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Abstract

We provide several constructions for problems in Ramsey theory. First, we prove a superex-
ponential lower bound for the classical 4-uniform Ramsey number 74(5,n), and the same for the
iterated (k — 4)-fold logarithm of the k-uniform version ry(k + 1,n). This is the first improve-
ment of the original exponential lower bound for 74(5,n) implicit in work of Erdés and Hajnal
from 1972 and also improves the current best known bounds for larger k due to the authors.
Second, we prove an upper bound for the hypergraph Erdés-Rogers function f,’j 1k 4o(N) that
is an iterated (k — 13)-fold logarithm in N. This improves the previous upper bounds that were
only logarithmic and addresses a question of Dudek and the first author that was reiterated
by Conlon, Fox and Sudakov. Third, we generalize the results of Erdos and Hajnal about the
3-uniform Ramsey number of K, minus an edge versus a clique to k-uniform hypergraphs.

1 Introduction

A k-uniform hypergraph H (k-graph for short) with vertex set V' is a collection of k-element subsets
of V. We write Kﬁ for the complete k-uniform hypergraph on an n-element vertex set. Given k-
graphs F, G, the Ramsey number r(F,G) is the minimum N such that every red/blue coloring of
the edges of K ]]i, results in a monochromatic red copy of F' or a monochromatic blue copy of G.

In this paper, we study several problems in hypergraph Ramsey theory. We describe each problem
in detail in its relevant section. Here we provide a brief summary. In Section 2, we give new
lower bounds on the classical Ramsey number r(K l’j iy KF), improving the previous best known
bounds obtained by the authors [18]. In particular, we give the first superexponential lower bound
for r(K3, K1) since the problem was first explicitly stated by Erdés and Hajnal [12] in 1972. In
Section 3, we establish a new upper bound for the hypergraph Erdés-Rogers function f,’: 1k +2(N )
that is an iterated logarithm function in IN. More precisely, we construct k-graphs on IV vertices,
with no copy of K ,’: o, Yet every set of n vertices contains a copy of K, ,f 1 Where n is the (k—13)-fold
iterated logarithm of N. This addresses questions posed by Dudek and the first author [8] as well
as by Conlon, Fox, and Sudakov [7] and significantly improves the previous best known bound

in [8] of n = O((log N)/*=1). In Section 4 we study the Ramsey numbers for k-half-graphs versus
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cliques, generalizing the results of Erdés and Hajnal [12] about the 3-uniform Ramsey number of
K4 minus an edge versus a clique. The upper bound is a straightforward extension of the method
in [12], while the constructions are new.

All logarithms are base 2 unless otherwise stated. For the sake of clarity of presentation, we
systematically omit floor and ceiling signs whenever they are not crucial.

2 A new lower bound for r;(k + 1,n)

In order to avoid the excessive use of superscripts, we use the simpler notation r(K*, K¥) = r.(s,n).
Estimating the Ramsey number ri(s,n) is a classical problem in extremal combinatorics and has
been extensively studied [13, 14, 16]. Here we study the off-diagonal Ramsey number, that is,
ri(s,n) with k, s fixed and n tending to infinity. It is known that for fixed s > k+ 1, ro(s,n) grows
polynomially in n [1, 2, 3] and r3(s,n) grows exponentially in a power of n [6]. In 1972, Erdés and
Hajnal [12] raised the question of determining the correct tower growth rate for r(s,n). We define

the tower function twry(x) by
twry(z) =z and Wi = otwri(z)

By applying the Erdés-Hajnal stepping up lemma in the off-diagonal setting (see [17]), it follows
that ry,(s,n) > twrg_1(2(n)), for k > 4 and for all s > 2¥=1 — k + 3. However they conjectured the
following.

Conjecture 2.1. (Erdés-Hajnal [12]) For s > k+1 > 5 fized, r(s,n) > twri_1(Q2(n)).
In [5], Conlon, Fox, and Sudakov modified the Erdés-Hajnal stepping-up lemma to show that

Conjecture 2.1 holds for all s > [5k/2] — 3. Recently the authors nearly proved the conjecture by
establishing the following.

