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Abstract. We give asymptotically optimal constructions in generalized Ramsey theory us-
ing results about conflict-free hypergraph matchings. For example, we present an edge-
coloring of Kn,n with 2n/3 + o(n) colors such that each 4-cycle receives at least three colors
on its edges. This answers a question of Axenovich, Füredi and the second author (On gen-
eralized Ramsey theory: the bipartite case, J. Combin. Theory Ser B 79 (2000), 66–86). We
also exhibit an edge-coloring of Kn with 5n/6 + o(n) colors that assigns each copy of K4 at
least five colors. This gives an alternative very short solution to an old question of Erdős and
Gyárfás that was recently answered by Bennett, Cushman, Dudek, and Pra lat by analyzing
a colored modification of the triangle removal process.

1. Introduction

Given graphs G and H, an (H, q)-coloring of G is an edge-coloring of G such that every copy
of H in G receives at least distinct q colors. Let r(G,H, q) be the minimum number of colors
in an (H, q)-coloring of G. Classical Ramsey numbers for multicolorings are the special case
G = Kn, H = Kp, q = 2. Initiated by Erdős and Shelah [6, 7], and subsequently developed by
Erdős and Gyárfás [8] and by Axenovich, Füredi and the second author [3], this generalization
of Ramsey numbers has given rise to many interesting problems that have been studied over
the years [2, 5, 11, 12].

One of the main problems posed in [3] was to determine the asymptotics of the smallest open
bipartite case when q > 2, namely, r(Kn,n, C4, 3). In this paper we answer this question by
proving

(1) r(Kn,n, C4, 3) = 2n/3 + o(n).

Since the work of [3], it was evident why proving (1) would be challenging. Indeed, the lower
bound argument shows that the required coloring must arise from an asymptotically optimal
resolvable bipartite partial Steiner quadruple system, where the union of any two color classes
has girth at least five (given an appropriate notion of girth). The girth condition between
color classes is the most difficult part of this construction. Using very recent work of Glock,
Kim, Kühn, Lichev, and the first author [9] on conflict-free hypergraph matchings we are able
to provide such a construction.

Our method also yields

r(Kn,K4, 5) = 5n/6 + o(n).(2)

This gives a new proof of a very recent result of Bennett, Cushman, Dudek, and Pra lat [4]
which answered a question of Erdős and Gyárfás [8]. In [4], the authors analyze a modification
of the triangle removal process where each selected triangle receives two colors (one which
is used twice and one which is used once). In addition, certain vertices are not allowed to
be incident to a given set of colors and at no point of the process is a 2-colored 4-cycle
allowed to be created. Not surprisingly, the analysis of this process is technically involved
and challenging.
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One of the main messages of this paper is that such an intricate analysis is not needed, as the
main result in [9] implies results of this type even in this fairly involved and particular setting
with colors and further constraints. This is achieved by translating the edge-coloring problem
to the problem of obtaining a large matching in a suitable auxiliary hypergraph. Presenting
this translation is one of our main contributions. We are confident that this will be helpful
in many other scenarios as well. To be clear, it is still probably useful to propose a random
process that creates the desired outcome with high probability, but the analysis may not be
needed as the process may be described as a hypergraph matching process and then the result
in [9] can be applied.

2. Hypergraph matchings with conflicts and other preliminaries

In this section we state a simplified version of the conflict-free hypergraph matching theorem
from [9], which is the main tool that we use in our proofs. Roughly speaking, this result says
that vertex-regular uniform hypergraphs H with small codegrees admit almost perfect match-
ings that avoid specified edge conflicts. Here, conflicts are sets of disjoint edges, modelled as
edges of a hypergraph C with vertex set E(H), which could, in principle, appear as a sub-
set of the matching. The theorem guarantees that all these subsets of edges can be avoided
in an almost perfect matching provided the conflicts satisfy some natural (and necessary)
conditions.

We refer to a k-uniform hypergraph as a k-graph and identify the edge set with the hypergraph.
For a not necessarily uniform hypergraph C and an integer k, we use C(k) to denote the
subgraph of C comprising all edges of size exactly k. For a vertex e of C, we write Ce for the
“link” of e in C. More precisely, Ce = {C \ {e} : e ∈ C ∈ C}. For a hypergraph H and a
vertex v of H, we use dH(v) to denote the degree of v; that is, the number of edges containing
v. We use ∆(H) = maxu∈V (H) dH(u) to denote the maximum degree of H and, similarly, we
define the minimum degree δ(H) of H. For j ≥ 2, we denote by ∆j(H) the maximum number
of edges that contain a particular set of j vertices. We also define [k] = {1, . . . , k}. We use
standard asymptotic notation o(·), O(·),Θ(·) as n → ∞, which we always treat as (a set of)
non-negative functions.

For a hypergraph H, we refer to C as a conflict system for H if C is hypergraph with vertex
set E(H). We say that a set E of edges of H is C-free if no C ∈ C is a subset of E. For
integers d ≥ 1, ` ≥ 3 and ε ∈ (0, 1), we say that C is (d, `, ε)-bounded if the following holds.

(C1) 3 ≤ |C| ≤ ` for all C ∈ C;
(C2) ∆(C(j)) ≤ `dj−1 for all 3 ≤ j ≤ `;
(C3) ∆j′(C(j)) ≤ dj−j

′−ε for all 3 ≤ j ≤ ` and 2 ≤ j′ ≤ j − 1.

