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Abstract

Fix an integer &k > 3. A k-uniform hypergraph is simple if every two edges share at most
one vertex. We prove that there is a constant ¢ depending only on k such that every simple
k-uniform hypergraph H with maximum degree A has chromatic number satisfying

A\ T
x(H) <c <logA> .

This implies a classical result of Ajtai-Komlds-Pintz-Spencer-Szemerédi and its strengthening

due to Duke-Lefmann-Ro6dl. The result is sharp apart from the constant c.

1 Introduction

Hypergraph coloring has been studied for almost 50 years, since Erdds’ seminal results on the
minimum number of edges in uniform hypergraphs that are not 2-colorable. Some of the major
tools in combinatorics have been developed to solve problems in this area, for example, the local
lemma and the nibble or semirandom method. Consequently, the subject enjoys a prominent place

among basic combinatorial questions.

Closely related to coloring problems are questions about the independence number of hypergraphs.
An easy extension of Turdn’s graph theorem shows that a k-uniform hypergraph with n vertices
and average degree d has an independent set of size at least cn/ dV*=1) where ¢ depends only on
k. If we impose local constraints on the hypergraph, then this bound can be improved. An i-cycle
in a k-uniform hypergraph is a collection of ¢ distinct edges spanned by at most i(k — 1) vertices.
Say that a k-uniform hypergraph has girth at least g if it contains no i-cycles for 2 < ¢ < g. Call
a k-uniform hypergraph simple if it has girth at least 3. In other words, every two edges have at
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most one vertex in common. Throughout this paper we will assume that k > 3 is a fixed positive

integer.

Ajtai-Komlés-Pintz-Spencer-Szemerédi [2] proved the following fundamental result that strength-

ened the bound obtained by Turan’s theorem above.

Theorem 1 ([2]) Let H = (V,E) be a k-uniform hypergraph of girth at least 5 with maximum
degree A. Then it has an independent set of size at least

log A\ Y/~
n< s >

where ¢ depends only on k.

Spencer conjectured that Theorem 1 holds even for simple hypergraphs, and this was later proved
by Duke-Lefmann-Rédl [6]. Theorem 1 has proved to be a seminal result in combinatorics, with
many applications. Indeed, the result was first proved for £ = 3 by Koml6s-Pintz-Szemerédi [13]
to disprove the famous Heilbronn conjecture, that among every set of n points in the unit square,
there are three points that form a triangle whose area is at most O(1/n?). For applications of
Theorem 1 to coding theory or combinatorics, see [15] or [14], respectively.

The goal of this paper is to prove a result that is stronger than Theorem 1 (and also the accompa-
nying result of [6]). Since the proof of our result does not use Theorem 1, it gives an alternative
proof of all the applications of Theorem 1 as well. Our main result states that not only can one
find an independent set of the size guaranteed by Theorem 1, but in fact that the entire vertex set
can be partitioned into independent sets with this average size. Recall that the chromatic number
X(H) of H is the minimum number of colors needed to partition the vertex set so that no edge is

monochromatic.

Theorem 2 Fiz k > 3. Let H = (V, E) be a simple k-uniform hypergraph with maximum degree

A. Then L
A\ -1
X(H) < C<10gA>

It is shown in [5] that Theorem 2 is sharp apart from the constant ¢. In order to prove Theorem

where ¢ depends only on k.

2 we will first prove the following slightly weaker result. A triangle in a k-uniform hypergraph is
a 3-cycle that contains no 2-cycle. In other words, it is a collection of three sets A, B, C such that

every two of these sets have intersection of size one, and AN BN C = ).

Theorem 3 Fix k > 3. Let H = (V,E) be a simple triangle-free k-uniform hypergraph with

1
A\ =1
i <e(i5)"

2

mazimum degree . Then




where ¢ depends only on k.

The proof of Theorem 3 rests on several major developments in probabilistic combinatorics over
the past 25 years. Our approach is inspired by Johansson’s breakthrough result on graph coloring,

which proved Theorem 3 for k = 2.

The proof technique, which has been termed the semi-random, or nibble method, was first used by
R6d (inspired by earlier work in [2, 13]) to confirm the Erd6s-Hanani conjecture about the existence
of asymptotically optimal designs. Subsequently, Kim [11] (see also Kahn [10]) proved Johansson’s
theorem for graphs with girth five and then Johansson proved his result. The approach used by
Johansson for the graph case is to iteratively color a small portion of the (currently uncolored)
vertices of the graph, record the fact that a color already used at v cannot be used in future on
the uncolored neighbors of v, and continue this process until the graph induced by the uncolored
vertices has small maximum degree. Once this has been achieved, the remaining uncolored vertices
are colored using a new set of colors by the greedy algorithm.

In principle our method is the same, but there are several difficulties we encounter. The first, and
most important, is that our coloring algorithm is not as simple. A proper coloring of a k-uniform
hypergraph allows as many as k — 1 vertices of an edge to have the same color, indeed, to obtain
optimal results one must permit this. To facilitate this, we introduce a collection of k£ — 1 different
hypergraphs at each stage of the algorithm whose edges keep track of coloring restrictions. Keeping
track of these hypergraphs requires controlling more parameters during the iteration and dealing
with some more lack of independence and this makes the proof more complicated.

In an earlier paper [8], we had carried out this program for k = 3. Several technical ideas incorpo-
rated in the current proof can be found there. Because the notation in [8] is slightly simpler than
that in the current paper, the reader interested in the technical details of our proof may want to
familiarize him or herself with [8] first (although this paper is entirely self contained).

The implication Theorem 3 — Theorem 2 forms a much shorter (but still nontrivial) part of this
paper (See Section 2). Our proof uses a recent concentration result of Kim and Vu [12] together
with some additional ideas similar to those from Alon-Krivelevich-Sudakov [3]. The approach here
is to partition the vertex set of a given simple hypergraph into some number of parts, where the
hypergraph induced by each of the parts is triangle-free. Once this has been achieved, each of the
parts is colored using Theorem 3.

Finally, we remark that our proof of Theorem 3 also gives the same upper bound for list chromatic
number, although we phrase it only for chromatic number. On the other hand, we are not able
to prove Theorem 2 for list chromatic number, since list chromatic number is not additive in the
sense described in the previous paragraph. We end with a conjecture posed in [8], which states

that we may replace the hypothesis ”simple” with something much weaker.

Conjecture 4 ([8]) Let F' be a k-graph. There is a constant cp depending only on F such that



every F'-free k-graph with mazimum degree A has chromatic number at most cp(A/log A)l/(kfl).

Conjecture 4 appears to be out of reach using current methods. For example, the special case k = 2

and F' = K, remains open and would imply an old conjecture of [1].

Throughout this paper, we will assume that A is sufficiently large that all implied inequalities hold
true. Any asymptotic notation is meant to be taken as A — oo.

2 Simple hypergraphs

In this section we will prove that Theorem 3 — Theorem 2

Let H = (V,E) be a simple k-uniform hypergraph. For v € V let its neighbor set Ng(v) be
defined by Ny(v) = {x: 3S € E s.t. {v,x} C S}. Let dy(v) denote the degree of v so that
[Nu(v)| = (k = 1)du(v).

A pair z,y € Ng(v) is said to be covered if there exists S € E that contains both = and y but not

v. Note that H simple implies that in this case no edge contains all of v, x, y.

Recall that k is a fixed. Let € = e(k) be a sufficiently small positive constant depending only on k.
Theorem 2 will follow from Theorem 3 and the following two lemmas:

Lemma 5 Fiz k > 3. Let H = (V, E) be a simple k-uniform hypergraph with mazimum degree
2

A. Let m = {ASF‘! “¢|. Then there exists a partition of V into subsets Vi,Va, ..., Vy, such each

induced subhypergraph H; = H[V;], i = 1,2,...,m has the following properties:

(a) The mazimum degree A; of H; satisfies A; < 2A/mF~1,

(b) If v € V; then its H;-neighborhood N;(v) contains at most k2A2%/m3*=* covered pairs. (Here
we mean covered w.r.t. H;).