Theorem 2.2 ([18]). There is a positive constant ¢ > 0 such that the following holds. For k > 4
and n > 3k, we have

1. re(k +3,n) > twri_1(cn),

2. rip(k+2,n) > twrp_1(clog®n),

3. mi(k+1,n) > twry_o(cn?).
Implicit in work of Erdds and Hajnal [12] is the bound r4(5,n) > 2 for some absolute posi-

tive constant c¢. While the authors [18] recently improved this to 2¢"* above, there has been no
superexponential lower bound given for this basic problem. Here we provide such a lower bound.

Theorem 2.3. There is an absolute constant ¢ > 0 such that
714(57 n) > 2ncloglogn’
and more generally for k > 4,

ri(k + 1,n) > twry_o(nclo8losn),



One of the building blocks we will use in our construction is the following lower bound of Conlon,
Fox, and Sudakov [6]: there is an absolute positive constant ¢ > 0 such that

r3(4,t) > 2¢tlost, (1)
Our lower bound for r4(5,n) is proved via the following theorem.

Theorem 2.4. For n sufficiently large, we have

r4(5,m) > or3(4,[(logn)/2])—1

Proof. The idea is to apply a variant of the Erdés-Hajnal stepping up lemma (see [17]). Set
t = LM%J Let ¢ be a red/blue coloring of the edges of the complete 3-uniform hypergraph on
the vertex set {0, 1,...,73(4,t) — 2} without a red K3 and without a blue K}. We use ¢ to define
a red/blue coloring x of the edges of the complete 4-uniform hypergraph Kf{, on the vertex set
V =1{0,1,...,N — 1} with N = 23401 a5 follows.

For any a € V, write a = Z:i(;’t)_Z a(i)2" with a(i) € {0,1} for each i. For a # b, let §(a, b) denote
the largest i for which a(i) # b(i). Notice that we have the following stepping-up properties (again
see [17])

Property A: For every triple a < b < ¢, d(a,b) # d(b,c) .
Property B: Fora; <--- < ar, 5(&1,6%) = MaxX1<;j<r—1 (S(CL]', aj+1).

Given any 4-tuple a; < --- < a4 of V, consider the integers d; = d(a;,a;4+1),1 < i < 3. Say that
01, 02, 03 forms a monotone sequence if ;1 < dg < d3 or d; > do > d3. Now, define x as follows:

&(d1, 02, 03) if 81, 02, 03 is monotone

blue if 1, 62, 03 is not monotone

x(ai,az,a3,a4) = {

Hence we have the following property which can be easily verified using Properties A and B (see

[17]).

Property C: Fora; < --- < a,, set 6; = d(a;, aj4+1) and suppose that d1, ..., d,_1 form a monotone
sequence. If x colors every 4-tuple in {a,...,a,} red (blue), then ¢ colors every triple in
{61,...,0,_1} red (blue).

For sake of contradiction, suppose that the coloring y produces a red KgL on vertices a; < --- < as,

and let §; = d(a;,a;41), 1 <i < 4. Then dy,...,04 form a monotone sequence and, by Property C,
¢ colors every triple in {1, ...,84} red which is a contradiction. Therefore, there is no red K2 in
coloring Y.

Next we show that there is no blue K in coloring y. Our argument is reminiscent of the standard
argument for the bound ry(n,n) < 4", though it must be adapted to this setting. For sake of



contradiction, suppose we have vertices aq,...,a, € V such that a; < --- < a, and x colors every
4-tuple in the set {a1,...,an} blue. Let 6; = 0(a;,a;41) for 1 <i <n — 1. We greedily construct a
set Dy, = {di,,...,0i, } C {01,...,0p—1} and a set S, C {a1,...,a,} such that the following holds.

1. We have d;; > --- > 0;,,.

2. For each 6;. = 6(a;.,a;,41) € Dy, = {d;,,...,0; }, consider the set of vertices
J jo i+ 19 s Oip,

A= {aij+17aij+1+17 cees Gy athrl} U Sh'

Then either every element in A is greater than a;; or every element in A is less than Q41
In the former case we will label §;; white, in the latter case we label it black.