This means C is (d, `, ε)-bounded if the conflicts have size at most ` and that for all uniform
subgraphs of C the degrees and codegrees are not too large.

Suppose now that C is (d, `, ε)-bounded. The following concept of weight functions can be used
to ensure that the provided almost perfect matching admits quasirandom properties. A test
function forH is a function w :

(H
j

)
→ [0, `] where j ∈ N such that w(E) = 0 whenever E ∈

(H
j

)
is not a matching. We refer to j as the uniformity of w and we say that w is j-uniform. In
general, for a function w : A → R and a finite set X ⊂ A, we define w(X) :=

∑
x∈X w(x).

If w is a j-uniform test function, we also use w to denote the extension of w to arbitrary
subsets of H such that for all E ⊂ H, we have w(E) = w(

(
E
j

)
). For j, d ∈ N, ε > 0 and a

conflict system C for H, we say that a j-uniform test function w for H is (d, ε, C)-trackable if
the following holds.

(W1) w(H) ≥ dj+ε;
(W2) w({E ∈

(H
j

)
: E ⊇ E′}) ≤ w(H)/dj

′+ε for all j′ ∈ [j − 1] and E′ ∈
(H
j′

)
;
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(W3) |(Ce)(j
′) ∩ (Cf )(j

′)| ≤ dj
′−ε for all e, f ∈ H with w({E ∈

(H
j

)
: e, f ∈ E}) > 0 and

all j′ ∈ [`− 1];

(W4) w(E) = 0 for all E ∈
(H
j

)
that are not C-free.

Theorem 2.1 ([9, Theorem 3.3]). For all k, ` ≥ 2, there exists ε0 > 0 such that for all ε ∈
(0, ε0), there exists d0 such that the following holds for all d ≥ d0. Suppose H is a k-graph

on n ≤ exp(dε
3
) vertices with (1 − d−ε)d ≤ δ(H) ≤ ∆(H) ≤ d and ∆2(H) ≤ d1−ε and

suppose C is a (d, `, ε)-bounded conflict system for H. Suppose W is a set of (d, ε, C)-trackable

test functions for H of uniformity at most ` with |W | ≤ exp(dε
3
). Then, there exists a C-free

matching M⊂ H of size at least (1− d−ε3)n/k such that for all j and all j-uniform w ∈ W ,

we have w(M) = (1± d−ε3)d−jw(H).

3. r(Kn,n, C4, 3)

It is shown in [3] that r(Kn,n, C4, 3) ≥ 2n/3. Hence it order to prove (1), it suffices to show

that there exists δ > 0 for which r(Kn,n, C4, 3) ≤ 2n/3 +n1−δ by providing a coloring of Kn,n

with at most 2n/3 + n1−δ colors such that any 4-cycle in Kn,n receives at least three colors.
Our construction is obtained in two stages. In the first stage, we translate the problem to a
question about hypergraph matchings and then apply Theorem 2.1. This produces an edge-
coloring of all but O(n2−δ) edges of Kn,n. Moreover, the distribution of the uncolored edges
admits certain quasirandomness properties. In the second stage, we color the uncolored edges
randomly with a new set of colors and ensure, by the local lemma, that all 4-cycles receive at
least three colors.

We proceed with the first part. To this end, we need the following notation. For k ≥ 2, a
cycle of length k in a hypergraph is a collection of k distinct edges {e1, . . . , ek} such that there
exist k distinct vertices v1, . . . , vk with vi ∈ ei ∩ ei+1 for all i ∈ [k], where indices are taken
modulo k. For example, if e1 ∩ e2 ⊃ {v1, v2}, then {e1, e2} is a cycle of length two and hence
if a hypergraph has no cycle of length two, then it is linear (every two edges share at most
one vertex). The girth of a hypergraph H is the minimum length of a cycle in H. For disjoint
sets X,Y , we write B(X,Y ) for the complete bipartite graph with parts X,Y .

Theorem 3.1. There exists δ > 0 such that for all sufficiently large n in terms of δ, there
exists an edge-coloring of a subgraph of G ⊂ B(X,Y ) ∼= Kn,n with at most 2n/3 colors and
the following properties:

(I) Every color class consists of vertex-disjoint 3-edge stars.
(II) Given any two colors i, j, the 4-graph with vertex set X ∪Y where each edge is formed

by the vertex set of a star in color i or j has girth at least 5.
(III) The graph L = B(X,Y )− E(G) has maximum degree at most n1−δ.
(IV) For each (x, y) ∈ X × Y , the number of x′y′ ∈ E(L) with x′ ∈ X \ {x}, y′ ∈ Y \ {y}

such that xy′, yx′ receive the same color is at most n1−δ.