Lemma 6 Fiz k > 3 and let § be a sufficiently small positive constant depending on k. Let
L = (V,E) be a simple k-uniform hypergraph with mazimum degree at most d. Suppose that each
vertex neighborhood N1,(v) contains at most d° covered pairs. Let { = dF=17% Then there exists a
partition of V into subsets W1, Wa, ..., Wy, , €1 = O(€) such that for each 1 < j < {1, the hypergraph
L; = L{W;] has the following properties:

(a) The mazimum degree d; of L; satisfies d; < 2d/¢**.

(b) Lj is triangle-free.



2.1 Proof of Theorem 2

Our proof can be thought of as a nibble argument, involving two iterations, given by Lemmas 5
and 6. Suppose that H is a simple k-uniform hypergraph with maximum degree A. Apply Lemma
5 to obtain Hiy,..., H, that satisfy the conclusion of the lemma. Now fix 1 < ¢ < m and let
L = H;. Lemma 5 part (a) implies that A(L) < 2A/m*~!. Hence we may apply Lemma 6 to L
with d = 2A/m*~! and § = £(3k — 4)?/(k — 2). By Lemma 5 part (b), each neighborhood Ny (v)

3k—4

contains at most k2A2/m covered pairs. Now

2 _
2 RAT AN <
o

k?

We may therefore apply Lemma 6 with ¢ = d*/*=1=9_ Together with Theorem 3 we obtain

s Sjix@” 0 (f <uf</f/e>)) 7 ((W)kll) 7 ((kf;d)kll) |

Since this holds for each H; we obtain,

< m <o{u(&) ) ol (2" -o((2)°)

2.2 Kim-Vu concentration

We will need the following very useful concentration inequality (1) from Kim and Vu [12]: Let
T = (W, F) be a hypergraph of rank s, meaning that each f € F satisfies |f| < s. Let

2= 1=

feFief

where the z;,7 € W are independent random variables taking values in [0,1]. For A C W, |A| < s

let
ZA = Z H Zi-

fEFicf\A
f2A

Let My = E(Z4) and M; = maxy |4>; Ma for j > 0. There exist positive constants a = as and
b = b such that for any A > 0,

P(1Z — E(2)] 2 aX*V/MoMi) < bW~ e (1)

2.3 Proof of Lemma 5

We will use the local lemma in the form below.



Theorem 7 (Local Lemma) Let Ay, ..., A, be events in an arbitrary probability space. Suppose
that each event A; is mutually independent of a set of all the other events A; but at most d, and
that P(A;) < p for all1 <i<mn. Ifep(d+1) < 1, then with positive probability, none of the events
A; holds.

We will partition V' randomly into m parts of size ~ |V|/m and use the local lemma to show the
existence of a partition. We make the partition by assigning a random number in [m] to each
velV.

Fix v € V. To simplify notation, condition on v € V. Let A, be the event that (a) fails at v i.e.
that v has degree greater than 2A /m*~! in the hypergraph Hj.

Let B, be the event that its neighborhood in H; contains more than k2A%/m?*~* covered pairs.

Each of these events is mutually independent of a set of all other events but at most O(A*). We
will show that
P(A,),P(B,) = O(A™®) and this is clearly sufficient for the application of the local lemma.

Let d, be the degree of v in H;. Then d, has a distribution that is dominated by the binomial
distribution Bin(A, 1/m*~1). It follows from the Chernoff bounds that

k-1 e_Asﬁc%i—w—l)wo(l) < A

P (dv > 2A/mk_1> < e A/Bm
and this disposes of A,,.

Our goal now is to bound P(B,). For a vertex x € Ng(v), let T,,(x) denote the unique (k — 1)-set
containing = such that T,,(x) U {v} € E. A covered pair =,y € Ng(v) will remain as a covered
pair in Ng, (v) iff Sz = To(x) UTy(y) UT C Vi where T is the unique (k — 2)-set such that
TU{z,y} € E. Let S1,S59,...,5, r < (k— 1)2(2) be an enumeration of the (3k — 4)-tuples S, ,

as {z,y} ranges over the covered pairs in Ny (v).

We will use the concentration inequality (1). The edges of our hypergraph (W, F') are S1,Ss,..., S,
and if z € W then z, is an independent {0, 1} Bernoulli random variable with P(z, = 1) = 1/m.
Note that |W| < kA2

Let Z, denote the number of covered pairs in Ny, (v). There is a 1-1 correspondence between
covered pairs and the S;. Therefore

r (k —1)2A2
p=E(Z)= s Wy (2)

We now have to estimate M.
For each set A C W, let Y4 denote the number of edges of F' containing A.
Claim. |Y4| = O(A) if |A] <k —1and |Ya| = O(1) if |A| > k.

Proof.  Suppose that A C S € F. Then S can be written as T, (z) U T,,(y) U T, for some
x,y € Ng(v). We will count the number of S containing A by the number of T, (x)’s and T"s.



First, the number of S where both T,(z) and T,(y) have a vertex in A is at most 5k* by the
following argument. There are (";l) < 5k? choices for the two intersection points, these points
uniquely determine T,(x) and T,(y), and there are at most |T,(y)||T,(z)] = (k — 1)? possible
covered pairs, each of which determines 7' uniquely (if T" exists).

Now suppose that ANT,(y) = 0. If |A] > k, then A must contain a vertex from 7" and a (different)
vertex from T, (). There are at most 9% choices for these two vertices. For each of these choices,
T, (z) is determined uniquely. For each vertex in T, (z) and the chosen vertex of T'N A, there is
at most one choice for T' (since H is simple), hence the number of choices for T" is at most k& — 1.
Having chosen T, there are at most k — 1 choices for T,(y). Altogether, there are at most 9k*
choices for S. We conclude that if |A| > k, then

[Va| <5k + 9k = 0(1).

If |A| < k — 1, the argument above still applies unless either A C T;,(z) or A C T'. In either case,
there are at most kA ways of choosing the other part of S\ T,(y) and at most k& ways of choosing
Ty (y). Thus |Ya| = O(A) as claimed. O

The probability of choosing each vertex in S\ A is 1/m, so for given A, the probability of a
particular S D A is (1/m)?*~4=14l. The Claim now implies that for 1 < |A| < 3k — 4,

oo (i) o(4))

By our choice of m, it follows that if € is sufficiently small then

My = O(A™YGR)),

The choice of m also gives

k2A?
MO = ma.X{/_,L,Ml} S W
It follows that if we take a\3%—* = % then A\ > A% where &, > 0. Now (1) implies
that
P(B,) < P(Z, — E(Z,) > K*A%/m3*1) < b(kA?)3*e™ < AT5.
This completes the proof of Lemma 5. O

2.4 Proof of Lemma 6

This part follows an approach taken in Alon, Krivelevich and Sudakov [3]. We will first partition V'
randomly into ¢ parts Vi, Va, ..., Vp of size ~ |V|/¢ and use the local lemma to show the existence

of a partition satisfying certain properties. To simplify notation, condition on v € V.

For v € V let A, be the event that (a) fails at v i.e. that v has degree greater than 2d/¢*~! in L;.



Let B, be the event that Ny, (v) contains at least 200k? covered pairs w.r.t. L.

Each of these events is mutually independent of a set of all other events but at most O(d*). We
will show that
P(A,),P(B,) = O(d~?) and this is clearly sufficient for the application of the local lemma.

Let d, be the degree of v in L;. Then d, has a distribution that is dominated by the binomial
distribution Bin(d, 1/¢*=1). It follows from the Chernoff bounds that

P <dv > 2d/£k71> < e*d/(3£k—1) _ efd(k—1)§/3 < d75
and this disposes of the A,.
If B, fails then either
(1) There exists a vertex w € N (v) such that w is in at least 10k covered pairs of N, (v), or

(ii) Nr,(v) contains at least 10k pair-wise disjoint covered pairs.

