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(Extended Abstract)

Abstract

The minimization problem for Horn formulas is to find a Horn formula equivalent to a given
formula, using a minimal number of clauses. This problem is important for applications such
as the automated development of large knowledge bases. A 21033176(")—inapproximability result
is proven, which is the first inapproximability result for the problem. We also consider several
other versions of Horn minimization. An nloglogn/(logn)/*-approximation algorithm is given for
definite Horn formulas for the Steiner-minimization version, where one can introduce new variables
in a restricted manner. This is the first algorithm with a o(n) performance guarantee. The algorithm
is based on a new result in algorithmic extremal graph theory, on partitioning bipartite graphs into
complete bipartite graphs, which may be of independent interest. Inapproximability results and
approximation algorithms are also given for restricted versions where only clauses present in the
original formula may be used.



1 Introduction

The CNF minimization problem is to find a shortest CNF expression equivalent to a given expression.
This problem has been studied, in different versions', for many decades in switching theory, computer
science and engineering, and it is still the topic of active research, both in complexity theory and
circuit design (see, e.g., the survey [56]). It was shown only relatively recently to be Eg—complete by
Umans [54, 55], who also showed a O(n!~¢)-inapproximability result for the problem.

Horn minimization is the special case of CNF minimization for Horn formulas. Horn formulas are
conjunctions of Horn clauses, i.e., of disjunctions containing at most one unnegated variable, which
can also be written as implications. For instance, @V bV ¢ is a Horn clause which can also be written
as a,b—c.

Horn formulas are an expressive and tractable fragment of propositional logic, and therefore pro-
vide a basic framework for knowledge representation and reasoning [47]. Horn formulas provide,
for example, a natural framework for representing systems of rules for expert systems (see, e.g.,
[14,17,26,27,45,50]).

An interesting potential new application area for Horn formulas, involving minimization, is the
automated, interactive development of large-scale knowledge bases of commonsense knowledge (see,
e.g., [48] for the description of such a project). This application has algorithmic aspects involving
knowledge representation, reasoning, learning and knowledge update. A model incorporating these
aspects, called Knowledge Base Learning (KnowBLe) is formulated in [40] (see also [39,41]) for re-
lated work). Efficient algorithms for approximate Horn minimization would be very useful in these
applications, and thus it is of interest to understand the complexity of this problem.

Satisfiability of Horn formulas can be decided in linear time [19] and the equivalence of Horn
formulas can be decided in polynomial time (see, e.g. [36] for a detailed discussion of algorithmic
results on Horn formulas). Thus Horn minimization is expected to be easier than CNF minimization.
Horn minimization was shown to be NP-complete by Hammer and Kogan [31] if the number of literals
is to be minimized, and by Boros and Cepek [9] if the number of clauses is to be minimized (in contrast
to the result by Umans showing Zg—completeness for general CNF-minimization).

On the positive side, Hammer and Kogan [32] gave a polynomial algorithm for minimizing quasi-
acyclic Horn formulas, which include both acyclic and 2-Horn formulas. It was also shown in [31]
that there is an efficient (n — 1)-approximation algorithm for general Horn minimization, where n is
the number of different variables in the formula (not the number of variable occurrences). As noted
in [23], such an algorithm is also provided by the Horn formula learning algorithm of [4].

1.1 Our Contribution and Algorithmic Techniques

We now describe the contribution of this paper together with a succint description of algorithmic
and lower-bound techniques used. The main results appear as Theorem 1, Theorem 4, Theorem 17,
Theorem 19 and Theorem 20.

In Theorem 4 we prove a super-polylogarithmic 2105176(")—inapproximability result for Horn min-
imization assuming NP,@DTIME(nPOlleg(n)) This appears to be the first inapprorimability result for
this problem. The proof is a reduction from a version of parallel repetition of two-prover one-round
system (the MINREP problem [37]). The reduction is further complicated by the fact that one needs
to rule out new clauses that are not in the original formula.

We next consider several other versions of the Horn minimization problem. It is important to point
out that different versions may be relevant, depending on the application, and thus it is of interest
to explore their approximability properties. This aspect of the Horn minimization problem does not
seem to be considered before.

!For instance, the function represented by the formula may be given by its truth table (see, e.g., the recent O(nlfa)-
inapproximability result of [33]).



We consider the possibility of adding new variables in order to compress the formula. For example,

the formula
n n
= /\ /\ T — Yj) (1)
=1 :

having n? clauses can be compressed to the 2n clause formula

= /\ (x; — /\ z — y] (2)
=1 7j=1

where z is a new variable. Note that ¢ and 1 are clearly not equivalent, e.g., ¢ does not depend on z,
while ¥ does. On the other hand, ¢ and i are equivalent in the sense that they both imply the same
set of clauses over the original variables x1,...,%n,y1,-..,yn. Thus, in terms of the knowledge base
application, the new variable z can be thought of as being internal to the knowledge base and invisible
to the user. Such extensions have been considered by Flogel et al. [22]. They showed that deciding
the equivalence of extended Horn formulas is co-NP-complete. This is bad news, as it suggests that
the extended version is too expressive and therefore intractable?.

On the other hand, notice that in the example above the new variable is added in a rather restricted
manner. Formula (1) can be thought of as a complete directed bipartite graph with parts {z1,...,z,}
and {y1,...,yn}. Formula (2), then, represents the operation of adding a new node z in the middle,
with edges from the z;’s to z and from z to the y;’s. The two graphs have the same reachability
relations, as far as the original nodes are concerned. Using the similarity to Steiner problems where
new points may be added [57], we refer to this operation as a Steiner extension (a formal definition
appears in Section 5). As we observe, in contrast to general extensions, the equivalence of Steiner
extensions can be decided efficiently (Corollary 14). Thus this type of extension could be considered
as a tractable alternative in the applications mentioned.

The Steiner minimization problem for Horn formulas is to find an equivalent Steiner-extended
Horn formula, for a given Horn formula, with a minimal number of terms. In Theorem 17 we prove
that there is an efficient nloglogn/(logn)Y/*-approximation algorithm for this problem, where n is
the number of variables in the original formula. This is the first approximation algorithms for Horn
minimization with a o(n) approximation guarantee.

