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Abstract

A fundamental barrier in extremal hypergraph theory is the presence of many near-
extremal constructions with very different structure. Indeed, the classical constructions due
to Kostochka imply that the notorious extremal problem for the tetrahedron exhibits this
phenomenon assuming Turdn’s conjecture.

Our main result is to construct a finite family of triple systems M, determine its Turan
number, and prove that there are two near-extremal M-free constructions that are far from
each other in edit-distance. This is the first extremal result for a hypergraph family that
fails to have a corresponding stability theorem.

1 Introduction

Let » > 3 and F be a family of r-uniform graphs (henceforth r-graphs). An r-graph H is F-free
if it contains no member of F as a subgraph. The Turdn number ex(n, F) of F is the maximum
number of edges in an F-free r-graph on n vertices. The Turdn density m(F) of F is defined as
7(F) = limp—o0 ex(n, F) /(). The study of ex(n, F) is perhaps the central topic in extremal
graph and hypergraph theory.

Much is known about ex(n, F) when r = 2 and one of the most famous results in this regard
is Turén’s theorem, which states that for ¢ > 2 the Turdn number ex(n, Kyy1) is uniquely
achieved by T'(n,¢) which is the ¢-partite graph on n vertices with the maximum number of
edges.

For £ > r > 3, let K be the complete r-graph on /¢ vertices. Extending Turdn’s theorem to
hypergraphs (i.e. r > 3) is a major problem. Indeed, the problem of determining m(K}) was
raised by Turdn [27] and is still wide open. Erdés offered $500 for the determination of any
m(K}) with £ > r > 3 and $1000 for the determination of all 7(K}) with £ > r > 3.

Conjecture 1.1 (Turdn [27]). n(K}) =1— (Z_%)z.

The case ¢ = 4 above, which states that 7(K3) = 5/9 has generated a lot of interest and
activity over the years. Many constructions (e.g. see [2, 13, 7]) are known to achieve the value
in Conjecture 1.1 for £ = 4, and that is perhaps one of the reasons why it is so challenging.
On the other hand, successively better upper bounds for w(K3) were obtained by de Caen [4],
Giraud (see [3]), Chung and Lu [3], and Razborov [24]. The current record is 7(K3) < 0.561666,
which was obtained by Razborov [24] using flag algebra machinery.

Many families F have the property that there is a unique F-free graph (or hypergraph) G on
n vertices achieving ex(n, F), and moreover, any F-free graph (or hypergraph) # of size close
to ex(n, F) can be transformed to G by deleting and adding very few edges. Such a property
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is called the stability of F. The first stability theorem was proved independently by Erdds and
Simonovits [26].

Theorem 1.2 (Erd8s-Simonovits [26]). Let £ > 2. Then for every 6 > 0 there exists an € > 0
and ng such that the following statement holds for all n > ng. FEvery Kyyi-free graph on n
vertices with at least (1 —€)t(n, l) edges can be transformed to T'(n,{) by deleting and adding at
most on? edges.

The stability phenomenon has been used to determine ex(n, F) exactly in many cases. It
was first used by Simonovits in [26] to determine ex(n, F) exactly for all color-critical graphs
and large n, and then by several authors (e.g. see [5, 6, 8, 9, 11, 12, 19, 20, 22]) to prove exact
results for hypergraphs.

However, there are many Turdn problems for hypergraphs that (perhaps) do not have the
stability property. The example Kj we mentioned before was shown to have exponentially
many extremal constructions in the number of vertices (see Kostochka [13] and Brown [2]). We
will prove (Proposition 1.7) that these constructions can be used to show that K3 does not
have the stability property (assuming Conjecture 1.1 is true). For Kj with ¢ > 5, different
near-extremal constructions were given by Sidorenko [25], and Keevash and the second author
[10]. Although we do not provide the details, these also show that K g does not have stability
(assuming Conjecture 1.1 is true).

The absence of stability seems to be a fundamental barrier in determining the Turdan numbers
of some families. Indeed, the Turdan numbers of the examples we presented above are not known,
even asymptotically, and in fact, no Turdn number of a family without the stability property
has been determined.

This paper provides the first such example. We construct a family M of 3-graphs, prove that
M does not have the stability property, and determine (M), and even ex(n, M) for infinitely
many n (Theorems 1.6 and 1.10).

The present paper has a slightly similar flavor as [23] in the sense that we will define the
extremal hypergraphs G} and G2 first, and then define the forbidden family M, which is a
suitably chosen family based on Q}L and Qﬁ.

In order to state our results formally, we need some definitions.

Definition 1.3. Let r > 2 and H be an r-graph. The transversal number of H is
7(H) :=min{|S|: S C V(H) such that SNE # 0 for all E € H}.
We set 7(H) = 0 if H is an empty graph.

Let £ > r > 2 and K}, be the collection of all r-graphs F' on at most (£+ 1)+ (r —2) (2451)
vertices such that for some (¢+1)-set S, which will be called the core of F', every pair {u,v} C S
is covered by an edge in F' 1. Let V1 U---UV} be a partition of [n] := {1,...,n} with each V; of
size either [n/¢] or [n/f]. The generalized Turdn graph T, (n, £) is the collection of all r-subsets
of [n] that have at most one vertex in each V. Let t,(n,¢) = |T,(n,¢)|. It was shown by the
second author [17] that ex(n, K}, ) = t.(n,£) and T;(n, £) is the unique K}, ,-free r-graph on n
vertices with exactly t,(n, ) edges.

Suppose that 7 is an r-graph on s vertices and ¢t = (¢1,. .., ts) with each ¢; a positive integer.
Then the blowup 7 (t) of T is obtained from 7 by replacing each vertex i by a set of size t;,
and replacing every edge in T by the corresponding complete r-partite r-graph.

An r-graph § is a star if all edges in S contain a fixed vertex v, which is called the center
of S.

The original definition of Kj,, in [17] requires that F' has at most (%1) edges. The new definition we used here

will make our proofs simpler. Notice that Ky, ; is a finite family in both definitions.



Definition 1.4. Let |A| = |n/3| and |B| = [2n/3] with AN B = (. Define
Gl :={abt/ :a € A and {b,b'} C B}.
Let gg be the 3-graph with vertex set [6] whose complement is
G2 := {123,126,345,456}.

For n > 6 let G2 be a 3-graph on n vertices which is a blowup of Qg with the maximum number
of edges.

Remarks.
e Notice that G} is a (unbalanced) blowup of a star.
e Simple calculations show that each part in G2 has size either |n/6] or [n/6].

e For i = 1,2, let g;(n) = |G}|. Then lim,, o, g;(n)/n® = 2/27.

B

(a) The 3-graph G,. (b) The complement of G2.

Figure 1: G' and ag.

Definition 1.5. The family M is the union of the following three finite families.

(a) M is the set containing the complete 3-graph on five vertices with one edge removed,
My = {K?}.

(b) My is the collection of all 3-graphs in IC% with a core whose induced subgraph has transver-
sal number at least two.

c) Ms is the collection of all 3-graphs F € K3 such that both F ¢ G} and F ¢ G2 for all
6 n n
positive integers n.

Our first result is about the Turdn number of M.

Theorem 1.6. The inequality ex(n, M) < 2n3/27 holds for all positive integers n. Moreover,
equality holds whenever n is a multiple of six.