Proof. Our aim is to apply Theorem 2.1. To this end, we define the following 10-uniform
hypergraph H. Let X,Y be two disjoint vertex sets of size n. The vertex set of H is U ∪ V ,
where U =

(
X∪Y
2

)
and V =

⋃
i∈[2n/3] Vi where each Vi is a copy of V (B(X,Y )) = X ∪ Y . Let

T be the collection of 4-sets in X ∪ Y which have exactly one or three vertices in X. Given
e ∈ T and i ∈ [2n/3], let ei =

(
e
2

)
∪ e′i where e′i is the copy of e in Vi. Thus ei has six vertices

in U and four vertices in Vi. Finally, let

E(H) = {ei : e ∈ T , i ∈ [2n/3]}.
We write K for the set of all copies of K4 in the complete graph with vertex set X ∪ Y which
have exactly one or three vertices in X. Observe that there is a natural bijection between the
edge set of H and the set of tuples (K, i) where K ∈ K and i ∈ [2n/3], namely, by mapping
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ei ∈ H with e ∈ T , i ∈ [2n/3] to (K, i) where K is the complete graph on e of size 4. Moreover,
there is also a bijection between K and all 3-edge stars in B(X,Y ) by simply deleting three
edges from K ∈ K or adding the three missing edges to a star. Hence we refer to an edge e in
H also as a K4 or star with color i and simply write e = (K, i) for K ∈ K and i ∈ [2n/3]. Using
this bijection each matching in H corresponds to an edge-coloring of a subgraph of B(X,Y )
with at most 2n/3 colors satisfying (I). In the following, we aim to find a particular matching
which also satisfies (II)–(IV). In all equalities and inequalities that follow, we will assume
wherever necessary that n is sufficiently large.

We claim that H is essentially d-regular with d = 2n3/3. In the following calculations, we will
use the fact that there are 2n/3 + o(n) colors; if the number of colors was different, then the

resulting H would be far from being d-regular. Indeed, fix u ∈ U . If u ∈
(
X
2

)
, then in order

to pick an edge containing u, we pick a vertex x ∈ X \ u, a vertex y ∈ Y and i ∈ [2n/3]. This

gives (|X| − 2)|Y |(2n/3) = d − O(n2) edges. The same argument works for u ∈
(
Y
2

)
. Now

suppose that u = {x, y} with x ∈ X, y ∈ Y . In this case we pick Z ∈ {X,Y } and then distinct

z, z′ ∈ Z \ u and i ∈ [2n/3] to obtain 2
(
n−1
2

)
(2n/3) = d−O(n2) edges. Thus in any case

d−O(n2) ≤ dH(u) ≤ d.

Now fix v ∈ Vi. Edges containing v in H arise only from copies of K4 containing the copy of v
in B(X,Y ) and the number of such copies is

(
n−1
2

)
n+

(
n
3

)
= d−O(n2). Therefore,

d

(
1− 1

n1/2

)
≤ δ(H) ≤ ∆(H) ≤ d.

It is easy to prove that ∆2(H) ≤ n2.
We next define a 4-graph C which is a conflict system forH. As required, we set V (C) = E(H).
Edges of C arise from 4-cycles in B(X,Y ) comprising two monochromatic matchings of size 2
(hence resulting in a 4-cycle with exactly two colors). Such 2-colored 4-cycles arise from four
stars in B(X,Y ), two in one color and two in another color, that form a (linear) 4-uniform
4-cycle. More precisely, given four distinct vertices x, x′ ∈ X and y, y′ ∈ Y , two distinct colors
i, j ∈ [2n/3], and e = (Kxy, i), e

′ = (Kx′y′ , i), f = (Kxy′ , j), f
′ = (Kx′y, j) with a, b ∈ V (Kab)

for a ∈ {x, x′}, b ∈ {y, y′}, we have {e, e′, f, f ′} ∈ E(C) whenever {e, e′, f, f ′} is a matching
in H.

We next claim that ∆(C) = O(d3). Indeed, given a vertex ei = (K, i) ∈ V (C), all edges
containing ei are of the form {(K, i), (K ′, i), (K1, j), (K2, j)} for some K ′,K1,K2 ∈ K and
j ∈ [2n/3] \ {i}. There are O(n) choices for j, O(n4) choices for K ′, and O(n4) choices for
V (K1) ∪ V (K2). Hence ∆(C) = O(n9) = O(d3).

A similar calculation also shows that there are O(n5) edges in C containing any fixed pair
of vertices (K, i), (K ′, i) ∈ V (C). Similarly, if we fix (K, i), (K1, j), there are O(n3) choices

for (K ′, i) and then O(n2) choices for (K2, j). Consequently, ∆2(C) = O(n5) < d2−1/4 with
room to spare. Given (K, i), (K ′, i), (K1, j) as above leaves O(n2) choices for (K2, j). Thus

∆3(C) < d1−1/4 and C is a (d,O(1), ε)-bounded conflict system for H for all ε ∈ (0, 1/4).

We remark that one can now apply Theorem 2.1 to H to obtain an almost perfect conflict-free
matching M , and this translates to an edge-coloring of a subgraph G of most edges of B(X,Y )
with every 4-cycle receiving at least three colors (each color class is a star forest with stars
of three edges); in particular, Theorem 3.1 (I) and (II) hold. However, to complete this to
a coloring of all of B(X,Y ), we need to ensure that the coloring of G has further properties
(properties (III) and (IV)). We achieve this by considering carefully chosen test functions.

To this end, for each v ∈ X ∪ Y , let Sv ⊂ U be the set of edges in B(X,Y ) incident to v.
Let wv : E(H) → [0, 3] be the weight function that assigns every edge of H the size of its
intersection with Sv. Note that wv(M) counts the number of edges in Sv that belong to a
star in any collection of stars that stems from some matching M in H. Moreover, wv(H) =
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e∈Sv

dH(e) = nd − O(n3). Observe that (W2)–(W4) are trivially satisfied, because wv is
1-uniform. Hence wv is a (d, ε, C)-trackable 1-uniform test function for all ε ∈ (0, 1/4) and
v ∈ V (B(X,Y )).