The algorithm makes use of an algorithmic result on the partition of bipartite graphs into complete
bipartite graphs, which may be of interest on its own. It was shown by Chung, Erdés and Spencer [15]
and Bublitz [11] that the edges of every n-vertex graph can be partitioned into complete bipartite
graphs such that the sum of the number of vertices in these bipartite graphs® is O(n?/logn), and this
is best possible up to order of magnitude. Tuza [53] gave an analogous result for bipartite graphs.
These results are based on a counting argument due to Kévéri, Sés and Turan [38], which shows that
sufficiently dense graphs contain large complete bipartite subgraphs, and thus are non-constructive.
Kirchner [34] considered the problem of finding an algorithmic version, and gave an efficient algorithm
to find complete balanced bipartite graphs of size {2(y/logn) in dense graphs. In a previous paper [44]
we improved this to the optimal (logn), and as a corollary, showed that partitions proved to ezist
in [11,15] can also be found efficiently®.

2Introducing new variables has also been considered earlier, for example, for resolution proofs, going back to the
seminal paper of Tseitin [52]. While there are many exponential lower bounds for resolution proofs (see, e.g., [16]),
complexity theoretic results suggest that proving such results for extended resolution is much harder [18].

3Note that the complexity of a partition is not measured by the number of graphs in the partition, but by a different
measure of complexity, which comes from circuit complexity theory [49].

“Extremal combinatorics [8] provides results on the existence of substructures. The results of [34] and [44] can be
viewed as algorithmic extremal combinatorics in the sense that they also give efficient algorithms to actually find such
substructures. Previous results in this direction are given, for example, in [3]. Note that the results of [3] apply to dense
graphs and find substructures of constant size, while in our case we also have to handle sparser graphs as well and to
find substructures of nonconstant size.



In this paper we give an algorithmic version for the bipartite case. It turns out that Tuza’s
result [53] is not quite correct, as it fails for very unbalanced bipartite graphs, such as a star. We
show in Theorem 1 that the edges of every bipartite graph with sides a and b, where a > b, can be
partitioned into complete bipartite graphs such that the sum of the number of vertices of these graphs
is O((ab/loga) + alogb), and we give an efficient algorithm to find such a partition °.

We also consider restricted versions of the Horn minimization problem, where one is restricted to
use clauses from the original formula. Such a restriction may be justified in applications where the
particular rules, provided by an expert, are supposed to be meaningful and thus cannot be replaced.
The goal is to eliminate redundant rules. One may want to optimize by minimizing the number
of rules left, or by maximizing the number of rules removed. The two versions may differ in their
approximability (cf. the maximum independent set and the minimum vertex cover problems for
graphs). As (1) suggests, Horn formulas with clauses of the form x — y correspond to directed
graphs. For such formulas, optimization corresponds to transitive reduction problems for directed
graphs®. Thus approximation algorithms for these directed graph problems may be applied for Horn
formulas. We give several examples of this connection. We also prove 21°g175(”)—inapproximability for
the restricted case, which holds even if the input formula has clauses of size at most 3. The proof idea
is similar to that in Theorem 4; however, additional care is necessary to ensure that no clause in the
input formula has more than three literals.

The rest of the paper is organized as follows. In Section 2 we give background material for
Horn formulas. Bipartite graph decompositions are discussed in Section 3. Section 4 contains the
inapproximability result for Horn minimization. Horn minimization with new variables is discussed
in Section 5, and restricted Horn minimization in Section 6. All proofs omitted due to lack of space
appear in the appendix.

2 Preliminaries

A literal is a variable or the negation of a variable. We use n to denote the number of variables. A
clause is a disjunction of literals. A Horn clause is a clause with at most one unnegated variable. A
definite (or pure) Horn clause has exactly one unnegated variable, called its head; the other variables
form its body. A negative clause consists of only negated variables. The size of a clause is the number
of its literals. A clause of size 1 (resp., 2) is called a unit (resp., binary) clause.

A Horn formula is a conjunction (or a set) of Horn clauses. A definite (or pure) Horn formula is a
conjunction of definite (or pure) Horn clauses. In this paper we restrict our attention to definite Horn
formulas”. The size of a formula is the number of its clauses. A k-Horn formula is a Horn formula
with clauses of size at most k.

A clause C is an implicate of a formula ¢ if every truth assignment satisfying ¢ also satisfies C.
An implicate is a prime implicate if none of its proper subclauses is an implicate.

Clauses C7 and Cs conflict in variable x if C'y contains x and C5 contains T or vice versa. Let Cy
and C9 be clauses conflicting in x but not conflicting in any other variable. The resolvent of C and
(5 is the clause containing all literals occurring in either C or Cs, except x and Z. It is a basic result
that a clause C' is a prime implicate of a CNF ¢ iff it can be derived from ¢ by a sequence of resolution
steps. Deciding whether a clause C' is an implicate of a CNF expression ¢ is co-NP-complete.

Deciding whether a definite Horn clause C' is an implicate of a definite Horn formula ¢ can be
decided by a simple and well-known marking procedure often called forward chaining. The procedure
begins by marking the variables in the body of C. If every variable in the body of a clause in ¢ is
marked then its head is marked as well. This is repeated as long as new variables get marked. Then

’The alogb term is an additional term needed to cover the case when b is much smaller than a.

SFrom this perspective, Horn minimization problems may be viewed as the hypergraph versions of transitive reduction
problems for directed graphs [5].

"The extension of the algorithms to the general case will be discussed in the final version of the paper. Note that
structural results on Horn formulas show that negative clauses are often easier to handle than definite ones [29].



it holds that C' is an implicate of ¢ iff its head gets marked.
3 Partitioning bipartite graphs

Let G = G(A, B, E) be a bipartite graph with parts A, B of sizes a, b, respectively, and edge set F
of size m. We assume w.l.o.g. that a > b. A bipartite graph is balanced if |A| = |B|. The complete
balanced bipartite graph with parts of size ¢ is denoted by K ,.

We consider complete bipartite graphs G; = (A;, B;, E;) for i = 1,...,t such that A; C A, B; C B,
and (Ey, ..., Ey) is a partition of E. The complexity of such a decomposition is 3i_; (|A;| +|B;|). The
problem is to find in polynomial time a decomposition of small complexity. The trivial decomposition
into single edges has complexity 2m < 2ab. We are interested in upper bounds depending on a and b,
independent of m.

Theorem 1 For every bipartite graph G one can find a decomposition of complexity O (% +aln b)
i polynomial time.

Proof. We give a polynomial time procedure to find a large balanced complete bipartite subgraph of
a bipartite graph. The algorithm to find a decomposition, referred to below as DECOM P, calls this
procedure repeatedly, and deletes edges contained in the new subgraph. When the number of edges
drops below 6a, each remaining edge is included as a singleton. Let 3 < b < a, 6a < m < ab and

fla,b,m) = LHQBWJ ; note that the case b < 2 is trivial. The procedure for finding a large balanced

complete bipartite subgraph is slightly different when the underlying graph is dense as opposed to
sparse.