3. The indices of the vertices in S are consecutive, that is, S, = {a,,ar4+1,...,as-1,as} for
1<r<s<n.

We start with the Dp = 0 and Sy = {a1,...,a,}. Having obtained D, = {0;,,...,d;,} and
Sp ={ar,...,as}, 1 <r < s <n, we construct Dy 11 and Sy as follows. Let &;,,, = 0(ag, apy1)
be the unique largest element in {d,,dy41,...,0s—1}, and set D41 = D Ud The uniqueness

iht1-
of d;,,, follows from Properties A and B. If |{a,,arq1,...,a¢}| > |Su|/2, then we set Spy1 =
{ar,ar41,...,a¢s}. Otherwise by the pigeonhole principle, we have [{asy1,ap42,...,as} > |Sn|/2
and we set Sp11 = {ags1, apt2, ..., a5}

Since |Sp| = n, t = Llognj and |Sp11| > |Sk|/2 for h > 0, we can construct Doy = {0iy, ..., iy, }
with the desired properties. By the pigeonhole principle, at least ¢ elements in Do; have the
same label, say white. The other case will follow by a symmetric argument. We remove all black
labeled elements in Dy, and let {d;,,...,d;,} be the resulting set. Now consider the vertices
aj ,Qj,, ... a5, € V. By construction and by Property B, we have aj, < aj, < --- < aj, and
6(aj,,az,) = 6ij 5 0(aj,, aj,) =6 -y6(aj,, a4,,,) = 6i;,. Therefore we have a monotone sequence

bjg)

5(aj1’aj2) > 5(aj27aj3) > > 5(a’jt7ajt+1)‘

By Property C, ¢ colors every triple from this set blue which is a contradiction. Therefore there is
no red Kz and no blue K% in coloring x. O

Applying the lower bound in (1), we obtain that

1"4(5771) 2 27"3(47\_10g7l/2J)—1 > 22clognloglogn _ 2ncloglogn

for some absolute positive constant ¢ and this establishes the first part of Theorem 2.3.

We next prove Theorem 2.3 for & > 5. Independently, Conlon, Fox and Sudakov [4] gave a different
proof of Theorem 2.2 part 1. Their approach was to begin with a known 4-uniform construction
that yields 74(7,n) > 227 and then use a variant of the stepping up lemma to give tower-type
lower bounds for larger k. Unfortunately, this variant of the stepping up lemma does not work if
one begins instead with a lower bound for r4(5,n) which is our case. However, a further variant of
the approach does work, and this is what we do below.



Lemma 2.5. For k > 5 and n sufficiently large, we have

r(k + 1,n) > 2m-1(kn/6))=1

Proof. Again we apply a variant of the stepping-up lemma. Let ¢ be a red/blue coloring of the
edges of the complete (k — 1)-uniform hypergraph on the vertex set {0,1,...,rx_1(k, |[n/6]) — 2}
without a red K ,]j_l and without a blue K fn_/% I We use ¢ to define a red/blue coloring x of the
edges of the complete k-uniform hypergraph K ]’% on the vertex set V = {0,1,...,N — 1} with
N = 2re-1(k:[n/6)=1 5 follows.

Just as above, for any a € V, write a = Z:if)l(k’m/m)*z a(i)2" with a(i) € {0,1} for each i. For
a # b, let §(a,b) denote the largest i for which a(i) # b(i). Hence Properties A and B hold.

Given any k-tuple a1 < ag < ... < ai of V, consider the integers 6; = d(a;,a;41),1 < i < k — 1.
We say that §; is a local minimum if 6,1 > & < 6§41, a local maximum if 6,1 < & > 6§41,
and a local extremum if it is either a local minimum or a local maximum. We say that §; is
locally monotone if 6,1 < & < d;41 or d;—1 > & > d;41. Since d;—1 # §; for every i, every

nonmonotone sequence d1, ..., 0g_1 has a local extremum. If 41, ..., d;_1 form a monotone sequence,
then let x(ai,asz,...,ax) = ¢(d1,02,...,0x_1). Otherwise if d1,...,0r_1 is not monotone, then let
x(a1,az,...,a;) be red if and only if ds is a local maximum and 43 is a local minimum. Hence the

following generalization of Property C holds.

Property D: For a; < --- < a,, set §; = 0(aj,aj4+1) and suppose that 61,...,0,—1 form a mono-
tone sequence. If x colors every k-tuple in {aq,...,a,} red (blue), then ¢ colors every (k—1)-
tuple in {d1,...,0,—1} red (blue).

For sake of contradiction, suppose that the coloring x produces a red K l’j 1 on vertices a3 < -+ <
ag+1, and let &; = d(ai, air1), 1 < i < k. We have two cases.

