3j - 2®. Thus

jB(X)j=‘[ §®:- @£ 2@ = 2@:;
®<! 1

If X isin nite, then every courtable subsetof X is § 9. HencejB(X )j = 2@.
We state the basic properties of these classes.

Lemma 2.6 i) 82 is closal under countable unions and nite intersections.
ii) | 9 is closed under countable intersections and “nite unions.
i) ¢ 2 is close under “nite unions, nite intersections and complement.
iv) 82,1 % and ¢ 2 are closel under continuous inverse images.

Pro of We provei) and ii) simultaneously by induction on ®. We know that i)
holds for the open sets. By taking complemers, it is easyto seethat if § 3 is
closedunder courtable unions and Tnite intersections,then | 2 is closedunder
countable intersectionsand nite unions. S
Suppose®> 0. Ag;Ag;:::2 8. Let Aj = j1:0 Bij whereeath Bj; 2| ©

for some™ < ®. Then

¢ tE

Ai =
i=0 i=0 j=0

Bi;j 28 (%Z
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Supposewe have provedii) for all — < ®. Then
T
Ao\ Al = (BO;i \ Bo;j)
i=0 =0
and ea Bo;i \ Bo; is| © for some™ < ® ThusAg\ A;is § .
iii) is immediate from i) and ii).
iv) Supposef : X ! Y is continuous. We prove that if A p 5 is 8§82

gespectively | §), then sois f I (A). If ®= 0, this is clear. Sincef ' 1(~ Aj) =
fil(A)andfil(Y nA) = X nfil(A), this follows easily by induction.

Corollary 2.7 If Au X £Y is 8§ (respectively ! $ or ¢ 3) anda2 Y, then
fx2X:(x;a)2Ygis §2.

Pro of The map x 7! (x; a) is cortinuous.

Exercise 2.8 SupposeX is a Polish spaceand Y is a subspaceof X . a) Show
that §9(Y)=fY\ A:A28%(X)gand! 3(Y)=fY\ A:A28%(X)g.

b) This doesnot necessarilywork for ¢ . Shaw that ¢ 3(Q) 6 fQ\ A: A 2
¢ 3(Q)g.

Examples

We give seweral examples.

Example 2.9 If Ay X is countable,then A 2 §9.

Point are closed,so every courtable setis a courtable union of closedsets.

Example 2.10 Let A= fx 2 N :x is eventualy constantg. Then A is § 9.

x 2 A if and only if 9m8n > m x(n) = x(n + 1):

If A, = fx:x(n) = x(n+ 1)g, then A, is clopen and

is§9.
Example 2.11 LetA = fx 2 N :x is a bijectiong. Then A is | 9.
Let Ap=fx:8n8m (n6 m! x(n) & x(m))g. Then
v
Ap = fx :x(n) 6 x(m)g

n=0 ném
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is closed. Let A; = fx :8n9m x(m) = ng. Then

¢
A = fx :x(m)=ng

n=0 m=0
is] 9and A= Ap\ Ajis} 9.

As theseexamplesmake clear, existertial quanti cation over N (or Q or any
countable set) corresponds to taking countable union, while universal quanti -
cation over a countable set correspondsto taking a countable intersection.

Example 2.12 For x 2 2N’ we can view x as coding a binary relation Ry on
N, by (i;j) 2 Rs if and only if x(i;j) = 1. Then LO = fx : Ry is a linear
ordergis a| $-setand DLO = fx 2 LO : Ry is a denselinear orderg is | 9.

x 2 LO if and only if the following three conditions hold
8n8m (x(n;m) = 0_ x(m;n) = 0)
8n8m (n=m_ x(n;m)=1_x(m;n) = 1)
8n8m8k (x(n;m) = x(m; k) = 1! x(n; k) = 1.
ThusLO is} 9. x 2 DLO if and only if x 2 LO and

8n8m (x(n;m) = 1! 9k x(n; k) = x(k;m) = 1):
ThusDLO is!} 9.

Example 2.13 Let A be a countableset. Tra = fx 2 A% ixis atreeg. Then
Trais| 9.
The setfx 2 Tr, : x hasan innite pathg is also} 9.

X2 Tra if and only if 8%8¢ u %(x(¥3 = 1! x(¢) = 1).
By KAnig's Lemma, a binary tree T has an innite path if and only if T is
innite. Thusx 2 WF; if andonly if x 2 Tr, and

8n9%2 2" x(¥) = 1

At Trst this looks | 9, but the existertial quanti er is only over a nite set.
Indeed v\
WF; = fx:x(¥=1g
n2N¥22n

S
and ,,,.fx:x(¥) = 1gis a clopen set.

Example 2.14 We saythat x 2 Cis normal if

1 1
n+1. x(i) = 2
i=0

lim
nll
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Let N = fx 2 C: x is normalg.
X is normal if and only if
A

-1 1 X =1
> = =

8k>09m8n n>m 5 n+1|:Ox(|)<k

If ( - )
11 X -1
An;k— X2 C: §| n+1|:0 X(l) E )
then Ak is clopen and
v oA
N = An;k

HenceN isa} J-set.
Example 2.15 Modelsof a “rst order theory.

SupposeL isa rst order language. Let L", Mod(L) ¢éo and ¢1 beasin 1.35.

SupposeA is an Ly, . -sertence. Let Mod(A) = fM 2 Mod(L) : M E Ag.
We claim that Mod(A) |s a Borel subsetsof Mod(L). It is enoughto prove this
for the weaker topology ¢o. In ¢p, if Ais quanti er-free then Mod(A) is clopen.
The claim follows by induction since,

Mod(: A) = Mod(L) nM od(A);
A \L
Mod( A)=  Mod(A)
and

Mod(9v A(v)) = t Mod(A(c,)):
n=0

If T isa rst order L-theory, then
\
Mod(T) = Mod(A)
A2T
is Borel.

Exercise 2.16 Show that if Ais a rst order L°-sertence,then Mod(A) is § 9
for somen. (hint: provethat n dependsonly on the quantier rank of A)
Concludethat if T is a rst order theory, then Mod(T) is | ?.

In the topology ¢z, Mod(A) is clopen for all rst order A. Thus Mod(T) is
closed.

Example 2.17 Isomorphism classesof structures.

18



SupposeM 2 Mod(L). Thereis Ay 2 L,,. , the Swtt sentene of M (see
[11] 2.4.15) such that if M ; is a countable L-structure, then M 2 M ; if and
only if M1 F Ay . Thus

fM12M M2 Mg = Mod(Ay )
is a Borel set.

Example 2.18 Let X = C(I) £ | andlet D = f(f;x) : f is di®erentiable at
xg. ThenD 2! 9.

f is di®ereriable at x if and only if
8n9m 8p;q2 Q\ [0;1] (X i Pi< =" ixi G < &) !
JE@ i FONai )i F@i feNPi )i #ei x)(ai X)j:
The inner condition is closedin C(l) £ | sothis setis| 3.
Example 2.19 If X is a Polish space, then f (A; B) 2 K(X)?: A pu Bgis| 9.

If a2 AnB, then there is a basic opensetU such that a2 U andU\ B = ;.
Fix Up;Us;::: abasisfor X. Then A p B if and only if

8n (U, \ B=;! U\ A=)
This isa! 9 denition.

Example 2.20 SupmseX is a Polish space. ThenfA u X : A is nite g is an
Fs, subsetof K (X).

Ui [ :::[ Un sudh that if Vi and V; are disjoint basic open subsetsof U;, then
A\ Vp=; orA\ V= ;.
Fix Up;Us;::: a basisfor the opensets. If F pu N is nite, then

[
B =fA:A N Vig
i2F
isopen. Let S = f(i;j) 2 N: U; and U; are disjoint subsetsof U, for some
k2 Fg. ThesetCy = fA:A\ U =; or A\ U; = ;g isclosed. Thus
_ [ : \ ’
fA2 K(X):Alis nite g= Br\ Ci;
FuN nite (i )2 S¢
is§9.

Exercise 2.21 Show that fA 2 K (X) : A is perfectgis | 9.
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Changing the Topology

Suppose X is a Polish space,let ¢, be the topology of X. We will often prove
interesting results about Borel setsA i1 X, by re ning ¢, to a new topology ¢;
with the sameBorel setssuch that A is clopen in the new topology.

We start with one preparatory lemma.

Lemma 2.22 SupmseX andY are disjoint Polish spaces. The disjoint union
X]VYisthespoe X[ Y whereU u X [ Y is openif and only if U\ X and
U\ Y are hoth open. Then X ] Y is a Polish space.

Pro of Let dx bea compatible metric on X and dy be a compatible metric on
Y with dx < 1anddy < 1. De ne ®on X 1Y by

Cacgay) ifxy2x
&xy) = dy(xy) ifxy2Y
2 otherwise.

It is easyto seethat X and Y are clopen in this topology and the open subsets
of X ] Y are unions of open subsetsof X and open subsetsof Y. Any Cauchy
sequencemust be eventually in either X or Y and corvergesin the original
topology so this is a complete metric.

Lemma 2.23 Let X be a Polish space with topology ¢. SupmpseF p X is
closal. There is a Polish topology ¢1 on X re ning ¢ suchthat F is clopen in
¢1, and ¢ and ¢; havethe sameBorel sets.

Pro of We know that X nF hasa Polish topology and F hasa Polish topology.
Let ¢1 be the Polish topology on the disjoint union of X nF and F. Then F
is open. The open subsetsof ¢; are either open in ¢ or intersections of ¢, open
setswith F. In particular they are all Borel in ¢. Thus the Borel setsof ¢; are
the Borel setsof ¢.

Theorem 2.24 Let X be a Polish space with topology ¢. SupmpseA p X is
Borel. There is a Polish topology ¢* on X suchthat A is clopen and ¢ hasthe
sameBorel setsas ¢..

Pro of Let - = fB 2 B(X) : there is a Polish topology on X suc that B is
clopen. By the previous lemma, if B is open or closed,then B 2 - and - is
closedunder complemerts.

Claim - is closedunder countable in*ersections.

SupposeAp;Az;:::2 - and B = A;. Let ¢ be a Polish topology on X
ch that A; isclopenin ¢ and ¢ and ¢ h@ye the sameBorel sets. The product
(X;¢) is a Polish space. Let j : X ! (X; ¢) be the diagonal embedding

j(X) = (x;x;x;::2). Let ¢° be the topology j' 1(U) where U is an open subset
in the product topology. Becausej (X ) is a closedsubsetof the product, this is
a Polish topology. A sub-basisfor the topology ¢” can be obtained by taking
inverseimagesof setff : f (i) 2 Ojg whereQ; is an opensetin ¢;. Thus ¢® has
a sub-basisof ¢-Borel setsand every ¢°-Borel set is ¢-Borel.
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. . o . T .
Since A; is ¢j-clopen, it is alsoclopenin ¢°. Thus A; is ¢°-closed. One
further application of the previoq-s lemma allows usto re ne ¢° to ¢ keeping
the sameBorel setsbut making  A; clopen.

Thus - is a ¥algebra,so- = B(X).

We can usethis obsenation to deducese\eral important results.

Theorem 2.25 (Perfect Set Theorem for Borel Sets) If X is aPolish space
and B p X is an uncountable Borel set, then B contains a perfect set.

Pro of Let ¢ bethe topology on X . Wecanre ne the topologyto ¢; suchthat B
is closed. SinceB is uncountable, by 1.27there is a nonempty ¢;-perfectP p B
andf : C! P ahomeomorphism. Since¢; re nes ¢ép, f is alsocontinuousin the
topology ¢. Since Cis compact, P is ¢-closed. Since P has no isolated points
in ¢4, this is still true in ¢, soP is a perfect subsetsof B.

Theorem 2.26 If X is a Polish space and B p X is Borel,

i) thereisf : N I X continuous with f (N) = B;

i) thereisaclosel F p N andg: F ! X continuous and one-to-one with
9(F) = B;

Pro of We re ne the topology on X sothat B is closedand X is still a Polish
space. Then B with the subspacetopology is Polish. By 1.17 we can nd a
continuous surjective f : N ! B. f is still continuous with respect to the
original topology of X . ii) is similar using 1.19.

We give one more application of this method.

Theorem 2.27 If (X;¢) is Polish, Y is se@rableand f : X ! Y is Borel
measurable, then we can re ne ¢ to ¢° with the sameBorel setssuchthat f is
continuous.

Pro of Let Up;Us;::: be a courtable basisfor Y. Let ¢° be a Polish topology
on X sud that fi(U;) is open for all i and the ¢"-Borel setsare exactly the
¢-Borel sets.

Exercise 2.28 SupposeX is a Polish spaceand B p X £ X is Borel. Is it
always possibleto put a new Polish topology on X such that B is clopenin the
new product topologyon X £ X ?

Borel Isomorphisms

De nition 2.29 If X and Y are Polish spaces,A 2 B(X) and B 2 B(Y), we
say that f : X I Y is a Borel isomorphism if is a Borel measurablebijection
with Borel measurableinverse.

Example 2.30 If A p X and B p Y are countable and jAj = jBj, then any
bijection f : A! B is a Borel isomorphism.
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In this casethe inverseimage of any open set is countable, and hence,Fs,

Example 2.31 The Cantor space Cis Borel isomorphic to the closeal unit in-
terval |.

Let C= fx 2 C: x is evertually constartg. Letf : CnC! | by

2 x(n).

on+l ”

f(x) =
n=0

Then f is ahomeomorphismbetweenCnC and the dyadic-irrationals in |. Since
C is countable, we canalso nd abijection g betweenC and the dyadic-rationals.
Then 1
f(x) if x62C
ogx) ifx2C

is a Borel isomorphismbetweenC and I.

h(x) =

Corollary 2.32 If X is a Polish space, there is a Borel A u C and a Borel
isomorphismf : X I A,

Pro of By 1.34thereisaBorel B p H = IN and a homeomorphismg: X ! B.
The Borel isomorphism between| and C inducesa Borel isomorphism between
H and CV. But CV is homeomorphicto C. Thusthereish : H ! Ca Borel
isomorphism. Let f = h+g.

On the other hand if B is an uncourtable Borel set, then B contains a perfect
subsetP that is homeomorphicto C.

We will shaw that the Schrdder-Bernstein Theorem holds for Borel isomor-
phisms. This will imply that any two uncountable Borel setsare Borel isomor-
phic.

Lemma 2.33 Supmse X and Y are Polish spaces, f : X | Y is a Borel
isomorphism between X and f(X), andg: Y ! X is a Borel isomorphism
between Y and g(Y). Then there is a Borel isomorphism between X and Y.

Pro of We follow the usual proof of the SchrAder-Bernstein Theorem. We de ne
X =XoT X191 Xz:izandY = Yo @ X1 Xzt by Xpe1 = o(f (X)) and
Yn+1 = f(9(Yn)). Sipcef! ! and g * @re Borel measurable,eath X and Y, is
Borel. Also, X; = X, and X; = X, are Borel.

Then f j(X, nX 41 ) is a bijection betweenX, nX 41 and Yn+1 nYh+ and
gi(Yn nYn41) is a bijection betweenY, nYp+1 and Xp41 NXp42. Also fjX; is
a bijection betweenX; andY; .

Let h: X ! Y bethe function

Y.
2f (x) if X2 Xon NXon+1 fOor somen or x 2 X,

OO = GLx) if x 2 Xones N Xansa for somen.

Then h: X | Y is a Borel isomorphism.
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Corollary 2.34 i) If X is a Polish space and A u X is an uncountable Borel
set, then A is Borel isomorphic to C.

i) Any two uncountable Polish spaces are Borel isomorphic.

iii) Any two uncountable standard Borel spaces are isomorphic.

Pro of

i) If (X;¢) is aPolish spaceand A p X is Borel, we can re ne the topology
of X making A clopen but not changingthe Borel sets. Then A is a Polish space
with the new subspacetopology. We have showvn that A is Borel isomorphic to
a Borel subsetof C and, by the Perfect Set Theorem, there is a Borel subsetof
A homeomorphicto C. Thus there is a Borel isomorphismf : A! C. Since
the new topology hasthe sameBorel setsasthe original topology, this is alsoa
Borel isomorphismin the original topology.

i) and iii) are clear from i).

Exercise 2.35 Y Provethat if X and Y are Polish spaces,A pu X is Borel and
f : X 1 Y iscontnuous,and f jA is one-to-one,then f (A) is Borel. Conclude
that fjA: A! B is a Borel isomorphism. [This can be proved by the methods
at hand, but we will give a very di®eren proof later.]

The Borel Hierarc hy

When constructing the Borel sets,do we really need§ 3-setsfor all ® < ! 1? If
X is countable and Y %2 X, then Y and X nY are countable unions of points.
ThusY 2 ¢ . On the other hand, we will show that if X is an uncourtable
Polish space,then 8§ 2 6 § for any ®6 .

fULWYEX anda2 Y,welet U, = fb2 X : (a;b) 2 Ug. In this way we
think of U asa family of subsetsof X parameterizedby Y.

Deniton 2.36 Wesay that U %Y £ X is universal-§ 3 if U2 §3(Y £ X),
and if A 2 8 (X), then A = U, for somea 2 A.

Wedene | $ universalsetssimilarly.

Lemma 2.37 If X is a semrable metric space, then for all 1< ®< ! ; there
is a § 2-universal setUg u CE£ X and a| -universal setVp u CE£ X.

Pro of Let Wy;W;y;::: be a basisof open setsfor X .
Let U= f(f;x):9n2 Nf(n)= 1" x 2 W,g. Since

[
U = f(f;x):f(n)=1"x2 W,g;
n2N

U; isopen. If An X isopen,dene f 2 Csudc that f(n) = 1if and only if
W, 1 A. Then x 2 A if and only if (f;x) 2 Up. Thus U is § $-universal.

If Ug is 8 -universal,then Vo = (CE£ X) nUg is | 3-universal.

SupposeV- is | 3-universalfor all ~ < ® Choose o - ;- :::asequence
of ordinals such that supf , + 1:n=0;:::.g= ®.
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Let O = f(n;f;x) 2 NE CE X : (f;x) 2 V-, g. Then Bg = SnZangE V-,
is§Q.

Using the natural homeomorphismbetweenC and CN we can identify every
f 2 Cwith (fo;f1;f2;:::) 2 CV. Then Ug = f(f;x) 1 9n (n;fn;x) 2 Yeg ig 8 §.
If Ap X is §@, then there are Bo; By;::: such that B, is} 2 and A= ~ Bj.
Choosef, sud that x 2 By if and only if (f,;Xx) 2 V-, and choosef coding
(fo;f1;f2;:::). Then (f;x) 2 Ug if and only if x 2 A.

We can now prove that in an uncountable Polish spacethe Borel hierarchy
is a strict hierarchy of ! ;-levels.

Corollary 2.38 i) §3(C) 6 §(C) for any ®< ! ;.
ii) If X is an uncountable Polish space, then § 3(X) 6 §2(X) for any
®< !;. In particular, §3(X) is a proper subsetof ¢ 3., (X).

Pro of
i) Let U p CE Cbe §2-universal. Let Y = fx : (x;x) 62Ugg. Clearly
Y212 1fY 28, then thereisy 2 X suc that x 2 Y if and only if
(y;xX) 2 Ug. Then
y2Y, (y;¥)2Ue, yB62Y;

a contradiction.

i) Suppose X is an uncountable Polish space. Then X contains a perfect
set P homeomorphicto C. If § 3(X) =1 2(X), then, by 2.8,8 3(P) = 8§ 3(P),
contradicting ).

Since§ 2(X) 6 ! 3(X), thereisA 2! 3(X)n8§Y(X).

This givesus the following picture of the Borel Hierarchy.
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® =T ® =T
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-® I -0©
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De nition 2.39 Let X and Y be Polish spaceswith Ayu X andB p Y. We
say that A is Wadge-reducibleto B if there is a cortinuousf : X | Y sucd that
x 2 Aif andonly if f(x) 2 B for all x 2 A.
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We write A - , B if A is Wadge-reducibleto B.
Note that if A -, B,then X nA - , Y nB.

Example 2.40 If Ap N is open,then A - , fx2 N :9n x(n) = 1g.

S
Let A= U, whereead U, is a basicclopenset. Letf : N ! N sud

that .
Foom= L Hx2Us
0 otherwise.
If 342 2< \ \
fi1(Ny) = Un \ X nU,
¥{n)=1 ¥{n)=0

a clopen set. Thusf is continuous. Clearly x 2 A if and only if 9n f (n) = 1.

Denition 241 Forj = 8% or| & wesay that A u X is j-complete if
A2ji(X)andifB 2 j(X), thenB - A.

Thusfx 2 N : 9n x(n) = 1gis § 9-complete.
Letj beg§%or! Q. IfA2j andB - A, then, by 2.6iv), B 2 . Let
i =fX nA:A2j. Notethat if A is j-complete, then X nA is j-complete.

Lemma 2.42 If Apu X is j -complete,then A 62} .

Pro of We know thereis B 2 j nj. SinceA is completeB -  A. If A 2 i,
then B 2 |, a contradiction.

Example 2.43 The setA = fx 2 N :9n8m > n x(m) = Og of eventualy zer
seguen@sin § 9-complete.

SupposeB is § 9. SupposeB = Sn F. whereF, isclosed.Let T, p N¥ be
atree such that F, = [T,]. We give a program to \compute" (f (x))(m) from x
and the sequenceof treesrun the following program until it outputs (f (x))(m).

Letn=i=s=0.

2) If xjs 2 Tj, output (f(x))(n) = O, sets A s+ 1; otherwise, output
(F(x)(n)=1,seti A i+1

3)Letn=n+1

4) Goto 2)

The sequence (x) is an in nite sequenceof Osand 1s. If x 2 B, there is a
least m such that x 2 [Tr,] we will evertually seethat x 624T,] forj - m, and
incremert i until we getto m. Oncei reachesm we will always have xjs 2 T;,
sowe will only output 0s. In this casef (x) 2 A.

If x 62B, then for ead i we will at some point realize that x 62[T;] and
output a 1. Thusf (x) 62A. ThusB -  A.

It follows that A is § 3 but not | 9.

Exercise 2.44 Showthat ff 2 N :f isontogis! 9-complete.
Exercise 2.45 LetD = fx 2 N : n||i1m x(n) = 1g . Shaow that D is | 9-
complete. '
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The Baire Prop erty
We begin by recalling somebasicideasfrom analysis. Let X be a Polish space.

De nition 2.46 Wesay that A p X is nowhee denseset, if whenewerU p X
is open and nonempty, there is a nonempty openV u U such that A\ U = ;.

We say that B p X is meagerif X is a countable union of nowhere dense
sets.

Exercise 2.47 Show that Cantor's \middle third" setis nowhere dense.

Exercise 2.48 Wesay that | u P(X) isanideal ifi) ; 2 1,ii) if A2 and
B uA,thenB %I,andiii) if A;B21,then A[ B 2 1. We sa that an ideal
| isa¥idealif | An 21, whenewr Ag;Ag;:ii2 1.

a) Show that the nowhere densesetsform an ideal.

b) Show that the meagersetsform a ¥zideal.

Exercise 2.49 a) Shaw that if A is nowhere dense,then A is nowhere dense.
b) Show that every meagersetis corntained in a meagerFs,-set.

Exercise 2.50 Shaw that if U is open, then U nU is nowhere dense.

Lemma 2.51 If F is closal, then F nintr( F) is nowhere dense,wher intr( F)
is the interior of F.

Pro of Let V be open such that V \ (F nintr(F)) is nonempty. SinceV 6p
intr(F), V nF is nonempty openand (V nF)\ (F nintr(F)) = ;.

The next result is a classicalfact from analysis.

Theorem 2.52 (Baire Category Theorem) If X is a Polish space, then X
is nonmeager.

S
Pro of SupposeX = | A, whereea A, is nowheredense.Chooseopen sets
Uop ¥%2Uy %2 Up %2112 sudch that Uner p Uy, diam (Up) < = and Uy \ Ap = ;.

Choc?sexn 2 U,. Then ()é]) is a Cauchy sequence. Supposex, ! x. Then
X2 Uy Thusx2 X n A, acortradiction.

De nition 2.53 For A; B p X wede ne A =, B if and only if A4 B is meager,
where A4 B = (AnB)[ (B nA).

Exercise 2.54 a) Shaow that =, is an equivalencerelation.
b) Show that if A =5 B, then X nA =4 X nB. g S
¢) Show that if A, =- B, forn= 0;1;:::, then An =¢ Bn.

n n

De nition 2.55 Let A u X. We say that A hasthe Baire property if there is
an open set U such that A =, U.

Let BP= fA u X : A hasthe Baire propertyg. Clearly every open set has
the Baire property. If F is closed,then by 2.51 F nintr(F) is nowhere dense.
Thus every closedset hasthe Baire property. In fact BP is closedcomplemers.
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Lemma 2.56 If A hasthe Baire property, then X nA hasthe Baire property.
Pro of Thusif U isopenand A =, U, then, by 2.54b)
X NnA=;XnU=;intr(X nU):

The later equality holding by 2.51.