Lemma 2 Suppose that m > af(a,b,m). Then there is a polynomial time algorithm that finds a K, 4
in G with ¢ = f(a,b,m).

Lemma 3 Suppose that m < af(a,b,m). Then there is a polynomial time algorithm that finds a Ky 4
in G with ¢ = |m/a].

Now we can complete the proof of the theorem using an argument similar to [53]. A bipartite
subgraph K, , adds 2¢ to the complexity of the decomposition: distribute this charge among the 7>
edges of K, 4 by assigning a weight 2/¢ to each edge. Note that the density condition distinguishing
between the two procedures has m on both sides, but a simple calculation shows that applications of
Lemma 2 precede those of Lemma 3.

If Lemma 2 is applied and the current number of edges is between ab/(s + 1) and ab/s for some s,
then each edge gets weight ©(Ins/Ina). There are ©(ab/s?) edges in this range. Hence, up to order

o
b 1 b
of magnitude, the total weight is at most E a—2 . lnis =0 (la>
“~ s Ina na

If Lemma 3 is applied and the current number of edges is between ab/(s+ 1) and ab/s for some s,
then each edge gets weight ©(s/b). Again, there are ©(ab/s?) edges in this range. By our assumption
on the number of edges, it also holds that s < b. Hence, up to order of magnitude, the total weight is

b
b
at most Z%-E:O(alnb). 0

Remark 1 If G is a star then b = 1 and the optimal decomposition has complexity a + 1, hence the
upper bound ab/Ina claimed in [53] does not hold, and an additional term (or some other modification)
1s needed. It is open whether the term alnb can be improved.



4 Inapproximability

Theorem 4 For any fired 0 < € < 1, unless NPQDTIME(npOlleg(”)), the Horn minimization problem
is 218" " _inapprozimable.

Proof. We reduce a version of the parallel repetition of two-prover one-round system, described as
the MINREP problem in [37]. Given a bipartite graph G = (A, B, E), a partition of A into |A|/«
equal-size subsets Aj, As,..., A, and a partition of B into |B|/f equal-size subsets Bi, Ba, ..., Bg,
one can define a natural bipartite super-graph H in the following manner. H has a super-vertex for
every A; and a super-vertex for every B;. There exists a super-edge between the super-vertex A; and
the super-vertex Bj; if and only if there exists u € A; and v € Bj such that {u,v} is an edge of G.

A pair of nodes u and v witnesses a super-edge {4;, B;} provided u € A;, v € B; and the edge
{u,v} exists in G. A set of nodes S of G witnesses a super-edge if and only if there exists at least one
pair of nodes in S that witnesses the super-edge. The goal of MINREP is to find A’ C A and B’ C B
such that A’ U B’ witnesses every super-edge of H and |A’| 4+ |B’| is as small as possible. The size
of an optimal solution is denoted by OPT(G). Let s = |A| 4+ |B|. The following result is a direct
consequence of results in [37,46], providing a glog'™* "-inapproximability result for MINREP under the
complexity-theoretic assumption of NPZDTIME (nPol¥los(n)),

Theorem 5 [37] Let L be any language in NP and 0 < € < 1 be any constant. Then, there exists a
reduction running in quasi-polynomial time, that, given an instance x of L, produces an instance y of
size s of MINREP such that:

o if x € L then y has a solution of size o+ 3;
1—¢
e if & & L then every solution for y has size at least (a + (3) - 2198 "5,

Consider an instance of MINREP . We use the following notation:

e s is the number of nodes in G,
e m is the number of edges in G,

e « + 3 is the number of super-nodes in H,

e p is the number of super-edges in H,

e { is a sufficiently large positive integer to be fixed later.

We produce a definite Horn formula ¢ corresponding to the MINREP instance. For simplicity and
with an abuse of notation, some variables in ¢ are denoted as the corresponding objects (vertices and
super-edges) in the MINREP instance. The formula ¢ contains the following variables:

Amplification variables: There are ¢ such variables x1,..., 2. Let Vamplification denote the set of
amplification variables.

Node variables: There is a variable u for every vertex u € AU B. Let Vyode denote the set of node
variables.

Super-edge variables: There is a variable e for every super-edge e in H. Let Vs per—edge denote the
set of super-edge variables.

The clauses of ¢ belong to the following groups:

Amplification clauses: There is a clause x; — u for every i € {1,...,t} and for every u € AU B.
There are st such clauses. Let Ty plification De the set of these clauses.

Witness clauses: There is a clause u,v — e for every super-edge e of H and for every pair of nodes
u € A and v € B witnessing e. There are m such clauses. Let Tyitness be the set of these clauses.

Feedback clauses: Let the super-edges of H be enumerated as e, e2,...,e,. There is a clause
el,...,ep — u for every u € AU B. There are s such clauses. Let Tgeeqnack be the set of these
clauses.



Let V = Vamplification U Vnode U Vsuper—edge denote the set of all variables. The total number of variables
is s + p +t and the total number of clauses is st +m + s.

As ¢ is definite, all its prime implicates are definite. Also, as ¢ consists of non-unit definite clauses,
all its prime implicates are non-unit (the all-zero vector satisfies ¢ and falsifies all unnegated variables).
For a further analysis of the prime implicates of ¢, we make use of the forward chaining procedure
described in Section 2 in the following three lemmas.

Lemma 6 Let x be an amplification variable. Then the prime implicates containing x are clauses of
the form x — v, where v is a node or super-edge variable.

Proof. The variable x cannot be the head of an implicate as the truth assignment setting x to 0 and
all other variables to 1 satisfies ¢ and falsifies such an implicate. Clauses of the form = — v, where v
is a node or super-edge variable are implicates as starting from x we can mark first all node variables
and then all super-edge variables. If an implicant contains another variable in its body besides x than
that variable can be deleted and we still get an implicant. U

Lemma 7 Let U be a set of node variables such that U is not a solution to MINREP , and U’ be the

set of super-edge variables witnessed by U. Then every implicate with body contained in U U U’ has
head in U’.

Lemma 8 Let x be an amplification variable and let ¢ be a prime and irredundant Horn formula
equivalent to ¢. Then 1 has at least OPT(G)/3 clauses containing x.

Proof. Consider the clauses in ¢ containing z, and let the set of their heads be U; U Uy, where
Ui € Viode and Uz C Viyper—edge- For every e € Us, pick node variables u, v such that u,v — e is a
witness clause, and replace x — e by the prime implicates * — u,z — v and u,v — e in ¥. The new
formula v’ is still equivalent to ¢. Every clause in 1)’ containing = has a node variable head.

