DIVERGENCE OF TEICHMULLER GEODESICS
ANNA LENZHEN AND HOWARD MASUR

ABSTRACT. We answer the question of when two Teichmiiller geodesic rays stay bounded
distance apart and when they diverge.

1. INTRODUCTION

Let S be an oriented surface of genus g with n punctures. We assume 3g — 3+ n > 1.
Let 7(S) denote the Teichmiiller space of S with the Teichmiiller metric d(-,-). A basic
question in geometry is to study the long term behavor of geodesics. In this paper we
study the question of when a pair of geodesic rays 7 (t), 72(t) stay bounded distance apart,
and when they diverge in the sense that d(ri(t),72(t)) — oo as t — oo. Teichmiiller’s
theorem implies that a Teichmiiller geodesic ray is determined by a quadratic differential
g at the base point and that the surfaces along the ray are found by stretching along the
horizontal trajectories of ¢ and contracting along the vertical trajectories. It is a general
principle that the asymptotic behavior of the ray is determined by the properties of the
vertical foliation of q.

Many cases of the question of divergence of rays are already known. The first instance
was if the quadratic differentials ¢, g2 defining r{, ry are Strebel differentials. This means
that their vertical trajectories are closed and decompose the surface into cylinders. In [5]
it was shown that if the homotopy classes of the cylinders for ¢; coincide with those of ¢,
then r{,ry stay bounded distance apart. In particular this showed that the Teichmiiller
metric was not negatively curved in the sense of Busemann. A second known case was if
the vertical foliations of ¢q, go are minimal, topologically equivalent and uniquely ergodic.
In that case the rays also stay bounded distance apart ([6]). On the other hand if the
vertical foliations of ¢, go are not topologically equivalent, then the rays diverge ([2]).

The last possibility not covered by the above results is if the vertical foliations of ¢, go
are topologically equivalent, have a minimal component and yet are not uniquely ergodic.
In that case in each minimal component there exist a finite number of mutually singu-
lar ergodic measures, and any transverse measure is a convex combination of the ergodic
measures. Ivanov ([2]) showed that if the transverse measures of ¢, ¢e in these mini-
mal components are absolutely continuous with respect to each other, then the rays stay
bounded distance apart.

In this paper we prove the converse which then together with the results mentioned
above completes the picture. We will prove (Theorem 1) that the rays 1,9 diverge if the
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vertical foliation of q is topologically equivalent to the vertical foliation of qa, and there is
a minimal complimentary component 2 of the vertical foliations such that the transverse
tmvariant measures are not absolutely continuous with respect to each other

The outline of the proof of the Theorem is as follows. We will find (Proposition 1)
for any time ¢, a subsurface Y (¢) C Q with short boundary such that the area of Y (¢) is
small on the surface on one ray, and bounded away from 0 on the surface along the other.
This is where we use the assumption that the measures are not absolutely continuous with
respect to each other. We will also find (Lemma 3) a bounded length curve () C Y (#)
on one surface which is "mostly vertical” with respect to the flat metric of the quadratic
differential. Then on the other surface it has comparable length. The fact that the lengths
are comparable and the areas have large ratio will allow us (Lemma 4) to show that the
ratio of the extremal length of (¢) on a surface along one ray to the extremal length on
the other is large. We then apply Kerckhoff’s formula to conclude that the surfaces are far
apart in Teichmuller space.

We will also prove (Theorem 2) that given any pair of ergodic measures vq,v5 on a
minimal nonuniquely ergodic foliation F' there is a sequence of multicurves {7;(n)},_; such
that for a pair of sequences of weights {a;(n)} and {b;(n)} we have >2_ a;(n)v;(n) =
and > 7 b;(n)y;(n) = vo in the topology of PMF. This problem was suggested to us by
Moon Duchin.

Acknowledgements. We would like to thank Moon Duchin and Ursula Hamenstadt
for useful discussions and their interest in this project. We are also grateful to the Math-
ematical Sciences Research Institute for the support and hospitality during the time this
research was conducted.

2. MEASURED FOLIATIONS

Recall a measured foliation on a surface S consists of a finite set X of singular points
and a covering of S\ ¥ by open sets {U,} with charts ¢, : U, — R? such that the overlap
maps are of the form

(z,y) = (f(z,y), Ty + o).