For an r-graph H the shadow of H is

r —

oOH = {A € (V(H1)> : dB € H such that A C B} )



Note that both G} and G2 are M-free and g1(n) ~ ga(n) ~ 2n3/27. Moreover, it is easy to see
that transforming G} to G2 requires us to delete and add Q(n3) edges. Indeed, G} contains a
clique on |2n/3| vertices, whereas G2 has clique number six. By Turdn’s theorem, one must
thus delete strictly more that (1 — 7(K7)) (LQ”Q/ 3J) = Q(n?) edges from G2 to obtain a copy of
0G2. Since every edge in 9G} is covered by Q(n) edges in G, we need to remove at least Q(n?)
edges from G} before getting G2. So this proves that M does not have the stability property
(in the sense of Theorem 1.2).

A family F is t-stable if there exist ¢ near-extremal constructions, and every F-free graph
(or hypergraph) of size close to ex(n,F) is structurally close to one of these near-extremal
constructions. The stability number of F, denoted by £(F), is the minimum integer ¢ such that
F is t-stable. If there is no such integer ¢, then we let £(F) = co.

Although the concept of t-stable families was raised over a decade ago (see [18] and [21]), no
example of t-stable families are known for any ¢ > 2 before this work. However, if we assume
that Turan’s conjecture is true, then the following result shows that the stability number of K3
is infinity.

Proposition 1.7. 2 If Conjecture 1.1 is true, then £(K3) = oo.

Our next result gives further detail about near-extremal M-free constructions by showing
that M is 2-stable with respect to G} and G2. More precisely, it shows that £(M) = 2.

Definition 1.8. Let H be a 3-graph. Then H is called semibipartite if V(H) has a partition
AU B such that [ENA| =1 and |[EN B| =2 for all E € H, and H is called G3-colorable if it
s a subgraph of a blowup of gg.

With some calculations one can get the following observation.

Observation 1.9. Let H be a 3-graph on n-vertices. If H is semibipartite, then |H| < g1(n).
If H is G2-colorable, then |H| < ga(n).

Theorem 1.10 (2-stability). For every 6 > 0 there exists € > 0 and ng such that the following
holds for all n > ng. Every M-free 3-graph on n vertices with at least 2n3/27 — en® edges can
be transformed to a 3-graph that is either semibipartite or Qg—colomble by removing at most on
vertices. In other words, £(M) = 2.

Note that Theorem 1.10 is stronger than the requirement in the definition of 2-stability since
removing at most én vertices implies that the number of edges removed is at most dn® but not
vice versa.

Let H be an r-graph on n vertices. The edge density of H is d(H) := |H|/(}') and the
shadow density of H is d(OH) := [0H]|/(,",). The feasible region Q(F) of F is the set of points
(z,y) € [0,1)% such that there exists a sequence of F-free r-graphs (Hy,)pe; with limy o v(Hg) =
00, limg_yoo d(OHE) = x and limg_oo d(Hp) = y. We introduced this notion recently in [15]
to understand the extremal properties of F-free hypergraphs beyond just the determination
of w(F) (it unifies and generalizes many classical problems). In particular, we proved that
Q(F) is completely determined by a left-continuous almost everywhere differentiable function
g(F) : projQ(F) — [0, 1], where

projQ(F) = {x : Jy € [0,1] such that (z,y) € Q(F)},

and
g(F,x) =max{y : (z,y) € QF)}, for all z € projQ(F).

Theorem 1.6 together with Theorem 1.10 yield the following result.

2 We refer the reader to [14] for a proof.



Theorem 1.11. 3 The set projQ(M) = [0,1], and g(M,z) < 4/9 for all x € [0,1]. Moreover,
g(M,z) = 4/9 iff x € {5/6,8/9}.

In words, Theorem 1.11 says that M-free 3-graphs can have any possible shadow density
but the edge density is maximized for exactly two values of the shadow densities.
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Figure 2: g(M) has exactly two global maxima by Theorem 1.11.

This paper is organized as follows. In Section 2 we will present some preliminary definitions
and lemmas for the proofs of Theorems 1.6 and 1.10. In Section 3 we will prove Theorem 1.6,
and in Section 4 we will prove Theorem 1.10.

2 Preliminaries

For a graph G and two disjoint sets A, B C V(G) denote by G[A, B] the induced bipartite
subgraph of G with two parts A and B.
Let r > 2 and H be an r-graph. For every v € V(H) the link Ly (v) of v in H is

Ly(v)={A € oH: AU{v} € H},

the degree of v in H is dy(v) := |Ly(v)|, and the minimum degree of H is 6(H) := min{dy(v) :
v € V(H)}. For S C V(H), the neighborhood* of S in H is

Ny (S):={veV(H)\S:3IE € H such that {v} US C E}.

Two vertices u,v € V(H) are adjacent in H if u € Ny (v). When it is clear from context we will
omit the subscript H in the notations above.
Let V(H) = [n]. For x = (z1,...,x,) define the weight polynomial of a hypergraph # as

pu(w) = Z sz
EcHicE

The standard n-simplex is

n+1
A" = {:EER"H:ZL':I and x; > 0 for all 7 € [n+1]}.
i=1

The Lagrangian of H is
A(H) = max {py(z): 2 € A"},

3 We refer the reader to [14] for a proof.
4 Note that this is not a standard definition for the neighborhood. Some authors define the the neighborhood of
an s-set S to be its (r — s)-uniform link.



Note that A"~! is compact in R” and py(z) is continuous, so A\(H) is well-defined.
Recall that in Section 1 we defined the blowup of an r-graph 7. The next standard lemma
gives a relationship between A\(7) and the size of a blowup of 7.

Lemma 2.1. Let r > 2 and T and H be two r-graphs. Suppose that H is a blowup of T with
v(H) =n. Then [H| < X(T)n".

Proof. Suppose that |V(T)| = s and H = T (t) for some ¢t = (t1,...,ts). Then
r ti r
=S - S I <2,
E€T i€k E€T i€k
where the last inequality follows from the definition of A(T) and 3. ti = n. ]

Given another r-graph F we say f : V(F) — V(H) is a homomorphism if f(E) € H for
all E € F, i.e., f preserves edges. We say that H is F-hom-free if there is no homomorphism
from F to H. In other words, H is F-hom-free if and only if all blowups of H are F-free. For a
family F of r-graphs, H is F-hom-free if it is F-hom-free for all F' € F.

An r-graph F is 2-covered if every {u,v} C V(F) is contained in some F € F, and a family
F is 2-covered if all ' € F are 2-covered. It is easy to see that if F is 2-covered, then H is
F-free if and only if it is F-hom-free. Although M is not 2-covered, we still have a similar
result.

Lemma 2.2. A 3-graph H is M-free if and only if it is M-hom-free.

Proof. The backward implication is clear. Now suppose conversely that H fails to be M-hom-
free, i.e., that there is a homomorphism f: V(F) — V(H) for some F € M. If F = K3~
then f is injective due to the fact that K gf is 2-covered. However, this implies that K, 537 CH,
a contradiction. Therefore, F' € My U M;3. Clearly the restriction of f to the core S of F is
injective. So f(F') € IC‘SS‘ N M and in view of f(F) C H it follows that H fails to be M-free. I

3 Turan number of M

In this section, we will prove Theorem 1.6. The first subsection contains some technical lemmas
and calculations needed in the proof.