Assume that U = {u: u € Vyode, (x — u) € ¥} is not a solution to MINREP and consider a node
variable v € U. As x — v is a prime implicate of 1)/, the forward chaining procedure over 1)’, starting
from x, has to mark v. The procedure, first, can mark all node variables in U. As U is not a solution
to MINREP , Lemma 7 implies that after that we can mark all super-edges variables witnessed by U
and nothing else. Hence v cannot be marked. This implies that U must be a solution to MINREP ,
and so |U| > OPT(G). But |U| < |Uy| + 3|Usz| < 3(|Uy| + |Uz|), and so the lemma follows. O

Lemma 9 (Gap preserving reduction lemma)

(a) If OPT(G) = a+ 3, then OPT(p) <t-(a+ ) +m+ s.
(b) If OPT(G) > (a + 3) - 28" "5 then, OPT(p) > t(ov + B3) - 218

1—e¢ 8/3
Proof. To prove part (a), suppose that there is a solution U of MINREP containing « nodes of
A and ( nodes of B (and, thus of size o + ). Then the formula v consisting of all witness and
feedback clauses, plus all amplification clauses with heads in U, is equivalent to (. This formula has
the required size. In order to show that it is equivalent to ¢, we only need to show that implies all
amplification clauses * — u with u &€ U. Using 1, starting from z, we can first mark U. Then, as U
is a solution to MINREP , we can mark every super-edge variable using witness clauses, and, finally,
we can mark v using the feedback clause with head w.

To prove part (b), suppose that OPT(G) > (a + ) - 2log' *s and consider any Horn formula )
equivalent to . Lemma 23 implies that every amplification variables must participate in at least
OPT(G)/3 clauses and since there are ¢ such variables v contains at least t(a + ) - (2109;176 5/3)

amplification clauses. Thus, OPT(p) > t(a + ) - (28" “5/3). 0

We are now ready to finish the proof of Theorem 4. Set t = s® and remember that m < s?. Let L
be any language in NP and x be an input to L.



e Ifx € L, then OPT(G) = a+3 which implies OPT(M) < s3-(a+8)+m+s < s3-(a+3)-(1+0(1)).
o If 2 ¢ L, then OPT(G) > (o + ) - 2°8' % which implies OPT(M) > s3(a + 3) - (2108 “%/3).

This gives an inapproximability bound of 2log' s fo; any 0 < € < 1. Since the number of variables n
1—¢

is given by n = s> + s + m < 3s, this gives us an inapproximability bound of 2l°8" "™ O

5 Formulas with new variables

In this section we consider versions of the Horn minimization problem where one can introduce new
variables in order to compress the formula. First we consider the general version where there is no
restriction on the way the new variables are introduced, which turns out to be too general for the
intended knowledge base applications. Then we introduce a restricted version, which is both tractable
and admits a o(n)-approximate minimization algorithm.

5.1 General extensions

The following generalized notion of equivalence was introduced in [22].

Definition 10 (Generalized equivalence) Let X be a set of variables. Formulas ¢ and v are X-
equivalent if for every clause C' over X it holds that ¢ = C iff v = C.

Consider the set of variables X = {x1,...,Zpn,y1,...,Yn, u} and the 2"-clause Horn formula

gpz/\(vl,...,vnﬁu) (3)

where v; € {z;,y;} for i = 1,...,n, and the conjunction includes all possible such selections. As no
resolutions can be performed, it follows that all the prime implicates of ¢ are the clauses themselves.
Let now {z1,...,2,} be new variables. Then the (2n + 1)-clause Horn formula

<.

b= (21, = uw) A\ (@i = 2) A (Y — 2) (4)

i=1

is X-equivalent to (. Thus the introduction of new variables can lead to an exponential compression
in size.

It was shown by [22] that generalized equivalence is too general for applications, as deciding it
for Horn formulas is hard. We give a somewhat simplified proof. The proof shows that generalized
equivalence is already hard if new variables are introduced in a rather restricted manner. This gives
a motivation to consider even more stringent restrictions on the introduction of new variables.

Theorem 11 [22] Generalized equivalence of definite Horn formulas is co-NP-complete.

5.2 Steiner extension

Motivated by Theorem 11, we introduce a restricted form of introducing new variables.

Definition 12 (Steiner extension) Let ¢ be a Horn formula and X be a subset of its variables. Then
© is a Steiner extension over X if every variable not in X occurs in ¢ either as a head, or as a single
body variable in a binary definite clause having its head in X.

The corresponding notion of equivalence is the following.

Definition 13 (Steiner equivalence) Let X be a set of variables. Horn formulas ¢ and v are Steiner
X -equivalent if



e v and Y are X -equivalent,
e both ¢ and ¢ are Steiner extensions over X.

Note that the Horn formulas in (1) and (2) above are both Steiner extensions over X = {x1,...,zpn,y1,..

(the first formula vacuously so), and they are Steiner X-equivalent. On the other hand, (4) is not a
Steiner extension over {x1,...,Zpn,Y1,--.,Yn,u}, and neither (5) nor (6) are Steiner extensions over
X =A{x1,...,x,,u}, as additional variables occur in the body of a non-binary clause. In contrast to
Theorem 11, Steiner equivalence can be decided efficiently. For this, we first note the following.

Proposition 1 There is a polynomial algorithm which, given a Steiner extension p over X, computes
a Steiner X -equivalent Horn formula (X)) such that size(y)) = O(size(¢?)).

Corollary 14 Steiner equivalence of Horn formulas is in P.
The optimization problem for Steiner equivalence is the following.

Definition 15 (Steiner minimization of Horn formulas) Given a Horn formula ¢ over variables X,
find a minimal size Horn formula that is Steiner X -equivalent to .

We are going to consider different notions of optimality as summarized in the following definition.

Definition 16 (Notions of optimality) For a Horn formula ¢ over the set of variables X, let

e OPT(p) denote the minimal number of clauses in any Horn formula equivalent to ¢,

e OPTs(p) the minimal number of terms in any Horn formula Steiner X -equivalent to o,

e OPT — BODY (¢) the minimal number of distinct bodies in any Horn formula equivalent to ¢,

e OPT — BODYgs(p) the minimal number of distinct bodies containing only variables from X in
any Horn formula Steiner X -equivalent to .

There are various relationships between these notions such as the one stated below.
Proposition 2 OPT — BODYs(p) = OPT — BODY (¢) < OPTs(p) < OPT(¢) < 10PTE(y)

The main result of this section is that Steiner minimization of Horn formulas has an efficient
approximation algorithm with performance guarantee o(n). Note that n refers to the number of
variables in the original formula (the formula produced by the algorithm can have more variables).

Theorem 17 There is an efficient O(nloglogn/(log n)'/*)-approzimation algorithm for Steiner min-
imization of definite Horn formulas.

