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Maximum H-free subgraphs

DHRUV MUBAYT* AND SAYAN MUKHERJEE'

Given a family of hypergraphs H, let f(m,H) denote the largest
size of an H-free subgraph that one is guaranteed to find in every
hypergraph with m edges. This function was first introduced by
Erdés and Komlos in 1969 in the context of union-free families, and
various other special cases have been extensively studied since then.
In an attempt to develop a general theory for these questions, we
consider the following basic issue: which sequences of hypergraph
families {#,,} have bounded f(m,H,,) as m — co? A variety of
bounds for f(m,H,,) are obtained which answer this question in
some cases. Obtaining a complete description of sequences {H,,}
for which f(m,H,,) is bounded seems hopeless.
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Hypergraphs.

1. Introduction

A hypergraph H on vertex set V (H) is a subset of 2"() H is an f-uniform
hypergraph, or simply, an ¢-graph, if H C (V(ZH )). All hypergraphs in this
paper have finitely many vertices (and edges). Given a family of hypergraphs
‘H, a hypergraph F is said to be H-free if F' contains no copy of any member
of H as a (not necessarily induced) subgraph. Given a hypergraph F' and
a family H, let ex(F,H) be the maximum size of an H-free subgraph of F'.
Define

f(m,H) = |11?I|1i11lneX(F’H)'
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Note that f(m,H) > c means that every F’ with m edges contains an H-
free subgraph F’ C F with |F’| = ¢. When the family H consists of a single
hypergraph H, we abuse notation and write f(m, H) instead of f(m,{H}).

This function was introduced by Erdés and Komlés in 1969 [1], who
considered the case when H is the (infinite) family of hypergraphs A, B, C
with AU B = C. The problem was further studied by Kleitman [2], and
later by Erdds and Shelah [3], and finally settled by Fox, Lee and Sudakov
[4] who proved that

f(m,H) = [Vi4m +1| — 1.

Erdds and Shelah also considered the case when H is the family of hy-
pergraphs Aq, As, As, Ay with A1 UAs = As and A1 N A3 = Ay. They called
this family By, proved that f(m, By) < (3/2)m?/3 and conjectured that this
bound is asymptotically tight. This conjecture was settled by Barat, Fiiredi,
Kantor, Kim and Patkés in 2012 [5], who also considered more general prob-
lems (see [4] for further work).

The same problem has been studied in the special case when H is a family
of graphs. Let fa(m, H) denote the maximum size of an H-free subgraph that
every graph with m edges is guaranteed to contain. These investigations
began with a question of Erdés and Bollobas [6] in 1966 about fa(m,Cy),
followed up by a conjecture of Erdés in [7]. Consequently the problem of
determining fo(m, H) for various graphs has received considerable attention
in the recent years [8, 9, 10]. The authors of [9, 10] also considered the
problem in the case of /-graphs.

In the hope of obtaining a general theory for these problems, we inves-
tigate the following basic question:

For which sequence of families {H,,}5°_,
is f(m, H,) bounded (as m — 00)?

(1)

Question (1) is too general to solve completely, so we focus on special
cases. In subsection 2.1 we state our results for constant {H,,}5°_;, and in
subsection 2.2 we consider non-constant {H, }oo_;.

2. Our Results
2.1. Constant Sequences

Suppose {Hnm}>0_; is a sequence such that H,, = H for every m. First,
we note that if H consists of finitely many members, then the answer to
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Question (1) is given by the following characterization. A g-sunflower is a
hypergraph {A1,..., A4} such that 4; N A4; = NI_; A, for all ¢ # j. This

common intersection is referred to as the core of the sunflower.

Theorem 2.1. Fiz a family of hypergraphs H with finitely many members.
If H contains a g-sunflower with sets of equal size, then f(m,H) < q— 1.
Otherwise, f(m,H) — oo as m — oo.

Next, in the same spirit as the properties of being union-free and having
no Bsy, if the (infinite) family H specifies the intersection type of k sets (i.e.
whether they are empty or not), then a characterization can be obtained in
the form of Theorem 2.3. Before stating the theorem, we first define what we
call an /-even hypergraph and an f-uneven hypergraph. A k-edge hypergraph
is a hypergraph with k edges.

Definition 2.2 (¢-even and ¢-uneven hypergraphs). A k-edge hypergraph
H ={A,,..., A} is said to be l-even for some 1 < ¢ < k if for every subset
I C[k],

()4 # @ iff |I] < .

i€l

It is said to be ¢-uneven if there exist I,J € (U;}) such that

(4i#2but ()4 =2.

iel jed

Theorem 2.3. Let 1 < ¢ < k. Let H be the (infinite) family of all {-uneven
k-edge hypergraphs. Then, f(m,H) — oo as m — oo. Conversely, if H is
the family of all £-even k-edge hypergraphs, we have f(m,H) =k — 1.

2.2. Non-constant Sequences

As a first step towards understanding the general problem in (1), we focus
on the case when for every m > 1, H,,, = { Hy,} for a single hypergraph H,,,
and further assume that all these hypergraphs H,, have the same number
of edges. Thus we ask the following question:

(2) For which sequence of k-edge hypergraphs { H, }5°_,
is f(m, Hy,) bounded (as m — 00)?

We are unable to answer question (2) completely, even for k& = 3. Our

main results provide several necessary, or sufficient conditions that partially
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answer (2). Before presenting them, we introduce the following crucial defi-
nition:

Definition 2.4 (Equal Intersection Property). For k > 2, Let EIP} denote
the set of all k-edge hypergraphs H = {Aj,..., Ax} such that for every

1<t¢<kandl,Je€ (Vz})? we have |(;c; 4i| = ’ﬂjEJAj‘.

Since every two edges of a hypergraph form a 2-sunflower, we observe

that the case k = 2 follows immediately from the construction in Theorem
2.1.