By 2.54c), BP is closedunder courtable unions.
Corollary 2.57 BP is a ¥algeba containing the Borel sets.

In fact BP can contain many non Borel sets. For exampleif F u R is
Cantor's \middle third" setthen any A u F is nowhere denseand in BP. Thus
iBPj = 22® while there are only 2@ Borel sets.

Exercise 2.58 Shaw that if A hasthe Baire property, then there is a G.-set
B and an Fy-setC suchthat B u A p F and F nG is meager

Exercise 2.59 Show that if A has the property of Baire, then either A is
meageror there is ¥%such that N3, n A is meager.

Do all setshave the Baire property?

Exercise 2.60 Usethe axiom of choiceto construct a subsetof R without the
Baire Property.

3 E®ectiv e Descriptiv e Set Theory: The Arith-
metic Hierarc hy

Seweral ideasfrom logic have has a big impact on descriptive set theory. In this
chapter we will start to study the in°uence of recursiontheory on descriptive set
theory. At rst it will look like an interesting but perhapsshallow analogy, but
aswe cortinue to dewelop theseideasin xand apply them in x8 we will evertually
seethat they lead to important new results that do not have classical proofs.
Moschovakis [14], Kechris' portion of [12] and Mans eld and Weitkamp [10] are
excellert referencefor e®ectie descriptive set theory.

Recursion Theory Review

Werecall someof the basicideaswe will needfrom recursiontheory. We assume
that the reader has someintuitiv e idea what a \computer program" is. This
could be a very precisenotion like a Turing machine or an informal notion like
Pascalprogram.

De nition 3.1 A partial function f : N! N is partial recursive if there is a
computer program P such that P halts on input n if and only if n 2 dom (f)
and if P halts on input n, then the output is f (n). We say that asetA p N is
recursive if and only if its characteristic function is recursive.
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We can code computer programs by integers so that ead integer codes a
program. Let P be the machine coded by e. Let A, be the partial recursive
function computed by e. We write A¢(n) #s if P. halts on input n by stages
and Ag(n) # if Pe halts on input n at somestage. Our enumeration has the
following features.

Fact 3.2 i) [universalfunction] The function (e;n) 7! A¢(n) is partial recursive.
i) The setf(e;n;s) : Ae(n) #sg is recursive.
i) [halting problem] The setf (e;n) : As(n) #g is not recursive.
iv) [parameterization lemma] If F : N2 ! N is partial recursive, there is a
total recursived: N! N suchthat

Agi(y) = F(X;y)

for all x;y.

De nition 3.3 Wesay that A pu N is recursively enumembleif there is a partial
recursive function f : N! N such that A is the image of f .

Fact 3.4 The following are equivalent
a) A is recursively enumerable
b) A is the domain of a partial recursive function.
c) A =; or A is the image of a total recursive function.
d) there is a recursive B suchthat A = fn:9m (n;m) 2 Bg.

Fact 3.5 a) If A and B are recursively enumemble, then so are A[ B and
A\ B.

b) If Au N£ N is recursively enumeblesois fn: 9m (n;m) 2 Ag.

c) If A is recursively enumembleand f : N ! N is total recursive, then
fi 1(A) is recursively enumemble.

Exercise 3.6 If you haven't seenthem before prove the statemerts in the last
Fact.

A program with oraclex 2 N is a computer program which, in addition to
the usual steps, is allowed at any stageto askthe value of x(n).

We say that f is partial recursive in x if there is a program with oracle x
computing f and say that A p N is recursivein x if the characteristic function of
A isrecursivein x. The facts above relativize to oracle computations. We write

A (n) for the value of the partial recursive function in x with oracle program
Pe on input n. One additional fact is useful.

Fact 3.7 (Use Principle) If AX(n) #, then there is m suchthat if xjm = yjm,
then AY(n) = AX(n).
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Pro of The computation of Pe with oracle x on input n makes only "nitely
many queriesabout x. Choosem greater than all of the queriesmade.

We may also considerprograms with “nitely many oracles.

For x;y 2 N we say X is Turing-reducible to y and write x - 1 y if x is
recursive in y. There is another useful reducibility that is the analog of Wadge-
reducibility for N.

De nition 3.8 Wesay A is many-onereducibleto B if there is a total recursive
f suchthat n 2 A if and only if f (n) 2 B for all n 2 N. Wewrite A - , B if A
is many-one reducible to B.

Clearly if A - B, then A - 1 B.
There is one subtle fact that will evertually play a key role.

Theorem 3.9 (Recursion Theorem) If f : NE N ! N is total recursive,
there is an e suchthat Ac(n) = A () for all n.

Pro of Let Yo W) if A
. — AAX(X) y [ A (x #
F (X1 y) - n |f AX (X) n o
By the Parameterization Lemma, there is a total recursive d such that

Adpo (¥) = F(x:):
Let A= f +d. There is m such that A = A, . SinceA is total Aym) = A, (m)-
Let e= d(m). Then

A = Ad(m) = A, (m) = Al\(m) = Af(d(m» = Af(e)3

For those of you who haven't seenthis before here is a sample of the many
applications of the Recursion Theorem. Let
( 1 ife=n
gesn)= 0 ifeén

By the Parameterization Lemma, there is a total recursivef, such that A e (n) =
g(e;n). By the RecursionTheoremthere is an e such that Ac(n) = 1if n = eand
Ae(n) = 0if n 6 e. Sothis function \recognizes" its own code. The Recursion
Theorem will be very usefulin x7.

Computable Functions on N
There is also a notion of computable function f : N ! N.

De nition 3.10 Wesay that f : N | N is computableif there is an oracle
program P sud that if x 2 N and P is run with oracle x on input n, then P
halts and outputs (f (x))(n).
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Wesaythat f : N | N iscomputablefrom z if there is a two oracle program
P such that if x 2 N and P is run with oraclesz and x on input n, then M
halts and outputs (f (x))(n).

Lemma 3.11 f :N ! N is continuous if and only if thereis z2 N suchthat
f is computablefrom z.

Pro of

(( ) Let P be the oracle program computing f from z. Supposef (x) = .
By the Use Principle, for any m there is an n such that if xjn = zjn, then
f(z)jm = yjm. Thus Nyj, p f 1Nyjm and f is continuous.

() )Let X =f(¢;% :fi Y(Nsy) u Nyg. Sincef is continuous, for all x 2 N
if f (x) =y, then for all n there is an m such that (xjm;yjn) 2 X.

We claim that f is computable from X . Supposewe given oraclesX and x
and input n. We start seardiing X until we nd (¢;%) 2 X sud that ¢ % x
and j% > n. Then (f (x))(n) = 3n).

The Arithmetic Hierarc hy

For the next few sectionswe will restrict our attention to Polish spacesX =
NK£ N' wherek;l , 0. Of courseif k> 0 and | = 0, X is homeomorphicto
N while if | > 0, then X is homeomorphicto N. (In [14] this theory is worked
out for \recursively preseried Polish spaces".)

Let X = NK£ N'. Let Sx = f(mq;:ii;mi;%; %) @ misiimg 2

Ny, = f(ng;:iiisnggfinf)2X tnp=myifi- kandf; %2%ifi=1- Ilg

Then fNg,: %2 Sx g is a clopen basisfor the topology on X . Of courseSyx isa
courtable set and there is a recursive bijection i 7! % betweenN and Sx . Thus
we can identify Sx with N and talk about things like recursive subsetsof Sx
and partial recursive functionsf : N! Sy.

De nition  3.12 We sa/éhat A p X is 89 if there is a partial recursive
f :N! Sy sucthat A= an(n)-

Note that here we are using a \ligh tface" §? rather than the \b oldface"
§? that denotesthe open subsetsof X . Of courseevery §? setis open, but
there are only countably many partial recursivef : N! Sy thusthere are only
countably many §9 sets. Thus 89 % 8§ 9. Relativizing these notions we get all
open sets.

De nition 3.13 If x 2 N we say t|’§lt Ap X is89(x) if thereisf : N! Sy
partial recursivein x such that A = N¢ ).

Lemma 3.14 §9= §9(x).
x 2N
1At times we might also consider spaces ¥ £ N' £ C" but everything is similar
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We will tend to prove things only for §9¢ sets. The relativization to §9(x)
setsis usually straightforward.

For the two interesting examplesX = N and X = N we get slightly more
informativ e characterizations.

Lemma 3.15 i) A X§s 89 if and only if there is a recursively enumerable
W p Sx suchthat A= ., N-. In particular A p N is §% if and only if A
is recursively enumemble.

ii)SA u N is 82 if and only if there is a recursive S u N such that
A= 3sNu

Pro of
i) This is clear sincethe recursively enumerable setsare exactly the images
of partial recursive functions.
ii) In this caseSxy = N¥ . Clearly if §u N s recursive, there is f : N'!
N< partial recursive with imageS and 4, \« Nsis 89.
Suppose A = | N, wheref is partial recursive let S = f%: there is
n - j%, the computation of f (n) halts by stagej% and f (n) u % It is easyto
seethat S is recursive. If %2 S, then there is an n such that f (n) u % then
Ny, i Nt (ny 1 A. Onthe handif f halts oninput n, thereis m | n;jf (n)j such
that f halts by stagem. If ¢ %2%andj¢j, m,then ¢ 2 S. Thus
[ [
N3, 32 Nd = Na,
72 %t (n)iicj=m

S
It followsthat A= ., Ng.

We have natural analogsof the "nite levels of the Borel hierarchy.

De niton  3.16 Let X = NK£ N'. Wesay that A u X is! 2 if and only if
X nAis §9.
We say that A u X is 89, if and only if thereis B u N£ X in | 9 such
that
x 2 A if and only if 9n (n;x) 2 B:

We say that A is ¢ if it is both §2 and | 9.
We say that A p X is arithmetic if A 2 ¢ 2 for somen.

Lemma 3.17 A u N is | ¢ if and only if there is a recursive tree T u N<
suchthat A = [T].

S
Pro of If Sis arecursivetree sudthat X nA =, Ny, let
T=1%2N" :8m- j% ¥%m 625g:

Then T is recursive and, asin 1.14 A = [T].

The next exercisesshows that it is not always possibleto 'nd a recursive
pruned tree T with A = [T].
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Exercise 3.18 a) Show that if T is a recursive pruned tree, then the left-most
path through T is recursive.

b) Let T = %2 N¥ :if e < j% and As(e) halts by stagej%, then Ac(e)
halts by stage¥{e)g. Show that T is a recursive tree. Supposef 2 [T]. Showv
that As(e) halts if and only if it halts by stagef (e). Conclude that there are
no recursive paths through T and, using a), that there is no recursive pruned
subtree of T.

We shaw that §2 and | 2 have closure properties analogousto those proved
in 2.6. The de nition of computable function madein 3.10makessenseor maps
f :X ! Y whereboth X and Y are of the form NX £ N

Lemma 3.19 i) 82 is closal under nite unions, Tnite intersections, and com-
putable inverse images.

i) If AuNE X 280, thenfx2 X :9n (n;x) 2 Ag2 §9.

i) If f:X ! Niscomputableand Ap N£ X is §% thenfx 2 X :8m <
f(x) (m;x)2 Ag2 §9.

iv) Similarly | 2 is closel under union, intersection, computableinverse im-
ages,8n and 9n < f (x).

V) SR M ER,.

Pro of We prove this for §? and leave the induction asan exercise.

S i) SupposeW, and W, are recursively enumerable subsetsof Sy and A; =
2w, N-. ReplacingW; by the recursively enumerablesetf® : 9 2 W; * p °g

if necessarywe may assumethat if © 2 W; and ”~ %.°, then = 2 W;. Then

[

Ao [ Al = N-
“2Wo[ Wy
and [
Ao\ Al = N-
"2Wo\ W,

and Wo[ W1 and Wo\ W, arerecursively enumerable. ThusAp[ A1 and Ap\ Ay
are §9.
If f : X ! Y is computable with program P, let

G=f("°)2Sx £Sy:x2N-) f(x)2Nog:

Then (";°) 2 G if and only if for all m < j°j the program P. using oracle
" halts on ingut m and outputs °(m).2 Thus G is recursively erumerable.
SupposeA = ,,, No whereW is recursively enrumerable,let V = é 190 (° 2
W A~ (";°) 2 Gg. Then V is recursively enumerableand f i 2(A) = ~.,,, N-.

i) SupposeAgi N£ X is 82. There is a recursively enrumerable W [ Syg x
such that A = ., N-. LetV = f° 2 S¢x :9n (n;°) 2 Wg. Then V is

2We assume that if the computation makes any queries about numbersi , j'j, then the
computation does not halt.
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recursively enrumerable and

[
fx:9n (n;x) 2 Ag= No:
o2V

iii) SupposeA and W areasinii) andf : X ! N iscomputable by program
Pe. Let V = f° 2 Sy : 9k P with oracle® halts outputting k and (m;°) 2 W
for all m - kg. Then V is recursively enumerable and

[
fx:8m< f(x) (m;x) 2 Ag= Nog:
o2V

Exercise 3.20 Give the inductiv e stepsto complete the proof of 3.19

We can make two interesting obsenations about universal sets. We state
theseresults for 82, but the analogousresults hold for | 9.

Prop osition 3.21 i) Thereis U p N £ X a §2-setthat is § $-universal.
i) ThereisV u N£ X a §0-setthat is §{-universal.

Pro of

i) Indeed the universal sets produced in 2.37 are 8%. Fix f : N! Sy a
recursive bijection. The setU; = f(x;y) : 9n (x(n) = 1"y 2 N¢ (n))g is §% and
§ -universal.

If UP U N £ NE X is 82 and § 3-universalfor N£ X, then

Un+1 = T(Xy) 190 (x;nyy) 62079

is §%,, and § %-universal.
i) Let Vi = f(n;x) : 9m (An(m) #°x 2 Ng,(m))0. Let g: NE N Syex
be partial recursive such that g(n; m) = (n; A,(m)), then

Vi = Ng(nm)
n;m
is §9 and § $-universal.
An induction asin i) extendsthis to all levels of the arithmetic hierarchy.
Corollary 3.22 For any X thereis A p X suchthat A is §% but not ¢ 0.

Pro of For X = NK£ N' wherel > 0 this follows asin x2 using 3.21i). Suppose
Upn N£ Nis 82 and universal §2. Let A = fm: (m;m) 62Ug. If U 2 ¢ 9,
then A2 8% and A = fm : (i; m) 2 Ug for somei. Then

i2A, ()60, i62A:
a contradiction. Thus U 2 8% n¢ 8. Using a recursive bijection f : N2 ! N,
shaws that for all X = N', there is a §2-set that is not ¢ 9.

Letj be! 9, 8% or¢Qfori=0orl IfAABuNB2jandA -, B,
then A 2 j.

We say that A 4 N is j-complete if A2 j andB - , Aforall B u Nin j.
Here are somewell known examplesfrom recursion theory.
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Fact 3.23 i) fe:dom (As) 6 ;g is §9-complete.
i) fe: A is totalg is | 9-complete.
i) fe:dom (Ag) is innite g is | 9-complete.
iv) If U p N£ N is j-universal, then U is j -complete.

Exercise 3.24 Prove the statemerts in the last fact.

4 Analytic Sets

When studying the Borel sets, it is often usefulto considera larger classof sets.

De nition 4.1 Let X beaPolish space.Wesay that A u X is analytic if there
is a Polish spaceY, f : Y ! X continuousand B 2 B(Y) suc that A = f (B)
the image of B. We let § }(X) denote the collection of all analytic subsetsof
X.

If no confusionariseswe write § 1 rather than § }(X). The following lemma
givesseeral alternativ e characterizations of analytic sets. In generalif X £ Y
is a product space,we let ¥x and Yy denotethe projectionsonto X and Y.

Lemma 4.2 Let X be a Polish space. The following are equivalent:
)A28k
i) either A=; orthereisf : N ! X continuous suchthat f (N) = X;
iii) thereis B 4 N £ X closel, suchthat A = Y (B)
iv) thereis a Polish space Y and B 1 Y £ X Borel suchthat A = Yk (B).

Pro of

i)) i) SinceA 2 §1, there is a Polish spaceY, f : Y | X continuous, and
B pn Y Borel suc that f(B) = A. By 2.26there is a cortinuousg: N ! Y,
such that g(N) = B. Then f £gis acontinuousmap from N to X whoseimage
is A.

ii)) i) Supposef : N ! X is continuousand f(N) = A. Let G(f) u
N £ X bethe graph of f. Then G(f) is closedand ¥x (G(f)) = A.

iii)) iv) andiv) ) i) areclear.

Exercise 4.3 a) Shaw that if A 2 § }(X), then thereisB 2 | 9(CE£ X) such
that ¥(B) = A.
b) Shaw that this cannot be improvedto § §(C£ X).

Denition 4.4 Let X bea Polish space.Wesay that A u X is| 1(X) if X nA
is§1. 1 }(X)-setsare also called coanalytic.
Wesay Ap X isin ¢ }(X)if A2 1 3(X)\ §1(X).

By 2.26 every Borel set is analytic. Since the complemen of a Borel set
is analytic, every Borel setis ¢ 1. We will show below that there are analytic
setsthat are not Borel. First we prove someof the basic closure properties of
analytic and coanalytic sets.
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Lemma 4.5 i) §}and} 1 areclosal under countableunions and intersections.
i) If f X! Y is Borel measurable,and A 2 § }(X), then f (A) 2 § }(Y).
i) 8% and} 1 areclosa under Borel measurable inverse images.

Pro of

i) SupposeAgiA1;:::2 §1(X). Let Ci 2] YN £ X)) such that %(C;) = A;.
Then A = ]/( Ci) 28 %

Using the homeomorphismbetweenN and N N we canviewf 2 N ascoding
(fo;fe;::) 2 NN, Let

C=f(f;x) 2N £ X :8n (fa;x) 2 Cig:

T
Then C is a closedsubsetof N £ X and  A; = ¥C) 2 § 1.
Since § 1 is closedunder countable unions and intersections, sois | 1.

i) If f : X ! Y isBorel measurable,then, by 2.3iii), G(f), the graph of f,
is a Borel subsetof X £ Y. SupposeA 2 § 1(X), there is a closedC p N £ X
such that A = Y4 (C). Let

D=f(xy;2)2NEXEY:(xy)2Cand(y;z) 2 G(f)g:
Then D is Borel and f (A) = % (D) 2 § 1(Y).
iii) Supposef : X ! Y is Borel measurable,and G(f ) is the graph of X . If
A 2 §1(Y), then
fil(A)=fx:9yy2 AN (xy) 2 G(f)g:
If Cu N £Y isclosedsuc that ¥y (X) = A, then
filA)= Y (F(Xy;2)2NEXEY :(x;2)2 C and (y;2) 2 G(f)g) 2 § 1(X):

If A2 1Y), then fi3(A) = X nfi (Y nA), sofi (A) 2! 1(X).

Intuitiv ely, § 3(X) is closedunder”, _,9n 2 N, 8n 2 N and 9x 2 X . While
! }(X) is closedunder®, _,9n 2 N, 8n 2 N and 8x 2 X.

Examples

Example 4.6 LetLO beasin 2.12andlet WO = fx 2 LO : x is a well orderg.
Then WO is | 1.

A linear order is a well order if and only if there are no in nite descending
chains. Thus

WO=fx2LO:8 :N! N9n x(f(n);f(n+ 1)) = Og:

Example 4.7 LetTr beTry asin 2.13, codesfor subsetsof N< that are trees.
We saythat T 2 Tr is well-founded if [T]= ;. Let WF = fx 2 Tr : x is well
foundedg. Then WF is | 1.
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Let s: (N¥ )21 2besud that s(3;¢) = 1if and only if %% ¢. Then
WF = fx2 Tr:8f (8n x(f(n)) = 1! 9n s(f (n);f(n+ 1)) = Og:

Example 4.8 Ism(L) = f(M o;M 1) 2 Mod(L) : M o 2 M ;gis a § }-equivalene
relation.

For notational simplicity, we consideronly the caseL = f RgwhereR is a binary
relation symbol, the generalcaseis similar. Then

Mo2 My, 9f :N! N8i;j2NRM(i;j)$ RM1(f(i);f(j)):

Thus Ism(L) is a § }-equivalencerelation.
By 2.17 every Ism(L) equivalenceclassis Borel.

Example 4.9 D(l) = ff 2 C(l) : f is di®erentiableg is | 1(C(l)).

We saw in 2.18that E = f(f;x) 2 C(I) £ | : f is di®erertiable at xgis | $.
ThusD = ff :8x 21 (f;x) 2 Egis| 1.

Example 4.10 If X is a Polish space, then fA 2 K (X) : A is uncountabley is
§l.

An uncourtable closedset contains a perfect set. In 2.19 and 2.21 we saw
that f(A;B) : Au Bgand fP 2 K(X) : P is perfectg are Borel. But A is
uncountable if and only if

9P 2 K(X) (P is perfectand P p A):

Thus the set of uncountable closedsetsis § 7.

Univ ersal § }-sets

We now start to prove there is an analytic setthat is not Borel.
Lemma 4.11 Thereis U 2 § }(C£ X) that is § 1-universal.

Pro of By 2.37thereis aclosedsetV u CE N £ X suchthatif AU N £ X is
closedthen A = V, forsomea?2 C. Let U = f(a;x) 2 NEN:9f 2 N (a;f;x) 2
Vg. SinceU is the projection of a closedset, U 2 § 1(X). If A 2 § }(X), there
isaclosedB u N £ X such that ¥{B) = A. Thereis a2 Csud that V, = B.
Then Uy = A.

Corollary 4.12 If X is an uncountable Polish space, then there is A 2 § }(X)
that is not | 1 and hene not Borel.
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Pro of We Trst provethis for X = C. Let A= fa2 N :(a;a) 62Ug. IfU 2} 1,
then A2 §1 and A = U, for somea 2 C. But then

a2A, a2U,, (x;a)2U, ab2A;

a cortradiction.

If X is an uncountable Polish space,thereisf : C! X be a Borel isomor-
phism. Let Ay Cbe &1 but not | 1. By 4.5ii) f(A) 2 §1(X). By 4.5iii), if
f(A) 2! 1(X), then A = fil(f(A)) 2} 1, acontradiction.

The last proof illustrates an important point. Since any two uncountable
Polish spacesare Borel isomorphic, if we are trying to prove something about
Borel and analytic sets, it is often enoughto prove it for one particular Polish
space(like N or C) and then deduceit for all Polish spaces.

The Separation Theorem

We noticed that every Borel setis ¢ 1. We will show that the converseis true,
proving Souslin's Theorem that B(X) = ¢ 1(X).

Theorem 4.13 (8§ }-Separation Theorem) SupmseX is a Polish space and
A; B u X aredisjoint analytic sets. Thereis a BorelsetC pu X suchthat A u C
andB\ C = ;.

Proof Letf;g: N ! X be continuous functions such that f(N) = A and
g(N) = B. For %2 N let Ay, = f (N3) and By, = g(N3).

Let %2 N . Supposefor all ij , there is Cj; Borel such that Ay 1 Cj;
andBsy,;\ C;j =;. ThenC= j Ci; is a Borel set separating Ay, and By,

SupposeA and B cannot be separatedby a Borel set. Using the obsenation
above, we can inductively dene ; = 3% % 3% % :::and; = ¢ Yo é Y :iiiin
N< sudc thagj%j = jéi] = 'Sand Ay, and B;, can not be separatedby a Borel
set. Let x = %Handy= . Thenf(x) 2 Aandg(x) 2 B. Let U and V
be disjoint open setssud that f (x) 2 U and g(x) 2 V. By cortinuity, there
is an n sudh that f (Nyjn) 4 U and g(Nyjn) 1 V, but xjn = %, yjn = ¢,, so,
Ay, = f(Nyjn) and B, = g(Nyjn) are Borel separable,a contradiction.

Corollary 4.14 If A2 ¢ }(X), then A is Borel. Thus B(X) = ¢ }(X).

Pro of SinceA and X nA are disjoint § 1-sets. They are separatedby a Borel
set. The only set separating A and X nA is A.

We can now prove the corverseto 2.3 iii).

Corollary 4.15 Supmse X and Y are Polish sppeesand f : X ! Y. The
following are equivalent:

i) f is Borel measurable;

i) the graph of f is a Borel subsetof X £ Y;

iii) the graph of f is an analytic subsetof X £ Y.
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Pro of i) ) i) is 2.3iii), andii) ) iii) is obvious.
Supposethe graph of f is analytic and A 2 B(Y), then

x2fiYA) , 9y (y2A~f(X)=y)
, 8y (f(x)=y! y2A)

Theseare § } and | 1, de™nitions of f i 1(A), sof i 1(A) is Borel.