Proof. The algorithm uses previous algorithms listing prime implicates of Horn formulas and for
body minimization. It also uses a procedure for the exact minimization of Horn formulas having a
short equivalent formula and the bipartite graph decomposition algorithm DECOM P of Section 3.

The prime implicate listing problem for Horn formulas is to produce a list of all prime implicates
of a Horn formula. As, for example, (4) shows, the number of prime implicates can be exponential
in the size of the original formula, a possible criterion of efficiency is total polynomial time, i.e., time
polynomial in the combined size of the input and the output. Boros, Crama and Hammer [10] give
an algorithm which lists all prime implicates of a Horn formula, in time polynomial in the size of the
formula and the number of prime implicates.

Consider the following special case of the Horn minimization problem. Note that this problem is
about standard Horn minimization, without introducing additional variables.

Problem 1 (y/logn-Horn minimization) Given a Horn formula ¢ over n variables, find an equivalent
minimal size Horn formula of size at most \/logn if such a formula exists, or output ‘none’.

-7yn}



Lemma 18 The /logn-Horn minimization problem can be solved in polynomial time.

Proof. The algorithm, referred to below as y/logn — HORN — MIN, works as follows. Given a
Horn formula ¢, it starts listing its prime implicates, using the algorithm of [10]. It is shown in [13]
that a k-term CNF can have at most 2 — 1 prime implicates. If more than oViogn prime implicates
are produced, or the running time allowed for oVicgn prime implicates is exceeded, the procedure is
terminated and ’none’ is output. Otherwise we know that ¢ has at most gViogn prime implicates.
Then all sets of at most y/log n prime implicates are checked for equivalence with ¢, ordered according
to increasing size, and the first one equivalent to ¢ is output. If neither of these is equivalent then
‘none’ is output. This algorithm clearly works, and as

9vIogn
(vlog n)

is polynomial in n, its running time is polynomial. U

A further ingredient of our algorithm is an efficient procedure for body minimization. The body min-
imazation problem for Horn formulas asks for an equivalent Horn formula with the minimal number of
distinct bodies. While Horn minimization is hard, there are efficient algorithms for body minimization.
Interestingly, such algorithms were found in several different contexts, such as functional dependencies
for databases [42], directed hypergraphs [5], lattices [12] and computational learning theory[4]. In
what follows one can use any of those algorithms.

Given a Horn formula y over a set of variables X, we now describe a construction of a Steiner
extension 1) of x. Let Bodies(x) denote the set of bodies in x, and Heads(x) denote the set of heads
in x. Form a bipartite graph G(x) with parts Bodies(x) and Heads(x), adding an edge between a
body and a head if the corresponding Horn clause occurs in .

Let G1, ..., Gy be a decomposition of G(x) into complete bipartite graphs®. Let the bipartite graphs
in the decomposition have parts A; C Bodies(x) and B; C Heads(x) for i = 1,...,t. Introduce new
variables y1, ..., ¥y, and let ¥ consist of the clauses b — y; and y; — h for every b € A; and h € B;,
i=1,....t

Input: a Horn formula ¢
find an equivalent Horn formula x with the minimal number of bodies
k = |Bodies(x)|, ¢ = |Heads(x)]
if (k < ¢ and k < /logn) then
if /log n-HORN-MIN(x) returns ¢ # ‘none’ then return v
else
return 1 representing DECOM P(G(x))

Given a Horn formula ¢ over X, let ALG(p) be the number of clauses in the formula produced by
the algorithm.

If \/log n-HORN-MIN(x) is successful, then OPT(¢) < y/log n and the formula 1 has size OPT(¢) <
(1/4)OPTs(p)? by Proposition 2. Thus ALGle) 1 OPTs(p) = O(y/1ogn).
OPTs(p) — 4

Otherwise it holds that OPT(¢) > /logn, and so by Proposition 2 OPTs(p) > 2(logn)/*.
Proposition 2 also implies that OPTgs(¢) > k. We distinguish two cases.

If kK > ¢ then

<

ALG() 24 kIn¢ l ¢ n
VN L AR el — ] = _
OPTs(gp) = ¢ 2 ¢k =0\ O(lnn)

8The bipartite graphs need not be balanced. Also, for this application it would be sufficient to consider coverings
instead of partitions. The result of Section 3 is formulated for balanced partitions in order to give a stronger positive
result.
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If &k < ¢ then

OPTs(p) OPTs(y) Inl ~ OPTs(p)

o L—i—n Inlnn _0 nlnlnn
Inn (Inn)t/4) (Inn)t/4 )"

ket
ALG(p) <M+mnk> §c~< 0 +€1n0PTs(§0)>

IN

6 Restricted Horn minimization

A special case of the Horn optimization problem is when when every clause of the optimized formula
must also be a clause of the new formula. In this section we discuss approximability issues for this
special case.

6.1 Inapproximability

An inapproximabilitity result similar to Theorem 4 holds in the case of restricted Horn minimization
as well. It is stronger than Theorem 4 in that it applies even if we assume that the formula to be
meinimaized is 3-Horn.

Theorem 19 For any fized 0 < € < 1, unless NPC D TIME(nP?'%*9(")) the restricted Horn minimiza-
tion problem is 21°g1_5”—mapproximable, even for 8-Horn formulas.

Our proof of the above theorem has much in common with the proof of Theorem 4. In the gadget
construction in the proof of Theorem 4 the only clauses that were not 3-Horn clauses were the s
feedback clauses. We modify the construction to replace the feedback clauses by a new set of s+p—1
feedback clauses that are 3-Horn. Additional arguments are necessary to show that the construction
is correct for the restricted case; details appear in Section H of the appendix.

6.2 Approximation algorithms for definite 2-Horn formulas

As noted in the introduction, by the “Horn maximization” problem, we refer to the problem in which
our goal is to maximize the difference in size between the original and the optimized formula.

Theorem 20

(a) Both the Horn minimization and Horn maximization problems are MAX-SNP-hard for definite
2-Horn formulas without unit clauses.

(b) Restricted Horn minimization for definite 2-Horn formulas admits a 1.5-approzimation if no unit
clauses are part of input and admits a 2-approximation otherwise.

(c)Restricted Horn mazimization for definite 2-Horn formulas admits a 2-approzimation.