Now

d5
kd E_IOk < d—5
10k

d26

So, assume that none of the events A,, B, occur. We show now that we can partition each V; into

o
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.
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and this disposes of the B,.

at most 400k? + 1 sets, each of which induces a triangle free hypergraph. Consider the digraph D
with vertex set V; and an edge directed from v € V; to each vertex of each of the at most 200k?
covered pairs in N, (v). D; has maximum out-degree 400k? and so its underlying graph G is
400k2-degenerate and so it can be properly colored with 400k? + 1 colors. Partition V; into color
classes Wi, Wa, ..., Wygor241. We claim that for each s, the hypergraph L[W;] induced by Wj is
triangle-free. Suppose then that there is a triangle v U T,(z),v U Ty, (y), T inside L[W;], where T
contains both = and y. Then {z,y} is a covered pair for v and by construction v and x are not in

the same Wy, contradiction. Il

3 Triangle-free hypergraphs
In this section, which forms the bulk of the paper, we will prove Theorem 3.

3.1 Local Lemma

The driving force of our upper bound argument, both in the semi-random phase and the final
phase, is the Local Lemma. Note that the Local Lemma immediately implies that every k-graph



with maximum degree A can be properly colored with at most [4A1/ (kfl)] colors. Indeed, if we
color each vertex randomly and independently with one of these colors, the probability of the event
ﬁ. Moreover A, is independent of all other
events Ay unless |f Ne| > 0, and the number of f satisfying this is less than kA. We conclude that

A, that an edge e is monochromatic, is at most

there is a proper coloring.

3.2 Coloring Procedure

In the rest of the paper, we will prove the upper bound in Theorem 3. Suppose that k& > 3 is fixed
and H is a simple triangle-free k-graph with maximum degree A.

Let V be the vertex set of H. As usual, we write x(H) for the chromatic number of H. Let ¢ be

a sufficiently small fixed positive constant (depending only on k). Let

B e2log A
“ 7100 x k2R

AL/(k=1)
= | 6= |-

Note that ¢ < ¢(A/log A)/(#=1) where ¢ depends only on k.

and set

We color V' with 2q colors and therefore show that

<
X(H) < 2 <logA

We use the first ¢ colors to color H in rounds and then use the second g colors to color any vertices

not colored by this process.
Our algorithm for coloring in rounds is semi-random. At the beginning of a round certain param-
eters will satisfy certain properties, (9) — (14) below. We describe a set of random choices for the
parameters in the next round and we use the local lemma to prove that there is a set of choices
that preserves the required properties.

e C = [g] denotes the set of available colors for the semi-random phase.

e U®: The set of vertices which are currently uncolored. (U = V).

e H®: The sub-hypergraph of H induced by U®.

o W® =V \U®: The set of vertices that have been colored. We use the notation  to denote
the color of an item e.g. k(w), w € W denotes the color permanently assigned to w.



° Hz.(t)7 2 < i < k—1: An edge-colored i-graph with vertex set U®. There is an edge
uLu -+ - U; € H(t)

;7 iff there are vertices u;q1,uijt2,...,u; € W® and an edge ujug ---ux € H
with k(uiy1) = Kk(uipe) = -+ = k(ug). For a fixed ujug---u;, this color is well defined
because of the fact that H is simple. The edge ujusg - - - u; is given the color £(u;t+1). (These

hypergraphs are used to keep track of coloring restrictions).

° p$f ) ¢ [0, 1]C for w € U®W: This is a vector of coloring probabilities. The cth coordinate is

denoted by pq(f) (c) and p&o) = (¢ Y ¢ Y. g h.
We can now describe the “algorithm” for computing U+, HZ@H),ng), given U®), Hi(t),pg), for
ueU®: Let
e 100 x k21

0 e T ——
w elog A
where we recall that € is a sufficiently small positive constant.
For each u € U® and ¢ € C we tentatively activate ¢ at u with probability Gpg )(c). A color c is

lost at u € U®), pgf+1)(c) =0 and pq(f,)(c) =0 for ¢/ > t if either

(i) there is an edge wug - - - uy € H® such that c is tentatively activated at ug, us, . .., uy or

(ii) thereisa2 < i < k—1 and an edge e = uug - - - u; € Hi(t) such that ¢ = k(e) and c is tentatively
activated at ug,us, ..., u;.

The vertex u € U® is given a permanent color if there is a color tentatively activated at u which
is not lost due to the above reasons. If there is a choice, it is made arbitrarily. Then u is placed
into W 1),

We fix

We keep

for all ¢, u, c.
We let
B () = {c : pl(e) :]5} forallueV.
A color in B®(u) cannot be used at u. The role of B®)(u) is clarified later.

Suppose that color ¢ has not been lost at u prior to round ¢. Let us compute the probability that
¢ is not lost at u in round ¢. Since for each v € U®) and ¢ € C, the tentative activation of ¢ at u
is done independently of all other tentative activations, the probability that ¢ is not lost at u due
to (i) is

k k
11 1-1Jer@ | = 11 e | G
=2 =2

wug--up€H®) uug--u,€H®)

10



Similarly the probability that ¢ is not lost at u due to (ii) is

I (- T
j=2

(®)

e uu- uZEH

k(e)=c

Consequently, the probability that ¢ is not lost at w in round ¢, given that it wasn’t lost in any
prior round is

k 7
)= ]I 1= 0" T (c) H 11 I | R0 (3)
=2 =2

wug--up €H®) e UU uZEH(t)

k(e)=c
The parameter q( )( ) is of great importance in our proof.

Coloring Procedure: Round ¢

Make tentative random color choices:
Independently, for all u e U®, ¢ € C, let

1 Probability = qu(f)( )
0 Probability = ¢9p( )( )
oW (u) = {c 4 B(e) = 1} = the set of colors tentatively activated at w.
Deal with color clashes:
k

LOW) ={ e Juug---uy € HY, such that ¢ € ﬂ 0® (u;) » U
j=2

c: 2<i<k-1 ande:uuz---uieHi(t) such that k(e) = c € ﬂ@(t)(uj)
j=2

is the set of colors lost at w in this round.
AW ) = AV () U LO ().

Assign some permanent colors:
Let

O (w) = 0W () \ (AD (u) U BY (1)) = set of activated colors that can be used at u.
If WO (u) # 0 then choose ¢ € U®) (v) arbitrarily. Let x(u) = c.

11



Update parameters:

(a)
Ut = gy {u 0O () £ @} .

(b) Hi(tﬂ), 2 <i <k —1is the i-graph with vertex set U**1) and edge set
{urug -~ -w; : g1, ... u € WD with uy -+ ugp € H and K(Uit1) = -+ = k(ug) = c}.

Edge ujus - - - u; has color ¢. (H simple implies that this color is well-defined).

(c) pq(f) (c) is replaced by pgfﬂ)(c) which is either 0, pg)(c)/qg)(c), or p (note that the last two are

at least pq(f ) (¢)). Furthermore, if u € U® \ UC*D then by convention pgf/) = pq(f U for all
t' >t
In order to decide which of these three values is taken by pq(fﬂ)(c), we perform a random

experiment, where we replace pq(f ) (¢) by a random value p),(c). Based on the outcome of this

random experiment, we will decide on the value of pg +1) (c). One of the key properties is

E(p,(c)) = P (). (5)
The update rule is as follows: If ¢ € A®~V(u) then pz(f)(c) remains unchanged at zero.

Otherwise, let nq(f)(c) be a random variable with

nW(c) € {0,1} and PP (c) = 1) = pD(¢)/p, independently of other variables.

Then
( (o CGL(t)<’U,) 290
O o <P Case A
e grow 6
Pule) = ¢ ~0¢ (6)
(t)
771@ (c)p p}‘:)éci > p. Case B
qu (c

There will be
to = e Llog Aloglog A rounds.