The leaves of the foliation are the lines y = constant. The points ¥ are p > 3 pronged
singularities. One allows single pronged singularities at the punctures. A measured folia-
tion comes equipped with a transverse invariant measure which in the above coordinates
is given by p = |dy|. Henceforth we will denote measured foliations by [F, u.

For any homotopy class of simple closed curves [ let

i([F,pl, B) = inf [ dp.
([F, 1, B) ﬁl,rlﬁ/ﬂ,u
Let T'x denote the compact leaves of [F, u] joining singularities. It is well-known that

each component Q of S\ I'r is either an annulus swept out by closed leaves or a minimal
domain in which every leaf is dense.
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Definition 1. We say that two foliations [Fy, 1], [Fa, pe] are topologically equivalent if
there is a homeomorphism of S\ T'r, — S\ I'r, isotopic to the identity which takes the
leaves of F to the leaves of F5.

Definition 2. A foliation [F, ] in a minimal domain Q is said to be uniquely ergodic if
the transverse measure p restricted to €) is the unique transverse measure of the foliation
F up to scalar multiplication.

More generally suppose €2 is a minimal component of F'. There exist invariant transverse
measures v, = 11(£2),...,vp = 1,(2) such that

e p is bounded in terms of the topology of €.
e v; is ergodic for each 1 <7 <p
e any transverse invariant measure v on {2 can be written as v = Y _ a;v; for a; > 0.

Two foliations [F, p1] and [F, us| are absolutely continuous with respect to each other
if when the measures are expressed as a convex combination as above, the indices with
positive coefficients are identical.

3. QUADRATIC DIFFERENTIALS AND TEICHMULLER RAYS

A meromorphic quadratic differential ¢ on a closed Riemann surface X with a finite
number of punctures removed is a tensor of the form ¢(z)dz* where ¢ is a holomorphic
function and ¢(z)dz? is invariant under change of coordinates. We allow ¢ to have at most
simple poles at the punctures.

As such there is a metric defined by |¢(2)|'/?|dz|. The length of an arc § with respect
to the metric will be denoted by |8|,. There is an area element defined by |q(2)||dz|*>. We
will denote by Area,Y the area of a subsurface ¥ C X.

Away from the zeroes and poles of ¢ there are natural holomorphic coordinates z = x+1y
such that in these coordinates ¢ = dz?. The lines = constant with transverse measure
|dz| define the vertical foliation [Fy?, [dz|]. The lines y = constant with transverse measure
|dy| define the horizontal measured foliation [F}, |dy|]. The transverse measure of an arc 8
with respect to |dy| will be denoted by v,(f) and called the vertical length of 5. Similarly
we have the horizontal length denoted by h,(5).

We denote by I'; the vertical critical graph of ¢g. This is the union of the vertical leaves
joining the zeroes of q.

The Teichmiiller space of S denoted by T(S) is the set of equivalence classes of home-
omorphisms f : S — X where f; : S — X;,7 = 1,2 are equivalent if there is a conformal
map h : X; — X, with fo homotopic to h o fi. The Teichmiller metric on T(S) is the
metric defined by

d((X, g), (Y, h)) = %inf{log K(f): f: X — Y is homotopic to ho g~'}

where f is quasiconformal and

K(f) = [[Ke(f)lloo > 1



4 ANNA LENZHEN AND HOWARD MASUR

is the quasiconformal dilatation of f, where

[fo(2)| + [ f2(2)]
K,.(f) =
D= @ = 5@
is the pointwise quasiconformal dilatation at x.

Teichmiiller’s Theorem states that, given any X,Y € T(S), there exists a unique (up to

translation in the case when S is a torus) quasiconformal map f, called the Teichmiiller
map, realizing d(X,Y). The Beltrami coefficient p := g—}c is of the form p = k% for a
unique unit area quadratic differential ¢ on X and some £ with 0 < k < 1. Define ¢
by e? = % There is a quadratic differential ¢(¢) on Y such that in the natural local
coordinates w = u + iv of ¢(t) and z = z + iy of ¢ the map f is given by

u=-¢e'z v= e_ty.

Thus f expands along the horizontal leaves of ¢ by e’, and contracts along the vertical
leaves by e".