Proposition 2.5. Let H,, be a 2-edge hypergraph for each m > 1. Then
f(m, Hy,) is bounded as m — oo if and only if Hy,, € EIPy for all but
finitely many m.

We may therefore assume in what follows that k£ > 3.

Let us now fix a hypergraph H = {A4;,..., A} in EIP;. H can be
encoded by k parameters (bq,...,bx), corresponding to the k distinct sizes
appearing in the Venn diagram of H. More precisely, for 1 < ¢ < k, and for
all I € (), let

il ic[k\I

Figure 1: An example: H(1,2,3) € EIP3

By inclusion-exclusion, b1,...,b; are well-defined for hypergraphs in
EIP;. We denote H € EIP;, with parameters b1,...,b; > 0 by H(g), where
b= (by,...,by). Weshall see later (Lemma 4.1) that every sequence of k-edge
hypergraphs {H,,} such that f(m,H,,) is bounded can only have finitely
many members not in EIP. For sequences { Hy, }°_; such that H,,, € EIP;,

for every m > 1, we obtain a sequence of length k vectors {g(m) _1, Where
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b(m) = (b1(m),...,by(m)). We use boldface and write b for the sequence
{b(m)}r=-

o0
m=1

Definition 2.6 (a(b)). For every sequence of length k vectors b = {b(m)

and m Z 17 let
. o bi(m)
a(b)(m) = min (mbiﬂ(m)) .

Now we state our main results. To simplify notation we will often write

— =

b; instead of b;(m) and «a(b) instead of a(b)(m).

Theorem 2.7. Let k > 3. Suppose the sequence of length k vectors b satis-
fies by, ...,bg_9 >0, bp_1,b > 0 for every m. Then, for m > 6,

! % o k(k—1)
< f(m,HDb)) < ———— +k—1.
2 (a(B) + %) (bkfé;bk) = (b)) () +

Theorem 2.7 implies that when (bk’g:b") is bounded from above, f(m, H(b))

—

is bounded from above if and only if the sequence a(b) is bounded away from
Zero.
We also have the following additional lower bound on f(m, H(b)):

Theorem 2.8. Fiz k > 3. Let b = {b(m)}°°_, be such that by(m) = by for
every m. Then, for m > 6,

N m T (1%7_); k>4,
f(m,H(b)) > a2 )

1
P b bg+2 .
e <74(b1+2b2)> ., k=3

—

We now focus on k£ = 3. In this case a(b) = b1 /mby and Theorem 2.7
reduces to

1
3

1 — 6mb2
(3) < f(m,H(b)) < +2.
2 (s + ) (40) g

When b3 = 0, (3) implies that f(m, H3(b1,b2,0)) is bounded if and only
if b = Q(mbz). We now turn to b3 = 1 which already seems to be a very
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interesting special case that is related to an open question in extremal graph
theory (see Problem 7.3 in Section 7). Here (3) and Theorem 2.8 yield the
following.

Corollary 2.9. Let m — oo. Then f(m, H3(b1,b2,1)) is bounded when b; =
Q(mbe) and it is unbounded when either by + be = o(m) or by = o(y/m bs).

Corollary 2.9 can be summarized in Figure 2. The light region corre-
sponds to a bounded f(m, H(b)), and the dark region corresponds to un-
bounded f(m, H(b)). White regions correspond to areas where we do not

know if f(m, H(b)) is bounded or not.

by b1 = mbs

by =m

by

Figure 2: Theorems 2.7 and 2.8 for b = (by, by, 1)

We are able to refine our results slightly via the following result.

Theorem 2.10. For every odd prime power q we have

f@P+1,H(®—q—1,q,1)) =2.

For functions f(m) and g(m), we write f > g iff ¢ = o(f). Later, we
shall show that Theorem 2.10 implies the following.

Corollary 2.11. When by > b2, by > /m and by is a prime power,

(4) f(m, H3(b1, bg, 1)) = 2.
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Further, when by > b2 and by > m%8
(5) f(m7 H3(b17 b27 1)) =2

Corollary 2.11 yields the following improvement on Figure 2. Note that
we are using the parabola b; = b22 as an asymptotic approximation of Corol-
lary 2.11. By (4), f(m, H3(b1,b2,1)) = 2 infinitely often on this parabola,
figuratively represented by vertical stripes in the interval \/m < by < m0-%8,
We shall see later, by virtue of Theorem 7.2, that in the white region to the
right of by = b22 and between the lines by = mby and by = \/m by, we have
f(m, H3(b1, ba, 1)) > 2.

by

Figure 3: b = (b, by, 1)

3. Proofs of Theorems 2.1 and 2.3

In this section, we prove Theorems 2.1 and 2.3, which answer question (1) for
constant sequences. We use the following well-known facts about sunflowers
and diagonal hypergraph Ramsey numbers.
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Recall that a g-sunflower is a hypergraph {A;,..., A,} such that A4; N
A; = (N1, As. The celebrated Erdés-Rado sunflower Lemma [11] states the
following.

Lemma 3.1 (Erdés-Rado). Let H be an r-graph with |H| = r!(a — 1)".
Then, H contains an a-sunflower.

Next, recall that the hypergraph Ramsey number (s, t) is the minimum
N such that any f-graph on N vertices, admits a clique of size s or an

independent set of size t. The following is a well-known theorem of Erdds,
Hajnal and Rado [12]:

Theorem 3.2. There are absolute constants c¢(£),c (¢) such that
twrp_1 (1) < ro(t,t) < twry(ct).

Here the tower function twry(z) is defined by twro(x) = 1 and twriy(x) =
Qtwn(m)'

The right side of this theorem can be rewritten as follows:

Let F' be any f-graph on n vertices. Then there is an absolute
constant ¢y such that there is a subgraph F’ C F with

[V(F")| > e - log(g)(n), which is either a clique or an independent
set. Here log(y) denotes iterated logarithms.