Before getting into the main body of the proof, we check (5). First observe that g (c) is the
probability that ¢ ¢ L®) (u) given that ¢ ¢ A4 (u).

1f i (¢) /4l (¢) < p then

(1)
E {u c)) = ’l(l,t) C Pu (c) = I(Lt) C
(Pu(c)) = ¢ ()qq(f)(c) Py’ (¢)

12



1t pi (¢)/¢$ () > p then

(t)

=" o)

Note that once a color enters B®) (u), it will be in B®)(u) for all # > t. This is because we update
pu(c) according to Case B and now P(m(f)(c) = 1) = 1. We arrange things this way, because we
want to maintain (5). Then because pq(f ) (¢) cannot exceed p, it must actually remain at p. This
could cause some problems for us if neighbors of w had been colored with ¢. There might be an
edge e = wug---up where ug,...,u; are (tentatively) colored c. We don’t want to raise pg) (c)
and to keep it monotone, we can’t allow it to drop to zero. This is why B® (u) is excluded in the

definition of ¥ (u) i.e. we cannot color u with ¢ € B® (u).

3.3 Correctness of the coloring

Observe that if color ¢ enters A®)(z) at some time t then x(z) # ¢ since A®(z) € A+ (z) for
all 7. Suppose that some edge ujus - - - u is improperly colored by the above algorithm. Suppose
that ui, ug, ..., ux get colored at times t; < tp < --- <t and that k(u;) =cfor j=1,2,... k. If
ty=ty=---=1t,_1 =t then ¢ € L®(uy) and so r(uy) # c. If there exists 1 < i < k — 2 such that

t)

t; <t=tjp1 ="+ =tr_1 then u;r1u;ro---ug is an edge of H,E,_i and K(uiy1uite - ug) = ¢ and

so ¢ € L® (uy,) and again x(uy) # c.

3.4 Parameters for the problem

We will now drop the superscript (), unless we feel it necessary. It will be implicit i.e. p,(c) =

pg)(c) etcetera. Furthermore, we use a ’ to replace the superscript (¢t + 1) i.e. pl(c) = pg +1)(c

etcetera. The following are the main parameters that we need in the course of the proof:
In what follows u; = v and 2 <7<k — 1:

k
Ee = ZHpuj(c) for edge e = uqug -+ -uy, of HW

ceC j=1

(pu,i = Z Z HPUj (c)

ceC e=uug--u;EH; j=1

k(e)=c
hy = — Zpu Ingu
ceC
di(u,c) = |{e: u€eec H; and k(e) = c}|
di(u) = Zdi(u, c) = degree of win H;
ceC
dyw(u) = |e: ueeec HDY| = degree of uwin HY

du) = do(u)+ds(u)+---+di_1+ d gy (u)

13



It will also be convenient to define the following auxiliary parameters:

k

Ee(e) = [[pu(e

i=1

2.

—_
=
—

e

e=uug--up€H®)

>

k
[IEAG

uug--u€H® j=2

This gives

3.5 Invariants

n(e.):c
E, = Zpu(c)Eu(c)
ceC
(I)u,i = Zpu(c)q)u,i(c)'
ceC

for edge e = uqug - - - up of H®.

We define a set of properties such that if they are satisfied at time ¢ then it is possible to extend

our partial coloring and maintain these properties at time ¢ + 1. These properties are now listed.

They are only claimed for v € U and they are easily verified for ¢ = 0. In fact, the reason that ¢

cannot be lowered (given A and w) is the second inequality in (10) for ¢t = 0.

1— Zpu(c)

<

IN

IN

IN

v

IN

IN

tA™E.

t
(O
€ + A1+5

t
Alte ’

[1]

%—i— Veec H®.

E**=%,1-0/3k), 2<i<k-1.

t
W — ke > (1 - 0/3k)".
7=0
(1—6/2k)"A.

(14 2k0) AP, 2<i<k-1.

14

(11)

(12)

(13)

(14)



Equation (13) shows that after ¢y rounds we find that the maximum degree in the hypergraph

induced by the uncolored vertices satisfies

AH™) < (1-0/2K)" A

o~ 100k%* loglog A /222 A
A
(log A)100k2k/252 ’

AN

(15)

and then the local lemma will show that the remaining vertices can be colored with a set of
4(A/(log A)100k*/2e%y1/(k=1) 4 1 < ¢ new colors.

The above invariants allow us to prove the following bounds: By repeatedly using (1 —a)(1 —b) >
1—a—20bfor a,b> 0 we see that

k—1
qu(c) > 1= 0"12u(c) = Y 07Dy 4(c). (16)
1=2

3.6 Dynamics

To prove (9) — (14) we show that we can find updated parameters such that

<

P ACEDIFAC

=/
=

IN

Pl — Dy,

U,

IN

hy — b,

u

IN

d'(u)

IN

di(u,c) <

A~E (17)

B4+ ATE (18)

k—1
<i_1>9’f Eut Y (i_l)el Dy (19)

I=i+1
—0(1 — k*e)®,; + A™F, 2<i<k-—1.

k**2(1—6/3k)t. (20)
(1 —0/k)d(u) + A3, (21)
di(u,c) + 2k0(1 4+ 2k0)' APF ¢, 2 <i<k—1. (22)

3.7 (17)—(22) imply (9)—(14)

First let us show that (17)—(22) are enough to inductively prove that (9)—(13) hold throughout.

15



Property (9): Trivial.
Property (10): Trivial.
Property (11): Fix u and note that (10) and (13) imply

=, < (% + tA_l_E) d(u) < w(l — 0/2k) + A=/2, (23)
Therefore,
k-1 =1
o < - k—i . ¢ - I—i . 12k , —&/3
I <i_1>9 w(l — 0/2k) +l§1 <é_1>9 B, — 01 — E*e)d,; + A

from (20) and (23). Thus,

i1 < (b =1)0w(1 —0/2k)" + (1 — 0(1 — k*e))k*w(1 — 0/3k)" + A~/

0(1—6/2k) 1 —0(1— k%*e) _
< K2(]— t+1 A"E/3
s KF(=0/3k)w <k(1 o3k T 1—epmk )T

< K*(1-6/3k) .

Now for i < k — 2, using ®,; < k*~2lw(1 - 0/3k)!,

k—1 , 2k o1y 700!
I < k—i _ t o _ t e
o, < <¢—1>0 w(l—0/2k) + 5 w(1—6/3k) Z (¢—1> <k2>

l=i+1
+ (1 —0(1 — K e)) k=201 — 0/3k) + A3,

Factoring out the first term (fj)(@/k?)’+1 in the sum above we are left with a sum that can be
upper bounded by Y22 ¢ where 0 < r < 6(k —1)/k*. Since § = O(1/log A), this geometric series
is upper bounded by 1+ 6/k. Consequently, <I>§M~ is upper bounded by
k—1\ . k2 N AV ANE
'w(l—0/2 —w(l — — 1
(i_1>6 w(l—6/2k)" + T w(l —0/3k) 5) \ 32 (1+6/k)
+ (1 —0(1 — k*e) k221 — 0/3k)t + A™/3
: E—1\ /0N\"" (1—0/2k)"  0(1+6/k)+2(1—0(1 — k%*e))
< ka—Qz 1—6/3k t+1 - A—S/S
= =0k _y)\2)  azegmm 2(1 — 6/3k) *

2 — (1 — 2k?*¢) 4+ O(6?) .
2(1— 6/3k) > +ATs

< k2k—2i(1 _ 9/3k)t+1w (
S ka—Qi(l _ 9/3k,)t+1w

Property (12): Trivial.

16



Property (13): If d(u) < (1 —60/2k)!A then from (21) we get

9 0\
1—-)(1-— 2/3
(1=7) (1) 2o
0 t+1 0 9t
= (1-— A——(1-—) A4+ A3
(1-55) 2 (1) &+

o\t
< 1— — A.
< (-a)

di(u,c) < (14 2k0) AP~ + 2k0(1 + 2k0) AP~ = (1 4 2k0) T ApF—

d'(u)

IN

Property (14):

To complete the proof it suffices to show that there are choices for v, (c), nu(c), u € U,c € C such
that (17)-(22) hold.