3.1 Lagrangian of some 3-graphs

Lemma 3.1. Suppose that T is a 3-graph with at most four vertices. Then A\(T) < 1/16.

Proof. Without loss of generality we may assume that v(7) = 4 and |T| =4, i.e., T 2 K3. It
is easy to see that

PK3 (x) = x1x9w3 + T17224 + T1T3T4 + Tox3T4 < 4(1/4)3 = 1/16.
Therefore, \(7T) < 1/16. |

Lemma 3.2. ° Suppose that T is a 3-graph on five vertices with at most eight edges. Then
AT) < 0.067277.

Lemma 3.3. \(G2) < 2/27.

® We refer the reader to [14] for a proof.



Proof. Notice that
Pg? (z1,...,76) = w3w6(T1 + T2 + T4 + T5)
+ (21 + x2) (3 + x6) (4 + 5) + T172(24 + X5) + T475(21 + T2).

Setting a = (x3 + x6)/2, b = (x1 + 22)/2, ¢ = (x4 + x5)/2, d = (b + ¢)/2, and then it follows
from the AM-GM inequality that
pg2(@1, ..., 76) < 2a%(b + ¢) + 8abe + 2be(b + ¢) < 4a’d + 8ad? + 4d3
=2((a+d)-(a+4d)-2d)

<oflatd)+(atd+2d 52
MOEH R

Lemma 3.4. Let T be a 2-covered 3-graph on k > 7 vertices. Suppose that 7(T[S]) <1 for all
sets S C V(T) with |S|=7. Then T is a star.

Remark. In fact, a weaker condition that |S| = 6 is sufficient for the proof of Lemma 3.4.

Proof. Suppose that 7 is not a star. Then for every vertex v in T there exists an edge F, in T
that does not contain v.

First notice that 7 cannot contain two disjoint edges. Therefore, T is intersecting. Suppose
that 7 contains two edges Fq = {u,v1,v2} and By = {u, w1, ws}, where {vy,ve} N{wy,wa} = 0.
Let E3 € T be an edge that does not contain u. Since 7T is intersecting, we may assume that
vi,w; € E3. Then, we have |Ey U Es U E3| < 6, and 7({E1, E2, E3}) = 2, a contradiction.
Therefore, we may assume that the intersection of every two edges in 7 has size two. Let £ =
{u,v, w1} and Fs = {u,v, w2} be two edges in 7. By assumption there exists an edge F3 € T
that does not contain u and, hence, we have F3 = {v, w;, wy}. Similarly there exists F4 € T that
does not contain v and, hence, we have Fy = {u,w;,wa}. Then, we have |E1UE;UE3UEy,| = 4,
and 7({E1, B2, E3, E4}) = 2, a contradiction. 1

3.2 Proof of Theorem 1.6

In this section we complete the proof of Theorem 1.6.
For v € V(H) and E € H, H — v is obtained by removing v and all edges containing v from
H, and ‘H — F is obtained by removing F from H and keeping V(#) unchanged.

Definition 3.5 (Equivalence classes). Let H be an r-graph and u,v be two non-adjacent (i.e.
no edge containing both) vertices in H. Then u and v are equivalent if L(u) = L(v), otherwise
they are non-equivalent. If u and v are equivalent, then we write u ~ v. Let C, denote the
equivalence class of v.

Algorithm 1 (Symmetrization without cleaning) Let H be an r-graph. We perform the fol-
lowing operation as long as there are two non-adjacent non-equivalent vertices in H. Let u,v
be two such vertices with d(u) > d(v). Then we delete all vertices from C, and duplicate u
using |C,| vertices and still label these new vertices with labels in C,. Another way to view
this operation is that we remove all edges in H that have nonempty intersection with C, and
for every E € H with u € F we add E — {u} U {¢v'} for all ' € C), into H. We terminate the
process when there is no non-adjacent non-equivalent pair.

Note that the number of equivalence classes in H strictly decreases after each step that can
be performed, so Algorithm 1 always terminates. On the other hand, since symmetrization only
deletes and duplicates vertices, by Lemma 2.2, Algorithm 1 preserves the M-freeness of H. The
following lemma is immediate from the definition.



Lemma 3.6. Let H; be the 3-graph obtained from H by applying Algorithm 1, and let T C V(H)
such that T contains exactly one vertex from each equivalence class of Hy. Then,

(a) [Hi| = [H].
(b) H:[T] is 2-covered and Hy is a blowup of H[T).
Now we are ready to finish the proof of Theorem 1.6.

Proof of Theorem 1.6. Let H be an M-free 3-graph on n vertices. Apply Algorithm 1 to H and
let H; denote the resulting 3-graph. Let 7' C V(#) such that T" contains exactly one vertex from
each equivalent class in Hy, and let 7 = H;[T]. By Lemma 3.6, in order to prove |H| < 2n3/27,
it suffices to show |Hy| < 2n3/27. Since H; is a blowup of T, by Lemma 2.1, it suffices to show
that A(7) < 2/27. Next, we will consider two cases depending on the size of T either |T'| > 7
or [T <6.

Case 1: [T| > 1.
Since T is 2-covered and it is Ma-free, 7(T[S]) < 1 for all S C T with |S| = 7, and it follows
from Lemma 3.4 that 7T is a star.
Let us calculate A(T). We may assume that V(7) = [s] for some integer s and 1 is the
center of 7. Then,
pr(z) <21 N Z zizj | < 2(121)331(1 —11)* < %901(1 —11)* < 2377
{i.5}Cls\{1}

which implies that A\(7) < 2/27.

Case 2: |T| <6.
If |T| < 5, then Lemmas 3.1 and 3.2 imply that A(7) < 0.67277. So we may assume that
|T| = 6.

Lemma 3.6 implies that 7 is 2-covered, so T € IC%. Since H; does not contain any member
in M3 as a subgraph, either 7 C g}L or T C g,% for some n > 6. Due to the fact that 7 is
2-covered again, either 7T is a star or T C Q62. The former case has been handled by Case 1, so
we may assume that 7 C G2, and it follows from Lemma 3.3 that A\(T) < A\(G3) < 2/27. 1

4 Stability of M

In this section we will prove Theorem 1.10. First we present an algorithm and some lemmas
that will be used in the proof.

4.1 Symmetrization

Let 0 < a <1 and H be a 3-graph. Then H is a-dense if 6(H) > a(v(HQ)_l). Let (V,<v) be
a poset on V with relation <y. For S C V the induced poset of (V, <y ) on S is denoted by
(S, -<V).

Algorithm 2 (Symmetrization and cleaning with threshold «).
Input: A 3-graph H.
Operation:

o Initial step: If 5(H) > (")), then let Ho = H and Vy = V(H). Otherwise, we keep
deleting vertices with the minimum degree one by one until the remaining 3-graph Hy
is either empty or §(Hy) > a(”(Hg)_l). Let Zy be the set of deleted vertices during this
process so that Vp := V(Hy) = V(H) — Zp.



Let (Vo, <v;) be the poset with Vj itself an antichain, i.e., there is no relation between any
two vertices in Vj.
Suppose we are at the i-th step for some i > 1. We terminate the algorithm if either

(a) Hi—1 =0 or
(b) d(Hi—1) > a(”(%gl)_l) and there is no pair of non-adjacent non-equivalent vertices.