Remark 2 For (a), the best inapprozimability constants can be be obtained by using a randomized
construction of a special class of Boolean satisfiability instances by Berman et al.[7] giving an inap-
prozimability constant of 1+ 1/896 for the minimization version and 1 + 1/539 for the mazximization
Version.
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APPENDIX
(containing all proofs omitted from the main body of the paper)

A  Proof of Lemma 2

Let r = [gab/m]. Since m > 6a > 6b > 2eb we have ¢ > 1 and therefore > 1. Also, ¢ = f(a,b,m)
implies that » < b. So we have 1 < r < b. The algorithm works as follows:

e find R, the set of r highest degree vertices in B and let H = H(R, A) be the bipartite graph
between R and A,

e check all g-element subsets @ of R: if vertices in () have at least ¢ common neighbors in A then
output K, , formed by @ and ¢ such common neighbors and stop.

We need to show that the procedure finds a K,, and it runs in polynomial time. The first claim
follows using the argument of [38]. The bipartite graph H has at least mr/b edges. The number of
g-tuples of vertices of R included in the neighborhoods of vertices in A is, using convexity,

(M) 2 () e ) = () =)
i\ a q abq q q
where the second inequality is because r > gab/m and the third inequality is because ¢ = f(a,b,m).
Thus some g-tuple of vertices in R is included in the neighborhood of at least ¢ vertices in A, and so
K,qCH.
To show that this is a polynomial time algorithm, it suffices to show that ( ) is polynomial. Now

T
q
(;) < (re/q)? = e%(r/q)?. Since ¢ < Ina, we have that e? < a. Also

(r/q)q _ 6qln(r/q) < 6qln(2ab/m) _ 6f(a,,b,m)ln(Qab/m) < elna —a

9

where the last inequality follows from the definition of f(a,b, m).

B Proof of Lemma 3

In this case the algorithm is even simpler than that in the proof of Lemma 2, as the same search is
performed on G itself. Since b > 3,

g <min{m/a, f(a,b,m)}

and a similar calculation as in the proof of Lemma 2 gives

q 2 q
2 ()=o) e G) = () =)
i\ a q aq q q
Therefore K, is a subgraph of G. To show that the resulting algorithm is polynomial time, we need
to show that (Z) < e9(b/q)? is polynomial. Since ¢ < m/a < f(a,b,m) < Ina we have that e? < a.
Also, ¢ > m/2a so

(b/q)q _ eqln(b/q) < e(m/a)ln(b/q) < ef(a,b,m)ln(2ab/m) < aln(2ab/m)/ln(26ab/m) < a.

C Proof of Lemma 7

Consider truth assignment setting to 1 every variable in U U U’, and setting every other variable to
0. This truth assignment satisfies ¢ but falsifies every clause with body contained in U U U’ and head
outside this set.
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D Proof of Theorem 11

The problem is clearly in co-NP. For its co-NP-completeness, a reduction is given from the problem
of 2-coloring 3-uniform hypergraphs, proved to be NP-complete by Lovasz CITE: given H = (S, E),
where S is a set and E is a set of 3-element subsets of .S, can the elements of S be assigned the colors
red and blue such that no triple in FE is monochromatic?

Let S = {al, PN ,an}, E = {61, cey em} and €, = {ai71,ai,2, ai73}.

Consider the set of variables X = {x1,...,z,,u}, and let {y1,...,ym,21,...,2m} be additional
variables. Let

m 3
Y = /\ A(wivj _>y1> A (yla"'7ym _>u) (5)

i=1j=1

and

Y= (/\(iﬁi,l,ﬂ?i,z,mi,:s - Zz)> A /\ /\(Vﬁzg —yi) | A (/\(Zi,yb s Ym — U)) - (6)

=1 i=1j=1 =1

We claim that H is 3-colorable iff ¢ and i are not X-equivalent.

For indices j = (j1,...,Jm), where 1 < j; < 3, let Cj the clause

Cj = (1'1,]'13 s Ty, u)
Considering all possible resolutions in ¢ it follows that the prime implicates of ¢ containing only
variables from X are precisely the clauses of the form Cj.

Assume that H is 2-colorable, and let a; j, be a red element of e;, for i = 1,...,m. Consider the
truth assignment which makes variables z; j, and y; (i = 1,...,m) true and all other variables false.
This truth assignment satisfies ¢» but falsifies Cj for j = (j1,...,jm). Thus Cj is not an implicate of
.

Assume now that H is not 2-colorable, and consider a clause Cj for j = (j1,...,jm). We claim
that Cj is an implicate of 1. Consider the coloring of S where elements a; j, are red. Then, as H is
not 2-colorable, it must be the case that some edge e; contains three red elements. The clause Cj is
obtained by resolving the clauses (z; 1, %i2, xi3 — ), (Tij, — Yi) with (2, y1,...,ym — u). It also
has to be shown that ¢ has no other prime implicates besides the clauses ;. This follows by noting
that the only way to ‘resolve away’ the y and z variables is to use some clause (x; 1,22, %i3 — 2i),
some clauses (x;j, — ¥;) for every i and the clause (z;,y1,...,ym — ). All clauses obtained this way
are subsumed by some clause of the form Cj.

E Proof of Proposition 1

All prime implicates of a CNF can be generated by the variable depletion procedure or Tison’s al-
gorithm [51]. This procedure works by processing the variables in some order. For each variable, all
resolutions using that variable are performed, and clauses subsumed by other clauses are removed.

Apply the variable depletion procedure to ¢ starting with variables not in X, and let 1 consist of
clauses over X after all variables not in X have been processed. Then v is X-equivalent to ¢.

The definition of Steiner equivalence implies that the depletions of different variables are indepen-
dent from each other. The same result is obtained if the depletions are performed in any order, or
even in parallel. Also, no new bodies are formed: every body occurring in the depleted formula occurs
in the Steiner extension as well.

If we deplete t variables, and the i’th variables occurs ¢; times as a head and d; times as a body,
then the depletion of that variables creates ¢; - d; clauses. This implies the size bound given.

16



F Proof of Corollary 14

The Steiner X-equivalence of ¢1 and @9 can be decided by using Proposition 1 to produce formulas
¥1(X) and ¥9(X) and checking their equivalence.

G Proof of Proposition 2

The first and last relationships follow from the proof of Proposition 1 and the other follow directly
from the definitions.

H Proof of Theorem 19

We use a modification of the gadgets in the reduction in Theorem 4 in order to get a 3-Horn formula.
In addition to the variables used there, we also use the following additional variables:

Feedback variables: There are p — 1 such variables fi,..., f,—1. Let Vicedback denote the set of
feedback variables.