In order to help understand the following computations, the reader is reminded that quantities
Zu, @uiyw, " can all be upper bounded by A°M). Note also that in (14), (1+2kf)% = log®M A =
A,

3.8 Bad colors

We now put a bound on the weight of the colors in B(u).
Assume that (9)—(13) hold. It follows from (12) that

3e2log A

o0
(0) _ p(t) < 1.2k _ i 2k —
WY — b < k) (11— 0/3k)" = 3k x k**w 00

1=0

(24)
Since p (c) =1/q for all u,c we have

WY = Zpu c)logp?)(c)
= —Zp c)logp{? (c) — (log 1/q) > (" (c) — p{P(c))

> Z i logp (c) —tAFlog A.

where the last inequality uses (9).

Plugging this lower bound on A into (24) gives
2
3TlsA S0 o
100 -

> —Zpu )log p{(c) — tA~ ElogAJer (c)logp{!)(c)

Zpu )1og(pP(c) /p{V(c)) — tA " log A.

17



Thus,

62 (6]
S AV og0l ol (@) < F 4 A (25)

Now, all terms in (25) are non-negative (pq(f)( )=0or p(t) (c) > p&o) (¢)). Thus after dropping the

contributions from ¢ ¢ B(u) we get

3etlogA |\ epo (0 (0
ki >
088 LA 5 Y 500 g ()0 )
ceB(u)
= > pP(c)log(pg) Z P (c) log(AT))
c€B(u) ceB(u
2
> Zepu(Bu)) log A,
So,
13
< —.
pu(B(w) < = (26

3.9 Verification of Dynamics

Let £17(u) — E22(u) be the events claimed in equations (17) — (22). Let £(u) = Er7(u) M-+ -NExa(u).
We have to show that (1, £(u) has positive probability. We use the local lemma. Each of the
above events depends only on the vertex u or its neighbors. Therefore, the dependency graph
of the £(u), u € U has maximum degree A°() and so it is enough to show that each event
Ei17(u), ..., Ex0(u), u € U has failure probability e~ A%,

/

While parameters =, ®, etc. are only needed for u € U we do not for example consider =,

conditional on u € U’'. We do not impose this conditioning and so we do not have to deal with it.
Thus the local lemma will guarantee a value for =, uw € U \ U’ and we are free to disregard it for
the next round. (We will however face this conditioning for other reasons, see (36)).

In the following we will use two forms of Hoeffding’s inequality for sums of bounded random
variables: Suppose first that X7, Xo,..., X,, are independent random variables and |X;| < a; for
1<i<m. Let X = X1+ Xo+ -+ X,,,. Then, for any t > 0,

2t
max {P(X — E(X) >1¢),P(X —E(X) < t)}gexp{mQ}. (27)
i1 G
We will also need the following version in the special case that X1, Xo,..., X,, are independent

[0,1] random variables. For aw > 1 we have
P(X>L)< (3/04) (28)

for any L > aE(X). (We replace e by 3 as the symbol e is over-used in the paper).
For proofs, see for example Alon and Spencer [4], Appendix A and Lugosi [16].
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3.9.1 Dependencies

In our random experiment, we start with the p,(c)’s and then we instantiate the independent
random variables 7, (c),nu(¢),u € U, ¢ € C and then we compute the p! (¢) from these values.
Observe first that p/,(c) depends only on ~,(c), 7, (c) for v = u or v a neighbor of u in H. So pl,(c)
and p, (¢*) are independent if ¢ # ¢*, even if u = v. We call this color independence.

Let
N;(u) = {{ua,us,...,u;} CU :3e € H s.t. {u,ug,...,u;} Ce}.

We shorten Na(u) to N(u).
If f={ug,us,...,u;} € Nij(u) and | >4, then E, ¢; = {e € Nj(u) : e D fU{u},e € H}.
Next let

Nij(u) ={f={ug,...,u;} CU: feNi(u) and E,, s; #0}, 2<i<Ii<k.
In words, IV;; is the collection of i-sets containing u that are subsets of edges of H;.
In these definitions Hy = H®.
For each v € N(u) we let

Cyu(v) ={ce C:v(c)=1}UL(v) U B(v).

Note that while the first two sets in this union depend on the random choices made in this round,
the set B(v) is already defined at the beginning of the round.

We will later use the fact that if ¢* ¢ Cy(v) and 7,(c*) = 1 then this is enough to place ¢* into
W(v) and allow v to be colored. Indeed, we only need to check that ¢* ¢ A=Y (v) as it will then
follow that ¢* ¢ A(v). However, 7,(c*) = 1 implies that p,(c*) # 0 from which it follows that

¢ At=D(y).
Let Yy, = > . pu(c)leec, (v) = Po(Cu(v)). Cu(v) is a random set and Y, is the sum of ¢ independent
random variables each one bounded by p. Then by (7), (8) and (16),

E(Y,) < ZPU(C)P( Yulc) = 1) +va )1 = qu(c)) + pu(B(v))

ceC ceC
k—1
< ezpu pv "‘Hk 1= v+291 1(1)1)1 +pv(B( ))
ceC =2

Now let us bound each term separately:

03 pule)p(c) < 0gp* < OAV (=D A2/ o

ceC 3

Using (10) we obtain
O E, <wb T gt TATE S efF R IATE < o=
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Using (11) we obtain

k—1 k—1
Zeiilq)v,i < Zeiflk2k72iw(1 . 0/3k)t < k?k‘fle'
1=2 =2

Together with P(B(v)) < /10 we get
E(Y,) < (K71 4 1)e.

Hoeffding’s inequality then gives

2 2
POV, 2 E(Y) ) < exp {20 < oo
qp
Taking p = A~Y/2F say, it follows that
P(po(Cu(v)) > (K1 4 2)e) = P(Y, > (K1 4 2)e) < e 2", (29)

Let &9y be the event {p,(Cu(v)) < (K21 4 2)e}.

Now consider some fixed vertex u € U. It will sometimes be convenient to condition on the values
vz(€),nz(c) for all ¢ € C and all ¢ N(u) and for x = u. This conditioning is needed to obtain
independence. We let C denote these conditional values.

Remark 8 Note that C determines the set Cy(v), and hence it also determines whether or not
E(ag) occurs. Indeed, if v, (c) = 1, then ¢ € Cy(v). On the other hand, if vy (c) = 0 then whether
or not ¢ € L(v) depends only on colors tentatively assigned to vertices not in N(u). This uses the
simplicity and triangle-freeness of H.

Given the conditioning C, simplicity and triangle freeness imply that the events {v ¢ U'}, {w ¢ U’}
for v,w € N(u) are independent provided u,v,w are not part of an edge of H. Indeed, triangle-
freeness implies that in this case, there is no edge containing both v and w. Therefore the random
choices at w will not affect the coloring of v (and vice versa). Thus random variables p) (c), pl,(c)
will become (conditionally) independent under these circumstances. We call this conditional neigh-
borhood independence.

3.9.1.1 Some expectations

Let us fix a color ¢ and an edge ujuy - - - ugx € H (here we mean H and not H®). In this subsection
we will estimate the expectation of E (Hé’:1 p;j(c)) for 2 < i < k in two distinct situations.

Case 1: i = k and ujug---up € HW.

Our goal is to prove that

k k
E( [Tl (0) | <@ +266%%) [ [ 2w, () (30)
J=1 j=1

20



If ce U§:1 A®=D(y;) then H;?:lp/uj(c) = 0. Assume then that ¢ ¢ Ujf:l AWV (). If Case B of

(6) occurs for any of uy,us, ..., u e.g. ux then

k k—1
E Hp/uj(c) Case B for k| =E Hp/uj(c) Puy (€)- (31)
j=1 j=1

This is because in Case B the value of 7, (¢) is independent of all other random variables and we
may use (5). One can see then that we have to prove something slightly more general than (30).