Otherwise, we iterate the following two operations.

Step 1 (Symmetrization): If #,_; contains no pair of non-adjacent non-equivalent
vertices, then let G; = H;_1 and go to Step 2. Otherwise, choose two non-adjacent non-
equivalent vertices u,v € V(H;—1) and assume that d(u) > d(v). Delete all vertices in
Cy and add |C,| new vertices into C,, by duplicating u and label these new vertices with
labels in C,, which is the same as what we did in Algorithm 1. Let G; denote the resulting
r-graph, and update the poset (V;_1,<y,_,) by adding the following relations: v < ’
for all v € C, and all '/ € C,. This new poset is well-defined as one will see from the
following operations that once two equivalence classes are merged they will never be split.

Step 2 (Cleaning): If 6(G;) > a(”(gl) ) then let H; = G; and (V;, <v;) = (Vic1, <v,_,)-
Otherwise let £ = G; and repeat Steps 2.1 and 2.2.

Step 2.1: Let B = {a € V(L) : dz(a) = (L)} and choose a minimal element z € (B, <y;_,
). Replace £, V;_1, and (Vi—1,<v;,_,) by L—2, Vi_1\{z}, and (Vi1 \ {z}, <v,_,), respec-
tively.

Step 2.2: If §(L£) > a(”(ﬂz)_l) or £ = (), then stop. Otherwise, go to Step 2.1.

Let H; = £ and (Vj, <v;) = (Vi—1,<v,_,). Let Z; denote the set of vertices removed by
Step 2.1 so that H; = G; — Z;.

Output: A 3-graph H; for some ¢ such that either H; is empty or 6(H;) > a(”(Hé)fl) and there
is no pair of non-adjacent non-equivalent vertices in H;.

Remark. The point of Step 2 is that the symmetrization step (Step 1) could potentially bring
down the degree of some of the vertices in the hypergraph, making the pruning step (Step 2)
necessary.

Let € > 0 be sufficiently small and n be sufficiently large. Let ‘H be an M-free 3-graph on n
vertices with |#H| > 2n3/27 — en®. Apply Algorithm 2 to # with threshold a = 4/9 — 3¢'/2 and
suppose that it stops at the ¢-th step. Let H; denote the resulting 3-graph and W = V(’Ht) and
i = |W|. For 0 <i < tlet H; = H[W] and G; = G;|[W]. Note that Ho = H[W] and Gy = G[W],
and we will omit the subscript 0 if there is no cause for confusion. Let Z = UZ o0 Z; be the set
of vertices in H that were removed by Algorithm 2. In the rest of the proof we will focus on H;

and G;. Notice from Algorithm 2 that H; = G; — Z; and Z; C V(H) \ W, therefore, H; = G; for
all 1 <i <t
U 7320 ,HO Sym. 91 -7 ,Hl Sym. o —Zt1 Ht—l Sym. gt —Zy Ht
©
Ho Hi Hiog «———— Hy

Figure 3: The first line contains the 3-graphs produced by Algorithm 2 and the second line
contains the corresponding induced 3-graphs on W.



Lemma 4.1. For everyi € [t] either ﬁi—lv: ﬁ, or there exist two nonempty equivalence classes
Vi CW and U; C W in H;_1 such that H; is obtained from H;_1 by deleting all vertices in V;
and adding |V;| new vertices by duplicating some vertex in U;.

Proof. Fix 1 < i <t and suppose that in forming G; from H;_; in Algorithm 2 we deleted all
vertices in C), and added |C,| new vertices by duplicating some u € C,,, where C, (resp. C,)
is the equivalence class of v € V(H;_1) (resp. u € V(H;_1)) in H;—1. Let c,=C,UC, and
notice that for every i < j <t the set Cy, N V(G;) (resp. CuN V(#;)) is an equivalence class in
Gj (resp. H;).

If C, N W = (), then ’}-Wti,l = 7—~[2 and we are done. So we may assume that C, N W # ().

First, we claim that C,, C W. Indeed, suppose that there exists v’ € C,,\ W. Then it means
that «’ was removed at the j-th step for some ¢ < j < ¢. Since all v’ € C, satisfy v/ <y, o
and dg, (V') = dg, (u') for all i < k < j, by definition of Algorithm 2 all vertices in C, must be
removed before v/ was removed, which implies that C, N W = (), a contradiction. Therefore,
C,CW.

Let V; = C, N W and U; = C, and note that neither of them is empty. Since C, and
C, are equivalence classes in H;_1, V; and U; are equivalence classes in ’ﬁi,l. According to
Algorithm 2, ﬁ, is obtained from ﬁi_l by deleting all vertices in V; and adding |V;| new vertices
by duplicating some vertex in Us. |

The following two lemmas show that the size of the set Z of vertices removed by Algorithm
2 is small, and the induced subgraph H; of H; on W has a large minimum degree for 0 < ¢ < t.
Their proofs can be found in [1].

Lemma 4.2. We have |Z| < 3¢'/?n, and hence 7 > n — 3¢*/?n.

Lemma 4.3. For all 0 < i <t,

s> (110-1007) (7, )

;| > (4/9 - 1061/2) (7;)

Notice that ﬁt = H; and ﬁo = H[W]. In order to prove Theorem 1.10 it suffices to show
that Hy is either semibipartite or gg—colorable. We will proceed by backward induction on .
The following lemma establishes the base case of the induction.

and, in particular,

Lemma 4.4. Let T C W such that T contains exactly one vertex in each equivalence class
in Hy and T = Hy[T). Then, either T is a star or T C G2 and, in particular, Hy is either
semibipartite or gg-colomble.

Proof. First we claim that |T'| > 6. Indeed, suppose that |T| < 5. Then, Lemmas 3.1 and
3.2 imply that A\(7T) < 0.067277. It follows from Lemma 2.1 that |H;| < 0.06727773 < (4/9 —
10€!/ 2)(2), which contradicts Lemma 4.3. Therefore, |T'| > 6.

Suppose that |T'| > 7. Since T is 2-covered and Ma-free, 7(7T[S]) < 1 for all S C T with
|S| = 7. So by Lemma 3.4, T is a star, and hence H; is semibipartite.

Suppose that |T| = 6. Since T € K§ and H is Ms-free, either T C G}, or T C G2, for some
integer m > 6. Moreover, due to the fact that 7 is 2-covered, either 7T is a star or 7 C 962. In
the former case, H; is semibipartite, and in the latter case, H; is Qg—colorable. |

Next, we will consider two cases in the following two subsections depending on the structure

of Ht.
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4.2 Semibipartite
In this section we will prove the following statement.

Lemma 4.5. Suppose that H; is semibipartite. Then H,; is semibipartite for all 0 < i <t. In
particular, H[W] = Hq is semibipartite.

We will use the following stability theorem due to Fiiredi, Pikhurko, and Simonovits [8] to
prove Lemma 4.5.

Let F3o be the 3-graph with vertex set [5] and edges set {123,124,125,345}. Fiiredi,
Pikhurko, and Simonovits [8] proved that if n is sufficiently large, then G is the unique F3 o-free
3-graph on n vertices with the maximum number of edges. Moreover, they proved the following
strong stability result.