The clauses of ¢ are the same as in Theorem 4, except s feedback clauses are replaced by a set of
s +p — 1 clauses where the p — 1 of these clauses form an “inverted” complete binary tree using the
feedback variables. Without loss of generality assume p is a power of 2. Then, the new clauses are as
follows:

Feedback clauses: Define variables f1,..., fop—1 with f, = e1, fpr1 = e2,..., fop—1 = €. (Thus
fp>- - fap—1 are only used for indexing, and are not new variables.) Feedback clauses are clauses
f1 — u for every u € AU B and clauses fo; A fo;jr1 — f; for 1 <i < p— 1. There are s + p such
clauses and p — 1 new variables are used. Let Tieeqnack be the set of these clauses.

Let V = Vampiification Y Vnode U Vsuper—edge U Vicedback denote the set of all variables. The total number
of variables is s + 2p + ¢t — 1 and the total number of clauses is st + m + s+ p — 1.

The rest of the proof of the theorem has much common with the proof of Theorem 4. We provide all
details for the sake of completeness and for the convenience of the reviewers. We reuse the definitions
and notations of Theorem 4 whenever necessary.

As ¢ is definite, all its prime implicates are definite. Also, as ¢ consists of non-unit definite clauses,
all its prime implicates are non-unit (the all-zero vector satisfies ¢ and falsifies all unnegated variables).
For a further analysis of the prime implicates of ¢, we make use of the forward chaining procedure
described in Section 2.

Lemma 21 Let x be an amplification variable. Then the prime implicates containing x are clauses
of the form © — v, where v is a node or super-edge variable.

Proof. The variable x cannot be the head of an implicate as the truth assignment setting x to 0 and
all other variables to 1 satisfies ¢ and falsifies such an implicate. Clauses of the form = — v, where v
is a node or super-edge variable are implicates as starting from x we can mark first all node variables
and then all super-edge variables. If an implicant contains another variable in its body besides x than
that variable can be deleted and we still get an implicant. O

Lemma 22 Let U be a set of node variables such that U is not a solution to MINREP , and U’ be the

set of super-edge variables witnessed by U. Then every implicate with body contained in U U U’ has
head in U’.
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Proof. Consider truth assignment setting to 1 every variable in U U U’, and setting every other
variable to 0. This truth assignment satisfies ¢ but falsifies every clause with body contained in U UU’
and head outside this set. O

Lemma 23 Let x be an amplification variable and let 1 be a prime and irredundant Horn formula
equivalent to ¢. Then 1 has at least OPT(G) clauses containing x.

Proof. Consider the clauses in ¢ containing z, and let the set of their heads be U, where U C V,ode-
Assume that U is not a solution to MINREP and consider a node variable v ¢ U. As x — v is a prime
implicate of v, the forward chaining procedure over 1, starting from x, has to mark v. The procedure,
first, can mark all node variables in U. As U is not a solution to MINREP , Lemma 7 implies that
after that we can mark all super-edges variables witnessed by U and nothing else. Hence v cannot be
marked. O

Lemma 24 (Gap preserving reduction lemma) (a) If OPT(G) = a+ (3, then OPT(p) < t-(a+
B)+m+s+2p—1.

£

(b) If OPT(G) > (a+ B) - 218" 5 then, OPT(¢) > t(o + 3) - 2l8" "5,
Proof.

(a) Suppose that there is a solution U of MINREP containing o nodes of A and (3 nodes of B (and, thus
of size a4+ ). Then the formula 1 consisting of all witness and feedback clauses, plus all amplification
clauses with heads in U, is equivalent to . This formula has the required size. In order to show that
it is equivalent to ¢, we only need to show that implies all amplification clauses + — u with v & U.
Using 1, starting from z, we can first mark U. Then, as U is a solution to MINREP , we can mark
every super-edge variable using witness clauses, and, finally, we can mark u using a feedback clause
with head u.

(b) Suppose that OPT(G) > (o + 3) - 28" "% and consider any Horn formula 1 equivalent to ¢.
Lemma 23 implies that v contains at least t(«a + () - glog' s amplification clauses. Thus, OPT(¢) >

l1—¢

tHa+ ) - 208" s, 0

We are now ready to finish the proof of Theorem 19. Set ¢ = s3 and let L be a ny language in NP
and x be an input to L. Then the following holds.

e If » € L, then OPT(G) = a + B which implies OPT(¢) < s3- (a+8)+m+s+2p—1 <
- (a+8) - (1+0(1)).

o If 2 ¢ L, then OPT(G) > (o + ) - 2°8"°% which implies OPT(p) > s3(a + 3) - 208" ",

This gives an inapproximability bound of 2l08' ™% s for any 0 < & < 1. Since the number of variables n

is given by n = s + s +m +p — 1 < 453, this gives us an inapproximability bound of glog'~“n

I Proof of Theorem 20

We first need the weighted minimum equivalent digraph problem which is defined as follows. We are
given a weighted digraph G = (V, E,w) with an edge weight w(e) > 0 for every edge e € E. For
the digraph G, we use the notation u Z, v to indicate that E containing a path from u to v and the

transitive closure of E is the relation u 2 v over all distinct pairs of nodes of V. Then, the digraph
(V, A) is an equivalent digraph for G = (V, E) if (a) A C E and (b) transitive closures of A and E are
the same. We consider two optimization versions, denoted by W-MIN-ED, resp., W-Max-ED (and
by MIN-ED, resp., MAX-ED if the graph is unweighted, i.e., w(e) = 1 for every edge e):
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e minimize ) ., W(e), and
e maximize ) pw(e) — > o4 w(e).
The following results are known:
e Both MIN-ED and MaAX-ED are MAX-SNP-hard [35].
e MIN-ED and MAX-ED admit 1.5-approximation and 2-approximation, respectively [6, 58].
e W-MIN-ED admits a 2-approximation [25].
e W-MAX-ED admits a 2-approximation if all the weights are zero or one [6]'°.

For an unweighted digraph, if we skip condition (a) we obtain the transitive reduction problem which
was solved in polynomial time by Aho et al. [1].

We now prove the following results. By the “Horn maximization” problem, we refer to the problem
in which our goal is to maximize the difference in size between the original and the optimized formula.

I.1  Proof of Theorem 20 (a)

Consider an instance G = (V, E) of MIN-ED or MAX-ED. We reduce G to an instance of our problem
in a straightforward manner as follows. There is a variable u for every node u of G. A directed edge
(u,v) generates a 2-Horn clause u — v. Let ¢ be the resulting Horn formula.

A solution of MIN-ED or MAX-ED can be identified in an obvious manner with a 2-Horn formula
¢ that is equivalent to . Every clause u — v in ¢’ corresponds to an edge (u,v) € A in the solution
of MIN-ED or MaX-ED for G. Using the forward chaining procedure as outlined in Section 2, a clause
u — v can be deleted if and only if there is a sequence of clauses u — v,v — vi,vy — v, ..., Vi1 —
vy, v¢ — v in M’ which is true if and only if the removed edge (u,v) from G still allows a path
(u,v1), (v1,v2), ..., (Vi—1,vt), (v, v) in the solution of MIN-ED or MAX-ED for G. Thus, the solution
graph G = (V, A) for MIN-ED or MAX-ED has k edges if and only if the reduced formula ¢ has k
clauses and the reduction is approximation-preserving.