We could now apply Theorem 2.1 to also obtain (III). Indeed, for suitable ε, and sufficiently
large n, Theorem 2.1 yields a C-free matching M ⊂ H such that for each v ∈ X ∪ Y ,

wv(M) > (1− d−ε3)d−1wv(H) > (1− n−δ)n

for some small enough δ > 0. Therefore, for every vertex v ∈ X ∪ Y , there are at most n1−δ

edges in B(X,Y ) incident to v that do not belong to a star selected by M .

Next we extend our selection of test functions such that Theorem 2.1 also yields (IV). For
each (x, y) ∈ X × Y , we proceed as follows. For each jx, jy ∈ {1, 3}, let

Pjx,jy = {{(Kx, i), (Ky, i)} : i ∈ [2n/3], V (Kx) ∩ V (Ky) = ∅,
x ∈ V (Kx), |V (Kx) ∩X| = jx, y ∈ V (Ky), |V (Ky) ∩ Y | = jy}.

Clearly,

|Pjx,jy | =
jxn

3

6
· jyn

3

6
· 2n

3
±O(n6) =

jxjyn
7

54
±O(n6) > d2+1/4.

Let wx,y,jx,jy be the 2-uniform indicator weight function for the pairs in Pjx,jy (note that each
pair in Pjx,jy corresponds to a matching of size 2 in H). This means that wx,y,jx,jy takes values
in {0, 1}, and wx,y,jx,jy({e, f}) = 1 if and only {e, f} = {(Kx, i), (Ky, i)} ∈ Pjx,jy . Assume
for now that these test functions are (d, ε, C)-trackable for all ε ∈ (0, 1/4) . Adding all these
weight functions (for all (x, y) ∈ X × Y and jx, jy ∈ {1, 3}) to the set of weight functions
which we give to Theorem 2.1, we obtain a matching M such that

(3)

∣∣∣∣(M2
)
∩ Pjx,jy

∣∣∣∣ = wx,y,jx,jy(M) ≤ (1 + d−ε
3
)d−2|Pjx,jy | ≤ (1 + n−2δ)

jxjyn

24

for each x, y, jx, jy.

Now we verify that wx,y,jx,jy is indeed (d, ε, C)-trackable. We already checked (W1). To

see (W2), we fix one (Kx, i) and observe that there are O(n3) < n7/d1+1/4 choices for (Ky, i)
(and similarly when x, y are swapped), which shows (W2). To see (W3), fix e = (K1, i), f =
(K2, j) with wx,y,jx,jy({e, f}) > 0. Hence i = j and, say, e = (Kx, i), f = (Ky, i) as in the
definition of Pjx,jy . Suppose three edges g1, g2, g3 ofH form a conflict with both e and f . Then
the number of vertices spanned by the four stars associated with g1, g2, g3, e in B(X,Y ) is 12,
since the 2-colored C4 has four vertices and we have two extra vertices for each star. Four of
these vertices are from e, so this leaves eight extra vertices not in the star of e. Now since
g1, g2, g3, f also forms a conflict, the star of f must use two vertices in the 2-colored C4 that
are not in the star of e. Hence the number of vertices spanned by the three stars associated
with g1, g2, g3 that are not coverd by the stars of e or f is at most 12−4−2 = 6. Consequently,
we can choose at most six further vertices outside V (Kx)∪V (Ky) and one color in [2n/3]\{i}
resulting in O(n7) < d3−1/4 choices, which shows (W3). Property (W4) is vacuously true.

Now we define a set of triples Tjx,jy that extend the pairs in Pjx,jy . Given {(Kx, i), (Ky, i)} ∈
Pjx,jy , we add the triple {(Kx, i), (Ky, i), (K, j)} to Tjx,jy whenever j ∈ [2n/3] \ {i} and K
contains exactly one vertex in V (Kx)\X and exactly one vertex in V (Ky)\Y . Consequently,
we have

|Tjx,jy | = (4− jx)(4− jy)(d±O(n2))|Pjx,jy |

and all triples in Tjx,jy are matchings of size 3 in H. In the same vein as above, we define a
3-uniform indicator weight function w′x,y,jx,jy on the triples of E(H). Assume for now that

these weight functions are (d, ε, C)-trackable for all ε ∈ (0, 1/4). Theorem 2.1 gives rise to a
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matching M such that

(4)

∣∣∣∣(M3
)
∩ Tjx,jy

∣∣∣∣ ≥ (1− n−2δ)(4− jx)(4− jy) ·
jxjyn

24

for each x, y, jx, jy.

The crucial observation is that each x′y′ from (IV) arises from an edge g ∈ H in some triple
of Tjx,jy that contains some pair from Pjx,jy . Since g 6∈M , the number of x′y′ as in (IV) is at
most ∑

jx,jy∈{1,3}

(4− jx)(4− jy)
∣∣∣∣(M2

)
∩ Pjx,jy

∣∣∣∣− ∣∣∣∣(M3
)
∩ Tjx,jy

∣∣∣∣ .
By (3) and (4), we see that Theorem 2.1 yields a matching M such that the above quantity
at most n1−δ, which proves (IV).