Case 1. Suppose 41, ...,0;,_1 is monotone. Then if ds,...,d; is also a monotone sequence, ¢ colors
every (k — 1)-tuple in {d1,...,dx} red by Property D, which is a contradiction. Otherwise, dj_1 is
the only local extremum and x(ag,...,ax+1) is blue, which is again a contradiction.

Case 2. Suppose 01,...,0;_1 is not monotone. Then we know that s is a local maximum and J3
is a local minimum. However this implies that x(asg,...,ar11) is blue, which is a contradiction.
Hence there is no red K ,’j 41 in coloring x.

Next we show that there is no blue K¥ in coloring x. For sake of contradiction, suppose we
have vertices ai,...,a, € V such that a; < --- < a, and x colors every k-tuple blue, and let
0; = 0(a;,a;41) for 1 < i <n—1. By Property D, there is no integer r such that 6,, 41, ..., 04 [n/6)
is monotone, since this implies that ¢ colors every (k—1)-tuple in the set {d,, 6,11, .- -, ,1|ns6] } Dlue
which is a contradiction. Therefore the sequence d1,...,d,_1 contains at least four local extrema.
Let 0, be the first local maximum, and let ¢;, be the next local extremum, which must be a local
minimum. Recall that §;, = §(a;,,aj,+1) and 0, = 6(aj,,aj,+1). Consider the k vertices

aj1—17 aj1 P ajza ajz-‘rla a’j2+27 ey aj2+k—3



and the sequence

6(aj1—17 ajl)’ 5(aj1 ) ajz)’ 5(6Lj2, ajz-‘rl)’ cey 6(aj2+k—47 aj2+k—3)'

By Property B we have §(a;,, aj,) = d;,, and therefore 6(a;,, aj,) is a local maximum and (a;,, aj,+1)
is a local minimum. Therefore x(aj, -1, aj,,aj,, @jot1,- - -, js+k—3) is red and we have our contra-
diction. Hence there is no blue K in coloring x. O

By combining Theorem 2.4 with Lemma 2.5, we establish Theorem 2.3.

3 The Erdos-Rogers function for hypergraphs

An s-independent set in a k-graph H is a vertex subset that contains no copy of K¥. So if s = k,
then it is just an independent set. Let as(H) denote the size of the largest s-independent set in H.

Definition 3.1. For k < s <t < N, the Erdés-Rogers function fﬁt(N) is the minimum of as(H)
taken over all KJ-free k-graphs H of order N.

To prove the lower bound fS’ft(N ) > n one must show that every K[-free k-graph of order N
contains an s-independent set with n vertices. On the other hand, to prove the upper bound
fF(N) < n, one must construct a Kf-free k-graph H of order N with a,(H) < n.

The problem of determining fskt(n) extends that of finding Ramsey numbers. Formally,

ri(s,m) = min{N : f,fS(N) > n}.

For k = 2 the above function was first considered by Erdés and Rogers [15] only for ¢ = s + 1,
which might be viewed as the most restrictive case. Since then the function has been studied by
several researchers culminating in the work of Wolfowitz [20] and Dudek, Retter and Rodl [9] who
proved the upper bound that follows (the lower bound is due to Dudek and the first author [8]):
for every s > 3 there are positive constants ¢; and ca(s) such that

( Nlog N
1

1/2
2 452 £71/2
—_— N log N N-=,
log log N> < Josra(N) < calog N)

The problem of estimating the Erdés-Rogers function for k > 2 appears to be much harder. Let us
denote

gk, N) = ff 1 pia(N)

so that the above result (for s = 3) becomes g(2, N) = NY/2t°(1) Dudek and the first author
[8] proved that (log N)/4+°(1) < ¢(3  N) < O(log N) and more generally that there are positive
constants ¢; and ¢y with

cl(log(k,Q) N)1/4 < g(k‘,N) < CQ(IOgN)I/(k_2) (2)



where log;) is the log function iterated ¢ times. The exponent 1 /4 was improved to 1/3 by Conlon,
Fox, Sudakov [7]. Both sets of authors asked whether the upper bound could be improved (presum-
ably to an iterated log function). Here we prove this where the number of iterations is k — O(1). It
remains an open problem to determine the correct number of iterations (which may well be k — 2).