The Perfect Set Theorem

Next we will show that the Perfect Set Theorem is still true for analytic sets.
We needone preparatory lemma.

Lemma 4.16 Let X be a Polish space. If A u X is uncountable, then there
are disjoint open setsUp and U; suchthat U\ A is uncountablefor i = 0; 1.

Pro of Supposenot. For eadh n > 1 let Uy.0;Un.1;::: be an open cover of X
by open balls of radius % Choosex(n) sud that Un. (ny \ A is uncountable.
Let Ap = AnUp, (n)- If Ay is uncountable we can nd an opensetV disjoint
from Uy, (ny Sudh that V \ A is uncourtable, thus A, is uncourntable. But

\

An([ An) = Up;

n n

. . . . S
sincediam (U,) ! 0, there is at most oneelemen in An( , A,) and henceA
is countable, a contradiction.

Theorem 4.17 (Perfect Set Theorem of § }-sets) If X is a Polish space
and A p X is analytic and uncountable, then X contains a perfect set.

Proof Letf : N ! X bea continuous function with f (N) = X. We build a
function %7! ¢, from 2 to N sudh that:

)& =3

i) if % ¥2%, then &y Y2045

iii) f(N_,) is uncourtable for all %2 2< .

iv) f(Ng, )\ T (N, ,)=; forall %

Let ¢, = ;. Supposewe have ¢, sudh that f (N, ) is uncountable.
Claim SupposeV p N is openand f (V) is uncourtable. There are W; and
W, disjoint open subsetsof V sudc that f (W;) is uncourtable for i = 0; 1.

By the preceedinglemma there are Uy and U; disjoint open subsetsof X
suc that f (V)\ U; is uncourtable fori = 0;1. Let W; = fi 1(U;)\ V. Clearly
Wp\ Wy = ; and f (W;) is uncountable.

Thus given ¢, with f (N_,,) uncourtable, there are ¢y, o; éx. 1 ¥4 éx Sudh that
N¢y o\ Ng,, = andf(N,, g is uncountable.

Letg:C! N by g(X) = |, éjn- Then gis continuousandf +g:C! X
is one-to-one. Since C is compact, f £g(C) is closedand uncourtable and hence
contains a perfect set.
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A little extra care would allow us to concludethat f +g(C) is perfect. We
will give a secondproof of this theoremin x6.

The Perfect Set Theoremfor § 1-setsis the bestresult of this kind that we can
provein ZFC. The next natural questionis whether the Perfect Set Theorem is
true for | 1-sets. Unfortunately, this dependson set theoretic assumptions. Let
L be Gédel's constructible universe.If x u N, let L(x) be the setsconstructible
from x.

Theorem 4.18 (Mans eld, Solovay) The following are equivalent:
i) every uncountable|! 1-set contains a perfect subset;
i) for all x u N, @* is countable;
i) @ is an inaccessiblecardinal in L.

In particular if V = L, then there is | 1-set with no perfect subset. For
proofs see[9] x41.

Baire Prop erty

We will show that analytic setshave the Baire Property.
We begin by giving another normal form for § -sets. Let X be a Polish
space.

Denition  4.19 SupposeBy, p X for all %2 N . We de ne

[\
A(fBxg) = B
f2N n2N

We call A the Souslin operation..

Exercise 4.20 a) SupposeBsy, is closedfor all %22 N<* . Shaw that A(fBs,g)
is §1.

b) SupposeA is analytic and f : N1 X is cortinuoussud that f (N) = A.
Let By, = f(Ng,). Show that f(x) = | Byjn and A = A(fBygQ).

Thus A is analytic if and only if A = A(fBsg) for somefamily of closed
sets.

We will assumethat X is a topological spacewith a courtable basis. Al-
though we are primarily interested in Polish spaces. We will usethe next two
lemmasin a more generalsetting in x8.

Lemma 4.21 SupmseA p X. Thereis B § A suchthat B has the Baire
Property and if B°{ A hasthe Baire Property, then B nB° is meager.

Pro of Let Ug;Uy;::: be abasisfor the topology on X . Let

A;=fx2 X :8iif x2 Ui, then Ui\ A is not meagen:
If Xx 62A1, thereis ani such that x 2 U; and U; \ A is meager. If y 2 U;, then,
sinceU; \ A is meager,y 62A;. ThusU; \ A; = ; and A; is closed.
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Then [
AnA; = fA\ Ui : A\ U is meagen;

ameagerset. Let B = A[ A;. SinceB = A;[ (AnA;) is the union of a closed
set and a meagerset, B hasthe Baire Property.

SupposeB 9 A hasBaire Property, then C = B nB °hasthe Baire Property.
We must shaw that C is meager. If not then U; nC is meagerfor somei. Then
Ui\ A is meager. SinceU;\ C 6 ; and C p Ay, there is x 2 U; such that
X 2 A;. ThusU; \ A is not meager,a contradiction.

Theorem 4.22 Suppse Ay, has the Baire Property for all %22 N<' . Then
A = A(fAyQ) hasthe Baire Property.

Rro of We may assumethat Ay i A, for ¢ p % otherwise replace Ay, by
cunPe For %2 N let
y_ L)
A = Axin K Ay
X%¥n2 N

By 4.21there is B*{ A” with the Baire Property sud that if B § A” hasthe
Baire Property, then B*nB is meagey. We may assumethat B* 1 Ay, and that
B”u B¢ for ¢ %éeplacing B¥by . %Eé if necessary

Let C»,= B¥n ~ B*".gSinceA” p ~ B¥", our choice of B*s insures
that Cs, is meager.Let C= ,,,« Cy. Clearly C is meager.

Clam B'nCpu A.

Let b2 B’ nC. Sinceb62C. , there is x(0), sudh that b2 BX©® . Supposewe
x(n+ 1) such that b2 B*©:=x(n+1) - Continuing this way we construct x 2 N
suc that \ ' \
b2 BY"u Ay p A

n n

Thusb?2 A.

Then B' nA p C. HenceB' nA is meager. In particular B*nA, and hence
A, have the Baire Property.

Corollary 4.23 If X is a Polish space, then every § 1-set has the Baire Prop-
erty.

In x8 it will be usefulto notice that our proof that the collection of setswith
the Baire Property is closedunder the Souslinoperator works in any topological
spacewith a countable basis(not just Polish spaces).

Exercise 4.24 a) Provethat if A p R", thenthereisB { A suchthat if BOu A
is Lebesguemeasurable,then B n B® has measurezero. [Hint: If 1°(A) < 1,
chooseB { A measurablewith 1 (B) = 1°(A), where!1” is Lebesgueouter
measure. Otherwise write A as a union of setswith "nite outer measure.]

b) Modify the proof of 4.22, using a), to prove the following theorem.
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Theorem 4.25 The collection of Lelesguemeasurable subsetsof R" is closeal
under the Souslin operator. In particular every § }-setis Lelesguemeasurable.

We give another restatement.

De nition 4.26 Let C bethe smallest¥+algebracontaining the Borel setsand
closedunder the Souslin operator A.

We have proved that every C-measurableset is Lebesguemeasurable.

The Pro jectiv e Hierarc hy

The analytic and coanalytic sets form the rst level of another hierarchy of
subsetsof a Polish space.

Denition  4.27 Let X be a Polish space.We say that A pu X is §1,; (X) if
thereis B 2! 1(X £ X) such that A = Y (B). Wesay that A X is! 1(X)
ifX uAisg§l. Welet ¢ 1(X)=8§L(X)\ ! L(X).

We say that A % X is projective if it is § 1 for somen.

Exercise 4.28 a) Provethat §} is closedunder countable unions, countable
intersections, Borel measurableinverse images, and Borel measurableinverse
images.

b) Show that for each n there is U, 2 § 1(C£ C) that is § }-universal.

¢) Shaw that if X is an uncountable Polish space,then for all n there is a
§ 1l setthat isnot | 1.

Thus we have the following picture of the projective hierarchy.

We give seweral examplesof higher level projective sets.

Example 4.29 Let MV = ff 2 C(l) : f satis es the mean value theoremg.
ThenMV is | 3.

f 2 MV if and only if

3 3

8x8y x<y! 9z f isdi@ereriiable at z and f%z) = X 1O

Xiy
Two interesting example arise when studying L. See[9] x41.
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Example 4.30 Thesetfx2 N :x2Lgis §3.

The idea of the proof is that there is a sertence£ such that ZF * £ and L
is absolute for transitive models of £. Using the Mostowski collapse

x 2 L if and only if there is M a courtable well-founded model of £ + V = L
with x 2 M .

This is a § 3 denition of N '\ L.

Example 4.31 If V = L, thenthereis a ¢ 1 well-order of N of order type ! ;.

Indeed the canonical well-ordering of L is ¢ 3.

These example can be usedto show that projective setsneednot have nice
regularity properties. We will useFubini's Theorem, that a measurableA p R?
has positive measureif and only if fa: fb: (a;b) 2 Ag has positive measureay
has positive measure.

Lemma 4.32 If R is a well-ordering of R of order type ! 1, then R is not
Lekesguemeasurable.

Pro of SupposeR is Lebesguemeasurable. We consider For each x 2 [0; 1],
Rx = fy : yRxg is countable and hence measurezero. By Fubini's Theorem,
R has measurezero. We now exchangethe order of integration. For ead X,
R* = fy : xRyg has a measurezero complemen. Thus, by Fubini's Theorem,
R has a measurezero complemer, a contradiction.

Corollary 4.33 If V = L, then there is a nonmeasurable ¢ 3-set.

Fubini's Theorem has a category analog.
Let X be a Polish spaceand supposeA p X £ X. Forx 2 X let Ay, = fy 2
X 1(xy) 2 Ag.

Theorem 4.34 (Kurato wski-Ulam Theorem) If A hasthe Baire property,
then A is nonmeager if and only if fa2 X : A, is nonmeagerg is nonmeager.

For a proof see[6] 8.41.

Exercise 4.35 Show that if V = L, then there is a ¢ 1-setthat doesnot have
the Baire property.

On the other hand we (probably) can't provein ZFC that there is aprojective
set where any of the regularity properties above fail.

Theorem 4.36 (Solovay) If ZFC + 9- - inaccessibleis consistent then so
is ZFC + every uncountable projective set contains a perfect subset+ every
projective setis Letesguemeasurable and has the property of Baire.

See[9] x42 for Solovay's proof. The sameargumerts also show that if ZFC
+ 9- - inaccessibleis consistert, then sois ZF+every set of reals is Lebesgue
measurableand hasthe Baire property.

By 4.18the consistencyof an inaccessiblels neededto prove the consistency
of every uncourtable | 1-setcontaining a perfect subset. Shelahhas shawn that
it is alsoneededto provethe consistencyof all projective setsbeing measurable,
but not to prove the consistencyof all projective setshaving the Baire property.

42



The E®ectiv e Pro jectiv e Hierarc hy

We also have e®ectiwe analogsof the projective point classes.Let X = NX£ N!
for somek; | 2 N.

Denition 4.37 Wesay that A X is §1if thereisaB pu N £ X such that
B2} %andA=fx:9y (y;x) 2 Bg.

Wesay Au X is) Lif X nAis 8§} andwesay that A u X is 8§}, if there
isaB u N £ X with B2 ! ! suhthat A=fx:9y (y;x)2 Bg.

Wesay Ais ¢} if it isboth §1 and! .

The next theorem summarizes a number of important properties of the
classes§} and | L. We leave the proofs as exercises.

Theorem 4.38 i) The classes§} and| ! are closel under union, intersection,
9n 2 N, 8n 2 N and computableinverse images.

i) If Ap X £ N is arithmetic, then fx : 9y(x;y) 2 Agis §1.

i) ThereisU u N £ X a §l-setthatis § }-universal.

iv) Thereis V u N£ X a §}-setthat is §}-universal.

v) 8§t 1el,  but§l e ¢l

vi) The set WF of wellfounded treesis | 1.

Exercise 4.39 Prove 4.38.

5 Coanalytic Sets

In this section we will study the structure of | 1-sets. Becauseany two un-
courtable Polish spacesare Borel isomorphic, it will be no loss of generality to
restrict our attention to the Baire space.

We begin by giving a normal form for § 1 and | 1-sets.

Denition 5.1 Wesay that T u N £ N¥ s atree if:

) j¥ = j¢j forall (%¢) 2T,

i) if (%¢)2 T andn - j%, then (¥%n;¢jn) 2 T,

If f;92 N we say that (f;qg) is a path through T if (fjn;gjn) 2 T for all
n 2 N. We let [T] be the set of all paths through T.

Exercise 5.2 Shawvthat F p N £ N is closedif and only if there is a tree
Tu N £N sudthat F = [T].

If Au N is 81, then thereis C u N £ N closedsuc that A = fx :
9y (x;y¥) 2 Ag. Let T beatree such that [T]= C. Foreach x 2 N, let
T(x) = f%2 N¥ :(xjn;%) 2 T for someng:

Then T(x) isatree and x 2 A if and only if thereisf 2 [T(x)]. Let Tr be as
in 2.133 Then x 7! T(x) is a continuous map from N to Tr and x 2 A if and
only if T(x) is ill-founded (i.e., not well-founded).

SAlthough Tr was dened to be a subset of 2 “ , we will (by suitable coding) view it as
a subset of Cor N .

43



Let IF be the setof ill-founded trees. We saw in x3 that WF the set of well-
foundedtreesis | 1, thusIF is § 3. We havejust arguedthat IF is § }-complete.
In particular, IF is § 1 but not Borel.

If Ais} 1, then (N nA) - IF, sOA -, WF. We summarizethese results
in the following theorem.

Theorem 5.3 (Normal form for | }) If A u N is| }, then thereis a tree
Tu N £ N suchthat x 2 A if and only if T(x) 2 WF.

Corollary 5.4 If A 2 | } thenthereis f : N ! Tr continuous such that
A = fi }(WF). In otherwords, WF is | 1-complete. In particular WF is not
§t.

Ranks of Trees
Our analysisof | 1-setsstarts with an analysis of trees.

Denition 5.5 If Tisatree, let TO= %2 T :9¢ 2 T % ¢g be the subtree
of nonterminal nodesof T. For ®< ! ; de ne T® asfollows:

) TO=T;

") T®+l :I'(T®)O;,

iy T®= " -y T for ®alimit.

Lemma 5.6 For any tree T thereis an ® < ! 4, suchthat T® = T for all
> .

Pro of Clearly if T® = T®?! then T®=T forall = > ®. If T®6 T®"! there
iSYe 2 T®nT®1 . If ®6 ~, then ¥% 6 ¥ . Thus, sinceN< is courtable, there
is®< !4 suchthat T® = T®1,

Denition 5.7 If Tpu N¥ isatree,wedenearank¥% :T! !,[ fig , by
i) if %2 TP nT®, then % (%) = @.
i) if %42 o | T® then ¥4 ()= 1.

If T=; let AT) = i 1, otherwiselet AT) = supf¥5(3) : %2 Tg.

In general, 4T) is the least ® such that T®! = ; if there is such an ®.
When no confusionariseswe drop the subscript T.

Lemma 5.8 Let T p N¥ be atree and let Y%be the rank of T.

i) Supmse¥¢ 2 T and %Ye¢. If Ue) =1 ,then%3) =1 . If )< 1,
then %33 > “4¢).

i) If 22 T and%¢) < 1 for all ¢ 2 T with 3% ¢, then

YUYy = supf A¥bi)+ 1: 3% 2 To:

i)y If 43 = 1 , thenthereisf 2 [T]\ Ng,
iv) T is well-founded if and only if A4T) < 1 .
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Pro of

i) If %% ¢ and ¢ 2 T®, then %2 T®*H .

i) By i) A4%) , supfA3i)+ 1 : % 2 Tg. On the other hand if ® =
supf %3%i) + 1: %i 2 Tg, then ¥%has no extensionsin T® so0%62T®"1. Thus
UY) = supf A¥bi)+ 1:%0 2 Tg.

iii) If 43%) = 1, then by ii) there is i 2 T with ¥£3ki) = 1 . This allows
us to inductively build f 2 [T] with f %%

iv) Clear from i){iii).

Exercise 5.9 a) Show that if T 6 ;, then AT) = %4 (;).
b) Show that for all ®< ! ; there is atree T with A4T) = ®.

c) If Tisatreeand %2 N | let Ty,= f¢ 2 N : 3¢ 2 Tg. Show that T,
isatreeandif T 6 ;, then AT) = sup,, (A Tmi) + 1).

De nition 5.10 If SandT aretreeswesay that f : S! T is order-preserving
if £ (%) Y2f(¢) forall %¢ 2 T with 3% ¢.

Lemma 5.11 i) If S;T u N are trees, then 4S) - 4T) if and only if there
is an order preservingf : S! T.

i) If T is awel-founded tree, then £AS) < AT) if and only if S = ; and
T6; orthereisn2 Nandf :S! T, order preserving.

Pro of

i) If f : S! T is order preserving, then an easyinduction on rank shows
that %5(3) - Y5 (f (39) for all 342 S. ThusAS) - AT). For the converse,we
build f by induction such that “&(3) - % (f(39) for all 342 S. Let f(;) = ;.
Supposewe have de ned f (33 with %&(¥) - Y4 (f (%)) and ¥ 2 T. By 5.8i)
and iii) thereisj 2 N such that f(34bj 2 T and %5 (f (b)) , Y&(3hi). Let
f (o) = (%) .

i) If f :S! Ty is order preserving. Then

AS) - ATmi) = Yo (i) < Y5 (;) = AT):

Conversely if AS) < AT) and S 6 ;, then there is n 2 N such that AS) -
Y Twi) and by i) there is an order-preservingf : S! Ty,i.

If ®< !4, let WFe = fT 2 WF : AT) < ®3. We will showv that WFg is
Borel.

Lemma 5.12 WFg is Borel.

Pro of We prove this by induction on ® WF, = f,g . For all ®

\
WF@+1 = fT :Mmi 62T or Thni 2 WF@QZ
n2N

SinceT 7! Th,g is continuous, by induction, WFg is Borel. If ® isalimit ordinal,
then WFe = -_o WF-. Thus WFg is Borel.
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Ranks of | 1 sets

We can now seehow | 1-setsare built up from Borel sets.
Theorem 5.13 If A2 % then A is the union of @-Borel sets.

Pro of[ Supposef :N ! Tr suc that x 2 A if and only if f (x) 2 WF. Then

A= fi Y(WFg) and each f i 1(WF ) is Borel.
®<! 1

This allows us to say something about the cardinality of | 1-sets.

Corollary 5.14 If A 2 | 1 and jAj > @, then A contains a perfect set. In
particular, jAj - @ or jAj= 2@,

S
Proof LetA= ) Ae Where Ag is Borel. If any Ag is uncountable, then
A contains a perfect set. Otherwise jAj - @.

It is consistert with ZFC that thereisa! i-setthat hascardinality @ < 2@.
For example, this is true in any model of ZFC where @ = @ < 2@.

We next examine the complexity of comparing ranks.
Lemma 5.15 i) The setf(S;T) :%S) - XT)gis §1.

i) Thereis R2 83(N £ N) suchthat if T 2 WF, thenfS: (S;T) 2 Rg=
fS:4S) < UT)g.

Pro of
i)
£S) - AT) if andonly 9f : S! T order-preserving
i) For T 2 WF,

%S) < AT) ifandonlyif S=; and T 6 ; or9n2 NOf :S! Ty, order-preserving
Both of thesedenitions are § }.

Corollary 5.16 (§ 1-Bounding) SupmseA pu WF is § 1. Then there is ® <
'3 suchthat A p WFg.

Pro of Supposenot. Then
T2WF, 9S(S2A"NUT) - 4S)g

and WF is § 1, a contradiction.

§ 1-Bounding givesus a di®erert proof that ¢ i-setsare Borel. SupposeA
is¢ 1. SinceAis| 1thereisatree T u N¥ £ N suc that x 2 A if and
only if T(x) 2 WF. SinceA is § 1, the setfT(x) : x 2 Agis a § 1 subsetof WF.
By § 1-Bounding there is ® < ! ; such that T(x) 2 WFg for all x 2 A. Thus
A - w WFg is Borel.

46



We will recastthe work we just did in more modern languageintro duced by
Moscdhovakis. This point of view is useful when one attempts to extend these
ideasto higher levels of the projective hierarchy.

De nition 5.17 A norm on asetA is afunction A: A! On whereOn is the
classof ordinals.
SupposeA 2 | 1. Wesaythat A: A! Onisa! 1-norm if there are

relations - 2%2 ' I(N £ N) and - 2%2 §1(N £ N) such that if y 2 A, then

Xx2AMAX) - Aly) . x-

If Ais! Tandf :N ! Tr iscortinuous,let A= Yatf.

Exercise 5.18 a) Show that Aisa! }-norm on A.

For all ®< !, let Ag = fXx : “4x) < @qg.
b) SupposeB [ Ag is § 3. Show that B u Ag for some®.
¢) Show that A is Borel if and only if A = Ag for all suitably large ®.

Reduction and Separation

The following structural property of | 1-setsis a strong form of the § 1-separation
property.

De nition 5.19 A classof setsj hasthe reduction property if whenewr A; B 2

i there are A 1 A and By 1 B sud that Ag;By 2 j, Ag\ Bp = ; and
Ao[B():A[ B.

Theorem 5.20 | } hasthe reduction property.

Proof SupposeA;B 2 | 1. Letf;g: N ! Tr be continuous suc that
A=fil(WF)andB = g YWF).

Let Ag = fx 2 A : %f(x)) - “Ag(x))g and let Bo = fx 2 B : ¥£g(x)) <
f (x))g. It is easyto seethat Ag 4 A, Bo U B, Ag\ Bo=;,and Ag[ Bo =
A [ B. Notice that

x 2 Ag if and only if x 2 A~ @ (4g(x)) < %f (X))

and
X 2 Bg if and only if : (“4f (X)) - “£9(x))):
By 5.15A and By are | 1.

De nition 5.21 Wesay that | hasthe semration property if whenewer A; B 2
i andA\ B =; thereisC2;\ {jsuththat ApCandC\ B = ;.

Lemma 5.22 If | hasthe reduction property, then j hasthe semration prop-
erty.
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Pro of SupposeA;B 2 i and A\ B = ;. Then X nA, X nB 2 { and
XNA[ XnB=X.LetCu XnB,Du XnAsuhthat C;D2j, C\ D=;
andC[ D = X.ThenC= XnD soC2j. Ifx2A,thenx 2 (XnB)n(XnA).
Thusx 2 C. Similarly if x 2 B, thenx 2 D = X nC. Thus C separatesA and
B.

This givesa di®erert proof that § 1 has the separation property. We next
show that it is harder to separate 1-sets.

Prop osition 5.23 | 1 doesnot havethe segration property.

Proof LetU pu N £N beauniversal] i-set. If x 2 N wethink of x ascoding
ho;x1i 2 N2. Let P = fx : lXg;xi 2 Ugandlet Q = fx : hxy;xi 2 Ug. By
reduction wecan nd Poand Qg 2 | 1 sudithat Po\ Qo = ; andPo[ Qo = P[ Q.
Suppose, for cortradiction, that C is a Borel setwith Po u C and Pg\ C = ;.
SupposeC = Uy and N nC = Up. Let x = Hb;ai.

Supposex 2 C, then (a;x) 2 U and, by the de nition of Q, x 2 Q. The only
elemerts of Q that arein C are alsoin P. Thusx 2 P. Using the de nition of
P, (b;x) 2 U. Thusx 62C.

Similarly

X62) (b;x)2U) x2P) x2Q) (a;x)2U) x2C

a contradiction.

Uniformization

De nition 5.24 SupposeA 4 X £ Y. We say that B u A uniformizes A if
and only if

i) ¥x (A) = Y% (B), and

i) for all x 2 ¥x (A) there is a unique b2 Y sud that (x;b) 2 B.

In other words, B is the graph of a function f : ¥ (A) ! Y sud that
(x;f (X)) 2 A for all x 2 Y (A).

The Axiom of Choice tells us that for every A u X £ Y, thereisB u A
uniformizing A. We will beinterestedin trying to understand how complicated
B is relativeto A.

De nition 5.25 We say that j hasthe uniformization property if for all A 2
i(N £ N), thereis B 2 j a uniformization of A.

We rst show that uniformization can be ditcult.

Prop osition 5.26 Thereis aclosal setC pu N £ N that can not be uniformized
by a § }-set.
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Pro of By 5.23there are| 1-setsAg;A; i N such that Ag\ A; = ; but there
is no Borel setB with Agu B and A;\ B = ;.
There are closedsetsCp; C; 1 N such that

X nAj=fx:9y (x;y) 2 Cig:

Without lossof generality wecantakeC; 4 N £ Ny;i. Let C = Cy[ C;. Suppose
B 2 §1 uniformizes C. Then B is the graph of a function f : N ! C, and,
by 4.15f is Borel measurable. Let B; = fi (N £ Ny;). Then eac B; is a
Borel setand Bo\ By = ;. If x 2 Aj, then x 2 By; i. Thus B; is a Borel set
separating Ap and A, a contradiction.