(6)

Now we are prepared to prove Theorems 2.1 and 2.3. Recall that a
hypergraph is uniform if all its edges have the same size, otherwise it is
non-uniform.

Proof of Theorem 2.1. Fix a family of hypergraphs H with n members, H =
{Hi,...,H,}. Let H; € H be an r-uniform ¢-sunflower with core W. For
every m > ¢, let I’ be an r-uniform m-sunflower with core W. Then every
subset of F' of size ¢ is isomorphic to H;, thus proving f(m,H) < g — 1.
Suppose now that H consists of £ many uniform hypergraphs labeled
Hy,...,H; (none of which are sunflowers), and (n — ¢) many non-uniform
hypergraphs labeled Hyy1,..., H,. For 1 <i < £, let r; be the uniformity of
H;. Given any hypergraph F with m edges, we find a large H-free subgraph
as follows. First, since H,, is non-uniform, it contains a set of size a and a set
of size b # a. Clearly, at least half of the edges of F' have size # a, or at least
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half of them have size # b. Take the appropriate subgraph Fy C F of size
> 5. By successively halving the sizes, we obtain a chain of hypergraphs
F,¢CF, 4y 1C--CF CF suchthat F,_yis {Hyp1,...,Hy}-free, and
‘and > 27:”74-

We now deal with the uniform part of H. Notice that by Lemma 3.1,
any r-graph G with |G| = m contains an a-sunflower, as long as m > rla’.
Taking a = |¢,mY/"| where ¢, = ((2r)) ™" satisfies the required condition.
So, every r-graph G of size m contains a sunflower of size Lchl/ ’"J.

Since Hy is ry-uniform, we note that either Fj,_, contains a subgraph
of size 1|F,,_¢| which has no sets of size r, (and hence is H-free), or there
is a subgraph of size %]Fn,ﬂ which is ry-uniform. In the second case, using
Lemma 3.1 on this subgraph, we obtain an Hy-free subgraph of F},_; of size

1
at least ¢, (rmg“) =, Thus, in either case, we conclude that there exists an
Hy-free subgraph F,_, | C F, 4 such that

1

F/ > : m m ; > / L
|Fy_¢41| > min ot > e G >y ome.

We iterate the same argument ¢ — 1 more times, to finally obtain a
constant Cy and a subgraph F, C F,_, such that Fy is H-free, and

Fl| > Oy

O]

Proof of Theorem 2.3. Let F = {Fy,..., F,} have size m. Suppose 1 < ¢ <
k, and H is the family of all {-uneven k-graphs. Then, there are distinct
subsets I,.J € ([’z]), such that for every H = {A1,..., A} € H, (e  Ai = @
and [ jeJ Aj # @. Then, we construct an /-graph G with vertex set F', and
hyperedges {{Fi,...,Fy} : Fi1N---NF; = @}. By (6), there is a a constant
¢y and a subset F' C F of size > ¢;- logg)(m), such that F’ is either a clique
or an independent set in G. In either case, F’ is H-free.

On the other hand, suppose H is such that for some 1 < /¢ < k and any
I C[k], Nies Ai # @ iff |I| < L. For every m > k, we construct a hypergraph
F = {Fi,...,F,} in the following manner. Consider the bipartite graph

B = ([m], ([?})) where z € [m] is adjacent to y € ([7?}) iff x € y. Let F; be
the set of neighbors in B of the vertex i € [m]. Notice that for any I C [k],

o [I| > ¢
FZ { Y Y
<
!ezl £a, |I| <t
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This construction therefore shows that f(m,H) =k — 1. O
4. Proof of Theorem 2.7

In this section, we prove Theorem 2.7. We begin with some preliminary
analysis of the family EIPy.

First, we make the crucial observation regarding question (2) that every
sequence of k-edge hypergraphs { H,,} such that f(m, H,,) is bounded, can
only have finitely many members not in EIP;. This follows immediately
from Lemma 4.1. Furthermore, for any H(b) € EIPy, one can explicitly
determine the relation between the intersection sizes and the parameters

b1, ..., b by inclusion-exclusion. We state this relation in Lemma 4.2.

Lemma 4.1. Suppose H = {Ay,..., A} satisfies the following for some
1 < ¢ < k: there are two sets of indices I,J € (Uz}) such that | (e Ail =
a and |(\;ey Aj| = b with a # b. Then there is a constant ¢, such that

f(m, H) > ¢ - logy(m).

Proof of Lemma 4.1. Let F' be any hypergraph with m edges. Construct an
f-graph G with F' as its vertex set, and hyperedges

{{B1,...,Be} : |BiN---NBy| =a}.

By (6), there exists a subset I C [ of size ¢, - log(y)(m) which is either a
clique or an independent set in G. In either case, H cannot be contained in
F'. [ |

Lemma 4.1 implies that if there are infinitely many m such that H,, ¢
EIPy, then for each such non-EIP hypergraphs we have f(m,H,,) > ¢ -
log ) (m), where ¢’ is the absolute constant ¢’ = min{cy, ..., cx}. This is an
infinite subsequence of {H,,}. Therefore, if f(m, Hy,) is bounded, then by
looking at the tail of {H,,}, we may assume WLOG that H,, € EIPj for
every m > 1.

Recall that hypergraphs H € EIPj are characterized by the length
k-vector b, and for every sequence of hypergraphs {H,,}>° ;, we have a
corresponding sequence of length k vectors b.

We now state the relation between the intersection sizes and the param-
eters by, ..., by for H(g) € EIP,.

-,

Lemma 4.2. Let H(b) € EIPy, and a; = |A1N---NA;|, for each 1 <i < k.
Then,

k—1 k—1 Sk —i
(7) bZ =a; — ( 1 Z>ai+1+ < 9 Z>ai+2—"'—i—(—l)k_z(k_Z)ak'
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Before proving Theorem 2.7, we prove an auxiliary upper bound in
Lemma 4.3, which provides a better upper bound on f(m, H (b)) with tighter
constraints on b.