Theorem 3.2. Fir k > 14. Then g(k, N) < O(log(,_13) N).

Proof. We will proceed by induction on k. The base case of k = 14 follows from the upper bound
in (2). For the inductive step, let k > 14 and assume that the result holds for £ — 1. We will show
that

g(k?2N) <k- g(k - 1>N)7

and this recurrence clearly implies the theorem. Indeed, it easily implies the upper bound
g(k,N) < 2°k!log 13y N
by induction on k, as g(k + 1, N) is at most
g(k+1,2Me Ny < (k+1)g(k, [log N1)
< 25(k+1)! log 1, 13)[log V]
< 28Nk + 1) log(j,_12) N.

Our strategy is to apply a variant of the stepping-up lemma. Let us begin with a K,f_:ll—free (k—1)-
graph H' on N vertices for which ay(H') = g(k — 1, N). Note that this exists by definition of
g(k —1,N). We will use H' to produce a Kf,,-free k-graph H on 2V vertices with aj1(H) <

koy(H') = kg(k — 1,N).

Let V(H') = {0,1,...,N — 1} and V(H) = {0,1,...,2Y — 1}. For any a € V(H), write a =
Zi]\:ol a(i)2' with a(i) € {0,1} for each i. For a # b, let 6(a,b) denote the largest i for which
a(i) # b(i). Therefore Properties A and B in the previous section hold.

Given any set of s vertices a; < ag < ... < as of V(H), consider the integers §; = d(a;i, ait1),1 <
i < s—1. For e = (a,...,as), let m(e) denote the number of local extrema in the sequence
01,...,0s_1. In the case s = k, we define the edges of H as follows. If §1,...,d;_1 form a monotone
sequence, then let (a1, aq,...,a;) € E(H) if and only if (§1,d2,...,0k-1) € E(H'). Otherwise if
d1,...,0k—1 is not monotone, then (ai,as,...,ar) € E(H) if and only if m(e) € {k — 4,k — 3}.
In other words, given that d1,...,0;x_1 is not monotone, (aj,as,...,ax) € E(H) if and only if
01,...,0r_1 has at most one locally monotone element. Note that we have the following variant of
Property D.

Property E: Fora; < --- < a,, set §; = 6(aj,aj+1) and suppose that 01, ...,0,_1 form a monotone
sequence. If every k-tuple in {a1,...,a,} is in E(H) (in E(H)), then every (k — 1)-tuple in
{61,...,0,—1} is in E(H') (in E(H')).

We are to show that H contains no (k + 2)-clique and ay1(H) < kay(H'). First let us establish
the following lemma.



Lemma 3.3. Given e = (a1,...,a7) with a; < --- < az, let 6; = §(a;,a;+1) for 1 < i < 6. If
m(e) = 4, then there is an a; such that 2 <i <6 and m(e — a;) = 2.

Proof. Suppose first that ds is a local minimum, so §; > d3 < d3 > - --. Then we have m(e—ay4) = 2.
Indeed, since d4 is a local minimum, Property B implies é(as,as) = d3. If d5 > 03, then we have
do < d(as,as) < d5 and therefore m(e — ay) = 2. If 5 < 03, then we have d(as, as) > d5 > 0 which
again implies that m(e — aq) = 2.

Now suppose that d2 is a local maximum, so d; < dy > 03 < ---. Then we have m(e — az) = 2.
Indeed, by Property B we have 0(ag,asq) = d2. If §4 < J2, then we have 6(ag,as) > 64 > J5
which implies m(e — a3z) = 2. If §4 > J2, then we have §; < §(az,aq) < d4 which again implies

m(e —asz) = 2. O
For sake of contradiction, suppose there are k + 2 vertices a; < --- < agto that induce a K ,’j Lo In
H. Define §; = 6(a;, a;+1) for all 1 <i < k+ 1. Given the sequence 61, d, ..., k11, let us consider
the number of locally monotone elements in D = {da,...,0x}.

Case 1. Suppose every element in D is locally monotone. Then dq,...,d;+; form a monotone

sequence. By Property E, every (k — 1)-tuple in the set {d1,...,0,+1} is an edge in H' which is a

contradiction since H' is K ,’j;ll—free.