Conversely, any unit area ¢ on X determines a 1-parameter family of Teichmuller maps
and a geodesic ray 7(t) = r(x,q(t) in T(S), called the Teichmiiller ray based at X in the
direction of q. For each ¢ > 0 one forms the Teichmuller map f; with Beltrami differential
= k% with e? = % The image surface is denoted by r(t) and the corresponding
quadratic differential on r(¢) by ¢(t).

Now let ¢, g2 quadratic differentials on X; and X, with vertical foliations [F} , |dz,|]

and [F}, |dzo|] and determining rays r1,7o. Our main result is then

Theorem 1. Suppose [F],,|dx|] is topologically equivalent to [F, |dxy|]. The rays ry,79
diverge if there 1s a minimal complimentary component 2 of the foliation F) with ergodic
measures vi, . ..,v, and so that restricted to Q, |dzi| = Y0, aj;, |dxe| = Y 0 biy; and

there is some index i so that either a; =0 and b; > 0, or a; > 0 and b; = 0.

3.1. Extremal length. We recall the notion of extremal length. Suppose X is a Riemann
surface and I' is a family of arcs on X. Suppose p is a conformal metric on X. For an arc
7, denote by p(7) its length and by A(p) the area of p.

Definition 3.

inf,er p*(7)
Extx(T) = sup ————~"2
A 1)
where the sup is over all conformal metrics p.

We will apply this definition when I' consists of all simple closed curves in a free homotopy
class of some «. In that case we will write Extx ().

The following formula due to Kerckhoff ([4]) is extremely useful in estimating Teichmdiller
distances. For X,Y € T(S)

1
(1) d(X,Y) = -logsup ———~
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Lemma 1. Let X be a Riemann surface. Let q be a unit area quadratic differential on X.
Let Y be a subsurface with geodesic boundary . If the length |y|, is small enough, then
for any homotopy class of curves a C'Y
/|2

q

e
Ext >
(%) 2 @) + O )

where o is the geodesic in the homotopy class of a.

Proof. Let € = |y|,. Define a metric p on X as folows. Let p coincide with the ¢g-metric on
N.(Y), the e-neighborhhood of Y and the ¢ metric multiplied by a small § on Z = X\ N(Y).
Let o” be any curve in the homotopy class of «. If o is not contained in Y then o” and
a segment of v bound a disk. The fact that d,(Z,Y) = € and + is a geodesic implies that
we can replace an arc of o with an arc of v to produce o C Y with smaller length. We
conclude that the infimum of the flat length in the metric p is realized by the geodesic o
in Y. By definition,

infanq |02 o
A(p) ~ Area,(Y) + O(e?) + 6Area, 7

Since 9§ is arbitrary we have the result.

/‘2
q

EXtX (a) Z

O

Definition 4. Given a quadratic differential ¢ and 6 > 0, a geodesic v in the ¢ metric is

called almost (q,0)-vertical if ZZ((?) > 4.

Lemma 2. Let q be a quadratic differential on X a surface without boundary. For any
d > 0 there is a curve § which is almost (g, 6)-vertical.

Proof. If I’y # 0 we are done. Thus we can assume that the vertical foliation is minimal.
Let A be the area of ¢g. The first return map of the foliation to a horizontal transversal I
with an endpoint at a singularity defines a generalized interval exchange transformation.
The maximal number of intervals ngy is determined by the genus of the surface and the
orders of the singularities of g. Choose a horizontal transversal I of length A satisfying

A
27105 )
The transversal I determines a decomposition of the surface into rectangles {R;}, with

heights h; and widths )\;, whose horizontal sides are subsets of I. Each rectangle has two
horizontal sides on I. Consequently, if we count each )\; twice we have

D =2

(2) M <

Since we count each A; twice we have

D hidi =24
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We conclude that
A

Let h; realize this maximum. There are two cases. The first case (see Figure 1) is that
the top and bottom of R; are on the opposite sides of I. Fix a small neighborhood N of
I. We form a simple closed curve 8 = (51 *x f5. Here f; is a vertical segment in R; whose
endpoints p and ¢ are on the boundary of A/, and 3, is an arc transverse to the horizontal
foliation in N joining p and ¢. Then 3 is also transverse to the horizontal foliation. Its
geodesic representative has the same vertical length, namely, h;. The horizontal length of
B is at most A. Together with (2) and (3) we have that

Uq(ﬁ)
h(B) ="

In the second case (Figure 2) the top and the bottom of R; are on the same side of I
(call it 7). Then there must also be a rectangle R; with top and bottom on I_. We may
form a simple closed 3 which consists of a vertical segment in R;, a vertical segment in R;
and a pair of arcs in N which are transverse to the horizontal foliation. Similar to the case
above, the ratio of vertical and horizontal components of 3 is at least 4.