Lemma 4.3. Suppose b = (b1,...,bk) is such that b; > 0, and for every
1<i<k-1,

k—1 . .
(8) (—1y~ (m_ k;]i‘ " 1)1)]- > 0.

=1

<.

Then f(m,H(by,..., b)) =k — 1.

Proof of Lemma 4.3. Let b satisfy the restrictions given in (8). Note that
we need to construct a hypergraph sequence {Fn}5_1, such that every k-

edge subgraph of F, is isomorphic to H (b) To achieve this, we define the
following general construction:

m=1>

Construction 4.4 (Fdl’ ’d") Given di,...,dr > 0and m > k, let B =
([m],Y) be the bipartite graph with parts [m] and Y, where Y is defined as
follows. For 1 </ <k and 1 < j <dy, let

Yf:{ wi:se Py <k }

{wj}, L=k
where U] + U] for every (j,5) # (5, ’) and w; # wj for every j # j'.
Then
k de
14
v=UUv
(=1j=1

For x € [m] and UJS €Y, let (x,vjs) € E(B)iffx € S, and let (z,w;) € E(B)
for every x € [m] and w; € Y. Then, define Fdvde — LA A}, where
A =Np(i)CY fori=1,...,m. |

For example, the construction F, 41’2’3 is given by:

12 13 13 14 14
{7}1,’01 , U, V1 , Uy , V1, Uy 7w17w27w3}

12 23 23 24 24
{vl?vl yUg U1 U, V1, Vg >wlaw2>w3}
13 .13 23 23 34 34
A3 - {/Ul)vl ,Ug V1 , Uy , U1, Uy ,’LUl,U)Q,U);;}

14 .14 24 24 34 34
A4_ {’Ulﬂvl ,Ug , V1 , Vg , V1 ,Ug ,’U)l,U}Q,'LUg}
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Informally, in this example, A; consists of one vertex v{ corresponding to
{i}, two vertices vy’ and vy corresponding to two-element subsets {7, j}, and
three vertices w1, wo, w3 that are in the common intersection of all the A;’s,
1< <4

We observe the following property of the intersection sizes of the edges
diyend
of th Wk

Claim 4.5. For 1 < ¢ < k and any i-edge subgraph {A,,,..., A, } C
Fﬁ'fl""’d’“, the size of the common intersection a; := |A,, N--- N A,,
by

is given

m—1 m—1
(9) ai:di—i-( 1 >di+1+"‘+<k_1_i)dk_1+dk.

Proof of Claim 4.5. Suppose G = {A4,,,..., A} C F&% We shall now
count |A,, N---N A,,|. For a fixed hypergraph F2 % > G’ D G, let Ug
denote the set of all vertices of F,& % which are in all the edges of G’ but
none of the edges of Fyi% \ G'. Notice that A,, N---N A, is a disjoint
union of Ug:’s, G’ O G. Therefore,

(10)  ai=|4, N---NA,

- Y wel= ¥ |0 XU K|

G'2G G' DG | XeG! X¢aG'

Fixa G’ 2 G. Let G' = {A,,..., A, As,, ..., A5, _, }. We observe that,

e For i < |G'| < k, Ug consists exactly of the vertices

{v;‘[h7~-~77“i781,--~75\c/\71} -1 S] § d|G/‘}.

o For k <|G'| <m, Nxeq X ={wr,..., w4} € Uxge X, thus
Ug = @.

o For |G'| =m, Ug = Nxeq X = {wi, ..., wq, }

Therefore,
dier, 1< |G| <k,
|Uc/| = 0, k<|G|<m,
dk, ’G/’ =m.
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Plugging back these values into (10), we get

m—1 m—1
Z:d7/ dl AR . d* d
a +< 1 > +1+ +<k—1—z>k1+k
for every 1 <1 < k. [ |

Now we return to the proof of Lemma 4.3. Given a length k vector b >0
which satisfies (8) for 1 <i < k — 1, let d; be the left hand side of (8), i.e.,

k—1 . .
i m—-k+j5—1—-1
diiz —1]Z b
Sy (U

Jj=t
and let dj, = b;. Now, we look at the construction F,, = Frff"“"dk, and pick
any k-edge subgraph G C Fy,. Observe that G € EIPy, and therefore there
is a length k vector g such that G = H(g). It suffices to check that § = b.

Suppose G = {A1,..., Ax}. For 1 <i <k, let a; :== |A1N---NA;|. Recall
that Lemma 4.2 gave us a way of computing g in terms of @, and Claim 4.5
computes @ in terms of d. In order to precisely write down these relations,
we introduce a few matrices.

Notation. Let us define the following quantities for arbitrary m > k > 1.

o Let agﬁ) = (T]”__Z) and bgn) = (—1)77¢ (T]”__Z)l Then, denote by Ay,
and By, ,,, the upper triangular matrices

Apm = (0l 1<i gk and By = (05 )12 <k,
e Let 1 denote the all-one vector, and 0 the all-zero vector.
L Ak—l,m 1
e Define Dy_1,, = [ g 1
o Let Wy_1,, be the (k — 1) x (k — 1) matrix given by

(m)
Wi—1m = (wij h<ij<e-1,

where wgn) = (fl)j—z‘ (m*kj_j;zfl)
o Define Wy, = |:Wk6T1,m (ﬂ .

m) _ p(m)

!By our convention, (;) =0if y < 0. Thus C%('J ij = 0 whenever j <.
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First, we observe that the assertion of Lemma 4.2 can be rephrased as,

(11) = By id.

Q

Next, in terms of matrices, equality (9) reads
(12) @= Dy_1md.
Finally, by the definition of d, we have
(13) d=W{_ymb.
Putting together Equations (11,12,13), we obtain:
G = BipDi—1,mWi_im - b.

By Proposition A.2 from the Appendix, we know that the product matrix
Bi i Di—1,mWj_1 ,, is Ir, and this concludes the proof of Lemma 4.3. [ |

We now have gathered all the equipment required to complete the proof
of Theorem 2.7.