Case 2. Suppose there is at least one local extremum d, € D and at least two elements d;,0; € D
that are locally monotone. Then any k-tuple e C {a1,...,ax+2} that includes the vertices

Aj—1, Qjy Qj4-15 Qj4-2, Q5 —1, Qjy Aj41, Aj42, Ap—1, Qg, Qp41, Ap42
satisfies 1 < m(e) < k — 4. Therefore e is not an edge in H and we have a contradiction.

Case 3. Suppose there is exactly one element ¢; € D that is locally monotone (and therefore at
least one local extremum). Since k > 15, either |{a1,...,a;—1}| > 7 or [{ait2,...,ar42}| > 7. Let
us only consider the former case, the latter being symmetric. By Lemma 3.3, there is an element
aj € {as,...,as} C{a1,...,a;—1} such that for ¢ = (a1,...,ar), m(¢’ —a;) = 2. Then any k-tuple
e C {a1,...,ar+2} \ {a;} that includes vertices

far:1 <t < 7,05 j} U{ai-1, i, ait1, aiva}
satisfies 1 < m(e) < k — 4. Hence e is not an edge in H and we have a contradiction.

Case 4. Suppose every element in D is a local extremum. We then apply Lemma 3.3 to the
set A = {a1,...,a7} and B = {ag,...,a14} to obtain vertices a; € A and a; € B such that
m({a1,...,a7} \ {a;}) = 2 and m({as,...,a14} \ {a;}) = 2. In particular, this implies that for
e ={ai,...,ar42} \ {ai,qa;}, the corresponding sequence of §’s has at least two locally monotone
elements. Since clearly e has at least one local extremum, we obtain 1 < m(e) < k — 4. Hence
e ¢ E(H) and we have a contradiction.

Therefore we have shown that H is K ,’j +2—free.

Our final task is to show that axy1(H) < kag(H'). Set n = kt where t = ay(H'). Let us assume
for contradiction that there are vertices a; < --- < a, that induce a (k + 1)-independent set in
H. Let §; = d6(aj,ai+1) for 1 < i < n — 1. If the sequence dy,...,d,—1 contains fewer than k



local extrema, then there is a j such that d;,...,d;4+ is monotone. Since ¢t = ay(H'), the ¢t + 1
vertices {d;,...,0;4+} contain a copy of K,]j_l in H'. Say this copy is given by d;,,...,0;,. Then
by Property E, the vertices aj, < --- < a;, < aj,+1 induce a copy of Kl§+1 which contradicts our
assumption that {ai,...,a,} is a (k + 1)-independent set in H.

We may therefore assume that the sequence 61, ...,d,_1 contains at least k local extrema. Now we
make the following claim.

Claim 3.4. There is a set of k+1 vertices ai, ..., a5 | € {a1,...,an} such that for 67 = (a},aj,,),
the sequence 07,...,0; has k — 2 local extrema.

Proof. Let 6;,,...,0;, be the first k£ extrema in the sequence d1,...,0,—1.

Case 1. Suppose d;, is a local minimum. If k is odd, then consider the k + 1 distinct vertices

€= a’i1 9 ai1+17 aigv ai3+17 ai57 ai5+17 L) a/ikv a”ik-f—l'
Note that the pairs (a;,, @i, +1), (@is, @is+1), (@ig, @is+1), - . . correspond to local minima. By Property
B, §(ai,+1, i) = iy, 0(@igt1, @is) = iy, . ... Since d;,, dj,, djg, - . . were local maxima in the sequence

01,...,0p_1, we have

0(aiy, aiy+1) < 6(@iy+1,aig) > 0(Qig, Gig11) < 0(aizy1,ai5) > -+ - .

Hence the vertices in e satisfy the claim. If k£ is even, then by the same argument as above, the
k + 1 vertices

A1, Ay Qi 41y Ajgy Ajg415 Qg y Qi1 - ooy Ay q 5 Qg +1

satisfy the claim.