Theorem 4.6 (Fiiredi-Pikhurko-Simonovits [8]). Let v < 1/125 be fized and n > ng. Let H be
an F32-free 3-graph on n vertices with (1) > (4/9 —v)(3). Then H is semibipartite.

Now we prove Lemma 4.5.

Proof of Lemma 4.5. The proof is by backward induction on ¢ and the base case is ¢ = t as
H, = H,. Now suppose that ﬁi+1 is semibipartite with two parts A**! and B**! for some
0 <i¢<t—1, and every edge in 7—~ti+1 has exactly one vertex in A**!. We may assume that
both A*! and B! are union of some equivalence classes. Our goal is to show that H; is also
semibipartite.

Recall that € > 0 is a sufficiently small constant and 7 is a sufficiently large integer.

Denote by G the semibipartite 3-graph on W that consists of all triples that have exactly
one vertex in A1, Notice that H;41 C G and Ly, 1( w) C Lg(w) for all w € W.

Claim 4.7. We have ||A"™!| — 7/3| < 4647 and ||B™| — 27/3] < de'/47i.

Proof of Claim 4.7. Let 3 = |B"*!|. Since /}:[vi_l,_l is semibipartite,

Hia] < (7 — B) (g)

On the other hand, by Lemma 4.3, [H;1| > (4/9 — 1061/2)( ). Therefore,

(/9100 () < - 5) ).

which implies that (2/3 — 4e'/)7 < B < (2/3 + 4e/*)a. i
(W

For every vertex w € W let M, = Lg(w) \ Ly
edges of Lﬁlﬂ(w).

). Members in M,, are called missing

Claim 4.8. We have | M| < 106432 for all w € W.

Proof of Claim 4.8. If w € A1, then Lg(w) is a complete graph on Bi*! If w € B!, then
Lg(w) is a complete bipartite graph with two parts A1 and B, Claim 4.7 and Lemma 4.3
imply that for every w € A**! we have

~ 1/45 ~
|Mw| < (2”/3 —1‘246 n> B (4/9 - 1061/2) <;L) < 1061/4ﬁ2,

and for every w € B! we have

|My| < (/3 + 4€"/*7)(2/3 4 4€*/*7) — (4/9—1061/2)@) < 10e'/472.
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Figure 4: The 3-graph ﬁiﬂ is obtained from H; by symmetrizing C,, to some equivalence class
C,, that is contained in L or R.

Lemma 4.1 implies that either 7—72 = ﬁiﬂ or there exists two equivalence classes C),, and
C, in H; such that 7-[Z-+1 is obtained from H; by symmetrizing C, to C,, (see Figure 4). In the
former case, there is nothing to prove, so we may assume that we are in the latter case.

Let L = A\ C,, R = B\ C, and W' = W\ C,. Since 7?l2-+1 is obtained from H,; by
symmetrizing C, to C,, that is contained in either L or R, it follows that

either (LUC,,R)= (A""",B"") or (L,RUC,)= (A", B"), (1)
and in particular, L # () and R # ().

Since C,, is an equivalence class in ﬁi, Lﬁ_(v’ ) = Lﬁ_(fu) for all v/ € C,. Thus we may

just focus on v. Notice that in forming ﬁiﬂ from 7—71 we only delete and add edges that have
nonempty intersection with C,, so H;[W'] = H;1[W']. Since H;y1 is semibipartite, it follows
that #;[W’] is semibipartite with two parts L and R.

Claim 4.9. We have |[Ng (v) N R| > (1/3 - 561/4) fi. In particular, |R| > (1/3 — 561/4) n.

Proof of Claim 4.9. By Lemma 4.3,

(|Nﬁ2i(v)> > dgy (v) > (4/9 _ 1051/2> (ﬁ ; 1)7

which implies that [N (v)| > (2/3 — 15¢!/2)Ai. By Claim 4.7, |L| < (1/3 + 4€'/4)i, and hence

IN;; (v) N R| > (2/3 - 1561/2) i — (1/3 + 461/4> i > (1/3 - 561/4) i,

i

Claim 4.10. For every vertex w € W' we have [Nz N R| > |R| —7/100.

Proof of Claim 4.10. Notice that LﬁHl(w)[W’] = Lg. (w)[W'] for every w € W'. Therefore,
for every w € L we have [Lg(w)[R] \ Ly (w)[R]| < [My| < 10472, By Claim 4.9, |R| >
(1/3 — 5et/*) Ai. So the number of vertices in R that have degree 0 in Ly (w)[R] is at most
2 x 10e'/472 /|R| < 80€*/*7 < 71,/100.

Now fix u € R. If |[L| > n/100, then a similar argument as above applied to graphs
Lg(u)[L, R] and Ly (u)[L, R] yields the number of vertices in R that have degree 0 in L (u)[L, R]

is at most 2 x 10e'/472/|L| < 2000€'/47 < 7,/100.
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So we may assume that |L| < 71,/100. Due to Claim 4.7 and (1), we must have C, UL = A?*!
since otherwise we would have |L| = |A™| > (1/6 — 4e//*)7 > 7/100, a contradiction. In
particular, |Cy| < [A™H!| < (1/3 + 4€'/4)fi and |R| = |B"*!|. Notice that Lz (u) is a 3-partite
graph with three parts L, R, and C, (note that C, is an equivalence class, S0 10 pair in C, is
covered). Let = denote the number of vertices in R that have degree 0 in Lﬁi (u), and note that
for a vertex u’ € R with degree 0 in Ly (u) every vertex u” € LUC, forms a pair {u',u"} that

is not contained in Ly (u). Then due to dj (u) > (4/9 — 10€/2)(";1), we have

n—1
(49 — 1061/z>< ; ) (L] +1Cu) < dgg (w) + 2] + |Cul) < |LIIC| + IRI(L| + |G,

which implies that < n/100. 1

We may assume that H, contains a copy of F3 9, since otherwise by Theorem 4.6 we are

done. Let S C W be a set of size 5 such that Fgo C ﬁZ[S] Observe that SNC, # () and due to
the fact that Fj 5 is 2-covered, we actually have |SNC,| = 1. We may assume that {v} = SNC,,.

Let {w1, w2, w3, wa} = S\ {v}. Define R = RN Ny (v) N (ﬂje[zq Ny, (wj)>. Then Claims 4.9
and 4.10 imply that [R'| > (1/3 — 5e¥/*) 7t —4 x 71/100 > 71/6. Fix a vertex u € L (it is possible
that u € {w1, wa, w3, wa}). By Claim 4.8, [Lg(u)[R]\ Ly (w)[R]| < [My| < 10€'/%72. So there
exists an edge wsws € Ly (u)[R']. Let E C H; be a set of edges of size at most 10 that covers all
pairs in {v, w, wa, w3, ws} X {ws, we}, and let F' = H;[{v, w1, wa, w3, ws }]U{uwswe} U E. Then
it is easy to see that F' is a member in My (since F39 C H;[{v, w1, w2, w3, ws}] has transversal
number at least two), a contradiction. 1

4.3 GZ-colorable

In this section we will prove the following statement.

Lemma 4.11. Suppose that H; is gg—colomble. Then ﬁz 18 gg—colomble forall0 <i<t. In
particular, H[W] = Hy is G&-colorable.

