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Abstract

Let aw € (0,1),1 > 2 and let H,, be an I-graph on n vertices. H,, is («, §)-uniform if every {n
vertices of H,, span («a £ &) (51”) edges. Our main result is the following.

For all &, there exist d,7,no such that, if n > ny and HY s (a, §)-uniform, then all but
exp{—r/!/20} (?) r-sets of vertices induce a subhypergraph that is (a, 5)-uniform.

We also present the following application. Let F be a fixed [-graph, and ¢ > 0. Then there
is an ng and 7’ such that: If H is an n vertex l-graph (n > ng) such that the deletion of any cn!
edges of H leaves an I-graph that admits no homomorphism into F, then there exists H' C H
on 7’ vertices, that also admits no homomorphism into F. This extends a recent result of Alon

and Shapira [3], who proved it when F is a complete graph.

1 Introduction

Throughout this paper we write x = y £ z for the statement = € [y — z,y + z], and we omit ceiling

and floor symbols. We write H,(f) to denote an n vertex [-graph.

Definition 1.1. H{ is (v, &)-uniform if every En vertices of HP span (o + 5)(51”) edges. HY s

(o, &)-dense if every &En vertices of Hg) span at least a(fl") edges.
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Our main result, Theorem 1.2 below, says that in an [-graph whose edges are uniformly dis-

tributed, this property is inherited to almost all sets of constant size.

Theorem 1.2. (Sections 6-8) Let o € (0,1),1 > 2 be fized. For all g, there exist 0,7,ng such
that, if n > ng and H,g) is (o, 0)-uniform, then all but exp{—rl/l/ZO}(:f) r-sets of vertices induce

a subhypergraph that is (c, §)-uniform.

Remark 1.3. By bounding some inequalties more carefully in the proof of Theorem 1.2, we can

improve the factor exp{—r'/*/20} to exp{—cr}, where c is an absolute constant.

Remark 1.4. Note that the minimum r with the property of Theorem 1.2 must satisfy r — oo as
§—0. Otherwise, we could choose § such that or < 1 and o > 6. With this choice, no r-set R can

be (a,g)-umform, since every subset of R of size or <1 has density 0 < a — 5.

Remark 1.5. We will in fact prove Theorem 1.2 with the following quantification:
Vo drg Vr>rg Jd,ng Vn > ng

Remark 1.6. Note also that if ' < &, and Theorem 1.2 holds for §, then it also holds for &', since
an (a, 8")-uniform hypergraph is also (c,d0)-uniform. We may therefore take 6 to be as small as we

need in relation to r, in particular, we assume that 6 < 1/r".

Remark 1.7. After proving Theorem 1.2, we found out that Alon, de la Vega, Kannan, and
Karpinski [4] independently and simultaneously proved a similar theorem (Theorem 9 in the extended
version of [4]) using completely different techniques. It may be possible to use their ideas to prove

Theorem 1.2 with exp{—r''/20} replaced by 1/40 .

Remark 1.8. We recently learned that Theorem 1.2 was also obtained for |=3 by Nagle and Czy-
grinow [6] using an alternative proof. Those authors infer Theorem 1.2 by first establishing an

analogue in a stronger environment provided by an application of the Frankl-Rodl hypergraph regu-

larity lemma (cf. [14]).

Theorem 1.2 has already had applications to Ramsey-Turdn problems for hypergraphs. In
particular, it is used in [18] to construct infinitely many [-graphs whose Ramsey-Turén density is
strictly positive and less than the Turan density. In this paper we present another application.

Erdos asked the following question, which generalizes a theorem of Bollobas, Erdés, Simonovits,

and Szemerédi [5]: Given positive integers ¢ and k, do there exist positive integers fx(c) and ng



such that the following holds: If G is an n vertex graph with n > ng with the property that the
chromatic number of G cannot be made less than k& by the omission of at most cn? edges, then G
contains a k-chromatic subgraph with at most fi(c) vertices.

It is well-known that chromatic number is a global property, namely, that a graph can have
large chromatic number without having a small subgraph with large chromatic number. Another
motivation for Erd6s’ question is: to what extent is chromatic number global in the sense described
above? Duke and the second author [8] answered Erdds’ question. Recently, a new approach was
developed by Goldreich, Goldwasser, and Ron [15] which gives better bounds on fx(c). Their
motivation came from computer science, to find efficient algorithms to test whether a graph has a
given property. These results were further improved by Alon and Krivelevich [1].

As a relatively straightforward application of Theorem 1.2, we generalize these results to hy-
pergraphs. Moreover, instead of speaking just about chromatic number, we observe that the same
proof gives a slightly stronger statement about homomorphisms. Recall that the [-graph H has a
homomorphism into the I-graph F if there is a function f : V(H) — V(F) such that if {uq,...,u}
is an edge of H, then {f(u1),..., f(u;)} is an edge of F.

Theorem 1.9. (Section 3) Let F be a fized l-graph, and ¢ > 0. Then there is an ng and r’ such
that: If H is an n vertex l-graph (n > ng) such that the deletion of any cn! edges of H leaves an
l-graph that admits no homomorphism into F, then there exists H' C H on v’ vertices, that also

admits no homomorphism into F.

2 The Regularity Lemma

In this section we describe our main tool needed to prove Theorem 1.2, the Szemerédi Regularity
Lemma. In an [-graph H, let Xi,..., X; be pairwise disjoint sets of vertices. Write e(X7,..., X))

for the number of edges with exactly one point in each X;. The density of the [-tuple X1,..., X is
_ e(Xy,..., X))

| X1] ... | X
Given € > 0, the [-tuple X7,..., X; is e-regular with density o = d(X7,..., X)) if for every choice

of Y; C X; with

d(X1,..., X))

|Y;| > €| X;| for each i ,

we have

d(Y,....Y)) =azte



We also extend the definition of (¢, €)-uniform to a partite situation.