So we now aim to show that

E|[I7, (0 | < +2k6%%) [ ] pu, () (32)
j=1 j=1

assuming that 1 < ¢ < k and that there is an edge ujus---up € H® and that Case A of (6)
happens for uj,c, 1 < j < i. The case i = 1 follows from (5) and so we assume that i > 2. By

simplicity, w41, ..., u; are determined by wy, us, . .., u;.

Now Hj’:l p;j (¢) =0 unless ¢ ¢ U;':1 L(uj). Consequently,

£\ ITr@ ) = TT245 <P (¢ ULt | (33
j=1

Furthermore,

-1

<.

i

Pled L) ()=0,1<j<k| = qu; (©) [ 1= 65 ] pu, (0
j=1 =1 J'#
< 1+ 260" ) [ aw (0)
j=1
< (1+2660%9%) [ | u;(0)
j=1

On the other hand we will show that

Ple¢g [JLu)| B <j<k:y,(e)=1|<P|c¢| )LL)
j=1 J=1

This is intuitively clear, since color c is at least as likely to be lost at u; if it is tentatively activated
at some uj. Indeed, to see this formally, partition the probability space €2 of outcomes of the ~’s

and n’s into the sets Q¢, ., in which 7,;(c) =¢; € {0,1} for 1 <j < k. Let Q . be the set of

k
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77777

just sets 7, (c) to 0 for 1 < j < k. Then if 7rjl~ = 0pu,(c) and 71';-) =1—7!

J
k .
P(Qah...,sk) _ Hj:l 71-;3 _ P(Q/&‘l,...,ak)

P(Q,.0) [Ty 79 PO )

Ifecd Ui-:l L(u;) and 31 < j < k such that v,;(c) = 1, then we still have ¢ ¢ U;‘:l L(uj) if we

change vy, (c) to 0 for 1 < j < k and make no other changes. Consequently, f(Q, .. ) C Qy o
and we have ) ) .
P(QO,...,O) > P(f(Qsl,...,sk)) . P(Qsl,...,sk) _ P(Qsl,.‘.,sk)
P(QO,...,O) - P(Qel,...,sk) P(QO,...,O) P(Qsl,...,sk)’
which is (34).
It follows that
Pleg¢ [JLu) | < @+2k6%°) ] au,(c)- (35)
j=1 j=1
and in combination with (33) this proves (32) and hence (30).
Case 2: e = wuz---u; € H;, k(e) =c.
Our goal is now to prove
E{ T2, (0) % luyserr | < (14 K6p) [ pus (0)- (36)
j=1 j=1

Suppose that p;j(c) is determined by Case A of (6) for 1 < j <[ and by Case B otherwise. We
factor out Hj.:l 41 DPu,(c) as in (31) and concentrate on bounding

l
/
E HpuJ- (C) X 1U17u2,~-»,ui€U’
Jj=1

!
:HPUj(C) x P(c¢ L(u1) U--- L(w) Aur,...,ui € U')

j=1 il
l
< Hpujg ; x P(c ¢ L(u1) U+ L(w) |y, (c) = -+ = 7 (c) = 0) (37)
i dus(c
l
< [[pu () x (1 —0p)~ (38)
j=1
l
< (1+k60p) [ pu, (c) (39)
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and (36) follows.

Explanation: Equation (37) follows as for (34). Equation (38) now follows because the events
c ¢ L(uj) become conditionally independent. And then P(c ¢ L(u;) | 7u,(c) = 0) gains a factor

(1= sy pus(9) < (1 —0p)"

3.9.2 Proof of (17)

Given the py(c) we see that if Z' = 3" -, (c) then E(Z") = > .- pulc). This follows on using
(5). By color independence Z’ is the sum of ¢ independent non-negative random variables each
bounded by p. Applying (27) we see that

2p° e
P(1Z' —E(Z)| = p) < 2exp{— ; }:262“”““ b,

qp?

We take p = A~ to see that & 7(u) holds whp!.

3.9.3 Proof of (18)

Given the p,(c) we see that by (30), Z. has expectation no more than Z.(1 + 2k6%p?) and is the
sum of ¢ independent non-negative random variables, each of which is bounded by p*. We have
used color independence again here. Applying (27) we see that

2
P(E, > Z.(1+ 2k6%5") + p/2) < exp {‘ 07 } < (AR ke

We also have

= 0242 w t 22 1
/{:Heep §k<A+A1+€)9p <m
We take p = A~17¢ to obtain

P(EL > E, + A~178) < =AY

and so &1g(u) holds whp.

3.9.4 Proof of (20)

Throughout this section u; = u. Recall that

(Du,i = Z Z 1/{(6)26 Hpuj (C)
j=1

ceC e=uug---u;EH;

!By whp, with high probability, we mean with probability 1 — eiAQm.
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If {ug,...,,u;} € N;(u) and e = uug - --u; ¢ H; then k(e) is defined to be 0 ¢ C. Now

(I);,i - q)uﬂ' = Z Z 1){,(6)26 Hpv,ij (C) - Z 1/4(6):0 Hpuj (C)
j=1 j=1

ceC \e=uuy-u;€EH, e=uug--u; €H;

If e € H; and k(e) = ¢ then e € H] is equivalent to '(e) = ¢. If k(e) # ¢ but £’(e) = ¢ then the
edge of H containing u,us, ..., u; has some other vertices in U that will be colored with ¢ in the

current round. Consequently, the above expression is

k
Dy + Z Do
I=i+1
where
i i
D, = Z Z 1&’(6):0 Hp;j (C) - Hpuj (C)
ceC e=uugy-u; EH; j=1 Jj=1
k(e)=c
i
DQ,k = Z Z 15/(uUQ---ui)=c Hp;j (C)
c€C {ug,...u; }EN; 1 (u) Jj=1
i
DQ,Z = Z Z 1&’(uug~~-ui):c Hp;j (C) i+1<I<k-1
c€C {ua,...u; JEN; ;(u) Jj=1
K(uug--up)=c
Here D; accounts for the contribution from edges leaving H; and Do 1,..., Dy} account for the

contribution from edges entering H;.
We bound E(D;) and E(Dai11),...,E(Dy ) separately.
E(Dl)Z

i

Dy = Z Z 1/{’(6)20 Hp;L]' (C) - Hpuj (C)
j=1

ceC e=uuz--u;€H; j=1
K(e)=c
= -3 > TIIe@+> > (1170 -TIpw©
c€C e=uuy--u;€H; j=1 ceC e=uug--u;€H; \j=1 j=1
K(e)=c r(e)=c
K’ (e)#c K (e)=c

Now suppose that 3j > 2 : u; ¢ U’. This means that u; has been colored in the current round
and so e € H. So k/(e) # c is implied by 35 > 2 : u; ¢ U’ and more simply it is implied by
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uy ¢ U'. Conversely, if e € H] then uy,ug,...,u; € U'. Therefore the prior expression is bounded
from above by

—Di1+ D12
where
i
Dl,l = Z Z HpUj (C)lugéU’
ceC e=uuz--u; €H; j=1
k(e)=c
i i
DLQ = Z Z Hp{uJ (C) - Hpuj (C) X 1u1,u2,...,u¢€U’
ceC e=uuz--u; €H; j=1 j=1
k(e)=c
Suppose that e = wug---up € H and wiq1, iy, ..., ux ¢ U and k(ui11) = -+ = k(ug) = ¢. Let

v = uy. Recall that
Cu(v) ={c € C:yl(c)=1}UL(v) U B(v).

If there is a tentatively activated color ¢* at v (i.e. v,(c*) = 1) that lies outside C,(v) U {c}, then
¢* € ¥(v) and v will be colored in this round (recall that we had argued earlier that ¢* ¢ A1 (v)).
Therefore

PlogU'|C)>P3c" ¢ Culv)U{c}: 1(c)=1]C).
We have introduced the conditioning C because we will need it later when we prove concentration.