Proof of Theorem 2.7. Recall that « = min (M), and we wish to

1<i<k—2 \Mbit1(m)
prove that
, 1
Fom, H(B)) < PE=D Ly
«
k(k—1)

Note that this bound is trivial if == > m, therefore we may assume
that am > k(k — 1). From the definition of a, note that b; > amb;y; for
each 1 < ¢ < k — 2. By successively applying these inequalities we obtain
b; > amb;i1 > a2m2bi+2 > . > it gkl Thus,

k—1
am
b; > amb;i1 > Z o bit1
r=i+1
k=1 i r—i
(6% m
r=i+1

(14) 1

[V IV
MI
T 7
=N

L
< ~—
~ i

: &
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The last inequality follows from X > (L?tﬂ)‘ Observe that the assumption
9 >k — 1 implies [42] > k. Therefore, for 1 <i<k—2andi+1<r <
k — 1, we have

am

5] 5] -ker-ieaz0

Thus, (14) gives us

v 3 (e 5 (1

r=i+1 r=i+
k—1 .
> Z (71)7‘—1'4-1 <|'Ot’?’b—| —k+ T -t 1>bh
r=i+1 e

implying

b + ki (—1)7“—Z'<[a'zn1 _k”_i_1>br > 0.

. r—1
r=i+1

This is exactly the condition (8), with m replaced by {%1, so Lemma, 4.3
gives us a hypergraph K on [%1 edges such that every k sets of K are

—

isomorphic to H(b).

K K K

1 2 [k/a]

Figure 4: Constructing F}, from copies of K

Now, consider a %1 -fold disjoint union of K’s. This hypergraph F},, has
[ﬂ . [%] > m edges, and note that as long as we pick 1+ [g] (k—1) edges,

«

—

some k of them fall in the same copy of K. These k edges create a H(b) by
construction of K. This shows f(m, H(b)) < [£] . (k — 1), completing the

«

proof of the upper bound.
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Now we prove the lower bound. Recall that we are aiming to prove

B mb; 1 '
15 m, H(B)) > max |
(15) f( (b)) 1<i<k—2 (2(1)1' + bit1) (bk_l;:bk)>

Suppose F' is a hypergraph on m edges. Either F' has a subgraph Fj of

-,

size "5 which is of the same uniformity as H(b), or it has a subgraph of size 3

-,

which is not of this uniformity. If the latter is true, then ex(F, H(b)) > 7.

—,

Otherwise, we focus on the subgraph Fj. Let T be a H(b)-free subgraph
in 1 of maximum size, say |T| = t. Then, for every S € F; \ T, there
exist distinet Ay,..., Ay_; € T such that {Ay,..., Ay_y, S} forms a H(b).
Therefore, there are fixed Aj,...,Ax—1 € T and a subgraph F, C F; \ T

-,

such that {A41,..., Ax_1,S} forms a H(b) for every S € F, where

w3

—t
|Fy| > .

~

k1)

Further, note that |41 N--- N Ag_1 N S| = by for every S € Fb, therefore
there is a subgraph F3 C F5 such that every element S € Fj intersects
AiN---NA,_1 in the exact same set, and

B> 2t
() ™)

Finally, forany 1 <i <k —2,let X;:= A1 N---NA\ (A1 U---UAg_q),
and

hi:==|{(z,B): z € X;, Be€ F;, v € B}

=,

Let D := H‘l/z% )degFB(x). As {Ai,..., Ax_1,B}isan H(b) for each B € F3,
BAS 3

(16) |F5) - biv1 = h; < D-|X;].
Now, for a fixed S € F3,
|Xi| =[S NX;| +|Xi\ S|

— 19N ﬂé‘:l Aj\ (U§;3+1 Aj)’ + ‘02:1 Aj\ (U?;Z-l-yl AjU S)‘
= biy1 + by,
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Therefore (16) implies

|5 - biy (5 — )bit1
D > >
T obitbi () (bk 1er")(b +bir1)

Note that the sets in Fy that achieve the maximum degree D is H (b)-free.
This is because if I is the common intersection of any set from F3 with
Ay N~ M Ag_1, and if x is a vertex of degree D in F3, then every edge
through x contains {x} U I. This leads us to the inequality

(3 —)bit
T (L) it b)) (M)

{

Since m > 6, note that if ¢+ > 7, then ¢t > ) ( )%, which is larger
than the right side of (15). So We may assume ¢t < 7, which would lead us
to

ie.,

141
k— 1+bk)

m
2
bi

t)b
+1) (b
(%

t mbii1
(17) th > 2t< > > .
E=1) 7 2(b; + biga) (")

As (17) holds for every 1 < i < k—2, this gives the bound that we seek. [J

5. Proof of Theorem 2.8

In this section we prove Theorem 2.8. The proof is by induction on by,
starting from by = 0. Notice that the lower bound of Theorem 2.7 gives
us the following corollary, which serves as the base case for our induction
argument:

Corollary 5.1. For m > 6,

f(m,H(by,..., bp_1,0)) > max ((mbm) '

1<i<k—2 \ 2(b; + b;11)

Further, one can asymptotically improve this bound when k = 3:
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Proposition 5.2. For m > 4,

mbg
H(b1,b2,0)) > 4| — .

f(m7 ( 1,92, )) j 2(b1 _'_262)

Proof. Let |F| =m and H = H (b1, bs,0). Either F has a (b1 + 2bz)-uniform

subgraph Fy of size 7, or it has a subgraph of size 5 in which none of the

edges have size (b1 +2bs). If the latter is true, then eX?F, H) > 7. Otherwise
let us focus on Fy. Let T be an H-free subset of maximum size in Fp, and
suppose |T'| = t. Note that for any B € Fy \ T, there are sets A;, Ay € T
such that (B, A1, Ag) is a H (b1, b2,0). Suppose V' = [J o7 A, then we have

|IBNV| > 2by, and |V| < t(by + 2ba). Let D = ma&(degF1 (x). Then,
xE

2y - |[F\T| < |{(x,B): x€V,Be F;\T,z € B} <D-|V|,

and
D> (m — 2t)bg '
- t(bl + 2[)2)