Case 2. Suppose §;, is a local maximum. If k is odd, then the arguments above imply that the set
of k + 1 vertices

A1, 02, Qjoy Qjo+15 Qjgy Aig41y -y Ajp_ 15 Ajp 41

satisfies the claim. Likewise, if k is even, the set of k 4+ 1 vertices

A1y Ajgy Qo415 Ajygy Ajy41y - -+ a’ika a/ik+1

satisfies the claim. O

By Claim 3.4, we obtain k + 1 vertices h = (aj,...,a; ) along with d7,...,d; with the desired
properties. Consider the k-tuple e = h—a}. If i = 1 or k+1, then it is easy to see that m(e) = k—3,
which implies e € E(H). For ¢ = 2, 03 is the only possible locally monotone element in the sequence
d(a},a3),03,...,05. Therefore m(e —a;) > k—4 and e € E(H). A symmetric argument for the



case i = k implies that e € E(H). Therefore we can assume 3 < i < k— 1. By Property B, we have
§(aj_y,aj,,) = max{d;_;,6;}. Let us consider the two cases.

Case 1. Suppose 6(a;_, a;-*H) =07, If 5;*“ > 0 ,, then 9], is the only element in the sequence

101,07 1,...,0; that is locally monotone. Hence m(e) = k —4 and e € E(H). If 6, <
0;_1, then 67, is the only possible element in the sequence 67, ...,67 1,07, 1,...,0; that is locally
monotone. More precisely, if i = k — 1 then m(e) =k — 3, and if 3 <i < k — 1 then m(e) = k — 4.

Hence m(e) > k — 4 and therefore e € E(H).

Case 2. Suppose 0(a;_y,af ;) = 0;. If 67 5 > &7, then &7 is the only element in the sequence

07, ...,07 5,07,...,0; that is locally monotone. Hence m(e) =k —4 and e € E(H). If 67, < 67,
then 0], is the only possible element in the sequence 07, ...,0; 5,07, ...,d; that is locally monotone.
More precisely, if i = 3 then m(e) = k—3, and if 3 < i < k—1 then m(e) = k—4. Hence m(e) > k—4

and e € E(H).

Therefore every k-tuple e = h — a; is an edge in H, and the k + 1 vertices h induces a K ,’j 4 in H.
This is a contradiction and we have completed the proof.

4 Ramsey numbers for k-half-graphs versus cliques

Let K3\ e denote the 3-uniform hypergraph on four vertices, obtained by removing one edge from
K3. A simple argument of Erdés and Hajnal [12] implies r(K} \ e, K3) < (n!)2. On the other hand,
they also gave a construction that shows r(K3 \ e, K3) > 2" for some constant ¢ > 0. Improving
either of these bounds is a very interesting open problem, as K3 \ e is, in some sense, the smallest
3-uniform hypergraph whose Ramsey number with a clique is at least exponential.

A k-half-graph, denote by B¥, is a k-uniform hypergraph on 2k — 2 vertices, whose vertex set is of
the form S UT, where |S| = |T| = k — 1, and whose edges are all k-subsets that contain S, and
one k-subset that contains 7. The hypergraph B* can be viewed as a generalization of K 3\ e as
B3 =K} \e.

The goal of this section is to obtain upper and lower bounds for 7(B*, K¥) that parallel the known
state of affairs for K3 \ e. We begin by presenting a straightforward generalization of the argument
of Erdés and Hajnal to establish an upper bound for Ramsey numbers for k-half-graphs versus
cliques. Again for simplicity we write r(B*, K¥) = (B, n).

Theorem 4.1. For k > 4, we have ri(B,n) < (n!)*1.

First, let us recall an old lemma due to Spencer.

Lemma 4.2 ([19]). Let H = (V, E) be a k-uniform hypergraph on N vertices. If |E(H)| > N/k,
then there exists a subset S C V(H) such that S is an independent set and

12 (1-£) ¥ (i)
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Proof of Theorem 4.1. We proceed by induction on n. The base case n = k is trivial. Let n > k
and assume the statement holds for n’ < n. Let & > 4 and let x be a red/blue coloring on the
edges of K& where N = (n!)¥~1. Let Ex denote the set of red edges in K¥;.

Case 1: Suppose |Er| < N/k. Then one can delete N/k vertices from H and obtain a blue clique
of size (1 —1/k)N > n.

1)’6*1 k

Case 2: Suppose N/k < |Eg| < (G

=t - Then by Lemma 4.2, K J’“{, contains a blue clique of

size n.