While Borel setscan not be uniformized by Borel sets, or even § 1-sets, we
will provethat any | i-setcan be uniformized by a| i-set. As a warm-up we
st prove a uniformization theorem for | 1-subsetsof N £ N.

Theorem 5.27 (Kriesel's Uniformization  Theorem) Every | 1 subsetof
N £ N can be uniformized by a | 1-set.

Proof Let Ap X £Nbe! landletf : X £ N! Tr be continuoussuc that
x 2 A if and only if f (x) 2 WF. Let

B =1f(x;n)2 A:8m 2 N %4f ((x;m)) 8 “4f (x; n)) and

8m < n *f (x; m)) 6-%f (x; n))g:

Then B is| 1 and (x;n) 2 B if and only if (x;n) 2 A, %x; n) = infy, ¥x; m)
and for all m < n, ¥x; m) > ¥x; n). Clearly for all x 2 ¥{A) there is a unique
n suc that (x;n) 2 B. Thus B uniformizes A.

We can do even better if ¥{A) is Borel.

Corollary 5.28 (Selection) SupmseA p X £ N is | 1 and %A) is Borel.
Then A has a Borel-uniformization.

Pro of Let B bea! }-uniformization of A. Then
(x;n) 6B, 9IM2N(mME n”" (x;m) 2 B):
This isa} 1-denition of X nB. ThusB is Borel.
Theorem 5.29 (Kondo's Theorem) ! 1 hasthe uniformization property.

Proof Let Ap N £N by} i Thereisatree T onN< £ N £ N such
that A = f(x;y) : T(x;y) 2 WFg. Fix ¥%;%;::: an enumeration of N . We
may assumethat sudh that % = ;, j%j - i, andif % %%, theni < j.

We build a sequenceof | 1-setsA = Ao A1 T A, 1 ::: sud that (x;y) 2
An+1 if and only if

) (XY) 2 An;

i) if (x;2) 2 An, theny(n) - z(n);
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i) if (x;2) 2 Aq and z(n) = y(n), then AT (X; y)s,) + AT (X; 2)3%, ).

In other words, we rst nd my., minimal suc that there is az with (x; z) 2
An and z(n) = my, , we then nd ®., minimal suc that thereis (x; z) 2 A,
with z(n) = my, and AT(X; 2)%,) = ®&n. Then (x;y) 2 A4 if and only if
(X;y) 2 An, ¥n) = Myn and AT (X Y)%, ) = & .

Let B = A, Wewil show that B is a | %-uniformization of A. Let ¥
be the projection (x;y) 7! x. If x 2 ¥A), then, by induction, x 2 ¥{A,) for all
n. Dene yx 2 N by yx(n) = myn .

Clam 11If (x;y) 2 B, theny = yy.

If (X;y) 2 An, y(n) = myn, thusy = yy.

We needto show that (x;yx) 2 B for all x 2 ¥{A). Fix x 2 Y{A).
Claim 2 Suppose¥;% 2 T(x;yx) and % % %. Then ®; < ®; .

Choose(x; z) 2 Aj+1 . Sincei < j, (x;z) 2 Aj+1 . Sincezjj + 1= yjj + 1and
% §,% 2T(x;2). Thus

@i = UT (X 2)%) > AT(X2)y) = & ;
as desired.
Claim 3 (x;yx) 2 A.

If 3%, Y2 %, % :::is anin nite path through T(x; yx), then, by claim 2,
®.1> ®., > :::acortradiction. ThusT(X;yx) iswell foundedand (x; yx) 2 A.
Claim 4 (x;yx) 2 B.

An induction on T (X; yx) shows that if % 2 T(X; yx), then AT (X; yx), ) -
®n . By choice of ®&., , we have AT (X; Y¥x)u% ) = &:n and (X;yx) 2 A, for all
n.

Thus B is the graph of a function uniformizing A.
Claim 5B is! 1.

De ne R(x; y;n) by

9z[(8k < n (y(k) = z(k) * AT (X;Y)% ) = AT (X; 2)% )"

(z(n) < y(n) _(z(n) = y(n) " AT(X; 2)%,) < AT(X;Y)%,):

By 5.15R is § 1. Suppose(x;y) 2 A,. If (X;y) 62An.1, then either y(n) 6 my,
or AT(X;¥)%,) 6 ®:,. In either caseR(x;y;n) holds. On the other hand,
supposeR(x; y;n) and z witnessesthe existertial quanti er. Since(x;y) 2 An,
(X;2) 2 Ap. It is easyto seethat either y(n) 6 my., or AT(X;¥)y, ) 6 ®n.
Thus (x;y) 62Ah+1 . Thus

x;y)2B$ (x;y) 2 A™8n: R(x;y;n)
andB is| 1.
Corollary 5.30 § 3 hasthe uniformization property.

Proof SupposeA u N £ N is §3. Thereisa! }-setB p N3 sud that
A = f(x;y) : 9z (x;y;z) 2 Bg. By Kondo's Theorem, there is a| i-set ® n B
such that

Y(A) = fx:9y9z (x;y;2) 2 Bg= fx:9y9z (X;y;2) 2 @g
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and for all x 2 ¥{A) there is a unique pair (y;z) sud that (x;y;z) 2 ®. Let
R=f(xy):9z (x;y;2) 2 Bg. Then %R) = ¥A) and for all x 2 ¥{A) there is
a unique y such that (x;y) 2 .

Exercise 5.31 a) Show that § } hasthe reduction property.

b) Show that | } doesnot have the uniformization property.

c) Supposethere is a ¢ 3 well-order of N. Shaw that § ! -uniformization
holds for all n, 2. (In particular this is true if V = L).

While § } doesnot have the uniformizaton property, the next two exercises
show that we can get close.

Exercise 5.32 Let - |x be the lexicographic order on N. SupposeF p N
is closedand nonempty. Show that there is x 2 F such that x - | y for all
y2F.

Exercise 5.33 [Von Neumann Uniformization] SupposeA p N £ N is§ 1. Let
Cbethe smallest¥-algebrawith § 1 %4 C. Thereis B 2 Cuniformizing A. [Hint:
There is a continuousf : N I N £ N with f(N) = A. Let %Xx;y) = x. For
a2 A letFx =fz2 N :%f(z) = xg. Let g: “A)! N by g(x) is the
lexicographicleast elemern of F. Show that gis an CG-measurablefunction. Let
B = f(x;f(g(x))) : x 2 Y{A)g. Show that B 2 Cand B uniformizes A.]

Conclude from 4.23 that every § 1-set has a C-measurableuniformization,
and hencea Lebesguemeasurableuniformization.

1
| 1-sets

Many of the proofs in this section work just as well for | 1-sets. Here are
statemerts of the e®ectie versions.

Theorem 5.34 i) If Ay X is! 1, thereis a computablef : X ! Tr suchthat
x 2 A if and only if f(x) 2 WF for all x 2 X.

ii) | 1 hasthe reduction property.

i) Any two disjoint §1 setscan be serated by a ¢ 1-set.

iv) Any | 1-subsetof N £ N can be uniformized by a | 1-set.

V) If AuN £ Nis| 1and%A) = N, then A hasa ¢ 1-uniformization.

Further analysis of | 1-sets will require looking at an e®ective version of
\ordinals".

Recursiv e Ordinals

The setWF is! 1. If Au N is! 1, weknow that A - ,, WF. We will shaw that
the reduction f can be chosencomputable. There is a recursive tree T, such
that

Xx2A, 8y(xy)64T], T(X)2 WF:

The function x 7! T(x) is computable.
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A similar construction givesrise to a | }-complete (for - ,) subsetof N.

Let O = fe 2 N : A is the characteristic function of a Well-founded tree
Teu N¥ g. Then e2 O if and only if

i) 8%Ac(¥) #

ii) 8%2 N 862 N ((%ap ¢™Ac(e) = 1)! Ae(%) = 1).

i) 8f :N! N 9n (Ae(f(n)) = 0_Ag(f(n+ 1)) = 0_f(n) 6% (n+ 1)).
Conditions i) and ii) are| 9 while iii) is| 1. ThusO is| 1.

Prop osition 5.35 O is | }-complete.

Pro of We will arguethat NnO is §1-complete. SupposeA 2 §1. There is
BuNEN Iin!?sudhthat n 2 A if and only if 9x (n;x) 2 B. There is a
recursivetree T 4 N£ N such that (n;x) 2 A if and only if (n;xjm) 2 T for
allm 2 N. Thereis arecursivef : N! N suc that A (n) is the characteristic
function of f%: (n; %) 2 Tg. Then A (n) is the characteristic function of a tree
T, and

n2A, T, 62WF, f(n)620:

O will play a very important role in e®ective descriptive set theory. As a
“rst example, we will show how oncewe know the complexity of a set, we can
say nd relatively simple elemeris of the set.

Lemma 5.36 SupmseT p N is arecursivetree. If [T]6 ;, thereis x 2 [T]
with x - 1 O.

Pro of There is a recursive function f such that A;(%) is the characteristic
function of Ty, for all %22 N . Webuild ; = ¥% %% ::: with % 2 T suc that
[Ts,16 ;. Given%. Let n 2 N be least such that ¥%bn 2 T and f (%) 620.

Corollary 5.37 (Kleene Basis Theorem) If A u N is §1 and nonempty,
thereis x 2 A with x - 1 O.

Pro of Thereisa} 9-setB u N £N sudthat x 2 A if andonly if 9y (x;y) 2 B.
By the previous lemmathere is (x;y) 2 B with (x;y) - + O. Clearly x - 1 O.

Using the Uniformization Theorem, we can nd de nable elemerts of | 1-
sets.

Prop osition 5.38 If Ap N is| 1, thereis x 2 A suchthat x 2 ¢ 3.

Pro of Uniformizing fOg£ A, we nd x 2 N suc that B = f(0;x)g is | 1.
Then
x(n)=m , 9y ((0;y)2B"y(n)=m)
» 8y ((0;y) 6B _y(n) = m)
The rst denition is §3, while the secondis | 3.
We next needto understand the possible heights of recursive trees.

De nition 5.39 We say that an ordinal ® is recursive if there is a recursive
setA p N and A arecursive linear order of A sud that (A; A) 2 (®;<).
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Lemma 5.40 a) If ®is a recursive ordinal and ~ < ®, then ~ is a recursive
ordinal.

b) If ® is a recursive ordinal, then ®+ 1 is a recursive ordinal.

c) Supmsef :N! N, g:N! N are recursive functions suchthat Ps ;) is
a program to compute the characteristic function of A,, Py is a program that
computesthe characterisitic function of A, a well-order of A, and (A,;A,) has
order-type ®,. Then sup®, is a recursive ordinal.

Pro of a) and b) are routine. For c) we show that P An is a recursive well-
order. Let A= f(n m) : Mf(n)(m) = 1g and let (n; m) A (n®m?9 if and only
if n< n®orn=n%andm A, m°% Then (A; A) is a recursive well-order. Let ®
be the order type of A. Then ®, - ® for all n. Sincesup®, - ®, sSup®, is a
recursive ordinal.

There are only countably many recursive well-orders. Thus there are only
courtably many recursive ordinals.

De nition  5.41 Let ! ¢k bethe leastnon-recursive ordinal. We call this ordinal
the Church{Kleene ordinal.
More generally for any x we let ! § be the least ordinal not recursive in x.

We needto be able to compareordinals with trees.

Denition 5.42 For ¥%¢ 2 N¥ wesay % ¢ if ¢ Y2 %or there is an n sud that
¥{n) 6 ¢(n), but ¥m) = ¢(m) for all m < n. We call / the Kleene{Brower
order.

Exercise 5.43 a)/ is a linear order of N< .

b) If T u N s a tree, then T is well-founded if and only if (T;/) is a
well-order.[Hint: If %;%;::: is anin nite descendingsequencein (T;/), de'ne
X |nduct|vely by x(n) = leastm such that (x(0);:::;x(nij 1);m)/ % for some

. Provethat x 2 [T].]

c) Provethat ! ¢k = supf %4T) : T u N* arecursive well founded treeg.

The proof of 5.15 actually shaws the following.
Theorem 5.44 i) The setf(S;T) :4S) - %T)gis §1.

i) Thereis R2 83(N £ N) suchthat if T 2 WF, thenfS: (S;T) 2 Rg=
fS:4S) < AT)g.

Corollary 5.45 (E®ectiv e §1-Bounding) i) If A u O is §}, then there is
®< ! $ suchthat 4T) < ®for all T 2 A.
i) If Au WF and A 2 §}. Then AT) < ! < for all T 2 A.

Pro of If either i) or ii) fails, then O = fe: A is the characteristic function of
arecursive tree 9T 8%2 N (342 T $ As(3) = 1) and 9S 2 A %T) - 4S))g
is 81, a contradiction.

Exercise 5.46 Provethat if Ap N is ¢ 1, then A is 8§ for some®< ! §k.
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6 Determinacy

In this section we will introduce another logical tool that shedsnew light on
Borel, analytic, and coanalytic sets, and is indispensablein the study of higher
levels of the projective hierarchy.

Let X be any nonempty setand let A p XN. We de ne an innite two
player game G(A). Players| and Il alternate playing elemeris of X . Player |
plays xq, Player |1 replieswith x;, Player | then plays x3.... A full play of the
gamelooks lik e this.

Player | Playerll

Xo

X1
X2

X3
Xa

X5

Together they play x = (Xo;X1;X2;:::) 2 XN, Player | wins this play of the
gameif x 2 A. Otherwise Player Il wins.

Denition 6.1 A strategy for Player | is a function ¢ : X N1 X.

Player | usesthe strategy by opening with ¢(;). If Player Il responds with
Xo, then Player | replies ¢(xo). If Player |l next plays, x1, then Player Il replies
é(XosX1). ...

The full play looks like:

Player | Player I1
eB)
Xo
&(Xo)
X1
é(Xo; X1)
X2

&(Xo; X15X2)

De nition 6.2 We sa that ¢ is a winning strategy for Player | if Player |
wins any game played using the strategy ¢, i.e., for any xg;X1;X2;::: 2 X, the
sequence
&G )i X0 é(X0)s Xa; é(Xo5 X1)5 X2; é(Xos X1;X2)5 0t
isin A.
There are analogousde nitions of strategiesand winning strategiesfor Player
.

54



De nition 6.3 We say that the game G(A) is determined if either Player | or
Player Il hasa winning strategy.

We rst show that if A is not too complicated, then G(A) is determined. We
considerX with the discrete topology and X N with the product topology.

Theorem 6.4 (Gale-Stew art Theorem) If A u XN is closal, then G(A) is
determined.

Pro of Let T be atree such that A = [T]. SupposePlayer Il has no winning
strategy. We will show that Player | has a winning strategy. Suppose¥2 N<
and j¥ is even. We considerthe game Gy,(A) where Players| and |1 alternate
playing elemerts of N to build x 2 N and Player | wins if #x 2 A.

Let P = f%: j% is even and Player |1 hasa winning strategy in Gs,(A)g. If
¥%62T, then Player Il has already won Gs,(A). In particular, always playing 0
is a winning strategy for Player II. ThusN< nT p P.

Claim Supposethat for all n 2 N there is m 2 N such that 3nbm 2 P. Then
Ya2 P.

Player Il has a winning strategy in Gs,(A); namely if Player | plays n and
Player 11 plays the leastm suc that Player Il hasa winning strategy in Gy, n m,
and then usesthe strategy in this game.

We describe a winning strategy for Player I. This strategy can be sumarized
as\avoid losing postions".

Since Player |l doesnot have a winning strategy ; 62P. Player I's strategy
is to avoid P. If we are in position ¥ where %62P and j%} is even, then by the
claim there is a least n sud that ¥bnbm 62P for all m. Player | plays n. No
matter what m Player Il now plays the new position is not in P. If Player |
continues Playing playing this way they will play x 2 N sud that xj2n 62P
for all n. In particular xj2n 2 T for all n. Thus x 2 [T] and this is a winning
strategy for Player I.

Exercise 6.5 Shaw that if A p XN is open, then G(A) is determined

Exercise 6.6 Shawthat if A;B u XN, A isopenand B is closed,then G(A\ B)
is determined.

Exercise 6.7 SupposeXg; X1;::: are discrete topological spaces.If A u Q X
we can considera modi ed gamewhere Player | plays xq 2 Xq, Player Il plays
X1 2 X1, Player | plays X, 2 X,,.... Player | wins if (Xo;X1;:::) 2 A. Show
that if A is closedthis gameis determined.

What other gamesare determined? Under the axiom of choice there are
undetermined games.

Exercise 6.8 Use the axiom of choice to construct A p© N sud that no
player has a winning strategy in G(A). [Hint: Use AC to give a well-ordered
enumeration of all strategiesand diagonalize against them.]

Martin proved the determinacy of Borel games.
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Theorem 6.9 (Borel Determinacy) If A u N is Borel, then G(A) is deter-
mined.

For a proof see[6] 11 x20.

This is the bestresult provablein ZFC. The results of the next subsection,for
example,show that if all analytic gamesare determined, then every uncourtable
§ 1-set contains a perfect subsetand this is falseif V = L.

Fori = 81 or! ! welet Det(j) bethe assertionthat if A 2 j, then G(A)
is determined. Projective determinacy PD is the assertionthat all projective
gamesare determined.

Exercise 6.10 Show that Det(8 1) if and only if Det(} 1).

The determinacy of projective gamesis intimately tied to the existenceof
large cardinals.

Theorem 6.11 (Martin/Harrington) i) If there is a measurable cardinal,
then Det(§ 1) holds.
i) Det(8§1) holdsif and only if x* existsfor all x 2 N..

For a proof see[9] Theorem 105.

More recertly Martin and Steel [13] have found reasonablelarge cardinal
hypothesesthat imply PD.
Perfect Set Theorems

We rst show how gamescan be usedto prove perfect set theorems. Suppose
A p C. We de ne agameG”(A) where at stagei Player | plays % 2 2 and
Player Il playsj; 2 f0;1g. Togetherthey play

X = Ygbj ob¥abj136bj,:::2 C
Player | wins if x 2 A and Player Il wins if x 62A.

Prop osition 6.12 If Player | hasa winning strategyin G°(A), then A contains
a perfect set.

Pro of Let ¢ be a winning strategy for Player . Dene f : C! A by f(x) is
the play of the game where Player | uses¢, and Player Il plays x(0); x(1);:::.
In other words

f () = ¢(;)bx(0)be,(Xo)bx1bg, (X (0); X (1))bx2be,(x(0); X(1); X(2);X(3)) = :::

Clearly if xjn = yjn, then f (x)jn = f (y)jn. Thusf is continuous. Suppose
X 6 y and n is least such that x(n) 6 y(n). Let

L= ¢()x(0)be(x(0))bxy <1 b (x(0); i x(n i 1)):
Then f (x) ¥%tbx(n) and f (y) % 1by(n). Thusf (x) 6 f (y). Thusf is continu-

ous and one-to-one. Hencef (C) is an uncountable closedsubsetof A.
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Prop osition 6.13 If Player Il has a winning strategy in G”(A), then A is
countable.

Pro of Let ¢ be a winning strategy for Player Il. Consider a position p =

words, up to stagep, it looks like it is possiblethat we will evertually play x,
but in fact no matter what Player | doesat this stage,Player Il will immediately
make a play which ensuresthat we will not evertually play x.

Claim If x 2 A, there is a position p suc that x is rejected at p.

Supposenot. Considerthe following play of the game. Sincex is not rejected
at the empty position. Thereis ¥ % x such that x % ¥b¢(3%). Playerl plays ¥%.
Let p, denotethe position after Player II's nth move and let * , be the sequence

Player | plays ¥%.1 . But then the nal play of the gameis 1, = x 2 A,
contradicting the fact that ¢, is a winning strategy for Player I1.

Claim There is at most onex 2 A rejected at p.

be the portion of x we have decidedby position p. We claim that knowing only
p we can inductiv ely determine the remaining values of x. Suppose we have

Thus there is a unique elemen of A rejected at p.

Since every elemern of A is rejected at one of the countably many possible
positions, A must be countable.

Corollary 6.14 If A is uncountableand G"(A) is determined, then A contains
a perfect set.

Exercise 6.15 Let A p X. Prove the following without using determinacy.
a) If jAj - @, then Player Il hasa winning strategy in G*(A).
b) If A contains a perfect set, then Player | hasa winning strategy in G*(A).

We have only proved this for A u C, but using the fact that any two un-
courtable standard Borel spacesare Borel isomorphic we seethat it is true for
any uncountable Polish space.

Corollary 6.16 If PD holds, the any uncountable projective set contains a per-
fect subset.

57



There is a technique of \unfolding” games,that allows us to show that if
Det(§ 1) holds, then every uncourtable § L., setcontains a perfect subset. We
will illustrate this idea by giving another proof of the perfect set theorem for
§ 1-setsusing only the determinacy of closedgames.

SupposeA p Cis §1. Let B p CE N suchthat A = fx:9y (x;y) 2 Bg.
Considerthe gameG (A) where at stagei Player | plays % 2 2% andy(i) 2 N
and Player Il respondswith j; 2 2. Togetherthey play

X = Ypbj ob¥abj1b:::

and

y = (y(0);y(1);::0):
Player | wins if (x;y) 2 A. By closeddeterminacy (or more correctly by 6.7),
G (A) is determined.

Lemma 6.17 If Player | hasa winning strategy in G;(A), then A contains a
perfect subset.

Pro of Asin 6.12if ¢ is a winning strategy for Player |, there are continuous
functionsf : C! Candg:C! N sud that if Playerll playsz(0);z(1);z(2);:::
and Player | uses¢, then together they play x = f(z) 2 Candy = g(z) 2 N

with (x;y) 2 B. Asin 6.12f is one-to-oneand f (C) is an uncountable closed
subsetof A.

Lemma 6.18 If Player Il hasawinning strategyin G;(A), then A is countable.

Pro of Supposex 2 A. Choosey such that (x;y) 2 B. As in 6.13there is a

Indeedfor eath possiblevalue of y(n), there is at most onex rejectedat p. Thus
the set of x rejected at p is countable and A is countable.

Lemmas6.17 and 6.18 together with the determinacy of closedgamesgives
a secondproof of the Perfect Set Theorem for § 1.

In x7 we will examinethis gameagain. At that time it will be usefulto note
that if x is rejected at p, then x is recursivein ¢,.

Banach-Mazur Games

We will show that, assumingProjective Determinacy, all projective sets have
the Baire property. Unfolding this argumert will provein ZFC that all § } sets
have the Baire property (and henceall | 1-setshave the Baire property).

Let A p N. Consider the Banach{Mazur game G"*(A) where at stagei,
Player | plays %; 2 N< and Player || playg ¥si+1 2 N< such that % %% %
¥ % :::.. The nal play of the gameis x = %, and Player | winsif x 2 A.
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Lemma 6.19 Player Il has a winning strategy in G**(A) if and only if A is
meager.

Pro of
(( ) SupposeA = Sn A, where eath A; is nowhere dense. We informally
describe a winning strategy for Player I1. If, at stagei, Player | plays ¥ 2 N<' ,
then Player Il plays ¥i+1 ¥ ¥%; sud that I@M \ A = ;. Sinceead Aj is
nowhere densethis is always possible. If x = % is the nal play of the game,
then, for each i,

X2 Ny, HNNA:

Thus this is a winning strategy for Player II.
() ) Suppose¢ is a winning strategy for Player II. Supposex 2 A. Let

Claim If x 2 A, then there is a position p = (¥%;:::;%m; 1) sud that x %
Y»m; 1 and x is rejected at p.

Supposenot. Becausex is not rejectedat ; , there is ¥y sud that x % ¢(%).
Inductiv ely we build %;%;::: sud that

for all m. But then if Player | plays %;%;::: and Player Il uses¢, then the
evertually play x 2 A contradicting the claim that ¢ is a winning strategy for
Player I1I.

Let R, = fx 2 A : X is rejected at position pg.
Claim R, is nowhere dense.

Then "y, % %and Rp\ N-,, = ;. Thus R, is nowhere dense.
ThusA = Ry is meager.

Lemma 6.20 If Player | hasa winning strategy in G"(A), then thereis = 2
N< suchthat N- nA is meager.

Pro of Let ¢ be Player I's winning strategy for G*™(A). Suppose Player I's
“rst movein G**(A) is . We will show that N- nA is meager,by showing that
Player Il hasa winning strategy B in G®™(N- nA).

Let

In other words Player Il plays G™(N- nA), by pretending to be Player | using
¢ in agameof G™(A).