Let z € V have the maximum degree in F. Since the subgraph of size D
containing x is H-free, we obtain

¢ > (m —2t)by

= t(by + 2b2)
If t > 2, then t > %\/ﬁ > m)%b;bz)‘ So assume t < 7, and therefore
2> mb2__ g desired. O

2(b1 +2b2)

Before we prove Theorem 2.8 we require the following lemma from [13]:

Lemma 5.3. Let H = (V,E) be a k-graph on m wvertices, and let o(H)
denote the independence number of H. Then,

a<H)2k;1-<k|g(‘;)’>kll.

Now we are prepared to prove Theorem 2.8.
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Proof of Theorem 2.8. Fix k and b. Recall that by, is fixed, and we wish to
show that for m > 6,

mFETD (bki—lf k>4,
(18)  f(m,H(by,... b)) > 1 42“—2“2;;;)

o . atl B
mb3+2 (m) , k _ 3

Suppose |F| = m. Then, either F' has a subgraph F; of size at least

=

% which has uniformity the same as that of H(b), or it does not. When
the latter is true, we have ex(F, H(b)) > . Since § > mi - (3)* and

5> ms - (%)%, we may assume that the former is true. We wish to show

=,

that F} contains a H (b)-free subgraph of large size.

We proceed by induction on bg. Notice that we already established the
results for by = 0 in Corollary 5.1 (using bx_1 < 2b;_1) and Proposition 5.2.
Construct a k-graph G with vertex set Fy and call {A1,..., A} an edge

in G iff {A1,...,Ax} = H(b). Clearly, t = a(G) is a lower bound to our
problem. By Lemma 5.3,

HE(G)| 2 <H>k Am2f

k tlcfl

Given 1 < i < k and By,...,B; € Fi, denote by degg(Bi,...,B;) the
number of edges of G containing {Bj, ..., B;}. As

> deaglinenndis) = (4 E@)L

A, Ag_2€R
we obtain
k k—1 k
(k—1) (m/2)
> degG<A1,...,Ak_2>z(;)- T et
Ary A 2€F)
(k=1F (m/2)*
T Topk—1 | gk—1 -

The sum on the left side has at most (ZL_/ 3) < (T?;ﬁ);):z’

exist distinct Aq,..., Ap_9 € F; such that

terms, therefore there

(k —2)!(k —1)* (m/2)?
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Note that (k_%# > % for every k > 3. Let B denote the set of all edges
B € Fy which are covered by an edge through {A;,..., Ax_2} in G. Then,
|B|? > deg(As, ..., Ar_2), and so

(m/2)2 1 m?

1
4t T 16 kL

(19) B> >

-,

As {A1,...,Ap_2} is a subgraph of H(b), we have

|A1 NN Ag_o| = bp—o + 2bg_1 + bg.

-,

Also, for every B € B, {Ay, ..., Ax_o, B} is a subgraph of H(b). Thus,
‘Alﬂ“-ﬂAk,QﬂB’ = bp—1 + bg.
Now,

|B| - (bp—1+ b)) ={(x,B): x€ AyN---NAx_9,B€ B,z e B}

= Z degp(z).

IeAlm“-ﬂAk,Q
Let D be the maximum degree of a vertex in Fy. Then, by (19),

1 m
(20) D (bk_g + 2bi_1 + bk) > |B| . (bk—l + bk) > Z(bk_l + bk) . tﬁ'

Also, note that

br—1 + by S br—1
bp—2 +2bp_1 +bp — bp_o+ 204

> by(bg—2 +bx—1) > 0.

Therefore (20) gives us,

1 bk—l m
4 bp_o+2bp1 5

(21) D>

Now, we notice that if x is a vertex of degree D, then deleting it from the
edges through = gives us a family of uniformity one less than that of F;. By
induction on by, this subfamily already contains a H (by, ..., bg_1,b;—1)-free
family of size f(D, H(b1,...,bx—1,br — 1)), which is a natural lower bound
to our problem. Therefore,

t > f(D.H(by,... ,bg1,b — 1))
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We now split into two cases.

e Case I: k > 4. Now we use the inductive lower bound given by (18):

o br—1 )’1“ <4(bk—2 + 2b—1) ) % b
t > Dk ~— D< N A
- <4(bk—2 +2b;_1) - br—1

Combining this bound with (21), we get

(4(bk2 + 25k1)>bk ke br—1 .m
br—1 T A(bg—g + 2bg—1) ¢

Which, on invoking t <tk leads us to

k(1) bk—1 S
tPOERTY > m — ,
- <4(bk2 + 25k1)>

finishing off the induction step.
e Case II: k£ = 3. In this case we use the inductive lower bound in (18)
of

1 bo i 4(by + 252)>b3 bs+1
t> Db+t [ —————— <— D< | ——=~ ST
- <4(b1 + 2b2)> B < by

Again, combining this bound with (21), we obtain

<4(b1 + 2b2)>b3 et s b2 m

by - 4(b1 + 2[)2) . t

b3+1

"#"* completing the induction step.

.. . = ba
This implies t > m?s+> <m>

O
6. Proof of Theorem 2.10

In this section, we prove Theorem 2.10. For the proof, we rely upon the inci-
dence structure of Miquelian inversive planes M(q) of order ¢. An inversive
plane consists of a set of points P and a set of circles C satisfying three
axioms [14]:

e Any three distinct points are contained in exactly one circle.
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o If P # () are points and c is a circle containing P but not @, then
there is a unique circle b through P, @ and satisfying b N ¢ = {P}.
e P contains at least four points not on the same circle.