O
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Definition 5. Given a unit area quadratic differential ¢ on a surface X, a subsurface
Y C X is said to be (€, €)-thick if

o cither Y = X or Extx(0Y) <€

e the shortest non-peripheral curve in'Y has q length at least €.

Lemma 3. For any B > 0,¢q > 0 there exists € > 0,0 > 0, D > 0, mq such that for any
(€, €0)-thick surface Y C X which is not an annulus and such that Area,(Y') > B

(1) there is an almost (q,0)-vertical geodesic vy whose interior lies in'Y and such that
7l < D.

(2) there is an m < mg and a collection wr,...,wn of disjoint vertical leaves so that
for every horizontal leaf L

m
|card(L N ~y) — Z card(L Nw;)| < 2.

i=1
Proof. For the proof of the first statement, we argue by contradiction. If it is not true
then there is a sequence X, of surfaces, and unit area quadratic differentials ¢, on X,;
a sequence of (1/n,ey)-thick subsurfaces Y,, with area at least B such that the shortest
almost (g,, 1/n)-vertical curve on Y,, has length at least n. Passing to subsequences, we
can assume that Y, converges to some ¢p-thick, area at least B punctured surface Y,
and that ¢, restricted to Y, converges to a quadratic differential ¢, on Y., uniformly on
compact sets. Specifically this means that for any neighborhood U of the punctures on Y,

(1) for large enough ¢, there is a conformal map F,, : Y(o0) \U — Y,
(2) Frgn — goo as n — oo uniformly on Y (oc0) \ U.
By Lemma 2, taking 6 = 1, there is a curve 3 on Y, such that

Vgoo (B) > 1.
h‘loo (/B) N
By uniform convergence, v, (8) — vg. (8), and hy, (8) — hy., (F) and thus for large enough
n’
Uqn, (6)
> 1/2
hQn (ﬁ)

and furthermore, 3|, < |Bl4. + 1. This is a contradiction proving the first statement.

If the second statement is false, then for each m there is a Y, such that there does not
exist a sequence wy, ..., w,, of vertical arcs corresponding to the closed curve 7, found in
the first part. Passing to a subsequence we can assume again that ¢,, = ¢o, Y;n — Yo and
Ym = Yoo, Where Yo is almost (geo, 0oo )-vertical for some o, > 0. Now 7, has the property
that there is a fixed collection of vertical leaves wy, ..., wn, With the desired property. If
(s has the same singularity pattern as g, for all large m, then it is clear that there are
corresponding vertical segments wi”,...,wy, with the required property for 7, which is
a contradiction. If some zeros of g,, have coalesced to a higher order zero of g, the curve
Ym may include a bounded number of short segments joining zero! s of ¢,,. In this case we
include a bounded number of additional vertical segments. This is again a contradiction
proving the lemma. O
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The following Lemma allows us to find curves with very different extremal length if there
are subsurfaces with very different areas.

Lemma 4. For any B, M >0, >0, ¢ > 0 and C' > 0, there exists an € > 0 so that the
following holds. If g1 and qo are quadratic differentials on X1, Xs and Y is a subsurface
which is not an annulus such that

()
Areay, (Y) > B, Areay,(Y) < €
(i) for any almost (g1, 0)-vertical curve v € Y the vertical components satisfy

L vg,(7)
<z <C
C_qu(’Y)_

(111) |0Y |q; < € fori=1,2
(iv) Y is (¢, €)- thick with respect to ¢
then there exists a curve v in'Y so that

Ext(h (’Y) N

Proof. By Lemma 3, for some ¢ and D there is an almost (g1, §)-vertical curve v C Y such
that

(4) € < |yly <D
Let o; be the hyperbolic metric on X; and [,, () denote the length of the geodesic in the
hyperbolic metric. By Theorems 1 and 4 in Rafi[11],

1
(5) lo,(7) < Cr—=——=="l0s = Cil7l0/VA < CLD/VA
Area, (Y)

the constant C; depending only topology of the surface. Also by Maskit’s comparison of
hyperbolic and extremal lengths in [9],