If Player's| rst move in G™(N- nA) is %, Player Il chedks to seehow
Player | would reply if Player Il played ¥ in G™(A). The following picture
describesthe play of the games.
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G™(N- nA) G™(A)

Player | Player Il Player | Player I1
Y% :
&(%e) Yo
Y (%)
&(Yo: %) Ya
Y &(Yo; %a)

(Yo; Ya; ¥a) 7

If x is a play of G®™(N- nA) where Player |l usesthe strategy b, then x is
also a play of G™(A) where Player | uses¢. Thusx 2 N- \ A and Player Il
wins the play of G®(N- nA). Thus B is a winning strategy for Player Il and
Ny, nA is meager.

Theorem 6.21 Assuming Projective Determinacy all projective sets have the
Baire property.

Pro of Let A u N. If Player Il hasa winning strategy in G™(A), then by 6.20
A is meager.

Suppose Player | has a winning strategy, let S = %2 N¥ : NynAis
meageg. By 6.19,S is nonempty. Let U= ., Ny,nA. Then

[
UnA= Ny,
2s

is meager. It sutcesto shaw that A nU is also meager.

Suppose A n U is nonmeager. Since the game G”(A n U) is determined
and, by 6.20, Player Il doesnot have a winning strategy, Player | must have a
winning strategy and, by 6.19, there is * such that N- n(A nU) is meager. But
then N- nA is meagerand~ 2 S. But then N- g U andN- n(AnU) = N-, a
contradiction.

Exercise 6.22 Give another proof that analytic setshave the Baire property
using the determinacy of closedgamesand \unfolding" a Banach{Mazur game.

Further Results

Projective Determinacy can also be usedto prove that all projective sets are
Lebesguemeasurable(see[6] x21 or [9] x43).

Can every projective set be uniformized by a projective set? If V = L, then
we can use the ¢ } well-ordering of N to show that they can. Moschovakis
showed that Projective Determinacy also leadsto an interesting answer.

Theorem 6.23 (P erio dicit y Theorems) Assume Projective Determinacy.
a) The classeswith the reduction property are exactly | 3.., and § 3., :
b) The classeswith the uniformization property are exactly} 3., and8§ 3., .
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One key idea is to use determinacy to build | ,,; prewellorderings. For
proofs see[6] x39.

Another interesting classof gamesare the Wadgegames SupposeA; B pu N.
Considerthe game Gy, (A; B) where Player | plays x(0); x(1);:::, and Player I|
plays y(0); y(1) with x(i);y(i) 2 N. Player Il winsif x 2 A if and only if x 2 B.

Lemma 6.24 a) If A and B are Borel, then G, (A; B) is determined.

b) AssumingProjective Determinacy if A and B are Projective, then G, (A; B)
is determined.

c) If Player Il hasa winning strategy in Gy, (A; B), then A - , B.

d) If Player | hasa winning strategy in Gy (A; B), thenB - , (N nA).

Pro of b) is clear. a) follows from Borel Determinacy.

¢) SupposePlayer Il has a winning strategy. Let f (x) = y, wherey 2 N is
Player II's plays using this strategy if Player | plays x(0);x(1);:::. Clearly f is
continuousand x 2 A if and only if f (x) 2 B. ThusA - \, B.

d) SupposePlayer | hasa winning strategy and g(y) = x where x is Player
I's play if Player Il playsy and Player | usesthe winning strategy. Theny 2 B
if and only if g(y) 62A. ThusB - \, A.

Corollary 6.25 If A2 82 n¢ 2, then A is § 3-complete.

Pro of SupposeB 2 §2 and B 6, A. Then Player I doesnot have a winning
strategy in Gy, (B;A). By Borel Determinacy, Player | has a winning strategy.
ThusA - (N nB)and A 2| 2, a contradiction.

Exercise 6.26 Shaw that under Projective Determinacy and non-Borel § 1-set
is § 1-complete.

We write A<, Bif A-, B but B 6 A.

Theorem 6.27 (W adge, Martin) There is no in nite sequene of Borel sets
Ag;Aq i with Ajs <y A for all i.

Similarly under Projective Determinacy, thereis no in nite desending Wadge-
chain of projective sets.

See[6] 21.15for a proof.
We give one more application of determinacy as an Exercise.

Exercise 6.28 Let - 1 beTuring reducibiltyandx “ t yifx - r yandx - 1.
We say that A u N is Turing-invariant if whenewer x 2 A andy “ 1 X, then
y2A.Ifz2 N,theconeC, =fx2 N :z- 1 Xg.

a) Show that if A is Turing-invariant and C, u A, then there is no y with
Cy\ A= .

b) Show that if A is Borel and Turing-invariant, then either A cortains a
coneor there is a conedisjoint from A. [Hint: Considerthe game G(A) where
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x 2 A. Shaw that if ¢ is a winning strategy for Player I, then C, p A, while if
b is a winning strategy for Player 1, then C,\ A = ;]

c) Let - bethe collection of Turing-invariant Borel subsetsof N. Shaw that
- is Y«algebra.

d)Lett:- 1 2be?(A)= 1if andonly if A corntains a cone. Show that !
is a ¥sadditive measureon -. ! is called the Martin-measure.

Assuming Projective Determinacy we can consider projective setsinstead of
Borel sets.

The axiom of choicetells us there are undetermined games. It is interesting
to abandonthe axiom of choiceand considerZF with the Axiom of Determinacy
AD which assertsthat all gamesare determined. While AD is refutable from
ZFC, it is consistert with large cardinalsthat ZFC + L(R) g AD. ZF+AD has
wild consequenceskor example:

Theorem 6.29 (Solovay) If ZF + AD then @ and @ are measurable cardi-
nals, while @ is singular of co nality ! for 3. n<!.

For a proof of the rst assertionsee[9] Theorem 103.

7 Hyp erarithmetic Sets

Our rst goalis to try to characterize the ¢ }-sets. In particular we will try to
formulate the \ligh t-faced" version of

¢ 1= Borel

We begin by studying a method of coding Borel sets.

Borel Codes
Let X = NK£ N'. Let Sx beasin x3.

Denition 7.1 A Borel code for a subsetof X is a pair hT;li where T u N
is a well-foundedtreeand | : T! (fOg£ f0;19)[ (f1g£ Sx) sud that:

i) if [(;) = H0;0i, then %02 T and ¥n 62T for all n, 1;

ii) if 1(;) = hi;"i, then ¥n 62T for all n 2 N.

Let BC be the set of all Borel codes. It is easyto seethat BC is | 1.

If x = HT;li is a Borel code, we can de ne B (x) the Borel set coded by x. If
Y2 T, recall that Ty, = f¢ : 3¢ 2 Tg. Welet ls,: Ty, ! fOg£ 2[ f1g£ Sx by
lv(¢) = 1(Hoe). It is easyto seethat hTy, |5 is alsoa Borel code.

De nition 7.2 We de ne B(HT;li) inductively on the height of T.

i) B(h;;;i)=.

i) If1(;) = hL; i, then B(HT;li) = N-.

i) If1(;) = h0;0i, then B(hT;li) = X nB(hTg ; lnoil)-
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iv) If 1(;) = FD; 1i, then
B(hT;li) = [ B (hThni; lil):

hni2 T

Exercise 7.3 a) Show that if x 2 BC, then B(x) is a Borel set.
b) Show that if A u X is Borel, then there is x 2 BC with B(x) = A.

Lemma 7.4 ThereareR2 §1 andS 2} 1 suchthat if x 2 BC then
y2B(), (xy)2R, (xy)2S:
In particular B(x) 2 ¢ }(x).

Pro of We de ne asetA sud that (x;y;f) 2 A if and only if x is a pair hT;li
whereT u N isatree, | : T! fOg£ 2[ f1gf Sx andf : T ! 2 sud that
for all %42 T:

i)if I(;)=h;"i,thenf((3) = 1ifandonly if y 2 N-;

i) if I(;) = h0;0i, then f (%) = 1if and only if f (34%0) = O;

i) if 1(;) = HO; 1i, then f (34 = 1 if and only if f (3%n) = 1 for somen.

An easyinduction showsthat if x = hT;li is a Borel code then (x;y;f) 2 A
if and only if f is the function

f (% =1, Yy 2 B(hT%;|3/4i):
It is easyto seethat A is arithmetic and if x 2 BC, then

y2B(x) , 9f (xy;f)2A~f(;)=1)
, 8f (xy;f)62A_f ()= 1)

Corollary 7.5 If x 2 BC is recursive, then B(x) is ¢ }.

Pro of Let R and S be asin the previous lemma. Let A; = x. Then

y2B(x) , 9z ((8n Ac(n) #= z(n)) " R(z;y))
. 8z((8n A(n) #=z(n)) ! S(z;y)):

The “rst condition is §1 and the secondis | 1.

Recursiv ely Coded Borel Sets

Our goalis to show that ¢ 1 is exactly the collection of Borel setswith recursive
codes. That will follow from the following two results and § 1-Bounding.

Theorem 7.6 If A p Y is a recursively coded Borel setand f : X ! Y is
computable,then f i 1(A) is a recursively coded Borel set.
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Prop osition 7.7 If ®< ! §, then WFg is a recursively coded Borel set.

Corollary 7.8 SupmseA p X . The following are equivalent:
) Ais¢l;
i) A is arecursively coded Borel set.

Pro of We have already shown that every recursively coded Borel set is ¢ 1.
SupposeA is ¢ 1. SinceA is | 1, there is a computablef : X ! Tr suc that
x 2 A if and only if f (x) 2 WF. The set

f(A)=fy:9x x2 A" f(x)=yg

isa § 1-subsetof WF. By §}-Bounding, thereis®< ! {¢ such that f (A) p WFg.
By 7.7 WF g is recusiwely coded,and by 7.6 A = f i 1(WF @) is recursively coded.

For notational simplicity we will assumeX = N, but all our argumerts
generalizeeasily.
Let BCrec = f(e;x) : A is atotal function and A 2 BCg. Then

(e;X) 2 BCree , A istotal ~ 8z (8n A{(n) = z(n))! z2 BC):

Thus BCrec is | 1.
If €2 BCrec, then Bec(€;X) isthe Borel setcoded byAé. A similar argument
shows that there are Rrec 2 §1 and Srec 2 | 1 sud that if (e;x) 2 B Cyec then

Y2 Brec(€;X), Rrec(€}Y), Srec(€;X)

We say €2 BCrec and X 2 Byec(€) if (€;;) 2 BCrec and x 2 Brec(€;;).

The proofs of both 7.6 and 7.7 will use the Recursion Theorem to do a
trans nite induction.

We begin with the basecaseof the induction

Lemma 7.9 There is a recursive function F : N£ Sy ! N such that if
f : X 1 Y is computableand e is a code for the program computing f , then
Brec(F (€51)) = fT1(N-).

Pro of For notational simplicity we assumeX = Y = N, this is no loss of
generality. Let

W=f°2N" :8m<|j9s- joj AL(m)#="(m)g:

Then W is recursive and fi }(N-) = opw No. Let ©0;%1;::: be a recursive
enumeration of N . Let T = f;g [ thni : % 2 Wg and let I(;) = H0;1i,
(i) = hL;°i. Then x = hT;li is a recusive code. Given e and ~ we can easily
compute F (e;") = i such that A = x.

Lemma 7.10 i) There is a total recursive function Hc : N ! N such that if
e2 BC, then Biec(Hc(€)) = N nBec(€).

i) Thereis atotal recursivgfunctioq Hy :N! N suchthat if Ae(n) 2 BCrec
for all n, then Brec(Hu(€)) = , Brec(Ae(n)).
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Pro of i) Ae is a code for a pair HT;li. Let
To=fg [ fM :" 2 Tg

and 19;) = mo;0i, 1900") = I("). It is easyto nd H. suc that H.(e) codes
hr%19 and that if € 2 BCyec, then H¢(€) is a code for the complemert.
ii) SupposeAc(n) code a pair hT,;l,i. Let

T="fig [ fnb¥%: %2 Thg

and let I(;) = h0;1i and I(nb¥%) = 1,(3). It is easyto nd H, sud that H,(e)
codeshrT;li. If each hT;1,i is a Borel code, then hT;li codestheir union.

Theorem 7.6 follows from the next lemma.

Lemma 7.11 If x = hT;li is a recursive Borel code, there is a recursive func-
tion G:NE£ T! Nsuchthatif f :N ! N is a computal by program Pe, then
G(e;%) 2 BCyec is a Borel code for f i (B (hTy, lsi) for all %2 T.

Pro of

We de ne arecursive function g: N£ N£ T ! N asfollows:

i) If 1(39 = hL;"i, then g(i; ;%) = F(e;");

ii) If 1(%) = 10;0i, then g(i; e;%) = Hc(A (e;%0));

i) Supposel(3) = M0;1i. Choosej such that A (n) = Aj(e;%n). Then
g(i; e;%) = Hu(j).

By the Recursion Theorem, there is P such that A(e;%) = g(li), e;¥) for all
e;% Let G(e;¥) = A(e;9).

We prove by induction on T, that G(e;%) is a code for f i (B (T3 lsi). By
i) this is clearif 1(33 = hL;"). We assumethe claim is true for all ¢ %%

If 1(33 = h0; 0i, then

G(e;%) = g® e;%) = He(A (e;%) = Hc(G(e;%00)):
By inducition, H¢:(G(e;¥bn) is a code for
fi l(B(hTs/A; |3/4|) = X nfi l(B(hT%O; |%0i):

If 1(3) = h0; 1i, then G(e;¥bn) is a Borel code for A, = fi 1(B (HTsn; ls, ni).
We choosej sud that Aj (n) is a code for A, and G(e;¥%) = Hy(j) is a code for

n-

Theorem 7.7 follows from the next lemma.

Lemma 7.12 If T is a recursive wel founded tree, then there is a recursive
function G: T ! BCec, suchthat Brec(G(3)) = fS2 Tr : %£AS) - “%4Ts)0.

Pro of For %2 N letfy,:Tr! Tr bethe computable function S 7! S,
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Note that £4S) - AT) if and only if for all n 2 N there is m 2 N suc that
Y£Smni) - YATmmi). Thus

L
fS2 Tr:%S) - %Ty)g= Fi1fS2 Tr i S) - %UTym)Q):
n2Nm2N

Fix ¢ such that Biec(C) = ;. We de ne a recursive function g: N£ T! N
as follows.

i) If %2621, then g(i; 93 = c.

i) Otherwise g(i; %3 is a Borel code for

i (B rec (A () :

n -m

We can do this using the functions F;H, and H. above. Of coursefor somei,
this may well be unde ned.

By the Recursion Theorem there is P such that AI = g(li), ¥) for all %
An easyinduction showsthat G = A is the desiredfunction.

Hyp erarithmetic Sets

Denition  7.13 Wesay x 2 N is hyperarithmetic if x 2 ¢ }. We say that x is
hyperarithmetic in y, and write X - pyp y if X 2 ¢ 1(y).
We sometimeslet HY P denote the hyperarithmetic elemers of N .

Exercise 7.14 i) Shaw that if X - hyp ¥ - nhyp Z, then X - pyp Z.
i) Shaw that if x - 1y, then x - pyp V.

Lemma 7.15 i) f(X;y) : X - nyp YQis | 1. In particular, fx:x 2 ¢ igis| 1.

Pro of X - nhyp y if and only if 9e (BCrec(e;y) » 8n8m (x(N) = m$ (n;m) 2
B Crec(ery).

This denition is ! 1.
Theorem 7.16 SupmseA U N £ N is}| 1. ThenB = fx:9y - pyp X (X;y) 2
Agis ! 1.

Pro of x 2 B if and only if

9e2 N8z2N(A.=2z! (z2BC” (818m ((y(n) = m! S((n;m);z)) "
(y(n) & m! :R((n;m);2)))) " (x;y) 2 A)

This denition is | 1.

We next give a re nement of Kleene's Basis Theorem.

Lemma 7.17 If I << 1%, then O - pyp X.
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Pro of Clearly O is | 3(x). Thereis T recursivein x suc that T 2 WF and
%T) > ! . Then

O = fe: ecodesarecursive tree S and 4S) < AT)g
is §1(x). Thus O - nyp X.

Theorem 7.18 (Gandy's Basis Theorem) If A u N is §1 and nonempty,
there is x 2 A suchthat x - 1 O, X <pyp O and ! =175,

Proof Let B = f(X;y) : X 2 A"y 6+nyp Xg. By 7.15B is §1. By Kleene's
Basis Theorem, there is (x;y) 2 B with (x;y) - 7 O. If O - hyp X, then
Y 1 O hyp X, SOY - hyp X, acontradiction. Thusy - nyp X, a cortradiction.
By the previouslemma! ¢k = 1 X,

The E®ectiv e Perfect Set Theorem

The following theorem is very important.

Theorem 7.19 (Harrison) Let A p N be 81. If A is countable, then every
elementof A is hyperarithmetic. In particular, if A contains a nonhyperarith-
metic element, then A contains a perfect set.

We delay the proof to the end of the section and look at someimportant
corallaries.

Corollary 7.20 SupmseA u N £ N is ¢ 1 andfy: (x;y) 2 Ag is countable
for all x 2 N. Then

i) the projection ¥{A) = fx : 9y (x;y) 2 Agis ¢ } and

i) A hasa ¢ }-uniformization

Pro of
i) Clearly ¥{A) is §1, but by Harrison's Theorem

9y (Y)2AS$ 9y - hyp X (XY) 2 A

The later condition is | 1.
ii) Let

A" = f(x;€) 12 BCrec(X) " 8y(Y = Brec(&:X) ! (Xy) 2 Ag:
Then A% is! 1 and hasa! } uniformization B. But
(x;€) 6B, X 624A)_9i 6 e(x;i) 2 B:
ThusB is ¢ 1. Let
C=1f(xy):9(x;e) 2 B"y= Bc(€;X)g:
Then C is a ¢ 1-uniformization of A.

Relativizing these corollaries lead to interesting results about Borel sets.
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Corollary 7.21 SupmseA u N £ N is a Borel set suchthat every section is
countable. Then X the projection of X is Borel and X can be uniformized by a
Borel set.

Corollary 7.22 Supmsef : N ! N is continuous, A is Borel and f jA is
one-to-one. Then f (A) is Borel.

Pro of f(A) is the projection of f(X;y) : x 2 A" f(X) = yg and sectionsare
singletons.

Theseresults all have classicalproofs, but in x8 we will give an example of
an e®ectiwe proof of a result where no classicalproof is known.

SupposeA p N is ! 9. We considerthe game G(A) where Player | and I
alternate playing x(i) 2 N and Player | wins if x 2 A.

Theorem 7.23 If Player Il hasa winning strategy in G(A), then Player Il has
a hyperarithmetic winning strategy.

Pro of Let T be a recursive tree such that A = [T]. Suppose Player Il does
not have a hyperarithmetic winning strategy. We will show that Player | has
a winning strategy. Suppose¥2 N< and j% is even. We considerthe game
Gy(A) where Players| and Il alternate playing elemens of N to build x 2 N
and Player | wins if ¥x 2 A.

Let P = f%: j% is evenand Player || hasa hyperarithmetic winning strategy
in Gy(A)g. If %62T, then Player Il has already won. In particular, always
playing 0 is a hyperarithmetic winning strategy for PlayerIl. ThusN< nT p P.

Claim Supposethat for all n 2 N there is m 2 N such that 3nbm 2 P. Then
Y42 P.

Let B = f(n;m;e) : e is a hyperarithmetic code for ¢ and 8y if we play
Gw n m(A) where Player | plays y and Player |1 plays using ¥% then the result
isin Ag. The setB is| 1. and 8n9m9e(n; m;e) 2 B. By selectionthere is a
¢ 1-function f : N N2 such that (n;f(n)) 2 B for all n 2 N. Player Il has
a hyperarithmetic winning strategy in Gs(A); namely if Player | plays n and
f (n) = (m; e), then Player Il plays m, and then usesthe strategy coded by e.

We describe a winning strategy for Player I.

Since Player Il does not have a hyperarithmetic winning strategy ; 62P.
Player I's strategy is to avoid P. If we are in position %where %62° and j%} is
even, then by the claim there is a least n such that ¥nbm 62P forall m. Player
| plays n. No matter what m Player |1 now plays the new postion is not in P.
If Player | continuesPlaying playing this way they will play x 2 N suc that
Xj2n 62P for all n. In particular xj2n 2 T for all n. Thusx 2 [T] and this is a
winning strategy for Player I.

Exercise 7.24 SupposeA is| 9 and Player | hasa winning strategy in G(A).
Then Player | hasa winning strategy hyperaritmetic in O.

Pro of of 7.19 SupposeA is §1. We considerthe unfolded game G{(A) from
x5. This is a closedgame and an argumert similar to the one above shows
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that if Player |1 hasa winning strategy, then there is a hyperarithmetic winning
strategy ¢. Then A is countable. The proof of 6.18 shows that every x 2 A is
rejectedat someposition andx - 1 ¢. Thusx is hyperarithmetic and A p HYP.

Exercise 7.25 Show that if A is §] and uncourtable, then there is a cortin uous
injection f : C!' A with f computable in x for somex - nhyp O.

Further Unifomization Results

Wewill usehyperarithmetic theory to prove seeral other classicalunifomization
results. We begin with a variant of Corollary 7.21.

Theorem 7.26 SupmseA U N £ N is a Borel set with countable sections.
Then there are Borel measurable functions fq;f1;::: with disjoint graphs such
that A is the union of the graphs.

2Before proving this we need one lemma about hyperarithmetic sets. If x 2
NN we identify x with (xo;x1;::2) in NN where x, (m) = x(n; m).

Lemma 7.27 SupmwseA is a ¢ }-subsetof HYP. There is a hyperarithmetic
x 2 NV suchthat A M fXo;X1;:::g.

Pro of Let
B=f(Xi)2NEN:x2 A" 2 BCrc8n8m (x(nN) =m$ (n;m) 2 Brec(i))a:

Then B is| } and %B) = A. By selection,thereis a ¢ } function s: A! N,
uniformizing B.
Let C = fi:9x 2 A s(x) = ig. Clearly C is §1. Since

i2C$ 9x2HYP (x2A"s(x)=1i);

C|S¢%Let 1 o
0 ifi6x

XEM=m i 2D (nm) 2 Brec(i)

Then A p fXxg;Xq1;:::0.

Exercise 7.28 Shaw that the sameis true if A is §1. [Hint: First shaw that
any 81 subsetof HYP is contained in an ¢ 1 subsetof HYP.]

Pro of of Theorem 7.26 By relativizing, we assumethat A is ¢ }. Suppose
A 1 N £ N has countable sections. By the E®ective Perfect Set Theorem,
for any x the set Ay = fy : (x;y) 2 Xgis a ¢ 1(x) subsetof fy :y - nyp Xg.
By relativising the lemma, there is y 2 NN* such that Y - hyp X and Ay p
fyo;yi;:::Q.

Let B = f(x;j) 2 NEN : ] 2 BCrc(X)» 82 ((x;2) 2 A !
9n8msk (z(m) = k) $ (n;m;K) 2 Brec(x;j)g: Then B is! } and %B) = YA).
By 7.21%A) is ¢ 1. Thus, by selection, there is a ¢ } function t : {A) ! N
uniformizing B.
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Let g, : Y{A) ! N besudc that g,(x) = y if and only if
y()=1j ., (ni;j) 2 Brec(X; t(x)):

Sinceg, hasa ¢ }-graph, it is Borel measurableand A is cortained in the union
of the graphs of the g, .

Let ( )
m 1
Ch= X2¥A):(Xon(X)2A"N  on(Xx) 6 gi(x)
i=0
and let f, = gnjC,. Each g, is Borel measurableand A is the disjoint union of
the graphs of the g, .

We next uniformize Borel sets with compact sections. We begin with a
lemmathat comparestwo di®erent measuresf the complexity of a set. Suppose
asetA is ¢} and open. There is no reasonto believe A is 89. For example if
W %N isany ¢ 1 set,then A= fx 2 N :x(0) 2 Wgis ¢ 1 and open, but need
not be §9. The next lemma shaws while A is not §9, A will be §9(x) for some
X 2 HYP.

Lemma 7.29 SupmseAgph N is ¢ 1 and open. Then there is a hyperarithmetic
Su N suchthat A= ", Ny,

S
Proof LetS = f3%:8xx %%! x2Ag. ThenSis| }andA = vos Nv
There is a computable f : N< | Tr such that

x 2 Sif and only if f (x) 2 WF:

Let
B = f¢:8x 2 A9%YT (¢)) 6- f (3)) N ¥l xg:

Note that B is} 1 and N nSu B. If B= N¥ nS, then Sis ¢}, asdesired.
If not, thereis ¢, 2 S\ B. Then So = f%:f (3§ < f(¢)gis ¢ 1 and
[ [
A= N%H N3, = A:
Y2 So Y2'S

S
If Ais ¢ 1 and closed then thereisa ¢ }-setS pu N with NnA= —,, 5 Ny,
Let T = %2 N :8¢ M %¢ 62Sg. Then T is a hyperarithmetic tree and
A = [T]. If A is compact, we can go a bit further.