It remains to check that w′x,y,jx,jy is (d, ε, C)-trackable for all ε ∈ (0, 1/4). Observe that

w′x,y,jx,jy(H) = Θ(n10) > d3+1/4 and hence (W1) holds. To see (W2), we observe that

w′x,y,jx,jy({E ∈
(H
3

)
: E ⊇ e}) = O(n6) < w′x,y,jx,jy(H)/d1+1/4 for all e ∈ H and also

w′x,y,jx,jy({E ∈
(H
j

)
: E ⊇ E′}) = O(n3) < w′x,y,jx,jy(H)/d2+1/4 for all E′ ∈

(H
2

)
. To see (W3),

fix e = (K1, i), f = (K2, j) with wx,y,jx,jy(E) > 0 for some {e, f} ⊂ E ∈
(H
3

)
. If i = j as

above for Pjx,jy , then we again conclude as above the desired bound. Hence assume that

i 6= j. There at most O(n8) < d3−1/4 conflicts containing e which involve only edges of H
with colours i, j. This is clearly an upper bound for |(Ce)(3) ∩ (Cf )(3)| and thus implies (W3).
Property (W4) is vacuously true, which completes the proof.

Next we finish the proof of (1). First we apply Theorem 3.1 (with 2δ playing the role of δ)
and obtain a coloring as stated in Theorem 3.1. In particular, ∆(L) ≤ n1−2δ by (III). We now
show how to color the edges of L with a set P of t = n1−δ new colors so that no 4-cycle in the
final coloring has fewer than three colors on its edges. We color each edge of L with a color
from P with equal probability 1/t, independently of all other edges. We apply the symmetric
form of the local lemma [1, Corollary 5.1.2] to show that there is no 2-colored 4-cycle and to
this end we now define three types of bad events.

For any pair e, f of adjacent edges in L and i ∈ P , we let Ae,f,i be the event that both e and f
receive color i. Clearly, P[Ae,f,i] = t−2. For 4-cycleD in L, we define BD to be the event thatD
receives exactly two colors (and this coloring is proper). Hence P[BD] = (t(t− 1))−1 ≤ 2t−2.
For a 4-cycle D = xyx′y′ in Kn,n and i ∈ P , where xy, x′y′ ∈ E(L) and xy′, yx′ belong to two
stars colored alike by Theorem 3.1, we let CD,i be the event that both xy, x′y′ receive color i.
Clearly, P[CD,i] = t−2. Let E be the collection of all these defined events.

We say two events as above are edge-disjoint if the edges in L that can be associated with them
are distinct. Fix an event E ∈ E as above. There are at most 8∆(L) · t ≤ 8t2n−δ events Ae,f,i
that are not edge-disjoint from E; there are at most 4(∆(L))2 ≤ t2n−δ events BD that are
not edge-disjoint from E; and there are at most 4n1−2δk ≤ 4t2n−δ events CD,i that are
not edge-disjoint from E by (IV). Consequently, for any event E ∈ E , there is a set EE of
13t2n−δ events from E such that E is independent of any collection of events in E \ EE . Since
(13t2n−δ + 1) · (2t−2) ≤ 1/e, by the local lemma, there is a coloring of the edges of L such
that none of the events in E hold. Then given such a coloring, it is easy to see that every
4-cycle in Kn,n receives at least three distinct colors.

4. r(Kn,K4, 5)

In this section we prove (2). Recently, (2) was proven in [4] by analyzing an elaborated
extension of the triangle removal process. Here we encode (the result of) this random process
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as a hypergraph matching problem (with conflicts) in a similar fashion as in the previous
section. We expect that this methodology may be fruitful for many other applications as well.

There are some crucial differences between the hypergraph H that we construct in this section
to the one we constructed in the previous section. These arise due to the constraints on colors
in a (K4, 5)-coloring. More presicely the relevant constraint is that if xyz is a triangle where
xy and yz receive the same color, then the color on xz cannot appear on any edge incident
with y (for this would yield a K4 with at most four colors). We use the probabilistic method
to ensure that our hypergraph H is constructed so that this problematic configuration never
arises. So the hypergraph H on which we will find a matching will be obtained by means of
some random process, though once we have done this, H will be fixed for the rest of the proof
as in the previous section.

It will be convenient to use the following concentration inequality due to McDiarmid.

Theorem 4.1 (McDiarmid’s inequality, see [10]). Suppose X1, . . . , Xm are independent ran-
dom variables. Suppose X is a real-valued random variable determined by X1, . . . , Xm such
that changing the outcome of Xi changes X by at most bi for all i ∈ [m]. Then, for all t > 0,
we have

P[|X − E[X]| ≥ t] ≤ 2 exp

(
− 2t2∑

i∈[m] b
2
i

)
.

We now state and prove the main technical statement which gives a partial coloring of Kn.

Theorem 4.2. There exists δ > 0 such that for all sufficiently large n in terms of δ, there
exists an edge-coloring of a subgraph F ⊂ Kn with at most 5n/6+n1−δ colors and the following
properties:

(I) Every color class consists of vertex-disjoint edges and 2-edge paths.
(II) For all triangles xyz in F where xy, yz receive the same color and xz is colored i, the

vertex y is an isolated vertex and xz forms a component in color class i.
(III) Every 4-cycle in F receives at least three distinct colors.
(IV) The graph L = Kn − E(F ) has maximum degree at most n1−δ.
(V) For each xy ∈ E(Kn), the number of x′y′ ∈ E(L) with {x, y} ∩ {x′, y′} = ∅ for which

xx′ and yy′ receive the same color in F is at most n1−δ.