1
(6) Baty, () < 3l (1) 0 < €D VACPIHA

Set Cy = C’lD/\/Eech/Q\/Z.
On the other hand, by (4), assumption (ii) and the fact that v is almost (¢;, d)-vertical

1 ) €00
> _ - > .
(7) Ve 2 00, (7) > FVa (7) > C(1+9) Mo = C(1+9)

and by Lemma 1,

|y |2
E > q2
(8) a1 2 G+ O(oY )

Putting the inequalities (7), (8) together and using assumptions (i) and (iii), we obtain

(9) Exte,(7) o €30° S G
Exty,(7) = CoC2(1+ 6)2(Areay, (V) + O(|0Y ) = e
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where C4 does not depend on e if € is small enough. Now setting ¢ < £4 77 guarantees that
the Lemma holds. O

4. AREAS OF SUBSURFACES ALONG RAYS

The proof of the theorem is now based on

Proposition 1. Suppose q1, 9o are quadratic differentials on X1, Xy such that the vertical
foliations [F},, |dx1[], [Fy,, |dx2]] are topologically equivalent and have a minimal nonuniquely
ergodic component §). Suppose with respect to the invariant ergodic measures vy, ...,v, on
Q, |dx1| =Y h_ akvk, with a1 > 0, while |dzo| =Y h_; bevy with by = 0. Let ¢;(t) be the
quadratic differentials along the rays r;(t). Then there exists g > 0, My > 0 so that for
small enough €, there is ty such that for t > ty, there is a subsurface Y (t) C §2 satisfying

(i) Y (t) is (€, €0) thick with respect to q,(t).
(ii) Areag, (Y (t)) > a1(1 — Mye).
(ii) Areag, (Y (1)) <

Proof. For i =1,2 let |dy;| denote the transverse measure to the horizontal foliation of g¢;.
We normalize the measures v, so that

(10) /duk\dy1| = 1.
Q

This implies ), ay = Areay, (©2). The measures |dy; |, |dys| are uniformly comparable. This
implies that there is a constant C such that for any subsurface Z and each k.

1
(11) 5/de\dyl\ S/dvk\dy2| SC/dvk\dyﬂ-
A 7z Z

Applying the left hand inequality to Z = Q and using the fact that Area,, () = Y°, [, bedvi|dys|
we find there is a bound C” such that Y ¥ _, b, < C".

We can find a finite set of horizontal transversals I to the vertical foliation in €2 such
that for any v;, v, ¢ # j there is a transversal I from this set and 6 > 0 such that

- (0

Let A; be the set of generic points for v; and the transversals I in the set; that is, if
x € A; and I(z) is the vertical leaf of ¢; through z of length T, then

—1] >4

(13) lim l|l( YN I| — v(1).
T—oo T
The sets A; are pairwise disjoint; v; almost every point belongs to A; and almost every
point in € belongs to UA; with respect to the area element defined by ¢;.
By [7], as t — oo there is a maximal collection of disjoint curves 7 (t), ..., vm(t) C Q2
such that

Ext,, 1) (7(t)) — 0.
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Consequently we can find ¢y > 0, such that given any € > 0, for ¢ sufficiently large {2 can be
decomposed into a collection {Y (¢)} of (e, €y) thick subsurface. There is a uniform bound
N for the number of these surfaces.

Let fi : Xo — 71(¢) denote the corresponding Teichmuller map. Let A;(¢) = fi(A;). We
now claim that for ¢ big enough, for each subsurface Y'(¢) in this collection there is an i
such that
(14) U zilreag, ) (Y (1) N A1) < ¢/CC".

We argue by contradiction. If the claim is not true, there exists ¢; > 0, a sequence
t, — 00, and disjoint subsurfaces Y (n) C Q such that for at least two distinct values of 7,
(15) Areag, 1) (Y (n) N Ag(tn)) > €.

Assume first that Y (n) does not contain a flat cylinder. By passing to a subsequence we
can assume that the surfaces Y (n) converge to a limiting punctured surface Y (co) and the
corresponding ¢;(t,) converges to a limiting ¢;(0co) on Y (oo). Again this means that for
any neighborhood U of the punctures on Y (c0)

(1) for large enough ¢, there is a conformal map h,, : Y (0c0) \ U — Y (¢,)

(2) hXgi(tn) — q1(o0) as t, — oo uniformly on Y (co) \ U.