So by inclusion-exclusion and the independence of the v, (c*) we can write

E(Logrr | C) = P(Ec" ¢ Culv) U{ch: 7(c’) =1]C)
* 1 * *
2 Z P(vu(c") =1]C) - 3 Z P(yw(c]) = 1(c3) =1|C)
c*¢Cly(v)U{c} c;#cs¢Cu(v)U{c}
2
o 1 .
D DR XCOREN D DR MGy
c*¢Cy (v)U{c} c*¢Cy (v)U{c}
Now

Z epv(C*) = Z epv( Z va epv( )

c*¢Cy(v)U{c} creC c*e€Cy(v)
0((1 — tA™%) — py(Cu(v)) — p)
0(1 — pu(Cu(v)) —€/2)

where we have used (9). Also by (9) and the definition of p we have

Y

V

va Y<14+(t+1)AF < 1.1,
cFEc*
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Consequently
2 2

62 20%  f¢
- * - * < —.
E Opy (") 5 E pu(c’) | < 3 < 5
c*¢Cy (v)U{c} c*¢Cy (v)U{c}
Putting these facts together yields

E(Lugur [ €) 2 0(1 = po(Cu(v)) — &)

DN | =

Therefore

E(Dl,l | C) Z 0(1 _pv u — £ Z Z Hpuj - 9 1 _pv(Cu( )) - 5)(1)%1-,

ceC e=uug--u; €H; j=1
k(e)=c

Given C, Remark 8 implies that &g either holds for all outcomes in C, or fails for all outcomes in
C. So,
E(D11|C) > 60(1 — (k¥ 4+ 3)e)®,, for C such that &gy occurs. (40)

We now consider D1 2. It follows from (11) that ®,; < k?*~2iw. Together with (36), this gives
E(D12) < k®,:0p < k**ep. (41)

E(_DQ’]{;):
Recall that A
D2,k: = Z Z 1/4(uug~~~ui):c Hp;j (C)
c€C {ug,...,u; YEN; (u) Jj=1

Instead of summing over sets in N;j(u), we may sum over edges uug---ux € H ) and then over
subsets of these edges that lie in N; ;(u). Thus

Dyp=>_ > > Logup=c 1] P (0)-

c€C yug-upe H® fC{ua,...,ur},|fl=i—1 u; € fU{u1}

Fix an edge uug---ug € H®O 1f Uit1, ..., U are colored with ¢ in this round, then certainly c
must have been tentatively activated at these vertices. Therefore,

k i
B Lo (uugeu)= Hpug < E H 7“.7(0)1_[%1(0)
j=it1 j=1
. : Pu; () : \
= 0 1L ro@1L PGP (e# U R A Gu@=1
j=it j=1 T j=1 j=itl
k i i
< " ] puj(C)Hpuj(c)P c¢ | L(uy) (42)
T i s (9) e
< 65 ZHpu )(1 4 2k6%p?). (43)
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We use the argument for (34) to obtain (42) and (35) to obtain (43).
It follows that
k—1

E(Day) < <Z B 1)9’“—@”(1 + 2k6%p?). (44)

E(DQJ), I <k:
Recall that '
D2,l = Z Z 1/4(uu2---ui):c Hp;‘j (C)
j=1

c€C {uz,u3,...u; }EN; ;(u)
k(uug--up)=c

Fix an edge wug - - - uy € H with uug - --u; € H;. Then arguing as we did for (43) we have
i 1
E 15’(uu2-~~ui):c Hp;j (C) < 91_2 H Pu; (C)(l + 2]{3092]32)
j=1 J=1

It follows that l

1 .
E(Dyy) < < 1)9”%,1(1 + 2k6%p?). (45)

3.9.4.1 Concentration

We first deal with Dj ;. For this we condition on the values 7y, (c),nw(c) for all ¢ € C and all
w ¢ N(u) and for w = u. Then by conditional neighborhood independence D;; is the sum

of at most d;(u) independent random variables of value at most p'. By (14), we have d;(u) <
q(1 + 2k0) ApF—t = AT/ (k=D)to(l) sk=i Qo for p > 0,

PP DO = o6 s e {_dz(Qj)QPQZ} = oxp {_A1+1/(k—12)f-i(l)ﬁk—iﬁ2i} < o PP
So, by (40),
P(D11 <01 — (E*1 4 3)e)®,; — A™L/2k)
=D P(D1a 01— (71 + 3)e) @y = ATV OP(C)
c

(]

P(D11 < 0(1— (k*1 4+ 3)e)®y; — A2 | C)P(C) + P(—E(a9))
C:E(29) occurs

< Y P SE(DL|0) = ATV OP(O) + P(~E )
C:E(29) occurs

_Al/k _A1l/2k
<e AN peA

= A, (46)

Now consider the sum D1 5. Let

Yo=Y JIERGCES I PG
j=1 Jj=1

e=uuz--u; €H;
k(e)=c
K'(e)=c
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D 5 is the sum of ¢ independent random variables Y. satisfying 0 <Y, < d, where d, = d;(u, c).
Note that (14) implies d. < Alto()ph—i,

So, for p > 0,

k—1)—2ke+o(1)

2p? 2p? 2 AL/
P(D12 —E(D12) 2 p) < eXp{ S 2 A2z} < exp {_A2+1/(k—1)+o(1)ﬁ2k <e™’
We take p = A~Y/2F to see that P(Dy o > 2A71/2F) < ¢=2°. Combining this with (46) we see that

P(Dy > —0(1 — (k*~1 4 3)e)®,,; + 3ATL/2k)

< P(D1g < 0(1— (K71 4 3)e) By + A™YH) £ P(Dyp > 2A7Y/%)
e_AQ(l)

IN

(47)

We now deal with the Dy ;. There is a minor problem in that the Dj; are sums of random variables
for which we do not have a sufficiently small absolute bound. These variables do however have a
small bound which holds with high probability. There are several ways to use this fact. We proceed
as follows: First assume [ < k& — 1 and let

DQ,I,C = Z /1 (uug-u;)= Hpuj

{u2,u3,...u; }EN; ; (u)
K(uug-up)=c

which we re-write as

D2,l,c = Z Zea

e=uuz---u;€EH;

k(e)=c
where
Zuu2~--ul = Z 1n/(S’U{u}):c H p/uj (C)
SC{uz,u&A..ul} UjGSU{’LLl}
|S|=i—1
Then we let

Doy =Y min {(1 TN DW} .
ceC

Observe that 15271 is the sum of ¢ independent random variables each bounded by (1 + 2k6)Ap*
So, for p > 0,

2

A . 2p _aA1/(k—1)—2ke
P(Da; — E(Dgy) > p) < exp{ W} <e A :

We take p = A~1/2F to see that

P(Dy; > E(Dyy) + A7Y2R) < =%, (48)
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We must of course compare Dj; and ﬁz}l. Now Dy; # DQJ only if there exists ¢ such that
Do > (1+ 2k0) ApF. For each c, Dy is the sum of the dj(u,c) < (1 + 2k0) ApF—! variables
Z., e € H;. Each Z, is bounded above by (ij)ﬁz and E(Z,) < (ﬁj)@l*iﬁl. This is because Z. is
bounded by the sum of (ij) variables Z, g, each taking the value 0 or pt. Here Ze s corresponds
to some S = {ug,us,...u;} C {us,us,...w}. Furthermore, P(Z. s = p') < (0p)'~" because this
will happen only if the vertices in S tentatively choose c.

H being simple and triangle free, if we condition on C then the random variables Z. become
independent.

Now put X = Z/((;"})#") and X =3, X. We see that 0 < X, <1 and E(X.) < (6p)'".