Every inversive plane is a 3-(n? + 1,n + 1,1)-design for some integer n,
which is called its order. An inversive plane is called Miquelian if it satisfies
Miquel’s theorem [14]. The usefulness of Miquelian inversive planes lies in
the fact that their automorphism groups are sharply 3-transitive (cf. pp 274-
275, Section 6.4 of [15]). There are a few known constructions of M(q), one
such construction is outlined here. The points of M(q) are elements of Iﬁ‘g
and a special point at infinity, denoted by oco. The circles are the images of
the set K = F, U {co} under the permutation group PGLs(¢?), given by

ar® +c

2
— m, ad — be % 0,0é S Aut(Fq)

X

For further information on inversive planes and their constructions, the
reader is referred to [15, 16, 17].
Now, we prove Theorem 2.10.

Proof of Theorem 2.10.. Recall that for every odd prime power g, we are
required to demonstrate a hypergraph on ¢?> + 1 edges with the property
that every three edges form an H(q?> —q—1,q,1). Let M(q) be a Miquelian
inversive plane, with points labeled {1,2,...,¢*+ 1}. Then, we consider the
(¢> + q)-graph F = {Aj,..., Ag211}, whose vertex set V(F) is the circles
of M(q), and A; is the collection of circles containing i. By the inversive
plane axiom, any three distinct points have a unique circle through them.
It suffices to show that any two distinct points P, Q in M(q) have ¢ + 1
distinct circles through them. By 2-transitivity of the Automorphism group,
we know that any two points have the same number as of circles through
them. Now, for any P # Q,

(*+1—-2)-1=|{(R,c): Ris a point, ¢ is a circle through P, Q, R}|
:a2(q4»172)7

Thus az = q + 1. So, F is (¢ + g)-uniform, every two edges of F' have an
intersection of size ¢ + 1, and every three edges of F' have an intersection of
size 1. By inclusion-exclusion, they form a H(¢?> —q —1,¢,1). O

Now, we prove Corollary 2.11.
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Proof of Corollary 2.11. First, we prove (4), which asserts that whenever
by > b2 > m and by is a prime power, f(m, Hs(by,bz,1)) = 2. Initially we
start with an inversive plane construction, which gives gives us b2 + 1 sets
such that any three of them are an isomorphic copy of H (b3 — by — 1,bo,1).
As long as b2 +1 > m, we can take a subgraph of the construction and still
obtain m sets satisfying the same property. Also note that as by > b2, we
can create a Hs(by, by, 1)-construction by first creating an inversive plane F,
which is a H3(b2 —by—1, by, 1)-construction, and then adding (b — b2 +bo+1)
new distinct points to each set in F'. This proves (4).

To prove (5), we shall use the result of Baker, Harman and Pintz [18]
on the density of primes, which states that for sufficiently large x there is a

prime p such that

_ 0525

x <p<uz.

Let g(x) be the inverse of x — 20-5%% for large x. Then, x < g(p). Using
monotonicity of g, it can be shown that g(p) < p + p°>2? for large p. Thus,
for large enough m, there exists a prime p such that

(22) p<ax<p+p®®.

Now, let by > by and by > m%%® as in the hypothesis. From (22), we
get a prime number p with p < by < p + p"*?9. Let F = {A;,--- JApia}
be the H3(p? — p — 1,p, 1)-construction obtained from Theorem 2.10. Note
that m < 1320'68_1 = by < p2 4 1. Let F' = {Ay,---, Ay} For every

1 <i < j<m,add by — p many new vertices v{,..., Uzz—p to the sets A;
and Aj, i.e, let

Bi:AiI_IU{vijzlgrgbg—p}.
J#L

Suppose K = {B; : 1 <1i < m}. Observe that for every i,

|Bi| = p* + p +m(bs — p),
and for every i # j,

|B; N\ Bj| =p+by —p = bo.
Hence, K is a hypergraph such that any three edges form a H3(p? + p +
m(ba — p), ba, 1). Since

P2+ p 4+ mby —p) < p? 4 p 4 phAT06+0529

— p? 4 phO990 |
< 3b3 < by,
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we can add adequately many new vertices to every edge of K in order to get
a hypergraph whose any three edges form a Hs(by,bo, 1). O

7. Further Problems

We discuss a few further problems that are of interest. Of course, the main
open question is (2), which asks to characterize all sequences of k-edge hy-
pergraphs H,, for which f(m, H,,) is bounded. As we discussed, even the
case k = 3 turns out to be quite challenging..

Let us focus on the case k = 3 and b = (by, by, 1). The current state of
affairs was summarized in Figure 3. Observe that all the upper bounds in
the lightly shaded regions are actually upper bounds of 2. Therefore, one
may ask the following question:

Problem 7.1. Characterize all values of (b1, bs) such that
f(ma H3(b1a b27 1)) =2

We cannot solve this problem completely. However, we can derive a
necessary condition on by, b, b3 for which f(m, Hs(by1, ba, b3)) = 2 as follows.
Suppose F' is a hypergraph with V(F) = {1,---,n} such that any three
edges of F' form a Hj3(by,be,b3). Let d; denote the degree of vertex ¢ in F'.
By double-counting arguments,

S = (D)

> (%) = ()t
f: d;, = m(b1 + 2by + b3).
i=1

After algebraic manipulation of these expres.sions2 and using the Cauchy-
Schwarz inequality Y7 d; - > d? > (301, d?)” and large m, we obtain
Theorem 7.2.

Theorem 7.2. Suppose f(m, Hs(b1,ba,b3)) = 2. Then, for large enough m,

bib bob
blbg—l-g—i-ﬁZbQQ.
m m

In particular, when by =1,
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Theorem 7.2 gives more insight into Figure 3. Basically, there are two
cases to consider. When b; is asymptotically larger than b#f, i.e. when by =
o(m), this means that by > b22 is necessary for f = 2. When by > m, this gives
us by > mbo, which is exactly the construction in Lemma 4.3. Further, note
that this transition occurs exactly at the intersection of the line by = mbo

and the parabola by = b2.