Now from condition (2) above it follows that for each such U, for ¢, large enough,
%i(tn) N (Y (00) \ U) = 0.

Since Y (t,) does not contain a flat cylinder in the homotopy class of dY (t,,) we may find
U so that

(16) Areag,(1,) (Y (n) \ (ha(Y (00) \ U))) < €1/2.

Now consider the collection of rectangles R with respect to the flat structure of ¢;(oc0)
that are contained in K := Y (0c0) \ U. We now follow an argument in [7]. For any such
rectangle R we argue that there cannot be points z; € A;,x; € Aj;4 # j such that

y; = lim f; (z;) € R.
For suppose there were x;, x; with this property. There is a rectangle R' C R whose vertical
sides L;, L; have endpoints at y;,y;. For every horizontal segment H,
|card(H N L;) — card(H N L;)| < 2.

Let Yin = fi,(®i), Yjm = fi,(z;) and let L;,, L;, the vertical segments of ¢;(¢,) that
converge to L;, L;. For ¢, large enough, for any horizontal segment H,, of q(tn)

card(L; , N Hy)

card(L;, N Hy)

Mapping L;, back to X, by ft;1 and applying the above to the transversal H, = f; (I),
we have a contradiction to (12) and (13).

Thus for each rectangle R there is some ¢ = i(R) such that for all j # 7 and for all z we
have

—1<4/2.

Xr(ft. () xa; (x) — 0.
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Then by the Lebesgue dominated convergence theorem and the fact that the map f;, is
area preserving,

Areag, t,)(Aj(tn) N R) = / Xr(fi, (€))xa, (x)|dz]|dy,| — 0.

X1
Now we take a covering of K by such rectangles. If any two rectangles R, R overlap
then i(R) = i(R'). It follows from the connectedness of K, that there is a single i such
that for all R, i(R) = 4. Thus for ¢, large enough, for all j # 1,

Areag, i) (A (1) N Y () < €1/2.

Combining with (16) we have contradicted our hypothesis (15) and proven the claim (14)
in this case.
Now suppose Y, contains a flat cylinder C;, with core curve §,. Then v,(8,) — oo as
n — 00. Again we cannot have images of points of A;, and A, in C,,; otherwise again every
horizontal intersecting a vertical segment through one will intersect the vertical segment
through the other one, and again we have a contradiction. We have proved the claim (14).
Thus for each Y (t), for all but at most one index £ we have

(17) / dvg|dy| < e/CC".
Y ()

Let Zi(t) be the union of those Y (¢) such that the above inequality holds for that index.
Then Z(t) # Q) for otherwise we would have

/ dl/k‘dy1| < Nﬁ/C,C,
Q
contradicting (10), for e sufficiently small. Let Y1(¢) = Q \ Z1(t), and so we have

Areag o (Yi(8) > ar / dnldy| > (1 — Ne/CCY),
Yi(t)
proving (ii) with My = N/CC'. Now conclusion (iii) follows from (17) applied to k = 1,
the right hand inequality in (11), the fact that b; = 0, and the sum of by is at most C".
O

Proof of Theorem 1. Without loss of generality we can assume that for some minimal com-
ponent 2 we have a; > 0 and by = 0. Fix M > 0. It suffices to show that there exists ¢
such that for ¢ > ¢ there is a simple closed curve y(¢) with

Extg,w(v(t))

Extg(v(t))

Choose € > 0 small. Since the measures |dy;| and |dys| are uniformly comparable, the
vertical lengths vy, 1y (77) and vg, () () of any curve v are uniformly comparable. Thus given
d > 0, there is a fixed constant C' such that condition (ii) of Lemma 4 holds. We may also
choose a fixed constant B such that for ¢ > ¢y, the subsurface Y () given by Proposition 1
satisfies

(18) > M.

Areag, (Y (t)) > B
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Areag,y (Y (1)) < e

and
EXtrl(t) (GY(t)) S G/M.

If |0Y (t)|go(ry > €7, then Ext,,)(0Y (¢)) > €, and we are done; we may choose v = 9Y (¢).
Thus assume

‘8Y(t)‘q2(t) < € <e.

If Y(t) is not a flat cylinder, for € small enough, we can apply Lemma 3 and Lemma 4,
which provide a curve v C Y (t) with the desired property (18).