The following lemma, which will be used in the proof of Lemma 4.11, can be easily proved
using a probabilistic argument. Its proof can be found in [16].

Consider a 3-graph with V(G) = [m] and pairwise disjoint sets Vi,...,V,,. The blowup
GVi,...,Vin] of G is obtained from G by replacing each vertex j € [m] with the set V; and
each edge {j1,J2,73} € G with the complete 3-partite 3-graph with vertex classes Vj,, Vj,,
and Vj,. For a 3-graph H we say that a partition V(H) = Uje[m] Vj is a G-coloring of H if
HC GV, ..., Vil

Lemma 4.12 ([16]). Fiz a real n € (0,1) and integers m,n > 1. Let G be a 3-graph with
vertex set [m| and let H be a further 3-graph with v(H) = n. Consider a vertex partition
V(H) = Uiem Vi and the associated blowup G =GVi,...,Vi| of G. If two sets T C [m] and
S CV (we allow S to contain vertices from V; for i € T') have the properties

(a) Vi = (IS|+ D)IT|n"*n + |S| for all j € T,
(b) |7—[[V]'1,V}2,Vj3” = ’é\[vjlavjw‘/}a]‘ - 77n3 for all {j1, 2,73} € (?;); and
(¢) |1Lu(0)[Vj,, Vil = [Lg(v)[Vjy, Vi,]| = qn® for all v € S and {ju, j2} € (3).

then there exists a selection of vertices u; € V; \ S for all j € [T] such that U = {u;: j € T}
satisfies G[U| C H[U] and Lg(v)[U] C Ly (v)[U] for all v € S. In particular, if H C G, then
G[U] = H[U] and Lg(v)[U] = Ly (v)[U] for all v € S.

13



Now we prove Lemma 4.11.

Lemma 4.11. Similar to Lemma 4.5, the proof of Lemma 4.11 is also by backward induction
on i, and the base case is i = t as 7:2,5 = H;. Now suppose that /}:[vi_l,_l is gg—colorable for some
0 <t <t-—1, and we want to show that 7-[Z is also Qg—colorable.

Since 7—~li+1 is gg-colorable, let

P={Vit,. . V)

be the set of six parts in 7:21‘+1 such that there is no edge between ‘/'fHVQiHV;H, VfHV;HVgH,
V;HVfergH, and VferEerlV6”1 (and every edge in H; 1 hits at most one vertex in V;H for
every j € [6]). We may assume that each set Vjﬂ'1 is a union of some equivalence classes.

Let

y= (- 0) = (Vi /m . Ve /R)
and notice that a similar argument as in the proof of Lemma 2.1 yields
Hit1| < pga(y)i®. (2)
First we give a lower bound and an upper bound for the size of every set in P.
Claim 4.13. We have ||A] — /6| < 20€'/47 for every set A € P.

Proof of Claim 4.13. Let n = 4¢'/2 and note that by assumption n > 0 is sufficiently small and
7 is sufficiently large. First, it follows from (2) and Lemma 4.3 that

Poans- - u6) = (4/9 — 10€1/2) @ [ > 2/27 — 1.

On the other hand, let a = (y3+v6)/2, b = (y1 +vy2)/2, c = (ya+ys5)/2, d = (b+¢)/2 and recall
from the proof of Lemma 3.3 that

pg2 (Y1, - -+ Y6) = Ysys(yY1 + Y2 + Ya + ¥s)

+ (Y1 +y2) (Y3 + Y6) (Y4 + y5) + y1y2(ya + ys5) + yays(v1 + y2)
< 2a%(b + ¢) + 8abc + 2be(b + ¢) < 4a’d + 8ad? +4d> =2 ((a +d) - (a +d) - 2d) .

Therefore,
(a+d)-(a+d)-2d>1/27—n/2, (3)
and
dd(a® —yzye) <n, 4d(d* —be) <n, 2¢(b? —y1ya) <7, 2b6(? — yays) <. (4)
Now (3) and 2a + 4d = 1 yield
n/2 >1/27 — (a+d)*-2d = 1/27 — (1 + 2a)*(1 — 2a)/32 = (a — 1/6)*(a/4 + 5/24)
> (a—1/6)*/8,

whence |a — 1/6] < 2'/2. By 2|a — 1/6| = 4|d — 1/6] this implies |d — 1/6] < n'/2. Since 7 is
sufficiently small, it follows that a,d > 1/8. So the first inequality in (4) leads to (y3 —ys) < 87,
whence |y3 — yg| < 3n'/2. By the triangle inequality we obtain

20ys — 1/6] < |ys — ve| + vz + vo — 1/3] < 302 +2|a — 1/6] < 79*/2,

which shows |y3 — 1/6| < 4n'/2. Similarly, |ys — 1/6| < 4n'/2. Applying the same reasoning to
the other estimates in (4) we obtain first |b — 1/6|, |c — 1/6| < 32 and then |y; — 1/6| < 5n'/2
for every i € {1,2,4,5}. |
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Figure 5: ﬁiﬂ is obtained from H; by symmetrizing C, to some equivalence class C, that is
contained in Uj for some j € [6]. Dashed lines indicate that there is no edge between these
parts in H,;.

Lenima 4.1 impliNes that either 7:21 ZNﬁiH or there exists two equivalence classes C),, and
Cy in H; such that H; is obtained from H;y; by symmetrizing C, to C,, (see Figure 5). In the
former case, there is nothing to prove, so we may assume that we are in the latter case. Notice
that ¢, and C,, are contained in the same member in P, and in particular, Claim 4.13 implies
that |C,| < (1/6 4+ 10€'/*)72. In the rest of the proof we will focus on the structure of ;. Let
Uj =V G, for j € [6], W' = W\ C,, and

P ={U,...,Us}.

Notice that there exists jo € [6] such that U;, U C, = VJ%“, and U; = Vf“ holds for all
€ [6]\ {jo}. In particular, no set in P’ is the empty set.

First we will prove several claims about sets in P’. Since U is a representative for sets in
{U1,Us, U4, Us} and Us is a representative for sets in {Us, Ug }, we shall only prove the statements
for Uy and Us, and by symmetry, the statements hold for all sets in P

Denote by G the > blowup GelUn, .. -, Ug] of G2, and notice that H;[W') € G. For j € [6] fix a
vertex a; € Uj, let Gj = Lg glaj), Gj = = Gj[{as,..., a6} \ {a;}], and notice that G; is a graph on
W'\ U; and is a blowup of G, (see Flgure 6).

as a4

Us Uy

(a) The graph G, is the 5-vertex graph above, and (b) The graph G3 is the 5-vertex graph above, and
G is a blowup of G. G’z is a blowup of Gs.

Figure 6: Graphs G; and Gj.