We now use (28) with a = 1/((\=1)61~) and E(X) < (14 2k0)!Ap* ! x (0p)F = % This
i1

I (1+2k0) ApP—i /()
l—i
c) < <3<.)9 >
1
P(3c: Dy > (1+2k0) ApF | C)P(C)

< e (49)

gives

1 t ARk
P(Dyy. > (1+2k0)'ApF | C) <P (X > (Jr?l’;@)AJD
)P

Therefore

P(Dy, # Do)

~[~]

It follows from (49) and ZA)QJ < Dy; < A that
|E(Day) — E(Dyy)| < AP(Dgy # Dyy) < Age ™™ < A™V/2k,
Applying (48) and (49) we see that

P(Dy; > E(Day) + 2A7Y2%) < P(Dyy > E(Dyy) + ATY2) 4 P(Dyy # Dyy) <2727 (50)

We must now deal with the case of [ = & i.e.

i
Dy e = Z L/ (wugeeug)=c H p;j (c)
j=1

{uz,us3,..u; }EN; 1 (uv)

and

We re-write



where for S = {ug,us,...u;},

Ws = Z 15’(uu2~~~ui):c Hp{“j (C)
j=1

eDS,ecH®)

Now we view Dy . . as the sum of at most A random variables, each of which is bounded by (l:) Pt
and has expectation bounded by (’:) 6%—ipk. We now simply follow the argument for I < k by taking
{ = k to show that

P(Dyy > E(Dyy) + 2A7Y2k) < 2747, (51)
Indeed, (48) holds with = k. Then

P(Da # Day) < qP (Bm (A, (eﬁ)k—i) > Aﬁk—i) <q (39’H‘) <A

Combining (50) and (51) with (47) we see that whp,

O, — Py < —0(1— (K +3)e)®y, + (k_1>9’f iE, + Z ( >9l D, +

k
+2EATYR 4 2% p? <<l_1>e’f "D+ Z ( )9’ l<1>w>

k k—im ! I—i 2%k—1 -
< "By P, —0(1 - D, +AE
= (Z_1>9 * Z ( )9 1= 00 = (K" 4 3)e) P +

l=i+1
This confirms (20).
3.9.5 Proof of (20)

Fix ¢ and write p’ = p/,(¢) = p. We consider two cases, but in both cases E(3) = 1 and [ takes
two values, 0 and 1/P( > 0). Then we have

E(—p'logp’) = —plogp — plog(1/P(5 > 0)).

(i) p=pu(c) and B = y,(c)/qu(c) and v,(c) is a {0,1} random variable with P(3 > 0) = g,(c).

(i) p = pu(c) = p and [ is a {0, 1} random variable with P(8 > 0) = py(c)/p > qu(c).

Thus in both cases

E(—p'logp’) > —plogp — plog 1/qu(c).
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Observe next that 0 < a,b < 1 implies that (1 —ab)™' < (1 —a)™? and —log(1 — z) < = + 22 for
0 <z < 1. So, from (3),

k—1
log1/qu(c) < —Ey(c)log(l—0"") - P Pu.ilc)log(l - )
oy
< (Hk—l + 02k—2)5u(c) + (ei—l + 9%_2)(1)%1(0)-
=2
Now
E(hu - h;) S - Zpu logpu —E (Z —p;(C) logp;(c)>
< Z _pu( ) Ingu( ) - <Z _pu(c) logpu(c) - pu(c) log 1/Qu(c>>
= Zpu )1og 1/qu(c)
<

k—1
(0571 +6772) 3 S pu(c)Zale) + D03 (0" + 6% )pu(c) Busi(e)

c 1=2

??‘
._\

_ (0k71+02k72)5u+ (01 1 921‘72)@“72.

-
I|
N

k—1

< (00w AT (L - 0/2k) + (07 + 07k Mw(1 — 0/3k)!
=2

< k2RT3e(1 - 0/3k).

Given the p,(c) we see that hl, is the sum of ¢ independent non-negative random variables with
values bounded by —plogp < A~/ (k=D+eto(l)  Here we have used color independence. So,

— 2p2 _9,2A1/k
P(hy — b, > E**73¢(1 — 0/3k)" + §exp{M}:(32pA :
( ( /3k)" =+ p) J(plozp)?

We take p = (1 — 0/3k)! > (log A)~9M) to see that h, — k!, < k?*e(1 — /3k)* holds whp.
3.9.6 Proof of (21)

Fix u and condition on the values 7y, (c), ny(c) for all ¢ € C' and all w ¢ N(u) and for w = u. Now
write u ~ v to mean that {u, v} lies in an edge of H®) or some H;. Then write

1
_ U _
Zy =d(u) —d(u) > 1 E Zyw where Zyy = 1ygr.

u~v
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Now, for e = wug---u, € H®O let Zue = Z;?:Q Zyu; and if e = uug---u; € H; let Zy, =
Z;’:Q Zu - Conditional neighborhood independence implies that the collection Z, . constitute an
independent set of random variables. Applying (27) to Z, = ), Zy. we see that

4/3
P(Z, < E(Z,) — A2/3) < exp {_(ICZ—Al)QA} _ o283 (k1) (52)

and so we only have to estimate E(Z,).

Fix v ~ u. Let Cy(v) be as in (29). Condition on C. The vertex v is a member of U’ if none of the
colors ¢ ¢ Cy(v)) are tentatively activated. The activations we consider are done independently
and so

PweU'[c) < ] (1-6pu(e) (53)
c¢Cy(v)

< expq — Z Opu(c)

c¢Cy(v)
< exp {—0(1 — tA™%) + 0p,(Cu(v))}

If E(a9) occurs then p, (Cy(v)) < k%e. Consequently,

Plv¢U') > Z (1 — exp {—0(1 — A7)+ k%e&}) P(C),

C:€(29) occurs

where the sum is well-defined due to Remark 8. Since § — 0 as A — oo, and ¢ is sufficiently small,
1 — exp {—0(1 — AT+ kzksﬁ} >1— e 02" 5 g1 — 3k%%e) > 0(1 — 1/k2).

Recall that (29) shows that
P(Ea0) fails) < e 2™ < 17k,

Therefore
PogU)>01—1/k) >  PC)>0(1-1/k*)>0(1-1/k).
C:&(29) occurs
This gives
E(Z) > %Gd(u)
and (21).

3.9.7 Proof of (22)

Observe that if e = uug - --u; € H] \ H; and £’(e) = ¢ then either
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(i) there exists 1 < j < k —14 — 1 and vertices w11, ...,u;+; and an edge uwus - - - uj4; € Hitj such
that wiy1,...,u4; get colored in Step ¢ with ¢ and so 7y,,,(c) = -+ = Y, ,(c) =1 or

(ii) there exists wug---up € H® such that w; 1, ...,us all receive the color ¢ and so Yuir (€) =

-+ =y, (c) = 1. Hence,

kol

di(w) - di(w) < 3 7,
1

where for j <k —i—1, Z; < Bin((1 4 2k0)'Ap*=1=3, (*77)(6p)7) and Zy_; < Bin(A, (5)(0p)).

[
Il

If i < k — 1, then the Chernoff bound
Pr(Bin(n,p) > 2np) < e /3

implies that for 1 < j < k — 4,

P <Zj > 2(1 + 2k6)" <k - Z) eﬂ'Ap’H) <e A
J

Similarly,

£

P(Zi—i > 2(1 + 2k0)'0* I ApF—1) < e72°,
Therefore whp

k—i

di(u,¢) — di(u, ) < 2(1+ 2k0)" ApF~ ) ("’ j_ Z) 07
Jj=1

= 2(1 + 2k0) AP (1 +0)* 7 — 1) < 2k0(1 + 2k0) Ap" .

3.10 List Coloring

Here we describe the small modifications needed to our argument to prove the same result for list
colorings. Each vertex v € V starts with a set A, of 2¢ available colors. Choose for each v a set
B, C A, where |B,| = q. Let now C = ¢ By. We initialise p,(c) = q '1.ep, and follow the
main argument as before. When the semi-random procedure finishes, the local lemma can be used
to show that the lists A, \ B, can be used to color the vertices that remain uncolored.
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