1.2 Proof of Theorem 20 (b) and (c)

If no unit clauses are part of input, we use the equivalence as outlined in the proof of (a), namely
a clause u — v is identified with a directed edge (u,v) of the graph. This together with the known
approximations for MIN-ED and MAX-ED provide the desired 1.5-approximation for restricted min-
imization for pure 1-Horn formula and 2-approximation for restricted maximization for pure 2-Horn
formula.

Otherwise, suppose that our given pure 2-Horn formula ¢ contains one or more unit clauses. It is
easy to see that ¢ contains at least one satisfying assignment, namely the one in which we set every
variable to 1.

Consider a given 2-Horn formula ¢ with n variables and m clauses. We generate an instance
G = (V,W,w) of W-MIN-ED or W-MAX-ED with n + 1 nodes and m + n edges in the following
manner.

e For every variable u of ¢, we have a vertex u. We also have an additional vertex s.
e For every clause u — v in ¢ (a subformula of ¢), we have an edge (u,v) of weight 1.

e For every clause u in ¢y (a subformula of ¢), we have an edge (s,u) of weight 1.

9 Actually, for our purposes, we will only need the special case of the weighted version when all weights are zero or
one. Unfortunately, the 2-approximation is still the best known approximation ratio for this special case.
OBerman et al. call this the MAX-TR1 problem.
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e For every variable u, we have an edge (u,s) of weight zero.

An edge generated by a clause is said to be “associated” with that clause and vice versa.

Since all weights of G are 0 or 1, both W-MIN-ED and W-MAX-ED admits a 2-approximation
on (. Note that any solution for W-MIN-ED or W-MAX-ED can be trivially augmented, without
changing the total weight, such that it includes all edges with zero weight, so we will assume that
any solution contains all edges of zero weights. In other words, all removed edges are of weight 1.
Let OPT(p), OPTw_min—ED(G) and OPTw_max—gp denote the number of clauses in an optimal
solution P! of ¢, the number of edges |A| in an optimal solution (V,A) of W-MIN-ED and the
number of removed edges |E \ A| in an optimal solution (V;A) of W-MAX-ED, respectively. Let
OPT(p) = m(fpt + mgpt where m?pt is the number of clauses from the group ;.

We associate a 1-1 mapping between a solution ¢’ of the minimization or maximization problem
for the pure 2-Horn formula ¢ and W-MIN-ED/W-MAX-ED on G in the obvious manner: a clause
is in ¢’ if and only if its associated edge is in (V, A).

Lemma 25 Consider any valid solution (V, A) of W-MIN-ED or W-MaAX-ED of G. Then the fol-
lowing statements hold:

(a) If there is a path from u to v in (V, A), then there is also a path from u to v in (V, A) in which,
except the first edge, no other edge is of the form (x,s) for some x.

(b) If there is a path from s to v in (V, A), then there is also a path from s to v in (V, A) in which,
except the first edge, no other edge is of the form (s,x) for some x.

Proof. Remember that A contains all edges of weight zero.

(a) Suppose not. Then, we can “short-cut” the path from u to x to s by using the zero-weight edge
(u,s) € A.

(b) Suppose not. Then, we can remove the

¢

‘prefix” of the path from s to s. O

Lemma 26 Consider a associated pairs of solutions ¢’ and (V, A). Then, ¢’ is a valid solution for ¢
if and only if (V, A) is a valid solution for G.

Proof. Suppose that (V, A) is a valid solution for G. We need to show that ¢’ is indeed equivalent
to ¢, i.e., every clause C' in ¢’ but not in ¢ is redundant for ¢’. There are two cases to consider.

First, suppose that C' is a clause of the form u — v from ¢;. Thus, (u,v) ¢ A. But, there must
be a path P from u to v in (V, A). By Lemma 25, there is such a path P such that except the first
edge, no other edge in P is of the form (x,s) for some x. Thus, there are only two cases to consider,
depending on whether the first edge of P is (u,s) or not.

If the first edge of P is not (u,s), then P is of the form (u,x1), (x1,X2), ..., (x¢, v) for some nodes
X1,X2,...,X¢ € V\{s}. Then, ¢ contains the associated clauses u — x1,x; — x2, 2y — v. Obviously,
these clauses imply the clause u — v.

If the first edge of P is (u,s), then P is of the form (u,s), (s, x1), (x1,X2),..., (X v) for some
nodes X1, Xs,...,%¢ € V' \ {s}. Then, ¢’ contains the associated clauses x1,x; — w2, — v. Consider
the forward chaining procedure of Section 2. Because the left part of the clause x; is empty, x1 will
be added to S. Then, we progressively add xo,x3,...,2; and finally v to S. Thus, the clause u — v
is redundant.

Now, we prove the other direction of implication. Suppose ¢’ is a valid solution for ¢. We need
to show that (V, A) is a valid solution for G. Let C be a clause in ¢ but not in ¢’. Thus, C' is a
redundant clause for M’. There are two cases to consider depending on the nature of the clause C.

Suppose that C'is a clause of the form v — v. the forward chaining procedure of Section 2 implies
that C is redundant if and only if one of the following two conditions hold:
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e ' contains the clauses v — x1,21 — 29,2 — v for some z1,x9,...,2;. Then, (V, A) contains

the path (u,x1), (x1,%2),..., (%, v) and indeed (u,v) is redundant.
e © contains the clauses z1,21 — 2,2y — v for some x1,x9,...,2;. Then, (V, A) contains the
path (u,s), (s,x1), (x1,%X2),...,(x¢,Vv) and indeed (u,v) is redundant.

Otherwise, suppose that C' is an unit clause, say u. Then, ¢’ contains the clauses z1,x1 — x2, 7 — u
for some x1, x2, . .., z¢. Obviously, 21 is not u. Then, (V, A) contains the path (s, x1), (X1,X2),. .., (X, 1)
from s to w. O

Note that for an associated pair of solutions ¢’ and (V,A), [¢'| = > .cqw(e). Thus, a 2-
approximation for W-MIN-ED implies a 2-approximation for restricted minimization of pure 2-Horn
formula via Lemma 26. Moreover, |¢| = > pw(e), and thus a 2-approximation for W-MaX-ED
implies a 2-approximation for restricted minimization of pure 2-Horn formula via Lemma 26.
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