Proof. Let δ > 0 be sufficiently small and let n be sufficiently large in terms of δ. Let ρ = n−δ

and k = (1 + ρ)5n/6. Let G = Kn. We first construct a random (vertex) set V as follows.
Let V ′ =

⋃
i∈[k] V

′
i where V ′1 , . . . , V

′
k are copies of V (G). Delete each vertex in

⋃
i∈[k] V

′
i

independently with probability p = ρ/(1 + ρ). Denote by Vi the vertices in V ′i which remain.
Let V =

⋃
i∈[k] Vi.

Next, we construct an 8-graph H with vertex set E(G) ∪ V as follows. For i ∈ [k] and
v ∈ V (G), we denote by vi the copy of v in Vi (if it exists). For each triangle uvw in G and
distinct i, j ∈ [k], we add the edge

{uv, uw, vw, ui, vi, wi, vj , wj}

to H if ui, vi, wi, vj , wj ∈ V and uj /∈ V .

Let K be the set of all pairs (uvw, x) where uvw is a triangle in G and x ∈ {u, v, w}. Say
that x is the marked vertex of uvw. Observe that there is an injection from the edge set of
H to the set of tuples (K, i, j) with K ∈ K and distinct i, j ∈ [k], where we think of color i
appearing on two edges in K and color j appearing on the edge not incident to the marked
vertex of K. Hence we refer to an edge e in H also as a triangle (if the colors and the marked
vertex do not matter at that point) and simply write e = (K, i, j) for K ∈ K and distinct
i, j ∈ [k].
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Note that any matching M ⊂ H corresponds to a collection of edge-disjoint triangles in G
where each triangle uvw is of the form where vw is assigned color j and uv and uw are both
assigned color i. Moreover, vertex u is not incident to any edge in color j in any other triangle
(due to the condition uj 6∈ V above). This yields a k-coloring of the edges of G that lie within
these triangles that satisfies properties (I) and (II). Our goal is to find a particular M such
that the corresponding edge-coloring of G also satisfies (III)–(V). Property (III) will follow
by defining a particular conflict system C for H and finding a C-free matching M , and (IV)
and (V) will follow by considering certain trackable test functions.

Note that ∆2(H) = O(n2) (independent of our random choices). Next, we compute the
expected degrees of the vertices in H. Note that 1− p = (1 + ρ)−1. We obtain for uv ∈ E(G)

E[dH(uv)] = (n− 2) · k(k − 1) · 3 · (1− p)5p

=
5

2
n2k(1− p)4p+O(n2).

and for ui ∈ V ′i

E[dH(ui) | ui ∈ Vi] =

((
n− 1

2

)
+ (n− 1)(n− 2) + (n− 1)(n− 2)

)
(k − 1)(1− p)4p

=
5

2
n2k(1− p)4p+O(n2).

We claim that by Theorem 4.1

5

2
n2k(1− p)4p−O(n8/3) ≤ δ(H) ≤ ∆(H) ≤ 5

2
n2k(1− p)4p+O(n8/3),

holds with high probability. Indeed, fix some uv ∈ E(G) and for w ∈ V ′, define bw = n2 if w is
a copy of u or v and bw = n otherwise. Then

∑
w∈V ′ b2w = O(n5), which shows concentration

in an interval of length O(n5/2) using Theorem 4.1. Similarly, fix ui ∈ V ′i and for w ∈ V ′\{ui},
define bw = n2 if w is a copy of u or w ∈ V ′i and bw = n otherwise; again the same conclusion
holds.

Hence H is essentially d-regular for some d = Θ(n3−δ). In addition, it is easy to check using
McDiarmid’s inequality that given ui, vi ∈ V , there are O(pn2) = O(n2−δ) = O(d/n) edges
containing both ui, vi with high probability (indeed, for w ∈ V ′ \ {ui, vi}, define bw = n if w
is a copy of u or v or w ∈ V ′i and bw = 1 otherwise). We need that one further quantity is
close to its expected value, namely the size of Pjx,jy which will be defined later in the proof.
For now we assume that that it is close to its expected value with high probability.

From now on, we fix one choice for H that satisfies these properties and refer to this deter-
ministic 8-graph again by H. Moreover, we set d = ∆(H) and recall that H is essentially
d-regular and d = Θ(n3−δ).

We next define a 4-graph C with vertex set E(H) which is a conflict system for H. The
edges of C arise from 4-cycles in G comprising two monochromatic matchings of size 2 (hence
resulting in a 4-cycle in G with exactly two colors). We only consider such 2-colored 4-
cycles that arise from four triangles in G, two of which contain one color and the other two
contain another color. More precisely, given four distinct vertices w, x, y, z ∈ V (G) and two
distinct colors i, j ∈ [k] with euv = (Kuv, αuv, βuv) for all uv ∈ {wx, xy, yz, wz}, we have
{ewx, exy, eyz, ewz} ∈ C whenever

• color i appears on the edges wx in Kwx and yz in Kyz,
• color j appears on the edges xy in Kxy and wz in Kwz,
• ewx, exy, eyz, ewz form a matching in H.