As a further special case of Problem 7.1, one can look at b= (m,ba, 1)
where 1 < by < y/m. We expect this range to be solvable via a construc-
tion, since there are constructions for by = 1 (Theorem 2.7) and by = /m
(Theorem 2.10). The problem is equivalent to constructing bipartite graphs
with certain properties, as stated below.

Problem 7.3. Suppose 1 < by < y/m. Is there a bipartite graph G with
parts A, B, such that |A| = m, the degree of every vertex in A is asymptotic
to m, the size of the common neighborhood of every pair in A is asymptotic
to bo, and every three vertices in A have a unique common neighbor in B?

If such a bipartite graph can be constructed, then we can let F' =
{N¢(u) : uw € A}. This hypergraph will testify for f(m, H(m,bs,1)) = 2.
From the proof of Theorem 7.2, we know that if such a bipartite graph ex-
ists, it cannot be regular from B. A regular construction from B implies
equality in the Cauchy-Schwarz inequality, which would imply by = ©(y/m).
Therefore if such a graph is constructed, B needs to have vertices of different
degrees.

Notice also that if the answer to Problem 7.3 is affirmative, then we can
shade the small triangle in Figure 3 light. This is courtesy of the fact that
given any (b, by) in that region, we can write it as a sum of (z,y) + (m, 2),
with > my. We can then take a Hs(x,y,0)-construction {A,...,An}
and a Hsz(m, z,1)-construction {A},..., Al }, and merge them together to
obtain the Hs3(b1, b, 1)-construction {A; U A},..., A, UAL}.

Appendix A. Appendix

Our goal in this section is to prove the matrix identity asserted in Proposition
A.2. Recall that the binomial coefficient (~) is interpreted as (—1)* (a+5_1).

S S
Observe that with this definition, the generalized binomial coefficients also
satisfy Pascal’s identity (?) = (“;1) + (Zj) Before seeing the proof of
Proposition A.2, we establish a useful identity in Lemma A.1.
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Lemma A.1. For integers x > 0,y > z > 0, we have
4
z\ [y—t rT—y+z—1
23 -1)* = (-1)* :
(23) > () () = (T

Proof of Lemma A.1. One can prove this identity using induction on y. Note
that when y = 2, the identity becomes

t§;<—1>t(f) —c("7).

which follows from applying Pascal’s identity (f)
term and telescoping.
Now suppose that (23) holds for some y. Then,

S () () e () (O

By induction hypothesis, the first term is (—l)z(mfyjzfl) and the second

term is (—1)*~! (Ifi’ffd). Their sum is (—1)Z(Ifij72), as desired. |

(Izl) + (f:ll) to each

We are now going to state and prove Proposition A.2. Recall the follow-
(m) _ (m—z) plm) — (—1)i— (m—i)’ o™ = (—1)i~ (m—k—i—j—i—l),

ing notation: @i5~ = i) 04 j—i ij J—i

Apm = (a,(;n))lgi,jgk’ By m = (bgn))lgz‘,jgkv Wiim = (wgn)hgi,jgk—h

and,

)

Ap— 1 Wi— 0
Dk_lm — [ k_)l,m , W]:;_:Lm — |: k}_’ l,m “| .

Proposition A.2.

—

By ,
%Tl’k ﬂ , where v; = (—1)*7%, and therefore

Proof. Note that By, = {
Be 1 x Ak 1.mWi1m Broixl +v

Bi gk Di1mWi 1 n = { g 1
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We verify that Bk_17ki+ v =0 and Bk—l,kAk—l,ka—l,m = I;_1 in Claims
A.3 and A.4, respectively.

Claim A.3. By ;41 +v=0.
Proof of Claim A.3. Note that the i’th row of Bk._ljki’ is

: by = i(—l)j_i <k ~ Z) = kfi_l(—l)j (k J_ Z) 0= (—1)F =y,

—i
=1 ‘7 7=0

k

J

<

as desired. ]
Claim A.4. Bk’—l,kAk—l,ka’—l,m = Ik:—1~

Proof of Claim A.J. Note that the (i,j)th entry of the product matrix is
given by

33 Kl
r=1 s=1
k—1k-1 . .
i k=N /m—r\/m—-k+j—s—1
24 — _1r 1+j—s
ey =Xy ) )T
k—1 . k—1 .
o (m—k+j—s—1 i fk—t\/m—r
_ _1)i—s 1)t )
(") Ber () ()
Observe that, using Lemma A.1 forx =k — i,y =m —i,2 = s — i, we get
k—1 . s .
(k—i\[/m—r (k—1\(m—r
1)t _ 1)t
;( ) (r—i)(s—r) Z( ) <r—i)<s—r>

r=
S

R

() ()
_1)si<k—m‘:—_si—i—1>‘

Plugging this back into (24), we get that the (7, j)th entry of the product
matrix is

- k:—l(_l)ji<m—k+j—s—1><k—m+s—i—1>

| — S s—1
=1 ‘7

—~

V)
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Notice that the sum in (25) only runs from s = i to s = j, and therefore
after the change of variable s — s + i, the expression reduces to

26) (_1)j_ij:<m—k:+j—s—i—1)<k—m+s—1>‘

| —1— S S
. J

Note that (S_(m_k)_l) = (—l)s(m_k), so (26) is the sum

S S
= m—k\/fm—-k+j—i1—1—s
=i Ny (™ - —ro Lo
e (M)
which, on invoking Lemma A.1 forx = m—k,y=m—k+j—i—1,2 = j—i,

reduces to

(_1)ji'(_l)ji'<m—k—m+k—j+i+1+j—i—1)_< 0 >

j—i j—i)
Clearly, this is 0 when j # ¢ and 1 when j = 1. [ |
This completes the proof of Proposition A.2. O
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