Lemma 7.30 If A is ¢} and compact, then there is a "nite branching hyper-
arithmetic tree T suchthat A = [T]. More geneally, if A is a compact § }-set, F
is a closal ¢ 1-set, and A u F, then there is a "nite branching hyperarithmetic
tree T suchthat A p [T]u F.
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Pro of By the remarks above, there is a hyperarithmetic tree T such that
F=[T]
Let B\~ f(%C) : 3/42\,{)14 NC %N nite M 8x ((x 2 AN %Yex) !
(oM 2TN Lo x %)
ThenB is| % If Ns,\ A = ;,then (34C) 2 B forall nite C%N. If N3,\ A6 ;,
then, by compactnessthere is a nite set C ¥2 N such that

[
A\ N3, = A\ Ns,i:
i2C

Clearly (%;C) 2 B. By 5.28thereis a ¢ -function f such that if %2 N< | then
(%1 (%)) 2 B. Let
N
T.=f%2T:  %i)2f (&g
i< j%

Clearly T; p T is ¢ 1 and nite branching. By choice of B, if x 2 A, then
X 2 [T]_]

Corollary 7.31 If Ap N is ¢ 1, compact and nonempty, then there is x 2 A
suchthat x 2 HYP.

Pro of There is a hyperarithmetic "nite branching tree T such that A = [T].
By KAnig's Lemma, if f¢ 2 T : %u ¢gis innite, then thereis x 2 Ng,\ A. Let

To=13%2T:8n> (3% 9¢ %Y e ¢ 2TNjéj = ng:
Then T, is hyperarithmetic (indeed T, is arithmetic in T) and T, is pruned.

Then x is recursive in T, and hence,hyperarithmetic.

Corollary 7.32 (Novikov) If Au N £ N is ¢1 and all sections A = fy:
(x;y) 2 Ag are compact, then ¥{A) is ¢ } and there is a ¢ 1 uniformization of
X.

In particular, any Borel A u© N £ N with compact sections has a Borel
uniformization.

Pro of Clearly ¥{A) is §1. By relativizing the previous corollary, we seethat
X2YA), 9y np X(Xy)2A:

Hence{A) is ¢ 1.

Let B = f(x;€) : x 62%A) _(e;x) 2 BCrec and if y 2 N is coded by (e;x)
then (x;y) 2 Ag. ThenB is| 1 and by 5.28thereisa ¢ 1 function f unifomizing
B. The setC = f(x;y) : x 2 ¥A) ~ (x; f (x)) codesyg is a ¢ }-uniformization
of A.

Wewill prove onefurther generalization. We rst needonetopologicalresult.
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Exercises 7.33 SupposeA p N is closed,f : N ! N is cortinuous and
f(A)u  F, whereeat F, is closed. There is %2 N< and n 2 N sud that
A\ Ny, 6 ; and f (A\ Ngy) p Fn. [Hint: Suppose not. BuilqS Yo YoY% Yo:::
sud that A\ Ny, 6 ; andf(Ns,,, \ Fi) = ;. Considerx = % to obtain a
contradiction.]

De nition 7.34 Wesay that A is a K, setif it is a countable union of compact
sets.

SinceR" is locally compact, in R" every Fy,-setis a K 5,-set.
Lemma 7.35 SupmseA is ¢ 1 and a Ky-set. Then thereis x 2 A\ HYP.

Proof Thereisa] 9-setB p N £ N such that A is the projection of B. By
the previous exercise,there is a basicopen set N sud

A =fx:9y (X;y) 2 N £ Bg
is 81 and contained in a closedsubsetof F of A. Then
A1 = x:8%(%¥x! 9y (y2 Ai™ ¥%Yy))g

the closureof A; is also §% and cortained in A.

Let B = f(x; 3% : X 62A " %% x" 8y (y % %! y62A;0. Then B is! } and
for all x 62A there is a % suc that (x; %) 2 B. By 5.28there is a ¢ } function
f such that (x;f (x)) 2 B for all x 62A.

Let Wo = ff(X) : x 62Ag, let W1 = T%: 8y % %y 62A19. Then Wy is
81, Wy is! }and Wy u W;. By §1-separation, there is a ¢ }-set W such that
Wopu W Wiy, Let

T =1%:8¢ U %: ¢, BV GQ:
Then T isa ¢ 1 tree. SinceW p Wy, Ag i [T]. SinceWo u W, [T]u A.

By 7.30there is a nite branching tree T; 2 ¢ % such that T; 2T and

A p [Tl p [Tl A:
Asin 7.31thereis x 2 [T1]\ HYP.

Corollary 7.36 (Aresenin, Kunugui) If A 4 N £ N is Borel and every
section if Ky, then ¥{A) is Borel and A has a Borel uniformization.

Theseproofs are a little  unsatisfactory aswe have only proved the uniform-
results for N £ N or more generally recursively preseried Polish spaces(like
R™). Since\compact" and \Fs," are not presercedby Borel isomorphismswe
can not immediately transfer these results to arbitrary Polish spaces. In fact
theseresults are true in general (see[6] 35.46).

Exercise 7.37 a) Modify the proof of the E®ective Perfect Set Theorem, using
the Banach{Mazur game,to prove that if A u N is a nonmeager¢ 1-set, then
there is a hyperarithmetic x 2 A.

b) Provethat any Borel set with nonmeagersectionscan be uniformized by
a Borel set.

72



Part |1
Borel Equiv alence Relations

The secondhalf of thesenoteswill be concernedwith the descriptive set theory
of equivalencerelations.

Part of our interest in Descriptive Set Theory is motivated by Vaught's
Conjecture. Supposel is a countable languageand T is an L-theory. Let
I (T; @) be the number of isomorphism classesof countable models of T.

Vaught's Conjecture If I (T;@) > @, then | (T; @) = 29.

Of courseif the Continuum Hypothesisis true, Vaught's Conjecture is true.
But perhapsit is provablein ZFC (though at the momert there is a manuscript
with a plausible counterexample due to Robin Knight).

We have seenbeforethat Mod(T) is a Polish spaceand 2 is a § 1-equivalence
relation on Mod(T). A rst hopewould beto deduceVaught's Conjecture from a
perfect settheorem for § 1-equivalencerelations. This won't work. For example,
considerthe following equivalencerelation on Tr.

T»S, S)=%T)

Then » is §1. There is one equivalenceclassfor all the ill-founded trees
and then one for eact possiblevalue of 2 Thus » has exactly @-equivalence
classes.

We will seein x8, that while there is a perfect settheoremfor | 1 (and hence
Borel) equivalencerelations and a weaker perfect set theorem for§ }-equivalence
relations.

The rest of the noteswill be concernedwith two special casesf § 1-equivalence
relations:

i) Borel Equivalencerelations

i) Orbit Equivalencerealations, supposeG is a Polish group, X is a Borel
setin a Polish spaceand ! : GE X ! X is a continuous action of G on A.
Let Eg be the equivalencerelation XE gy if and only if there is g2 G such that
gx=y.

It is easyto seethat the orbit equivalencerelations Eg are § 1. Of par-
ticular interest is the casewhere S; acts on Mod(T). In this caseEg is the
isomorphism equivalencerelation on Mod(T).

The study of theseequivalencerelations is alsotied up with the study of the
dynamics of group actions and theseideaswill alsoplay a key role.

8 | l-Equiv alence Relations

Vaught's Conjecture would be true if it weretrue that every § }-equivalencere-
lation with uncountably many classeshasa perfect set of inequivalert elemerts.
But the example above shows this is false. On the other hand, Silver proved
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that | 1-equivalencerelations, and in particular Borel equivalencerelations, are
better behaved.

Theorem 8.1 (Silv er's Theorem) If X is a Polish space and E is a | }-
equivalene relation with uncountably many classes,then there is a nonempty
perfect set P of inequivalent elements. In particular, if there are uncountably
many classes,then there are 2@ classes.

Silver's original proof usedheavy set-theoretic machinery. We will describe a
proof givenby Harrington that usesthe e®ective descriptive settheory dewveloped
in X7.

To warm up we prove the following result that illustrates a key idea of
Harrington's proof.

Prop osition 8.2 Suppmse E is an equivalen@ relation on N and there is a
nonempty open setU suchthat E\ (U£ U) is meager. Then there is a nonempty
perfect set P of E-inequivalent elements.

Pro of S

Let E\ UE U= A, whereeah A, is nowhere dense.

We build (Us,: %2 2% ) nonempty basic clopen setssud that:
) U U;

i) Uy, p U, for %ap ¢,

i) diam Uy, < 13%1
iv) if j%=1j¢j=n a_r|1d3/46 éthen EN (U U )N (Ao i Anj1) = 5.
Forf 2 C let xy = Usj,. By contstruction if f 6 g, then x; B Xg. Thus

there is a perfect set of E -inequivalent elemerts.

We chooseU. an nonempty basic clopen subsetof U.

Supposewe have constructed Uy, for all %with j34 = n satisfying i){iv). Let
f(3%;¢) ;1 = 1;:::kg list all pairs of distinct sequencesof length n + 1. |If
j% = n+ 1weinductively de ne Ui, fori = 0;:::k.

Let U = Usyp.

If %6 % and %6 ¢, then UL = UJ,. Otherwise, sinceAg[ :::[ Ay + Llis
nowheredensein U £ U. We can nd basicclopen Uj* p U}, and Ul** p UL
sud that - ¢
E\ Ut EUM =

ChooseUs, a basic closedsubsetof UY, of diameter lessthat 13%4

While the argument above will bethe model for our proof of Silver's theorem,
there are somesigni cant obstacles. First and foremost, if E isa| 1-equivalence
relation, there is no reasonto believe that there is an open set U such that
E\ (U £ U) is meager. Harrington's insight wasto changethe topology so that
that this is true.
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Gandy Topology

De nition 8.3 The Gandy topology on N is the smallest topology in which
every §1-setis open.

We let s denotethe Gandy topology on N .

Since there are only countably many §}-sets, the Gandy topology has a
courtable basis. As we will be considering meagerand comeagersets in the
Gandy topology, we rst note that the Baire Category Theorem is still true for
G-

Prop osition 8.4 If U u N is nonemptyant ¢s-open, then U is not ¢s-meager.

Pro of

SupposeAo; A1;::: are¢s-nowheredensesubsetsof U. It is easyto construct
U=Up T U T Uz T :::asequenceof nonempty §%-setssuch thfs\t U\ A, = ;.
To prove the Lemma we needonly do this in such a way that U, 6 ;. This
will require a bit more work.

At stages of the construction we will have:

i) nonempty §1-setsU = Up T Up T Uy::: 9 Us such that U\ A; = ; for
alli- s

i) recursivetrees Tp; Ty1;:::Ts such that U; = fx: 9y (X;y) 2 [Tilg;

iil) sequencesy ¥2% ::: % ¥ sudh that U; Y2 Ny, for all i;

iv) sequences| fori - j - ssuc that "} %°[,; %[ and there is (x;y)
such that % % x, "L %y and (x;y)2[Ti]f0éaIIi - S, S

Suppose we have done this. fet x = ,g% andy; = 1. Then
(x;yi) 2 [Ti] for all i. Hencex 2 U, andx 62 A,.

At stageOwelet Uy= Uand ¥% = "9 =;.

At stages+ 1 let

s N
W =1fXx2Us:X %% " 9yo:::9ys xy)2 [N~ yi % lo

i=0 i-s

Then W is a nonempty § }-subsetof Us. SinceAs. is ¢g-nowhere dense,there
isV %2 W a nonempty §1-setsuc that V\ Ag,y = ;. Let v 2 V. Choose
Ya+1 Y2 ¥ sudh that v % s. Let Usss = VN Ny, . Let Ts41 be a recursive
tree such that Uss; is the projection of Tsy1 . Fori - s+ 1 choosez; suc that
(v;zi) 2 [Ti]and "L %z and let "SI = ;. Thesechoicessatisfy i){iv).

We will usethe fact provedin x3 that in any topological spacewith a count-
able basis, the Baire Property is presened by the Souslin operation.

Let ¢ denotethe Gandy topology on N ". Sincethere is a computable bijec-
tion betweenN" and N, (N;¢c) and (N";¢2) are homeomorphictopological
spaces.We have to be a little bit careful here since, for example, ¢3 is not the
és-product topology. We let ¢&' denotethe product of (N¥; ¢X) and (N'; ¢l.).

The topology ¢£*' rehes the topology ¢ .
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Exercise 8.5 Modify the proof of 8.4 to show ead topology (;('_fj' also satis es

the Baire category theorem.

We will need the following technical lemma. Let A p N2 and let A® =
f(x;y;z) 2 N3:(x;2) 2 Ag.

Lemma 8.6 If A is ¢&''-nowhere dense,then A® is ¢5™'-nowher dense.

Pro of SupposeB u N2andC p N are§i-sets.Let B; = fx : 9y (x;y) 2 Bg.
Then B, is §1. SinceA is ¢3™'-nowhere dense,there are B, 1 By and C, p C
nonempty such that A\ (B, £ C,) = ;. Let B%= f(x;y) 2 B : x 2 B2g. Then
B%is nonempty and (B°£ C,)\ A" = ;.

Harrington's  Pro of

We will prove Silver's Theorem for | 1-equivalence relations. The proof will
easily relativize to | 1-equivalencerelations.

SupposeE is a| }-equivalencerelation on N with uncourtably many equiv-
alenceclasses.We say that A p N is E-small if xEy whenewer x;y 2 A. Let

U = fx: thereis no E-small § }-set A with x 2 Ag:
Sincethere are only courtably many § }-sets, U is non-empty.
Lemma 8.7 If x 62U, then there is an E-small ¢ 1-set A with x 2 A.
Pro of There is an E-small §1-setB such that x 2 B and
yEx, 8z(z2B'! zEy):
Thus the E-classof x is | 1. By §}-separationthere is a ¢ 1 set A such that
BuAuTfy:yEXQg
HenceA is an E-small ¢ }-set cortaining x.
Corollary 8.8 U is §1.
Pro of x 2 U if and only if
8e ((€2 BCrec ® X 2 Brec(€)) ! 9y9z (y;Z 2 Brec(€) X BY):

This is a} 1-denition of U.

We now show the connectionto our \w arm up" argumert.

Lemma 8.9 E\ (UE£ U) is 5" -meager.

76



Pro of
We rst arguethat E hasthe Baire property in the (;é;l—topology.

Claim If A u N is §1, then there are basic open sets (Bs, : %2 N ) sudh
that A = A(By,).

Let T p N £ N beatree suchthat A = fx : 9y (x;y) 2 [T]g. Let
By, = fx:(Xjj¥%;¥ 2 Tg. Then

[
A= Byjn = A(Bw):
y2N n2N

The basic open setsof N £ N are open in the topology (;Gl;l, and hence
have the Baire Property, in this topology. Sincethe Souslin operator presenes
the Baire Property, every § 1 subsetof N £ N has the Baire Property in the
¢ -topology.

Supposefor purposesof contradiction that E\ (U £ U) is gé;l—nonmeager.
SinceE hasthe Baire property there are nonempty § }-setsA; B p U, such that
E is ¢&''-comeagerin A £ B.

Let A; = f(xo;X1) 2 A£ A :xo B x10. SinceA p U is a nonempty § }-set,
A is not E-small. Thus A; is a nonempty §1-set.

Let C; = f(xo;X1;Y) : (Xo;X1) 2 A1,y 2 B; X Byg, fori = 0; 1.

Claim C; is ¢3'-meager.

SinceE is ¢&'-comeagerin A £ B, there are Do; D1;::: ¢& -nowheredense,

such that
Dh=f(x;y) 2 A£ B :xEByg:

By Leé'nma 8.6, DY = f(xo;X1;y) : (X0;y) 2 Dngis (;é;l-nowhere dense,and
Ciu ~ DQis ¢&'-meager.
Since gé;l satis es the Baire Category Theorem, There is

(X0;X1;Y) 2 (A1£ B)n(Co [ Cy):
But then xoEy, x1Ey and xq BXx31, a contradiction.

We now proceed as in our \warm up" to construct a perfect set of E-
inequivalent elemerts. We needto exercise little carelas in the proof of
the Baire Category Theorem|to ensurethat | U, are nonempty.

Let Ag;A1;::: be (;é;l-nowhere densesuch that A; = E\ (U£ U). Let
Tu N £N< beatreesudthat U= fx:9y (x;y) 2 [T]e.

We construct a family (Us, : %2 2 ) of nonempty § }-setssud that:

) U U;

i) Uy, p U, for %ap ¢,

i) if j¥% = j¢j = nand %6 ¢, then (Uy, £ U,)\ (Ao i Anj1) = ;.

As in the proof of the Baire C:fltegory Theorem for ¢s, we also need to
take extra measuresto insure that ~ Utj, 6 ;. We construct (T*: %2 2% ),
(t%:%22% ), and ("7:%p ¢ 2 2 ) sudh that:
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iv) eah T*% N £ N isarecursivetree such Uy, = fx : 9y (x;y) 2 [T*g
and T#q T¢ for % ¢;

V) 14,2 N | 15,%1, for %% ¢, and Uy, 1t Niy;

vi) T2 NS TR i Y ¢ Y2 i, and

X9y X %l Ny AN (xy) 2 [T

Exercise 8.10 Finish the proof of Silver's Theorem by showing:

a) if E is a | -equivalencerelation with uncourtably many classes,then,
taking U asabove we can nd (Usy,: %2 2% ), (T%:3%2 2% ), (L4, : %2 2°),
and (" /1 ap ¢ 2 27 )csatisfying i){vi).

b) if welet xy = ¢j,, then P = fx; : f 2 Cgis a perfect set of E-
inequivalent elemernts.

Harrington's original proof usedforcing rather than the category argumert
given above. We sketch the main idea.

Exercise 8.11 LetP =fA:A281,A6 9.
a) If G u P is suzciently generic,then thereis x 2 N such that

\
fxg= fA:A2Gqg:

[Hint: This just the Baire Category Theorem for ¢s.]

b) For x 2 N let x = hxo;x1i 2 N 2. If bis suzciently generic,the soare by
and by.

c) Let U be asin the proof above. If (a;b) are sutciently P £ P generic
below (U;U), then aBb.

d) There is a perfect set of mutually suzciently P £ P-generic elemeris
below (U; U).

e) Conclude Silver's Theorem.

§ 1-Equiv alence Relations

While Silver's Theorem can not be generalizedto § }-equivalence relations,
Burgessshowed that it can be usedto prove the following result.

Theorem 8.12 (Burgess' Theorem) If X is a Polish space and E is a § -
equivalene relation with at least @ equivalen® classes,then there is a perfect
set of inequivalent elements.

Suppose E is a § }-equivalence relation. There is a continuous function
f:X £ X! Trsud that xEy if and only if f (x;y) 62NVF.
For®< !4, I%t Eeo = f(X;y) : 4Af (X;y) , ®y. Then E@ is Borel, Ee T E-
for®< ,Ep= -_o E- for ® alimit ordinal, and E = Ee.
®<!
Let A= f®< !;: Eg is an equivalencerelationg.
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Lemma 8.13 A is a closal unbounded subsetof ! ;.

Pro of Suppose® < ® < ::;, & 2 A and ® = sup®. Sinceeat Eg, is
re°exive, symmetric and transitive sois Eg. Thus A is closed.

Claim 1 Forall ®< !4, thereis < !4, such that if x Bgy, then y E-x for all
X;y 2 X.

Since E is an equivalencerelation and Eg 1 E, if x &y, then y Ex. Let
B = ff(y;x) : x Beyg. Then B is a § } subsetof WF. Thus by § }-bounding,
thereis < !, suchthat if T 2 B, then 4T) < . Thusif x Bey, then y B-x.

Claim 2 Forall ®< !, thereis < !4, suc that if XEey, YEez and x Bez,
then x B-y ory B-z.
LetC=fT:9Xy;ZXEey"YEez" X Bz AT) - f(X;y)"UAT) - f(y;2)0.
Then C is a § i-set of well-founded trees. Thus there is — < ! ; sud that
%T)< forall T2 C. If XxEey, YEez and x Egz, then either f (x;y) 2 C or
f(y;z) 2 C. Thus either x B-y or y B-z.

Letg;h:! ;! !'; sucthat g(®) isthe least < ! ; sudch claim 1 holds and
h(®) is the least” < ! ; such that claim 2 holds.

Given® < ! 4, builld ® < ® < ::: < ! 1 sudh that ® = ® and ®,; >
h(®);g(®). Let = sup®,.

Clearly xE-x for all x (since this is true of E).

If x B-y, then x Bg, y for somei, thusy Be,,, X. Thusy B-x.

SupposexE-y and yE-z. We claim XE-z. Supposenot. Then x &g, z for
somei. But then x Be,,, y or y Be,,, z. Hencex B-y or y B-z, a cortradiction.

Thusfor all ®< ! 1, thereis ™ , ®with — 2 A. Thus A is unbounded.

5

We caninductively detne A: 1 ;! A suc that:

i) AQ) 2 A;

i) A®+ 1)> A®) for all ®< ! q;

iii) A(®) = sup-. A(") for ®< ! ; alimit ordinal.

Corollary 8.14 If E is a § }-equivalene relation, there is a seguene (Eg :
®< ! ;) of Borel equivalene relations such that:

i) Ee 1 Elr for ®< —;

i) Ee = T <@ E-, for ® a limit ordinal;

i) E= g4 , Ee.

1

Pro of Let EQ = EA@- Then the sequenceEd hasthe desired properties.

We are now ready to prove Burgess'Theorem. SupposeE is a § }-equivalence
relation with at least @ equivalenceclasses. Let Eg be a §equenceof Borel
equivalencerelations such that E- p Eg for ®< ~ andE = Eg. By Silver's
Theorem, if any Eg hasuncountably many classesthen there is a perfect set of
E-inequivalent elemens. Thuswe will assumethat eath Eg hasonly countably
many classes.
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Lemma 8.15 SupmseA y N contains at least @ E-classes. Then there is
®< !;anda?2 A suchthat fx 2 A : xEgag and fx 2 A : X &e ag each
contain at least @ elements. In particular there is b2 A suchthat b &a and
fx 2 A : x Be bg also contains at least @ E-classes

Pro of Sinceeah Eg hasonly countably many equivalenceclasses.For eath
®< !;wecan nd ap 2 A sudc that fx 2 A : xEpaeQ represeris at least
@ E-inequivalent elemens. If the lemma is false, then fx 2 A : X &p agQ
represerts at most @-inequivalent elemens. Thus

[
B = fx 2 A:xBpagg
®<! 1

represerts at most @-equivalenceclasses.But if x;y 2 AnB, then XE gy for all
®< !, and XxEy. Thus A represerts at most @ E-classesa contradiction.

To nish the proof of Burgess' Theorem we use8.15to build (Uy,: %2 2< )
such that:

i) Uy, is a nonempty § -setwith Uy, U, for 3ap ¢ sud that Uy, represerts
at least @ E-classes;

i) if X2 Us,o a_lndy 2 Uy, 1, th_(le_n X By;

Iff;g2Cx2 Uj,andy2 U, and m is leastsuch that-l-f (m) 6 g(m)
then x Be,, y and x B y. This would sutce if we knew that the ~ U;;, 6 ; for
f 2 C. We can insure this asin the proof of Silver's Theorem.

We alsobuild (T*#: %2 2% ), (t5:%2 2% ), and ("}*: %p ¢ 2 2 ) such
that:

iy eah T % N £ N¥ isatree sudh Uy, = fx : 9y (x;y) 2 [T*]g and
T%9q Te¢ for %p ¢;

iV) 19,2 N, 15,%1, for %Y ¢, and Uy, i N:,;

V) TE2 NS R i Yap g Yo i

vi) for eadh ¢

V,=fx2 U, ix %, A 9y % g (xy) 2 [T g
e

represetts at least @ E-clases.In particular (*,;” Z/“) 2T

Sl*pposewe have done this. Forf 2 Clet xy = [ 1¢j,. We clgim that
Xt 2, Upjn. Let %= fjn. Then (*,; " 7) 2 Tforall ¢ 1 % If y= 45, 74

then (xs;y) 2 [T”]. Thus x; 2 Uy Thusfx; : f 2 Cgis a perfect set of
E-inequivalent elemerts.

We next sketch how to do the construction. Supposewe havede ned U, ;?
and ('Z": Yau ¢) such that i){vi) hold.

SinceV, represerts at least @ E-classespy Lemma8.15thereis®< ! and
ag;a; 2 V, sud that ap BEga; and W; = fx 2 V, : xEea;g represers at least
@ E-classedori = 0;1.
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If j 2 Nand»= (ks : % ¢) whereead ks, 2 N let
N
WP = fx2Wiix T~ 9y T bk (xy) 2 [T"g:
e
Since [ ,
Wi = Wij;»
ji»

someW}” must represen at least @ E-classes.