We emphasize that we do not stipulate whether color i appears as a single edge or a 2-
edge path within the triangle Kwx and similarly for the other colors and triangles. We also
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do not require Kwx and Kyz (and Kxy and Kwz) to be vertex-disjoint. We note that a C-
free matching M in H gives rise to an edge-coloring in which each 4-cycle receives at least
three colors. Indeed, by the definition of H, no color class has a 3-edge path and no two
monochromatic 2-edge paths share two vertices. The only other possibility for a 2-colored
4-cycle is if it comprises two monochromatic matchings and this is precluded by the definition
of C.
It is easy to see that ∆(C) = O(d3). Indeed, fix some edge in H that assigns color i to
wx ∈ E(G). We have at most n2 choices to fix two further vertices y, z in G. There are O(d/n)
choices for the edge that contains yi, zi, at most ∆(H) = d choices for the edge that contains
xy (say, xy receives color j) and O(d/n) choices for the edge that contains zj , wj . With almost

the same arguments we also obtain that ∆2(C) = O(d2/n) < d2−1/4 and ∆3(C) = O(d/n) <

d1−1/4. Consequently, C is a (d,O(1), ε)-bounded conflict system for H for all ε ∈ (0, 1/4).

Next we define a set of (d, ε, C)-trackable test functions that enables us to obtain proper-
ties (IV) and (V). For each v ∈ V (G), let Sv ⊂ E(G) be the set of n− 1 edges in G incident
to v. Let wv : E(H) → [0, 2] be the weight function that assigns every edge of H the size
of its intersection with Sv. Note that wv(M) counts that number of edges in Sv that belong
to a triangle in any collection of triangles that stems from some matching M in H. More-
over, wv(H) =

∑
e∈Sv

dH(e) = nd − O(n3). Observe that (W2)–(W4) are trivially satisfied,
because wv is 1-uniform. Hence wv is a (d, ε, C)-trackable 1-uniform test function for all
ε ∈ (0, 1/4) and v ∈ V (G).

We could now apply Theorem 2.1 to also obtain (IV). Indeed, for suitable ε, and sufficiently
large n, Theorem 2.1 yields a C-free matching M ⊂ H such that for each v ∈ V (G),

wv(M) > (1− d−ε3)d−1wv(H) > (1− n−δ)n

holds where we choose δ > 0 small enough in terms of ε. Therefore, for every vertex v ∈ V (G),
there are at most n1−δ edges in G incident to v that do not belong to a triangle selected by M .
This proves (III) and (IV).

We turn to (V). In what follows, if u ∈ V (G), then the notation Ku for a triangle Ku implies
that Ku contains u. Let x, y ∈ V (G) be distinct vertices. For jx, jy ∈ {1, 2}, we define

Pjx,jy = {{(Kx, αx, βx), (Ky, αy, βy)} : (Kx, αx, βx), (Ky, αy, βy) ∈ H are disjoint,

there is a color i incident to z exactly jz times in Kz for each z ∈ {x, y}}.

It is again easy to exploit McDiarmid’s inequality to show that in the random 8-graph H we
considered earlier, with high probability for all x, y and jx, jy ∈ {1, 2}

(5) |Pjx,jy | =
p2(1− p)10k3n4

jxjy
+O(n20/3).

Indeed, for w ∈ V ′, define bw = 10n6 if w is a copy of x or y and bw = 10n5 otherwise; hence∑
w∈V ′ b2w = O(n13). We assume that we have chosen H such that (5) holds.

For all x, y, jx, jy as above, let wx,y,jx,jy be the 2-uniform indicator weight function for the pairs
in Pjx,jy . Assume for now that these test functions are (d, ε, C)-trackable for all ε ∈ (0, 1/4).
Adding all these weight functions to the set of weight functions which we give to Theorem 2.1,
we obtain a matching M such that

(6)

∣∣∣∣(M2
)
∩ Pjx,jy

∣∣∣∣ = wx,y,jx,jy(M) ≤ (1 + d−ε
3
)d−2|Pjx,jy | ≤ (1 + n−2δ)

4(1− p)2k
25jxjy

for each x, y, jx, jy.

Now we verify that wx,y,jx,jy is (d, ε, C)-trackable. Property (W1) follows trivially by our

estimation of |Pjx,jy | = Θ(nd2) above. To see (W2), fix some edge e of H; as we may assume
that this edge is contained in at least some pairs in Pjx,jy , by symmetry in x and y, we may
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assume e = (Kx, i, j) for some distinct i, j ∈ [k]. Then the weight of all pairs containing e is

O(d) < nd1−1/4 as any pair needs to contain at least one vertex in {yi, yj}. This proves (W2).
To see (W3), we argue as follows. We select two edges e = (Kx, αx, βx), f = (Ky, αy, βy) of H
so that {e, f} ∈ Pjx,jy . We aim to find an upper bound for the number of triples g1, g2, g3 ∈ H
such that they form an element of C both with e and with f . First we only focus on e. In
order to find an upper bound on the number of such triples that form a conflict with e, we can
choose five vertices in G and four colors, resulting in an upper bound of O(n9). If the triples
g1, g2, g3 also form a conflict with f , we can select at most four vertices outside V (Kx)∪V (Ky)

and again at most four colors. Hence there are at most O(n8) < d3−1/4 such triples. This
proves (W3). For future reference, we note here that in order to prove (W3) it suffices to
assume that Kx,Ky share at most one vertex. Property (W4) is vacuously true.

Next we define a set of triples Tjx,jy that extend the pairs in Pjx,jy . Suppose that we have a pair
{(Kx, αx, βx), (Ky, αy, βy)} ∈ Pjx,jy . We add the triple {(Kx, αx, βx), (Ky, αy, βy), (K, γ, γ

′)}
to Tjx,jy whenever K is edge-disjoint from Kx,Ky and K contains vertices vx ∈ V (Kx), vy ∈
V (Ky) and such that xvx, yvy have color i in Kx,Ky. The vertex vxvy in H has degree
d + O(n2) as H is almost regular and as ∆2(H) = O(d/n) almost all edges containing vxvy
avoid (Kx, αx, βx), (Ky, αy, βy). Consequently,

|Tjx,jy | = jxjy(d+O(n2))|Pjx,jy |.