For every w € W, let L(w) = Ly (w) and N(w) = Ny (w). Since Hiy is G2-colorable and

Hi[W') = Hi1[W'], it follows that L(w)[W’] C G; for all j € [6] and w € U;. For every j € [6]
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and every w € Uj let

M(w) = {w1w2 S éj T wWiwe ¢ L(w)[W']} s
and call members in M (w) missing edges of L(w)[W’].
Claim 4.14. We have |M (w)| < 30€'/*R2 for every w € W.
Proof of Claim 4.14. We shall only prove the case w € Uy, since the arguments for other cases
are similar. Fix a vertex w € Uy. Let GG1 be the blowu~p of G1 obtained by replacing eachAvertex
in V(Gy) with the set in P that contains it. Since H;1q is gg—colorable, L,’q'ﬂ(w) C Gy. On

the other hand, since Lg (w)[W'] = Lg (w)[W'], it follows from Lemma 4.3 and Claim 4.13
7 i+1
that

[M(w)] = |G1 \ L (w)[W']| <|G1\ Ly, (w)]

= |Gh| = |Lg,, (w)]
2 i—1
1/4\° =2 B 1/2) (T
<8(1/6+106 >n (4/9 10¢ )( 2>
< 30e'/472,
N

By Lemma 4.3 and Claim 4.14, ’}L and G satisfy the following statements, which will be
useful later when we applying Lemma 4.12.

(a) |Hi[A1, Ao, As]| > |G[A1, Ag, As]| — 2€'/2n3 for every triple {A;, Ay, A3} C P, and
(b) Ly (w)[A1, A2]| = |Lg(u)[Ar, A2]| — 30e/4n? for every u € W' and every pair {A;, A2} C
P’ satisfying u & A1 U As.
Claim 4.15. Let j € [6] and w € U;. Then |N(w) N (W' \ U;)| > |[W'\ U;| — 400¢"/*7.

Proof of Claim 4.15. We shall only prove the case that P = Uj, since the arguments for other
cases are similar. Let w € Uy and W = W'\ U;. Since C, is contained in exactly one set in P,
it follows from Claim 4.13 that all but at most one set in P’ have size at least (1 /6 — 10/ 4) n.

On the other hand, since 6(G1) > 2 and C~¥1 is a blowup of GG1, we obtain
5(Gy) > (1/6 - 1061/4) .

So it follows from Claim 4.14 that the number of vertices in W” with degree 0 in L(w)[W’] is

at most
2| My (w)| 60e'/4n2

5(G1) = (1/6 — 10e'/4)R

< 4006V /47,

Recall that ﬁiﬂ is obtaine(i from 7,_22 by symmetrizing C, to C,, where C,, and C, are
equivalence classes of v and u in H;, respectively. Let P, denote the member in P’ that contains u
and notice that P,UC, is a member in P. So Claim 4.13 implies that |P,UC,| < (1/6+10€"/*)7.

Claim 4.16. Suppose that |Cy| > n/12. Then every vertex in W'\ P, is adjacent to all vertices
in Cy in H;.
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Proof of Claim 4.16. We shall only prove the case P, = Us, since the arguments for other cases
are similar. First it follows from |P,UC,| < (1/6410€'/*)7 that |P,| < (1/6+10e'/*)n—n/12 <
n/10. Let w € W'\ P,, and suppose that w is not adjacent to any vertex in C,. We shall only
prove that case w € Uy, since the arguments for other cases are similar.

Since H;[W'] = Hip1[W'] and Hyy is G2-colorable, L (w)[W'] G1. On the other hand,

since Ny (w) N Cy = 0, we actually have Ly (w) C G It follows from the definition of Gy,
Claim 4.13, and |Us| = |P,| < /10 that

L. (w)| < |G| <6 (1/6 + 10&) A2+ 2 x % (1/6 n 10&) (2/9 - 1061/2) 72

which contradicts Lemma 4.3. B
Therefore, w is adjacent to some vertex in C, (in H;). Since C, is an equivalence class in

Hi, w is adjacent to all vertices in C,, (in H;). 1
U1 U 2
w
7 S W2
v w
Ug (ws w3 Us
W5 Wy
Us Uy

Figure 7: The 3-graph F = H;[{w1,wo, . .., we}] UH;[{w!, wa, ..., we}] U{vwiw}} is a member
in My with core {wy,w],ws,...,ws}. In particular, 7({wjwswy, wjwsws}) > 1.

Claim 4.17. We have L(v)[A] =0 for every set A € P'.

Proof of Claim 4.17. Suppose to the contrary that there exists an edge wiw) € Lz (v)[A] for
some A € P’. We shall only prove the case A = Uy, since the arguments for other cases are
similar. It follows from Claim 4.15 that

IN(wy) NN @) n (W N\ UL)| > W\ Up| — 800e"/*7. (5)

Suppose that |[W’\ Uy| > 117/15. Then by Claim 4.13, |U;| > 117/15 — 4(1/6 + 20e'/*)7A >
71/20 for every j € [2,6]. Applying Lemma 4.12 with S = {wy,w}}, T = [2,6], and 1 = 30¢"/4
we obtain w; € U; for j € [2,6] (see Figure 7) such that the induced subgraphs of H; on sets
{w1,w2,...,we} and {w),ws,...,ws} are isomorphic to G2. Let F = ﬁi[{wl,wg, o we U
Hi[{w), wa, . .., we}]U{vwiw)}. Then it is easy to see that F € My with core {wy, w), wa, ..., we}
(see Figure 7), a contradiction.

Suppose that |[W/\ U, | < 1172/15 < 5(1/6 — 10'/4)7. Then by Claim 4.13, |C,| > 7 — (1/6+
1061/4)ﬁ — 11n/15 > n/12 and P, # U;. We shall only prove that case P, = Us, since the
arguments for other cases are similar. Applying Lemma 4.12 with S = {w;,w}}, T = [3, 6], and
n = 30e'/* we obtain w; € U for j € [3,6] (see Figure 8) such that the induced subgraphs of
H; and G on the sets {w1,ws, ..., we} and {w],ws, ..., we} are isomorphic (and they are all 2-
covered), respectively. For j € [3,6] let e; € H, be an edge containing v and wj (by Claim 4.16,
v is adjacent to wj, so such e; exists). Define F' = Hi[{wr, ws, ..., we}] UM [{w), ws, ... we}]U
{vwiw|}U{e;: j € [3,6]}. Then it is easy to see that F' € My with core {v, wy, w],ws, ..., ws}
(see Figure 8), a contradiction. 1
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Uy Uy

W1
W'

Ug (we : ws) Us
Ws u74
Us U
Figure 8 The 3-graph F = H;[{wi,ws,... ,we}] U Hi[{w}, ws,...,we}] U {vwiw]} U
{ej: j € [3,6]} is a member in My with core {v,wi,w},ws,...,ws}. In particular,

T({wiwsws, wjwswe}) > 1.

Claim 4.18. There is at most one set A € P’ such that |[N(v) N A| < n/48.

Proof of Claim 4.18. Let U]’- = N(v)NUj for j € [6]. By Claim 4.17, L(v) is a 6-partite graph
(not necessarily complete) with the set of parts P” := {U7,Us, Us, Uy, V{, V4 }. Suppose to the
contrary that there are at least two sets in P” that have size at most 7/48. Then, by Claim
413,

2
IL(v)] < 6 (1/6 + 1061/4) A2+ (7/48)% + 8 x 71/48 x (1/6 + 1061/4) 7 < (2/9 - 1061/2) 72,

which contradicts Lemma 4.3. |
U1 U 2
w1 (1)
Ug (We ! w3)Us
Ws w4y
Us Ui

Figure 9: The 3-graph F = ﬁi[{wl,...,um}] U{ej: j € [6]} is a member in My with core
{v,wy,...,we}. In particular, 7({wjwzws, wowswe}) > 1.