(1_l)k71Nk
Case 3: Suppose |Eg| > ~—F7———. Then by averaging, there is a (k — 1)-element subset S C V'
such that N(S) ={v e V:SU{v} € Er} satisfies

k-1
IN(S)| > w

- onkt (kﬂ)

> ((n— 1)),

The last inequality follows from the fact that k£ > 4. Fix a vertex v € S. If {u} UT € Eg for some
T C N(S) such that |T| = k — 1, then SUT forms a red B* and we are done. Therefore we can
assume otherwise. By the induction hypothesis, N(S) contains a red copy of B*, or a blue copy of

Kff_l. We are done in the former case, and in the latter case, we can form a blue K,’f by adding
the vertex u. O

We now move to our main new contribution, which are constructions which show that ri(B,n) is
at least exponential in n.

Theorem 4.3. For fived k > 3, we have r(B,n) > 29",

Proof. Surprisingly, we require different arguments for k even and k odd.

The case when k is odd. Assume k is odd, and set N = 2" where ¢ = ¢(k) will be determined later.
Then let T be a random tournament on the vertex set [IN], that is, for i,j € [N], independently,
either (i,j) € E or (j,i) € E, where each of the two choices is equally likely. Then let x : (UZ]) —
{red, blue} be a red/blue coloring on the k-subsets of [N], where x(v1,...,v) = red if vy,..., v
induces a regular tournament, that is, the indegree of every vertex is (kK — 1)/2 (and hence the
outdegree of every vertex is (k — 1)/2). Otherwise we color it blue. We note that since k is odd, a
regular tournament on k vertices is possible by the fact that Kj has an Eulerian circuit, and then
by directing the edges according to the circuit we obtain a regular tournament.

Notice that the coloring x does not contain a red B. Indeed, let S, T C [N] such that |S| = |T| =
k—1,5NT =0, and every k-tuple of the form SU{v} is red, for all v € T. Then for any u € S, all
edges in the set u x T must have the same direction, either all emanating out of w or all directed
towards u. Therefore it is impossible for « U T to have color red, for any choice u € S.

Next we estimate the expected number of monochromatic blue copies of Kﬁ in x. For a given

k-tuple v1,...,vx € [N], the probability that x(vi,...,vx) = blue is clearly at most 1 — 1/2(5)

11



Let T' = {vi,...,v,} be a set of ¢ vertices in [n], where v; < --- < v,. Let S be a partial Steiner
(n, k,2)-system with vertex set T', that is, S is a k-uniform hypergraph such that each 2-element
set of vertices is contained in at most one edge in S. Moreover, S satisfies |S| = ¢/n? where
¢ = d(k). Tt is known that such a system exists. Then the probability that every k-tuple in T
has color blue is at most the probability that every k-tuple in S is blue. Since the edges in S are

independent, that is no two edges have more than one vertex in common, the probability that T is
/2

S| n
a monochromatic blue clique is at most (1 -1/ 2(5)) < (1 -1/ 2(§)> . Therefore the expected

number of monochromatic blue copies of Kff in x is at most

/02

(f) (1 - 1/2(5)>C" <1,

for an appropriate choice for ¢ = c(k). Hence, there is a coloring x with no red B* and no blue
KE. Therefore

rp(B,n) > 2°".

The case when k is even. Assume k is even and set N = 2" where ¢ = ¢(k) will be determined
later. Consider the coloring ¢ : ([Z;/}) — {1,...,k — 1}, where each edge has probability 1/(k — 1)
of being a particular color independent of all other edges (pairs). Using ¢, we define the coloring
X : (UZ]) — {red, blue}, where the k-tuple (v1,...,vg) is red if ¢ is a proper edge-coloring on all
pairs among {v1, ..., vy}, that is, each of the k — 1 colors appears as a perfect matching. Otherwise
we color it blue.

Notice that the coloring x does not contain a red B¥. Indeed let S,T C [N] such that |S| = |T| =
k—1and SNT = (. If, for all v € T, the k-tuples of the form S U {v} are red, then the set of
edges {u} x T is monochromatic with respect to ¢ for any u € S. Hence, x could not have colored
{u} UT red for any u € S.

For a given k-tuple vy, ..., v € [N], the probability that x(v1,...,vx) = blue is at most 1 — (1/(k—
1))(§) . By the same argument as above, the expected number of monochromatic blue copies of K*

with respect to x is less than 1 for an appropriate choice of ¢ = ¢(k). Hence, there is a coloring x
with no red B¥ and no blue K*. Therefore

ri(B,n) > 2"

and the proof is complete. O
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