In the same vein as above, we define the 3-uniform indicator weight functions w′x,y,jx,jy on

the triples of E(H). Assume for now that these weight functions are (d, ε, C)-trackable for all
ε ∈ (0, 1/4). Theorem 2.1 gives rise to a matching M such that

(7)

∣∣∣∣(M3
)
∩ Tjx,jy

∣∣∣∣ = w′x,y,jx,jy(M) ≥ (1− d−ε3)d−3|Tjx,jy | ≥ (1− n−2δ)4(1− p)2k
25

for each x, y, jx, jy.

The crucial observation is that each edge x′y′ from (V) arises from an edge g ∈ H in some
triple of Tjx,jy that contains a pair from Pjx,jy . Since g 6∈ M , the number of x′y′ as in (V) is
at most ∑

jx,jy∈{1,2}

jxjy

∣∣∣∣(M2
)
∩ Pjx,jy

∣∣∣∣− ∣∣∣∣(M3
)
∩ Tjx,jy

∣∣∣∣ .
By (6) and (7) we see that this is at most n1−δ, which proves (V).

It remains to check that w′x,y,jx,jy is (d, ε, C)-trackable for all ε ∈ (0, 1/4). To see (W1),

recall that |Tjx,jy | = Θ(d|Pjx,jy |) = Θ(nd3). To see (W2), we follow the same argument as

above for wx,y,jx,jy and conclude that there is O(d2) < nd2−1/4 weight on triples containing

a particular edge of H and O(d) < nd1−1/4 weight on triples containing two fixed edges. As
we noted earlier when we checked (W3) for wx,y,jx,jy , the number of conflicts that form a

conflict with two different edges which have at most one common vertex is at most d3−1/4.
This applies to any pair of edges of H that belong to a triple with positive weight given
by w′x,y,jx,jy . Hence (W3) holds. Property (W4) is again vacuously true and this completes

the proof of Theorem 4.2.

To prove (2), we may proceed very similar as for the proof of (1) in the previous section and
also apply the local lemma with almost the same collection of bad events. Here we deviate
slightly from the approach in [4] as we aim to use the most basic version of the local lemma
which appears easier to us.

First apply Theorem 4.2 (with 2δ playing the role of δ) and obtain a coloring as stated in
Theorem 4.2. In particular, ∆(L) ≤ n1−2δ by (IV). Color the edges of L with a set P of
t = n1−δ new colors independently and uniformly at random.
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For any pair e, f of adjacent edges in L and i ∈ P , we let Ae,f,i be the event that both e and f
receive color i. Clearly, P[Ae,f,i] = t−2. For a 4-cycle D in L, we define BD to be the event
that D receives two colors (and this coloring is proper). Hence P[BD] = (t(t− 1))−1 ≤ 2t−2.
For a 4-cycle D = xyy′x′ in Kn and i ∈ P , where xy, x′y′ ∈ E(L) and xx′, yy′ belong to two
triangles colored alike by Theorem 3.1, we let CD,i be the event that both xy, x′y′ receive
color i. Clearly, P[CD,i] = t−2. Using essentially the same argument verbatim as in the
previous section, we can apply the local lemma to avoid all these events simultaneously. This
shows (2).

5. Concluding remarks

As a further example of the versatility of our method, we can prove the following nonbipartite
version of (1):

(8) r(Kn, C4, 3) = n/2 +O(n1−δ).

The lower bound is easy: every component of every color class in a (C4, 3)-coloring of Kn is
a star or a triangle, hence each color class has at most n edges. So the number of colors is at
least

(
n
2

)
/n = (n − 1)/2. For the upper bound, our main tool is the following result that is

the nonbipartite analogue of Theorem 3.1.

Theorem 5.1. There exists δ > 0 such that for all sufficiently large n in terms of δ, there
exists an edge-coloring of a subgraph of G ⊂ Kn with at most n/2 colors and the following
properties:

(I) Every color class consists of vertex-disjoint triangles.
(II) Given any two colors i, j, the 3-graph with vertex set V (G) where each edge is formed

by the vertex set of a triangle in color i or j has girth at least 5.
(III) The graph L = Kn − E(G) has maximum degree at most n1−δ.
(IV) For each xy ∈ E(Kn), the number of x′y′ ∈ E(L) with {x, y} ∩ {x′, y′} = ∅ for which

xy′ and yx′ receive the same color in G is at most n1−δ.

The proof of Theorem 5.1 is very similar to the proof of Theorem 3.1. One can then quickly
use the local lemma to prove (8). It is an interesting question to decide if one can improve the
error term in this result. Roughly speaking, this is equivalent to constructing an essentially
resolvable Steiner triple system where the union of any two color classes has girth 5. We
conjecture that such objects exist.

Conjecture 5.2. r(Kn, C4, 3) = n
2 +O(1) and r(Kn, C4, 3) = n−1

2 for infinitely many n.

In a similar vein, we pose another conjecture and problem.

Conjecture 5.3. r(Kn,n, C4, 3) = 2n
3 +O(1) and r(Kn,n, C4, 3) = 2n

3 for infinitely many n.

Problem 5.4. Is r(Kn,K4, 5) = 5n
6 +O(1)?
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