Let U, W"”. Since U, ; is § 1 conditions i) and ii) are satis'ed. Let

6. = ij Iet = /‘bk% for %u (, Let Té¢l p T¢ be a tree such that

= fx: 9y (X y) 2 -|-(, g and let ;. Our choice of j; » insures that
|){V|) hold.

Burgess' Theorem has an important model theoretic corollary.

Corollary 8.16 (Morley's Theorem) If L is a countablelanguageand T is
an L-theory suchthat I (T; @) > @, then | (T; @) = 2®. Indeed if A is an
Li,. -sentene and | (A;@) > @, then | (A;@) = 2@.

Morley's original proof usesthe Perfect Set Theorem for § 1-sets, but does
not use Silver's Theorem. His proof is givenin [11] x4.4.

Using Scott's analysis of countable models (see[11] x2.4) it is easyto see
that isomorphismis an intersection of @ Borel equivalencerelations.

If M and N are countable L-structures a2 M" and b2 N" we de ne
(M ;@) » @ (N ; b) asfollows:

(M ;@) »o (N;b) if and only if M F A®@) if and only if N F A(b) for all
qguanti er free formulas;

(M ;@) »@+1 (N;Db) if and only if for all c2 M thereis d 2 N such that
(M ;3;¢) »e (N;b;d) and for all d 2 N thereis c2 M such that (M ;3;c) » e
(N ; b;d);

if ®is alimit ordinal, then (M ;@) » ¢ (N ;b) if and only if (M ;@) » - (N ;b)
forall = < ®.

Exercise 8.17 Provethat » @ is a Borel equivalencerelation on Mod(L).

Prop osition 8.18 If M a countable L-structure, there is ® < ! ; suchthat if
N is countableand M » g N, then M and N are isomorphic.

For a proof see[11] 2.4.15. It follows that T®<! . »® is the isomorphism
equivalencerelation. This proposition makesisomophismeasierto analyzethan
general § 1-equivalencerelations. In particular for any M there is an ® sudc
that the » g-class of M is the isomorphism class. This makes the courting
argumert much easier.

Exercise 8.19 Give an example of a §4-equivalancerelation E on a Polish
spaceX and x 2 E sud that if E = . Ee where eath Eg is a Borel
equivalencerelation, then for all ® < ! ; thereisy 2 X suc that XEgy and
X By.
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9 Tame Borel Equiv alence Relations

In this section we will look at some general results about Borel equivalence
relations. Let X be a Polish spaceand let E be a Borel equivalencerelation on
X. If x 2 X we let [x] denote the equivalenceclassof X .

We start by looking at someof the simpler Borel equivalencerelations.

Denition 9.1 T p X is atransversalfor E if
TV [Xlj=1

forall x 2 X.
We say that s: X | X is a seletor for E if s(x)Ex for all x 2 X and
s(x) = s(y) if xEvy.

For example, let X bethe setofall f : N! R sud that f is Cauchy and
let E be the equivalencerelation
. .1
fEg, 8n9m8k > m jf (k)i g(k)j< ﬁ:
Then the set T of constart sequencess a Borel transversal.

Lemma 9.2 Let E be a Borel equivalene relation on a Polish space X . Then
E hasa Borel transversalif and only if E has a Borel-measurable selestor.

Pro of
() ) If T is a Borel transversal, let

s(x) =y, y2TandxEy:

Sincethe graph of s is Borel, s is Borel measurableby Lemma 2.3.
(( ) If sis a Borel measurableselector,then

T=1fx:s(x) = xg
is a Borel selector.

Exercise 9.3 SupposeE is a Borel equivalencerelation on X and - is a ¥
algebra on X containing the Borel sets. Show that more generally E has a
transversalin - if and only if E has an --measurable selector.

De nition 9.4 Let E be an equivalencerelation on X . We say that (A, : n 2
N) is a segarating family for E if

XEy, 8n(x2A,$ y2A,):

We say that E is tame if there is a separating family (A, : n 2 N) where
eath A, is Borel. More generally, if - is a ¥+algebraon X containing the Borel
sets,we say that E is - -tame if there is a separating family (A, : n 2 N) where
ead A, 2 -.

Note that if E is tame, then E is --tame for any ¥:algebra containing the
Borel sets.
We can give another characterization of tameness.

82



Prop osition 9.5 If E is a Borel equivalene relation on X, then E is tame if
and only if there is a Borel measurablef : X | Csuchthat xEy if and only if

f() =1(y).

Pro of

(O ) If (Ay :n 2 N) is a Borel separating family, let (f (x))(n) = 1 if and
only if x 2 A,. Then xEvy if and only if f (x) = f (y).

(( ) Let A, = fx: (f(x))(n) = 1g. Then A, is Borel and (A, : n2 N) isa
separating family.

Proposition 9.5 leads us to the following key idea for comparing the com-
plexity of Borel equivalencerelations.

De nition 9.6 SupposeE is a Borel equivalencerelation on X and E” is a
Borel equivalencerelation on Y. We say that E is Borel reducibleto E” if there
is Borel measurablef : X ! Y such that

XEy, f(X)E°f(y):

In this casewe write E - g E®. As usual, we write E <g E° if E - g E” but
EQG'B E andE B E°if E - B E® and E” - g E.

We say that E is continuously reducibleto E* if we can choosef cortinuous.
In this casewe write E - . E".

If X is a Polish spacewe let ¢( X) be the equivalencerelation of equality on
X.

the discrete topology.
a) Prove that

¢(1) <g ¢(2) <g :::<p ¢(n)<p :::<g ¢(N)<p ¢(O:

b) SupposeX is an uncountable Polish space.Show that ¢( X) " g ¢( O).

c) If E is a Borel equivalencerelation, then E - g ¢(N) or ¢(C) - g E.
[Hint: This is an easyconsequencef Silver's Theorem.]

d) Show that a Borel equivalencerelation E is tame if and only if there is a
Polish spaceX sudc that E - g ¢( X).

d) Says that an equivalencerelation is tame if and only if there is a Borel
way to assigninvariants in a Polish space.

We next show how tamenessis related to the existenceof selectors. If E is
a Borel equivalencerelation with a Borel selector,then the selectorshaows that

E'B¢(X)-B¢(C)Z

Thus E is tame.

In generaltame equivalencerelations neednot have Borel transversals. Sup-
poseC u N £ N is a closedset such that ¥{C) is not Borel. Let E be the
equivalencerelation (x;y)E(u;v) if and only if x = u on C. Clearly ¥ shows
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E is tame. If T is a transversal for E is a Borel uniformization of C. If T is
Borel, then, since%T is one-to-one,by Corollary 7.22,%{C) = ¥T) is Borel, a
contradiction.

In someimportant casesthese notions are equivalert.

Prop osition 9.8 SupmseE is a Borel equivalene relation on a Polish space
X suchthat every E-classis K. Then E is tame if and only if E hasa Borel
transversal.

In particular this is true if every E-classis countable.

Pro of We know that if E hasa Borel transversal, then E is tame.
Suppose E is tame. There is a Borel measurablef : X ! C sudc that
XEy$ f(x)="f(y). Let A=1f(xy):f(y)=xg. By 2.3, A is Borel and

Ax =Ty f(y) = xg

is Ky, for all x 2 C. By 7.36, A has a Borel uniformization B.
Let
T=fy:9% (x;¥) 2 Bg:

Then T is a transversal of E and since T is the cortinuous injective image of
B, T is Borel.

For general E we can use uniformization ideas to say something about
transversals. Recall that C is the smallest ¥+algebra containing the Borel sets
and closedunder the Souslin operator A. We have shown that every C setis
Lebesguemeasurableand every analytic subsetof X £ X can be uniformized
by a C-set (Theorem 4.25 and Exercise5.33).

Prop osition 9.9 If E is a tame Borel equivalene relation on X, then E has
a C-measurable transversal.

Proof Letf : X ! C be Borel measurablesuch that XEy if and only if
f(x)=f(y). Let A=1f(z;x) 2 CE X :f(x) = zg. Let B 2 C uniformize A
and let

T=1fx2X :(f(x);x) 2 Bg:

Then T is a C-measurabletransversal of E.
What equivalencerelations are not tame? There is a very natural example.

De nition  9.10 Let Eg be the equivalencerelation on C de ned by
XEy if and only if 9n8m , n x(n) = y(n):
We call Eq the Vitali equivalene relation.

The proof that Eg is not tame detours through a bit of ergodic theory.

De nition 9.11 We say that ! is a Borel prokability measure on X if there
is a ¥zalgebra- on X containing the Borel sets,and a measure! : - ! [0;1]
with 1(X) = 1.
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De nition 9.12 We say that A u X is E-invariant if whenewer x 2 A and
yEX, theny 2 A. If 1 is aBorel probability measure,we say that ! is E-ergadic,
if 1(A) = 0ort(A) = 1whenewr A is!-measurableand E-invariant.

De nition 9.13 We say that A p X is E-atomic if there is x 2 X with
H([x]) > 0.

If the equivalencerelation is clear from the context we will refer to E as
\atomic" rather than E-atomic.

Lemma 9.14 If E is a tame Borel equivalene relation, then there is no E-
ergadic, nonatomic Borel prokability measure on X . Indeed, if * is an E -ergddic,
nonatomic Borel probability measure on X, then E is not * -tame.

Pro of Suppose! is an E-ergadic, nonatomic Borel probability measureon X
and E is ! -tame. Suppose(An : n 2 N) is a ! -measurableseparating family.
If xEy and x 2 A,, theny 2 A,. Thus ead A, is E-invariant. Since? is
E-ergadic ! (Ap) = Oort (A,) = 1.

Let \ \
B= fA,:*(Ay)=1g\ fXnA,:1(A,) = 0g:

Each of the setsin the intersection has measurel, thus! (B) = 1. Let x 2 B.
Since A, is a separating family, [x] = B. Thus! is atomic, a contradiction.

We needone basic lemma from probability theory.

Lemma 9.15 (Zero-one law for tail events) Let ! be the usual Lekesgue
measure on C. If A p Cis Ep-invariant, thent(A) = Oor * (A) = 1.

Pro of SinceA is Lebesguemeasurable,for any 2 > 0, there is an open set U
suchthat U A and®(UnA)< 2
If Up Cisopen,thereisatree T on2¥ sud that CnU = [T]. Let

S=f%62T :8¢; U %¢ 2 Ta:

S
Note that U = ,,5 Ny, and N3, \ N, = ; for % ¢ distinct elemens of S.
Thus
X X 1
1(U) = 1 (Ny) = R
Y2 S Y2 S

But N3, and A are independert evernts. Thus?® (Ns,\ A) = 1 (Ng)* (A) and

X X
t(A) = (Ns\ A) = L(Ns)t (A) = 1 (U)L (A):
7”2's 7”2's

It follows that either * (A) = O or *(U) = 1. Thus either 1 (A) = 0 or A has
outer measurel. In the later case! (A) = 1 sinceA is measurable.

Corollary 9.16 Eg is not tame.
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Pro of Let! be Lebesguemeasureon C. By the zero-onelaw for tail events !
is Eg-ergadic. If x 2 C, then [x] is courntable and hencemeasurezero. Thus?
is nonatomic. Thus Eq is not tame.

Indeedif - is the ¥+algebra of Lebesguemeasurablesubsetsof C, our proof
shows that Eg is not --tame. In particular Eq is not C-tame.

The "rst major result on Borel equivalencerelations is the next theorem of
Harrington, Kechris and Louveau? It says that Eq is the simplest nontame
Borel equivalencerelation.

Theorem 9.17 (Glimm{E®ros Dic hotom y) SupmseE is a Borel equiva-
lence relation on a Polish space X . Then either

i) E is tame or

i) Eo- g E.

The proof of Theorem 9.17 heavily usese®ective descriptive set theory. We
postpone the proof. For now we will be content giving the following corollary.

Corollary 9.18 Let E be a Borel equivalen@ relation on a Polish space X.
The following are equivalent:
i) E is tame;
i) E hasa C-measurabletransversal,
iii) There is no Borel prokability measure! that is E-ergadic and nonatomic.
iV) Eo 6-B E.

Pro of We have already shown i)) ii), i)) iii) and are assumingi) , iv).

i) ) i) SupposeE in not tame. ThenEg - g E. Letf : C! X be a Borel
reduction of Eq to E. If T is a C-measurabletransversalfor E, then fi 1(T) is
a C-measurabletransversal for Eg. But then Eq is C-tame, a contradiction.

iii)) i) If E is not tame, thereisf : C! X a Borel reduction of Eg to E.
Let ¢ be Lebesguemeasureon C. We de ne a measure® on X by

°(A) =1 (f1H(A)):

Claim © is a Borel probability measureon X .
We will only argue ¥additivity. If Ag;Az;::: 1 X are pairwise disjoint,
then f i Y(Ao),f i 1(A1);::: are disjoint and

[ L * *
°C A)=tEC A= (A = °(A)
i=0 i=0
as desired.
If Au X is E-invariant, then f i 1(A) is Eg-invariant. Thus

°(A)=1(fil1(A)=0or1

4Glimm proved this when E is the orbit equivalence relation for a second countable locally
compact group. E®ros extended this to the casewhere E is an Fs, orbit equivalence relation
for a Polish group. The general caseis due to Harrington, Kechris and Louveau [3].
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so°.. Forany x 2 X, either fi 1([x]g) = ; and°([x]Je = 0, or thereisy 2 C
with f (y) = x. Thenfi }([x])e = [ylg, and®([x]g) = 0. Thus® is an E -ergodic
nonatomic probability measureon X .

10 Countable Borel Equiv alence Relations

De nition  10.1 SupposeGisagroup. Amap®: GE£ X | X isan action. If
®(g; ®h; x)) = ®gh; x) for all g;h 2 G and ®(e;x) = x for the identity elemen
X.

If G and X are Borel subsetsof Polish spacesand the action ® is Borel
measurable,we say that ® is a Borel action.

When no confusion ariseswe write gx for ®g; X):

Denition 102 If ®: GE X ! X is a Borel action, the orbit equivalence
relation Eg is given by
XEy, 992 Ggx=y:

For arbitrary Borel actions, the orbit equivalencerelation is § 1, but if G is
countable
XEy, =~ gx=y:
926G

So Eg is a Borel equivalencerelation.

De nition 10.3 A Borel equivalencerelation E is countableif and only if every
E-classis countable.

If G is a courtable group, then the orbit equivalencerelation is a courntable
Borel equivalencerelation. Of course,there are alsocountable Borel equivalence
relationslike” 1 and” nyp, Turing equivalenceand hyperarithmetic equivalence,
that seemto have nothing to do with group actions. Remarkably, every count-
able Borel equivalencerelation arisesas an orbit equivalencerelation.

Theorem 10.4 (Feldman{Mo ore) If E is a countable Borel equivalene re-
lation on a Borel set X, then there is a countable group G and a Borel action
of E on X suchthat E is the orbit equivalene relation.

Pro of ConsiderE p X £ X . Sinceead sectionis countable, by 7.26 we can
nd Borel measurablefugctions fo;fe;:::such that f; : Aj ! X, the f; have
disjoint graphsand E = , Graph f;.

Fori;j 2 N let

XRijy, X2A"y2 A ~Mfi(x) =y fy(x) = x
S
Note that E = . Ry .

1)
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For eadh i; j let Ej; Sbe the equivalencerelation generatedby R;j . Then
Eij is Borel and E = ;; Ejj . We claim that there is a Borel measurable
g;j : X ! X sud that E;; -classesare the orbits of g;; .

For eadh x there is at most oney suc that xR;; y and at most one z such
that zR;; x. Thus every E;; -classis of one of the following forms:

1) fxi:i2Zg;

2) fx; ;i 2 Ng;
3)fx;i:i2Ng; or
4) fx; 1i = 0;:::;ng for somen 2 N, where Xk Rij Xk+1 .

Let B;j = fx : [x] is of typei)g. Then B; is a Borel set.
We de ne g;; asfollows.

1) On classesof type 1) gij (Xk) = X+1 -

2) On classesf type 2)

(x, ifk=0
gj (Xk) = Xk 2 if k> Oiseven:
Xk+2 if K is odd.
3) On classesof type 3)
(x, ifk=0
gj (Xk) =  Xjks2 if k> Oiseven:
X; ki 2 if k is odd.
4) On classesof type 4)

& if k
Xk+ | <n
gi;j (Xk) = X(l; ! if k=n .

Let G be the countable group of Borel permutations of X generated by
fg; :i;j - ng. We give G the discrete topology. The natural action of G on
X is Borel and the orbit equivalencerelation is E.

Univ ersal Equiv alence Relations
De nition 10.5 We say that a countable Borel equivalencerelation E is uni-
versalif E® - g E for all courtable Borel equivalencerelations E.

We will show how to usethe Feldman-Moore Theoremto "nd natural uni-
versal equivalencerelations Let X be asetand let G beagroupif f 2 X © and
g2 Gdenegf 2 XC by

gf (h) = f(g' *h):
Note that
(g )(h)) = (gf )(gi *h) = f (g} g} *h) = (G1o)f (h):

Thus (g;f) 7! of is an action of G on X ©.
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Our main goalis to show that if F; is the free group on two generators,then
the orbit equivalencerelation for the natural action of F, on 272 is universal.

If G is acountable group and X is a standard Borel set, then (g;f) 7! of is
a Borel action of G on X ©. We let E(G; X ) denote this action.

We rst shaw that there is a universal G-action.

Lemma 10.6 SupmseG is a countablegroup acting on a Borel setX . Let Eg
ke the orbit equivalene relation. Then Eg - 5 E(G;O).

Pro of Let Up; Us;::: be Borel subsetsof X such that if x 6 y there is U; such
that only oneof x andy arein U; (we say U; seprates points of X).

We view elemernts of C® asfunctions from G£ Nto f0;1g. Let A: X | C®
be the function

AX)(gi)=1, g 'x2U:

Since A(x)(e;i) = 1, x 2 U; and the U; separate points, we seethat A is
one-to-one.

Note that

(hAG))(g)(i) = 1, Ap)(hi *g)(i) =1, g'*hx2 U, Ahx)(g)(i) = &

Thus hA(x) = A(hx).

SupposexEgy. Then there is g 2 G such that y = hx and A(y) = gA(x).
Thus A(X)E (G; OA(y). Moreover, if AX)E(G; CA(y), thereis g2 G sud that
A(y) = gA(x) = A(gx). SinceA is one-to-oney = gx and XxEgy. Thus Ais a
Borel reduction of Eg to E(G;C).

Lemma 10.7 Supmse G and H are countable groupsand %2: G ! H is a
surjective homomorphismthen E(H; X) - g E(G; X ) for any Borel X .

Proof Let A: XH 1 XG© bethe function

Af)(9) = f (49)):

Clearly, A is one-to-one.
If h2 H and “£h.) = h, then

A(ht )(g) = (hf )(g)) = f (hi 13%g)) = f (4hi 'g))
and ] '
haA(f)(g) = A(f)(hi *g) = f (¥4hi *g)):

Thus A(hf) = hA(f). Moreover, if there is g 2 G sudh that gA(f1) = A(f2),
then f, = gA(f1) = A(¥40)f1). SinceAis oneto one4g)f; = f,. Thusf,Egf»
if and only if A(f1)E(G; X)A(f ).

For any cardinal - let F. be the free group with - generators.

Corollary 10.8 If E is a countable Borel equivalen@ relation, then E - g
E(Fg;O.
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Pro of By the Feldman-Moore Theorem there is a countable group G and a
Borel action of E on X such that E is the orbit equivalencerelation for the
action. By Lemma 10.6 E - g E(G;C). There is a surjective homomorphism
Y2.Fg ! G. Thusby Lemma 10.7

E g E(GO: g E(Fg;O:

We will simplify this example a bit more after a couple of simple lemmas.

Lemma 10.9 If Gis acountablegroupandH p G, thenE(H;X) - g E(G;X)
for any Borel X.

Proof Fix a2 X. Let A: X" I G be the function

n .
i _ f(g ifg2H
A(f =

(f)(9) a otherwise.

Clearly A is one-to-one.
Leth2 H.If g2 H, then

A(hf )(g) = (hf )(g) = f (hi *g) = (hA(f))(9):
If g62H, then hi 1g62H so
A(hf )(g) = a= (hA(f))(9):

SinceA is one-to-one,we may argue as above that f,E(H;X)f, if and only if
A(f1)E(G; X)A(f2).

Suppose a; b are free generatorsof F,. Then fa"bd' : n = 1;2;:::g freely
generatea subgroup of F, isomorphicto Fg,. Thus E(F2; C) is alsoa universal
courtable Borel equivalencerelation.

Lemma 10.10 If G is a countable group, then E(G;C) - g E(G £ Z;2).
Pro of We identify C® with 26N et A: C® ! 26£Z pe the function

, Ctgiy ifi- o
Af)gi)= 1 ifi=i1
0 if i <j 1.

Clearly A is one-to-one.

Supposef 2 C® and h 2 G. Then A(hf) = (h;0)A(f). SupposeA(f;) =
(h; m)A(f). Then

A(f1)(g;i) = A(f)(hi *g;ij m)
forall g2 G,i 2 Z. Weclaim that m= 0. Leti = j 1, Then A(f1)(g;i 1) = 1.
Thusjli m, jland m - 0. On the other hand, let i = mj 1. Then
Af)(g;mi 1) = Af)(hilgij1) =1 Thusmj 1, jlandm 0. Thus
m = 0. Thus
A(f1) = (h;0)A(f) = A(hf):
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SinceA is one-to-one,f; = hf . Thus

f1E(G;Qf», A(f1)E(GE Z;2):

Theorem 10.11 If E is a countable Borel equivalene relation, then
E - B E(FQ;Z).

Pro of
E(Fa: O
E(Fg £ Z;2) by 10.10

E(Fg;2) by 10.7
E(F2;2) by 10.9sincewe canembed Fg, into F;

T T W W
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11 Hyp er nite Equiv alence Relations

De nition 11.1 We say that a Borel equivalencerelation E is "nite if every
equivalenceclassis nite. We say that E is hyper nite if there are nite Borel
equivalencerelations Eo p E; p :::suchthat E = E,.

The equivalencerelation Ej is hyper nite. Let F, bethe equivalencerelation
onC
XFny, 8m > n x(m)= y(m):

S —.
Then Eq = F, and each F, is nite.
The main goal of this sectionwill be to give the following characterizations
of hyper nite equivalencerelations.

Theorem 11.2 Let E be a countable Borel equivalene relation. The following
are equivalent:

i) E is hyper nite;

i) E is the orbit equivalen relation for a Borel action of Z;

i) E - g Ep.

We rst show that, for countable Borel equivalencerelations, "nite ) tame
) hyper nite.

Prop osition 11.3 If E is a nite Borel equivalene relation, then E is tame.

Pro of There is a Borel action of a countable group G on X sud that E is
the orbit equivalencerelation. Without lossof generality we may assumethat
X = R sowe can linearly order X. Then

T=1fx2X:802Gx - gxg
is a Borel transversal for E.

Prop osition 11.4 If E is tame countable Borel equivalene relation, then E is
hyper nite.

Pro of There is a countable group G sud that E is the orbit equivalence
relation on X . SupposeG = fgo; g1;:::g wheregy = e. SinceE is tame, there
is a Borel measurableselectors: X ! X. Let

A A I
M M
XEny, XEyand Xx=y_ X=gs(X)" y=as(x)
i=0 i=0
Then XE,s(x) if and only if x 2 fgis(x) :i = 0;:::;ngand if x &,s(x) then

iXle,j = 1. Thus E, is a nite equivalencerelation and E, = E.

SinceEy is hyper nite, the corverseis false. There is a partial cornverse.
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Theorem 11.5 Let E be a countable Borel equivalene relation, then E is hy-
per nite if and onlg if there are tame Borel equivalen relations Eq g E; W
Eop:iiwithE= | E,.

For a proof see[2] Theorem 5.1.
We mertion a few important closure properties for hyper nite equivalence
relations.

De nition 11.6 If E is an equivalencerelation on X we say that A p X is
full for E if for all x 2 X thereisy 2 A sud that xEvy.

Prop osition 11.7 i) If E p F and F is hyper nite, then E is hyper nite.

ii) If E is hyper nite and A pu X is Borel, then EjA is hyper nite.

iii) If E is a countable Borel equivalene relation, A u X is Borel and full
for E, and EjA is hyper nite, then A is hyper nite.

iv) If E is a countable Borel equivalen@ relation, E - g E® and E” is
hyper nite, then E is hyper nite.