Claim 4.19. There exists a set A € P such that N(v)NA=0.

Proof of Claim 4.19. Suppose to the contrary that every set A € P’ satisfies AN N(v) # (). By
Claim 4.18, there are at least five sets A" € P’ with |[A'N N (v)| > n/48. We shall only prove the
case that every set A’ € P\ {Uy} satisfies |[A’ N N(v)| > n/48, since the arguments for other
cases are similar.

Fix a vertex w1 € N(v)NUy. Let Uj = U; N N(v) for i € [2,6]. By assumption, [U;j| > /48
for j € [2,6]. So applying Lemma 4.12 with T = {w;}, S = [2,6], and 1 = 30€'/* we obtain
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w; € Uj for j € [2,6] (see Figure 9) such that the induced subgraph of H; on {wy, ... ws}
is isomorphic to GZ. For j € [6] let ¢; € H; be an edge containing v and wj. Define F' =
Hi[{w1, ..., wg}] U {e;: 7 € [6]}. Then it is easy to see that F' is a member in M, with core
{v,wi,...,we} (see Figure 9), a contradiction. 1

Our next step is to show that 7—~LL is G2-colorable with the sets of parts ﬁ, where P is obtained
from P’ by replacing A with AU C, and the set A is guaranteed by Claim 4.19. We shall only
prove the case A = Uy, since the arguments for other cases are similar.

Let

B, = {ww' € L(v) : ww' ¢ él} , and M, = {ww’ €G:wu ¢ L(v)} :

Members in B, are called bad edges of L(v) and members in M, are called missing edges of
L(v).

Figure 10: The 3-graph F = H;[{w1, ..., we}] U {ej: 7 € {4,5,6}} U {vwows} is a member in
M3 with core {v,w1,...,ws}.

Claim 4.20. We have |B,| < 300¢'/1272.

Proof of Claim 4.20. Suppose to the contrary that |B,| > 300€!/'272. Notice that every edge
in B, must have one vertex in U and the other vertex in Us U Ug. By symmetry and the
Pigeonhole principle, we may assume that at least |B,|/2 edges in B, have one vertex in Us
and the other vertex in Us. Then Claim 4.13 and an easy averaging argument show that there
exists a vertex wy € Us such that

|B,|/2 - 300€!/1272 /2

) 7 > 60061/125,
2

|Np, (w2) N Us| >

Let Uy = Np,(w2) NUs, and Uj = N(v) NUj for j € {4,5,6}. Since [U3| > 600€!/127, and
\Uj| = n/13 for j € {4,5,6}, applying Lemma 4.12 with 7" = {wq}, S = {1,3,4,5,6}, and
n = 30¢'/* we obtain w; € Uy and w; € Uj for j € {3,4,5,6} (see Figure 10) such that the
induced subgraph of H; on {w1,...,we} is a copy of GZ. For j € {4,5,6} let e; € H; be an edge
containing v and w;. Let F' = Hi[{wi, ..., wg}]U {ej: 7 €{4,5,6}} U{vwows}. It is easy to see
that F is a member in K3 with core {v,ws, ..., wg} (see Figure 10). So, by assumption, either
F C Gl or F C G2 for any integer m. It is easy to see that the former case cannot hold since
the induced subgraph of F on the set {w1,...,ws} is a copy of G§ and G2 ¢ G, for any integer
m. So, F C G2 for some integer m. In other words, there exists a map ¢: V(F) — V(G2) such
that 1 (e) € G2 for all e € F. Notice that both {wy,...,ws} and {v,ws,...,we} are 2-covered
in F', so the restrictions of ¢ on {wi,...,wg} and {v,we, ..., ws} are both injective (similar to
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the proof of Lemma 2.2), and moreover, 1(v) = ¥ (w;). Let w = ¢(v) = ¢(w1). Notice that the

induced subgraph of Lg(w1) on {wy, ..., w3} has size 8 and wows € Lp(v) \ Lrp(w;). Since ¢
preserves edges, the degree of w in Qg should be at least 8 +1 = 9. However, this contradicts
the fact that the maximum degree of gg is 8. |

A consequence of Claim 4.20 is that the size of M, satisfies
|M,| = |G1 \ L(v)| = |Gh| = |G1 N L(v)]
= |G1] = (IL(v)[ = |Bv])
2
<8 (1/6 + 1061/4) a2 ((2/9 - 1061/2) A2 — |va> < 40011232,

Figure 11: The 3-graph F = H;[{v, ug, us, w1, ..., we}] U {vugus} U {eyw, } is a member in Ms
with core {v, ug, us, wy, ws, we}.

Claim 4.21. We have B, = (). In other words, Ly (v) C Gi.

Proof of Claim 4.21. Suppose to the contrary that there exists an edge uoug € B, and by
symmetry we may assume that us € Uz and ug € Us. For j € {4,5,6} let U; = U; N N(v) N
N (u1)NN (uz) and notice that due to | M,| < 400¢'/1%72 and Claim 4.13 we have Ui > U;]/2 >
7/20. Applying Lemma 4.12 with T = {ug, u3}, S = [6], and 1 = 400¢'/36 we obtain w; € U;
for j € [6] (see Figure 11) such that

(a) ﬁi[{wlv s 7w6}] = gg7

(b) Lz (v)[{wa, ..., we}] = Lé(w1)[{w2,...7w6}],
(

) Ly
c) Ly (ug)[{wr,ws, ..., we}] = Lg(uz)[{w1,ws, ..., we}], and
) L

d) Ly (us)[{wr, w2, wa, ws, we}] = Lg(ug)[{w1, w2, ws, ws, we}].

Let eygu, € 7:21 be an edge containing ug and wy. Let F = ﬁi[{v, U2, U3, W1, . . ., we | U{vugus }U
{€usw, }- Then it is easy to see that F' is a member in K with core {v,uz,us, wy, ws, we} (see
Figure 11). Similar to the proof of Claim 4.20, F' C G2, for some integer m. In other words, there
exists amap 1: V(F) — V(G2) such that ¢(e) € G for all e € F. Notice that both {wy, ..., we}

and {v, ug, us, wg, ws, we} are 2-covered in F, so the restrictions of ¥ on sets {wy,...,ws} and
{v, ug, ug, wq, ws, ws} are both injective (similar to the proof of Lemma 2.2), and moreover,
Y(v) = Y(wy) (due to (b), v is adjacent to all vertices in {wsy, ..., we}, so ¥ (v) is distinct from

{(wa), ..., ¥(we)}), ¥(u2) = ¥(wz) (due to (c) and a similar reason), and 1 (u3) = 1 (ws) (due
to (d) and a similar reason). Let w = ¥ (v) = 1(w1). Notice that the induced subgraph of
Lp(wy) on {ws,...,ws} has size 8 and ugus € Lp(v) \ Lrp(wy). Since 1 preserves edges, the
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degree of w in Qg should be at least 8 + 1 = 9. However, this contradicts the fact that the
maximum degree of gg is 8. |

Define

- (thue, iftj=1,
Vj’:{ 1UCy, it

Uj otherwise.

By Claim 4.21, L(v) C Gy. Therefore, #; is G2-colorable with set of parts {V{,..., V¢}. This
completes the proof of Lemma 4.11. |
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