Thus assume Y'(¢) is a flat cylinder. Let a be a core curve of Y'(¢). Then |aq ¢ < e
Suppose first that « is (g;(t), d)-almost vertical. The reciprocal of the modulus of the
cylinder is an upper bound for Ext, (), and we have

k\)

lofa ol
19 E tr < () a(t) <
(19) M) S S @) S B - B

We now want to estimate Ext,,y (a). By (7), the flat length

5|a|(I1(t)

gty > Ci+0)

We can assume

Me?
Ext,, ) < B

for otherwise we are done. As a consequence of Theorem 5.1 in Minsky([10]), there is an
annulus A(t) which is a union of Y'(¢) and an expanding annulus Y’(¢), and a universal
constant ¢ > 0 such that

Ext,, () 2 mod(A(t)) - mod (Y (¢)) + mod(Y(t)) -

c c

>
Ar Y(t
—log |a|gyr) + W —log |at|g,t) + \alz —

Comparing with (19) we see that for e small enough, « is a curve that satisfies (18).
Suppose now the core curve « of Y (¢) is not (¢1(¢),d) almost vertical. If Y(¢) is nonsep-
arating, choose a nontrivial isotopy class of arcs in the complement of Y (¢) joining the top
and bottom of Y'(¢). If Y (¢) is separating choose two nontrivial isotopy classes, one that
joins the top of Y'(¢) to itself and the other which joins the bottom to itself. These families
can be chosen to lie in the thick part of the surface r;(¢) and as such have extremal length
bounded independently of ¢. In the first case we also take a families of arcs /5 crossing Y'(t)
that intersect a fixed perpendicular at most once. The arcs 3 are (g1 (%), 5 5) almost vertical.
In the second case we take a pair of arcs crossing Y (t) which are (qi(t), 55) almost vertical.
Let 6" = 5. Now we can form a closed curve v as a concatentation of an arc outside Y'(¢)
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and an arc . or in the separating case, a pair of arcs outside and a pair of arcs crossing.
For some constant ¢, again by Theorem 5.1 in Minsky([10]).

B2, 1812 :
Exty, () (7) < cExttyy o (8) < OEa
Xty (1) (7) < cExtyy(8) < CAreaql(t)(Y(t)) =B

On the other hand the curves v formed this way are longer and fewer than the arcs
crossing the cylinder. Since the arcs 5 are (¢;(t),¢') almost vertical, we have

BBy 18R
Areag, (Y (t)) — eC(1+0")

Extr, ) (7) > Extr, ) (53)

and we are done. for € small enough. O
Theorem 2. Let vy, ...,v; be mazimal collection of ergodic measures for a minimal folia-
tion [F, ). Then there is a sequence of multicurves v, = {7}, ..., v} such that v — [F, v}
in PMF.

We note that each 7/ may itself be a multicurve.

Proof. Choose corresponding unit area quadratic differentials ¢; on some surface X, whose
vertical foliations are [F,v;]. Let r;(t) the corresponding ray. For any sequence of times
t, — oo by Proposition 1 there is a collection of disjoint domains Yi(t,), ..., Y,(t,) such
that
Areaql.(tn)(Yi(tn)) > B > 0.

Suppose first that Y;(¢,) is not a cylinder. By the first part of Lemma 3 we may pick
a (gi(tn),0) almost vertical curve ~;(¢,) C Yi(t,) of length at most D. We claim that
Yi(tn) — [F,v;]. As before, let A;(n) be the image of the generic points inside Y;(t,);
generic say with respect to the transversal for the set of all simple closed curves o. The
generic points are dense, hence we can find a collection {w;(n)}¥_, of vertical segments
beginning at generic points satisfying the second conclusion of Lemma 3. By construction
of the w;(n), for any fixed «,

(. (4
Zj:l i(wj(n), )
Since w;(n) is a vertical segment through a generic point,
i(w;(n), @)
jw;i (n) g
Summing over all 1 < j < k we have
(i tn )
UYL NN
Zj:l jw;(n)]g;

However the sum in the denominator is exactly v, (7i(t,)) and so if we let s, =

— I/Z'(O,/).

1
Vg; (7i(tn))
then we have

lim Snz(,}/z(tn): CV) — Vi(a)

n—o0
and we are done. O
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