Pro of i) andii) are obvious.

iii) SupposeES U Ei1 n Eo i are nite Borel equivalencerelations on A
such that EJA = E;. There is a countable group G = fgo; g1;:::; g suc that
E is the orbit equivalencerelation for a Borel action of G on X . For x 2 X, let
Ny be leastsud that gy, x 2 A.

Let xF,y if and only if

XEyr (X=y_(x n*ny - n” gy XFnon,Y)):

R . ) S
Then F, is a nite equivalencerelation and F, = E.

iv) Let f : X ! Y be a Borel reduction E to a hyper nite E®. SinceE is
countable, the mapf hascountable b ers. Thusby 7.21,B = f (X) is Borel and
there is a Borel measurables: B! X such that f (s(y)) = y for all y 2 f (X).
Let A =s(B) = fx 2 X :s(f(x)) = xg. Then A is Borel and full in E. By
i) E°jB is hyper nite. But EjA is Borel isomorphic to E°jB. By iii) E is
hyper nite.

Z-actions

SupposeE is a Borel equivalencerelation on X and <) is a linear order of [x].
We say that [x] 7! <[y is Borel if there isa Borel R p X £ X £ X sud that

) R(Xy;2)) (XEy”" XEz);

i) R(X;y;2)) ¥y <2z

i) if xExy then R(x;y;2), R(X1;Y;2).

Theorem 11.8 Let E be a Borel equivalene relation on X . The following are
equivalent:

i) E is hyper nite;

ii) Thereis a Borel [x] 7! <[ suchthat eachin nite E-classhasorder type
Z, ! or!”,
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i) Thereis a Borel [x] 7! <[4; suchthat eachin nite E-classhasorder type
Z.

iv) There is a Borel action of Z on X suchthat E is the orbit equivalen@
relation.

v) There is a Borel automorphism T : X ! X such that E-equivalene
classesare T -orbits.

Pro of

It is clearthat iv) , V)

i)) iié Let Eo p E1 p E2 1 ::: be nite Borel equivalencerelations such
that E = E,. We may assumethat Eg is equality. We may also assumethat
there is an ordering < of X.

We inductively de ne <.~ asfollows.

1) <[xje, istrivial, since[x]e, = fxg.

2) Supposey; zEnx and YEn; 12, theny <y, -z if and only if y <Wle,, ; Z-

3) Supposey;zEnx and y &n; 1z. Let P be the <),  -least elemernt of
[vln; 1 and b be the <lzle,. l—leastelemen of[z]e,, ,- If p< b, theny <y z.
Otherwise z <4 V.

In other words: we order [x]e,, be breakingit into nitely many E,; 1 classes

Ci1;:::;Cn. We then order the classesC; by letting y; be the <Iyile,. 1—Ieast
elemen and say@g that C; < Cj if y; < ;.
Let <= <ixle, - If XEny and X <y} Z <[ Yy, then xEpx. It follows

that <[y is a discrete union of nite orders. Thus <y is either a nite order or
hasorder type! ,! " or Z.

We needonly argue that the assignmetts [x] 7!<(y;. is Borel. The only
ditcult y is picking k the <y -least elemen of [x]g,. There is a countable
groups G and a Borel actions of G on X such that E, is the orbit equivalence
relation of G,,. Then

y=%®, (YEnx"892Gny: x, 9X):
This is easily seento be Borel.

i) ) i) We may assumethat E is the orbit equivalencerelation for the
action of a countable group G. Since

fx:992 G8h 2 G hx - [y gXg

and
fx:992 G8h 2 G gx - [x) hxg

are Borel we can determine the order type of ead class. If a classhas order
type! of ! ® we canreorderit sothat it hasorder type Z. For exampleif [x] is
Xo <[x] X1 <[xj< ::: we de ne a new order <* sothat

X5 < X3 <TX1 < Xg< " Xo < Xq< 11

The ! ® caseis similar. This can clearly be donein a Borel way.
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iii) ) iv) We de ne a Borel automorphismg: X ! X sud that E is the
orbits of g. If x is the <[-maximal elemert of [x], then [x] is the <|,;-least
elemert of [x]. Otherwise let g(x) be the <,;-successof x. Arguing as above
g is Borel. Welet Z act on X by nx = g("x. Clearly E is the orbit equivalence
relation.

iv) ) i) Let g: X ! X be a Borel automorphism such that E-classesare
g-orbits. Then Xo = fx :9n 6 0: g(™x = xg is Borel. On X, we can de ne
<[x] Using < is a xed linear order of X. Thus, without loss of generality, we
may assumethat every E-classis in nite. But then we cande ne x <[y y if
and only if there is an n > 0 such that g™ x = y. Clearly this is a Z-ordering
of [x].

iii) ) i) We may assumethat E is an equivalencerelation on C. For each
equivalenceclassC we dene atree Tc p 2 by

Te=f%22% :9x2 C x %Yy
There is a Borel automorphism g such that E-classesare g-orbits. Since
Ty = f%:9n 2 Z: gMx % vg;

the function x 7! Ty,; is Borel measurable.Clearly Tc is in nite. Let zc 2 [Tc]
be the leftmost path in Tc.

Claim  The functions x 7' Zy is Borel measurable.

Wede ne % 2% Y2:::sudthat f¢ 2 Ty @ ¢ 1 ¥ gisinnite. Let % =
and %, = §¢bj Wherej is least such that f¢ 2 Ty @ ¢ 1 ¥%bjgisin nlte
Then zi,; = % . It is easyto seethat (T} 2zy) is | 9. Thusx 7! Zy is Borel
measurable.

There are seweral casesto consider. It will be clearthat deciding which case
we are in is Borel.
casel: zc 2 C.

For x 2 C wede ne xE,y if and only if x = y or there arei; j with jij;jjj- n
such that x = gz, andy = gl z.

Form2 Nlet C, = fx 2 C:xjm = zcjmg.
case2: There is an m suc that C,, hasa < -least elemer.

Let m be least such that C,, has a least elemert wc. For x 2 C, we de ne
XEny if and only if x = y or there arei; j with jij;jjj - n sud that x = g{w,
andy = gl wiy,.
case3: There is an m sud that C,, hasa <c-maximal elemen.

Similar.

case4:. Otherwise. T

WehaveCy § C1 1 C> T :::.. Sincewe are not in casel, C; = ;. Since
we are not in case2 or 3, C;j hasno smallestor largest elemen.

Wede ne E, on C by: xE,y if and only if (x 2 C, and X = y) or and there
isi > 0suc that g'x = y and g,x 62C, forj = 0;:::;
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Clearly each E,, classis nite and if xEy, then xEy for all sutciently large

The i), iii) is due to Slaman and Steel. The direction iv) ) i) is due to
Weiss.
It followsimmediately that there is a universalhyper nite Borel equivalence.

Corollary 11.9 If E is a hypernite Borel equivalen® relation, then
E s E(Z;,0O.

Recall that an action of G on X is a free action if gx 6 hx for any x 2 X
and g 6 h. Our proof shaws the following.

Corollary 11.10 If E is a hyper nite equivalene relation on a standard Borel
smee X and every E classif in nite, then E is the orbit equivalene relation
for a free Borel action of Z on X.

Reducibilit y to Eq
Theorem 11.11 (Doughret y-Jac kson-Kec hris) If E is a hyper nite Borel
equivalene relation, then E - g Ep.

Corollary 11.12 If E is a nontame hyper nite Borel equivalen relation then
E " s Eo.

Pro of By Theorem 9.17E, - g E and by Theorem 11.11E - g Ey.

By Theorem 11.8 and Lemma 10.6 every hyper nite Borel equivalencerela-
tion is Borel-reducible to E(Z; C). Thus we may assumethat E = E(Z;O).
We say that X p C? is tame if X is E-invaraint and EjX is tame.

Lemma 11.13 Supmse X p C? is tame, and f : C?nX ! Cis a Borel
reduction of EjY to Eg. Then E - g Eo.

Pro of Let g: X ! Cbe aBorel measurablefunction such that

XEy, 9(x) = g(y)

for x; y 2 X . Sincethere is a perfect set of Eg-inequivalent elemeris, there is a
continuousp : C! Csud that p(x) BEop(y) for x 6 y. Let iti : C>! Cbethe
ususal bijection

< xyi = (x(0);¥(0); x(1); y(1);::2):

Finally let 0;1 2 C denote the in nte sequencesthat are constartly 0 and
constartly 1, respectively.
Dene P: 1 Chy

v
_ hp(g(x));0i ifx2X .
o= x): T if x 62X
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If x 2 X andy 62X, then f (x) &qf (y), sincethe even part of f (x) is 0 and
the even part of f (y) is 1.
If x;y 2 X, then

O(x)Eofy) , p(a(x))Eop(a(y)) , a(x) = g(y), XEy:
If x;y 62X, then

Ax)Eofy) , f(X)Eof (y), XEy:
Thus s the desiredreduction.
S
Lemma 11.14 If Xo;Xq;:::; 0 C* are tame, then ~ X, is tame.

Pro of Sinceead X; isinvariant we Qay assumethat the X; aredisjoint. If f; :
Xi ! CisaBorel reductionandf : ~ X; ! Cisthe function f (x) = 0'1bf;(x)
for x 2 Xj, then f is a Borel reducition of EjX to ¢( C).

The two lemmasallow us to work \mo dulo tame sets", i.e. if X is tame we
may ignore it and assumewe are just working with Ej(C* nX).

Pro of of Theorem 11.11 We wiII view ead x 2 C? asa Z £ N array of
zerosand ones. The columns are :::;X; 2;X; 1;Xo; X1; X2;::: wherex; 2 C. If
Y42 (2")", we view ¥aas (Yo;:::; 3/ﬁ 1) Where eah % 2 2". We sa that %
occurs in x at k if %4 = Xg+ijn for i=0;:::;

Fix %2 (2")". Let Y be the set of aII X 2 CZ such that there is a largest k
such that 34occursin x at k. We will arguethat Y is tame. Supposex 2 X and
k is maximal suc that ¥ occursin x at k. If n 2 Z, then (nx)i(j) = Xi; n(j)-
Thusk i nisthe largesti such that 3%occursin nx ati. ThusY is Z-invariant.
Let s : X I X be the function s(x) = kx where k is maximal such that %
occursin x at k. Then s(x) is the unique elemen of [x] where 0 is the largest i
such that ¥%occursat i. Thuss is E-invariant and Y is tame.

Similarly, the set of x suc that there is a least k such that %occursin x at
k is tame. By throwing out thesetame Borel sets,we may restrict attention to
a Borel set X that for all %and x 2 X, the set of k such that 3%occursin x at
k is unboundedin both directions.

If %22 (2")" and m < n welet ¥jm = (Yjm; :::; ¥m; 1jm). Fix <, alinear
order of (2")" such that if 3%¢ 2 (2")" and ¥m <m éjm for somem < n, then
Ya<p ¢.

For x 2 X let f,(x) be the <,-least elemer of (2")" occuring in x. Our
assumptionson <, insurethat f,(x)jm = f,(x) form< n. Denef : X ! CN
by

f(x) = (Yosya;:3)
where f,(X) = (Yojn; y1jn;:::;yn; 1jn) for all n. Note that each f,, and f are
E -invariant.

We say that g 2 CN occurs in x at k if x¢+; = g(i) for all i 2 N. Let Y be

the set of x 2 X such that f (x) occursin x and there is a least k such that
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f (x) occursin x at k. Then Y is Borel, E-invariant and the function s(x) = kx
wherek is least f (x) occursat k is a Borel selector. Thus Y is tame. Let W be
the setof all x 2 X such that f (x) occursin x at k for arbitrarily small k. If
x 2 W, then the action of Z on [x] is periodic. Thus[x] is nite and W is tame.
Throwing out Y and W we may assumethat f (x) doesnot occur in x for all
x2X.

For x 2 X andn 2 N de ne

ki = 0
k3,1 = theleastk such that k > k3, and f2n+1 (X) occursin x at k:
kinsz = thelargestk sudh that k < k3, and f ;542 (X) occursin x at k:
Then

Dok RS RS < KK

Sincef (x) doesnot occurin x, k3, ! 1 andkj,,, ! il
We make the usual identi cation between C and P(N) by identifying sets
with their characteristic functions. Under this identi cation

AEoB , A4 B is nite :

Fix a bijection
p:NE @) I N:

Forx2 X andn 2 N let
th = Jkher i Kpj+ 1

¥ = Xminfkx ko g+1 N0

This looks more confusing then it is. Supposen is even. Then kX < kX,;

and columnsky to kX, .

Let G(x) = fp(n;r}) :2 Ng. From G(x), and knowing kj = 0, we can
reconstruct the sequencgky : i 2 N) and x. Thus G is one-to-one.

SupposeG(x)4 G(y) is nite. Then there is an m suc that rX = rY for all
n > m. It follows that y is obtained by shifting x. Thus xEYy.

SupposexEy. Thereism 2 Z such that xm+; = Vi for all i 2 N. Without
loss of generality assumem > 0. Let no be least such that k3, ,; > m. Since
f(x)=1(y),

X —_ y .
Kong+1 = M+ K3y 4

ThuskX = m + k¥ for all n > ng. It follows that G(x)4 G(y) is nite.
Thus G reducesE to Ejg.
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Growth Prop erties

Our next goalis to show that there are countable groupsG 6 Z such that every
G-action is hyper nite.

De nition 11.15 SupposeG is a nitely generatedgroup. We say that G
has pglynomial growth if there is a 'nite X u G closedunder inversesud that
G= X" andthere are C;d 2 Z such that

ix"j2 o(n%)

for all n > 0.

n, .._.
o 1 oifi=
&)= Opotherwise.
Then (my;:::;mg) 2 X" if andonly if  jm;j - n. Clearly, jXnj - (2n+ 1)4 2
o(n9).

Sinceewvery nitely generatedAbelian group is a quotient of Z9 for somed,
every nitely generatedAbelian group has polynomial growth.

The free group F, does not have polynomial growth. Let a;b generateF;
andlet X = fa;b;ai ;b 1g. Then X" is the number of words of length at most

n and
Ml
XM= 43 = 43" 1)2 O(3"):
i=0

Theorem 11.16 (Gromo v) SupmseG is a nitely genemated group. Then G
is of polynomial growth if and only if G is nilpotent-by- nite.

Wewill provethat all Borel actions of "nitely generatedgroupsof polynomial
growth induce hyper nite orbit equivalencerelations. In fact we will work in
a more generalcontext which will also allow us to understand actions of some
non nitely generatedgroups like Q¢.

De nition 11.17 Let G be a countable group. We say that G has the mild
growth property of order c, if there is a sequenceof nite setsKopu Ky Ko:::
such that:

I) Ki=G;

i) 12 Ko;

i) K; = Ki*forall i;

iv) K? u Kisp for all i;

V) jKi+aj < ¢Kjj in nitely many i.

Lemma 11.18 If G is a nitely genemated group of polynomial growth O(n9),
then G has the mild growth property of order 16° + 1.

99



Pro of Let X be a set of generatorsclosedunder inversesuch that jX "j - Cn¢
for all n > 0. Let K, = X2". Clearly i)lii)  hold. SinceX2"X2" = X2'" jv)
holds. We needonly arguev). Supposenot. Then there is ng suc that

Knsaj, (16°+ 1)jKnj
forall n, ng. Then
JKakenol, (167 + DKjK o]
for all k. But

24k+ no.

JKaksno) = jX j - C2nod2tkd = c2mod(167)*
and
(167 + 1)jKp,j - C2M0d(16%)
for all k. But this is clearly impossible.
Lemma 11.19 SupmseGo ¥2G1 Y2 G, Y2g:: are “nitely genermted groupswith

the mild growth property of order c. Then G; hasthe mild growth property of
order c.

Pro of Let Ki.o 4 K1 1 ::: witnessthat G; hasthe mild growth property of
orderc. Let %: N! NE£ N be a bijection sud that if 34i) = (j; k), thenj - i.
We will build Ko p K1 p ::: % G. For notational conveniencelet K; 1 =
f1g.
Supposewe have K i G; for i < 5k. We will show how to de ne Ky for

K = K& 1 [ Kwi K Gsk:
We can nd an n suc that

K 1 Kskn and jKskn+aj - GKsin|:

jKskj - CKsk+q] for all k:

S
SinceQ? = "+, 2% QY hasthe mild growth property.

Theorem 11.20 (Jackson-Kec hris-Louv eau) Let G be a countable group
with the mild growth property. If E is the orbit equivalene relation for a Borel
action of G on a Borel space X, then E is hyper nite.

In particular the orbit equivalencerelation for any Borel action of a "nitely
generatedAbelian group is hyper nite and the orbit equivalencerelation for any
Borel action of QY is hypernite. It is still an open question if any action of a
countable Abelian group is hyper nite.
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The theorem will follow from seweral lemmas.

De nition 11.21 Let F be a symmetric, re°exive Borel binary relation on a
Borel spaceX . We say that F is locally "nite if fy : yFxgis nite for all x. We
say that Y p X is F-discreteif : (xFy) for all distinct x;y 2 Y and we say that
Y is maximal F -discrete if it is discrete and for all x 2 X thereisy 2 Y with
xFy.

Lemma 11.22 Let F be a locally "nite, symmetric, re°exive Borel binary re-
lation on X . Then there is a maximal F-discrete Y u X.

Pro of Let (X, :n 2 N) beafamily of Borel subsetsof X that separatespoints

and is closedunder Tnite interesections.For x 2 X let A(x) be the leastn such

that B, \ fy:yFxg= fxg. For eath n, Al 1(n) is F-discrete. Let Yo = Al 1(0)

and [ [

Yosr = Yo [ Al(n+ )n j - n fx:xFyg:
y2Yn

S
Each Y; is Borel and Y; is maximal F -discrete.

De nition 11.23 Let Fo 4 F; u F, be a sequenceof locally "nite, symmet-
ric,re°exiv e Borel binary relations on X. We say that the sequencessatis es
the Weiss condition if F2 u Fn.y for all n and there is a integer ¢ such that for
all x 2 X there are in nitely many n such that any F,-discrete set contained
in fy : yF,.+2 Xg has cardinality at most c.

Note that  F; is an equivalencerelation.

Lemma 11.24 If G is a group with the mild growth property and E is the
orbit equivalen relation for a Borel action of G, then there are locally nite,

symmetric, re°exive Borg binary relations Fo 4 F1 p ::: satisfying the Weiss
condition suchthat E = F;.

Pro of Let Ko u K1 W ::: witnessthat G hasthe mild growth property of
order c. Let xF,y if and only if thereis g2 K, with gx = y. Sincel 2 Ky and
g2 Ky g andonly if g 1 2 K,,, F, arelocally "nite, re°exive and symmetric.
Clearly F,=E.

We need only show it satis'es the Wiess condition. Since K2 u Kpsg,
Fn2 M Fr+r. Let x 2 X. Givenm 2 N thereisan > m sud that jKpigj -
CjKnj. Supposexi;:::;Xn is an Fn. -discrete set and XjFn+3 X. There are

Clam Kng\ Kng =; fori<j - N.
Supposea;b2 K, and ag = bg. Then
gg l=bta2 Knu:

Thus
XinI 1= gig]-‘ 12 Kn+1

and x; Fn+1 Xj, @ contradiction.
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If h2 Ky, then hg 2 K44 . Thus
NjKnj+ jKn+aj - cKnj
and N - c. Hencethere are in nitely many n sud that any F,.; -discrete

subsetof fy : yFn.+3 xg hascardinality at most c and (F,, : n 2 N) hasthe Weiss
condition.

Lemma 11.25 SupmseE p E® are countable Borel equivalen@ relations. If
E is hyper nite and every E "-class contains nitely many E-classes,then E*
is hyper nite.

Pro of Since E” is the orbit equivlance relation for a Borel action of some

such that gix Eg;x for i & j and for all g2 G gxEgx for somei = 1;:::;k.
Thusfx : j[x]e-=Ej = kg is Borel and, without lossof generality we may assume
that there is a xed k suc that ead E° classcontains exactly k E-classes.

f1(x) = x. Let Nj+1 (x) be the leastn suc that g,x &f;(x) for all j - i and
fiva (X) = Oni,y (0X. Then

[k
Xle= = [fi(K)]e:
s i=1
SupposeE = E, whereEq g E; p ::: are nite Borel equivalence rela-

fi(X)Enfyiy(y) for all i.

Clearly E; is an equivalencerelation and E; p Ej,;. If xEjy, then
XEnfi(y) for somei. Thus ead E; classis nite. If xE"y, then there is a
permutation % such that f;(x)Efs)(y) for all i. SThere is an m such that
fi(X)Enfyy(y) foralli andall m> n. ThusgE® = ~ Ej is hyper nite.

Pro of of Theorem 11.20 By Lemma 11.24wecan nd Fo 0 Fy p ::: a
sequenceof locally nite, sgmmetric, re°exive Borel binary relations with the
Weisscondition such that F, = E. Let Y, be a Borel maximal F,-disjoint
set. Let s, : X | Y, be a Borel measurablefunction such that s,(x)F,x. Let
Yo : X1 X besy£sy; 1x:::+50 and let XE,y if and only if % (X) = Y (y).

Clearly E, is an equivalencerelation and E, p E,+1. Sinceeadh s, is
“nite-to-one, Y4 is nite-to-one and E,, is a nite equival%lcerelation. An easy
induction shows that if XxE,y, then xEy. Thus E® = E, is a hyper nite
equivalencerelation and E p© E®. By Lemma 11.25it sutces to show that
every E-classcontains at most nitely many E“-classes.

Suppose (F, : n 2 N) satisi es the Weisscondition with constart c. Sup-

Y, and hence are F,-discrete. Since Fiz M Fis1, we see, by induction, that
Y (Xi)Fn+1 Xi. Sincex;FnX1, % (Xi)Fn+2X1. ThusN < c. Thus every E-class
contains at most c, E”-classesand E is hyper nite.
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Ammenabilit y
Throughout this sectionj will be a countable group.

Theorem 11.26 Supmse acts freely on a standard Borel sppace X and ! is
a j -invariant probability measure on X . If the orbit equivalene relation E is
hyper nite, then j is ammenable.

The proof we give was pointed out to me by Greg Hjorth. It usesone of the
many useful characterizations of ammenability.

SupposeK is a compact metric space. Let P(K) be the spaceof all Borel
probability measureson K. We topologize P(K) with the weakest topology
such the maps 7

t7r fat

are continuous for all bounded cortinuousf : K ! R. The spaceP(K) is also
a compact metric spaceand if K is a Polish spacesois P(K) (see[6] 17.E).
A cortinuous action of j on K inducesan action of j on P(K) by

gt (A) = (g *A):
We say that * is j-in variant if gt =1 forall g2 j.

Theorem 11.27 A countable group j is ammenableif and only if for every
compact metric sppce K and every continuous action of j on K, there is a
i -invariant measure in 1 (K).

De nition 11.28 Let G and H be countable groupsacting on a standard Borel
spaceX . We say that a Borel measurable®: GE£ X ! H is a Borel cocycle if

®(gh; x) = &g; hx)®(h; x)

forallg;h2 Gandx 2 X.
If ®: GEH ! X isaBorelcocyleandH actsonY,wesaythat f : X ! Y
is ®invariant if and only if

®(g; x)f (x) = f(gx)
forallg2 G, x 2 X.

Pro of of Theorem 11.26

Suppose acts freely on X, 1 is a j-in variant probability measureand the
orbit equivalencerelation E is hyper nite. SinceE is hyper nite and every class
is in nite it is alsothe orbit equivalencerelation for a Borel action of Z on X .

We de ne aBorel cocyle®: Z£ X | | sud that ®&n; x) = gif and only if
nx = gx. Sincethe action of j is free this is a well-de ned cocycle. Note that
there is alsoa Borel cocycle™ :j £ X | Z sudh that ®&n; x) = g if and only if
(gx)=n.

Supposej acts cortinuously on a compact metric spaceK . We need the
following theorem of Zimmer. This is a special caseof Theorem B3.1 of [5].
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Theorem 11.29 (Zimmer) There is an ®-invariant, !-measurable x 7! ©°,
from X to P(K).

Assuming Zimmer's result we will complete the proof. We claim that there
is a j-in variant Borel probability measureon K .
For A p K Borel let 7

°(A)= °x(A)dn:
X

Since! and ead °4 are probability measures,® is a probability measure,we
needonly show that it is j-in variant.

Z
°(gA) = °x(gA) d*
ZX
= gl
ZX
= O~ (gi 1x)x(A) dt
ZX
= 09 1x(A) dt:
X
But 4 Z z
F(x) dt = gF(x) dt = F(g' 'x) dt
X X X
for any ! -measurableF : X | Randg2j. Thus
z z Z

°x(gA) dt = Cgiu(A)dt = O (A) ot
X X X

and °(gA) = °(A).

Thus® is a j-in variant Borel probability measureon K . It followsthat j is
ammenable.

We sketch the proof of Zimmer's result. Let I} (X;P(K)).
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