Definition 2.1. The l-partite H = H(Vi,...,V)) is (o, €)-uniform if for every choice of V! C V;,
with |V/| = €|Vj], the density d(V{,...,V]) =a*e.

Remark 2.2. For an [-tuple L = X1, ..., X there is a subtle distinction between the following two
statements

1) L is e-regular with density o

2) L is («, €)-uniform.
It is clear that 1) implies 2), but if 2) holds, then the best we can say regarding 1) is that L is
2e-reqular with density o = o« + €. Throughout this paper we use 1) in contexts where the density

of L is not central and 2) where it is.

Consider a partition P = VU Vi U--- UV, of V(H). We say that P is an e-regular partition if
1) [Vol < €[V,
2) Vil == Vi,
3) the [-tuple Vi, ..., V}, is e-regular for all but et! choices of [ of the Vj’s.
With these notions we can state the celebrated Szemerédi Regularity Lemma. Below we state

a version for [-graphs, [ > 2. Its proof is essentially the same as for the case [ = 2.

Lemma 2.3. (Regularity Lemma) Let | > 2 be fized. For every e > 0 and every integer tog > 1
there exist integers T, ng such that every l-graph of order at least ng admits an e-reqular partition

Vo,..., Vi withtg <t <T.

3 Proof of Theorem 1.9

In this section, we sketch the proof of Theorem 1.9 using Theorem 6.1 (later we prove that Theorem

6.1 is equivalent to Theorem 1.2).

Proof of Theorem 1.9 (Sketch): Let ¢, F be given, and let H be an l-graph on n > ng
vertices (ng comes from Lemma 2.3 and Theorem 6.1) such that after deleting any cn! edges, the
resulting [-graph admits no homomorphism into F. Let € < ¢, and ty > max{|V(F)|,1/c}. Let
V =VoU...UV; be an eregular partition of H, where |Vy| < €|V| = en. We now apply Theorem
6.1 to each e-regular I-tuple that has density at least ¢/2 . In our setup, € plays the role of the
parameter ¢ in Theorem 6.1. By Theorem 6.1, if the [-tuple {V;,,...,V;,} is e-regular with density



a > ¢/2, then for all but exp{—7'/!/10} (™) choices of I-tuples (Vj,, ..., V;,) of r-sets f/i]. C [V4,]", the
I-tuple (Vil, .. ,f/il) is (a, g)—uniform. Consequently, if we choose an r-set V; from each V; randomly,
then the expected number of [-tuples of chosen r sets violating the conclusion of Theorem 6.1 is
at most exp{—r'/!/10} (';) Hence there exists a choice of r-sets V/ C V; for ¢ € [t], such that all
but 2exp{—r/!/10} (f) of the I-tuples of these r-sets satisfy the conclusion of Theorem 6.1. Delete
from H all edges that

la) have nonempty intersection with Vj

1b) lie within at most [ — 1 distinct Vs

lc) contain one vertex from each of Vj,,...,V;,, where V;,,...,V;, is an e-irregular I-tuple, or is
e-regular with density less than ¢/2

2) lie within an I-tuple V;,, ..., V;, for which V;,..., V] violates the conclusion of Theorem 6.1.

It is easy to see that the number of edges deleted from H in 1a)-1c) is at most (c¢/2)n'. The num-
ber of edges deleted in 2) is at most 2exp{—7'/!/10} (1) (n/t)! < (c¢/2)n!, since ¢ > 1/r. Therefore
we have altogether deleted at most c¢n! edges, and the resulting l-graph admits no homomorphism
into F.

Define the reduced l-graph H* of H with vertex set {Vi,...,V;}, where {V;,,...,V;} forms
an edge if the corresponding [-tuple in H is e-regular with density at least ¢/2. Then it is easy

to see that H* also admits no homomorphism into F. If {Vj,,...,V;} is an edge of H*, then
V! , VI satisfies the following property: for every choice of Cj, C V!

il,... i Z'l,.

., Ci, C V), where
|Ci; | = |VII/IV(F)| = or for all j, there is an edge with one element in each of Cj,, . .. ,C;,. From
this it is easy to show that the subhypergraph H’' of H with vertex set V/ U ... U V/ admits no
homomorphism into F (see Duke-Rédl [8] for the details in the graph case). Moreover, the number

of vertices in H’ is tr = 7’ which is independent of n. O

4 Hypergeometric Lemmas

In this section we state several generalizations of the hypergeometric inequalities that are proved in
the Appendix. We begin with the following two statements which follow easily from large deviation

results of the hypergeometric distribution (see [17]).

Lemma 4.1. Let | X| =z, and |Y| = y with Y C X. Let R € [X]" be a random r-set chosen
independently from the family of all r-sets of X. Let r > 19 and 3/2 > o > 1/logr. Then with



probability greater than 1 — e V7, the following holds:
a) |[RNY|="2(1+0) ify >az/r'/4,
b) |IRNY| < 71920 if 4 < g/91/10,

Proof. See Appendix. O

An easy consequence of Lemma 4.1 is the following:

Proposition 4.2. For all T, there exist ro,ng, such that if v > ro,n > ng, the following holds:
Let B = By U...U By, where the B;’s are pairwise disjoint and each of size n/T. Then all but
Te*\/F(Z) of the r-sets R € [B]" satisfy |[RN B;| = (r/T)(1 £ 1/logr) for each i € [T].

Proof. Tt suffices to show that for a randomly chosen r-set R, the probability that |R N B;| #
(r/T)(1 £1/logr) is less than e~ V7. This follows from Lemma 4.1 part a) since rg is sufficiently
large that n/T > n/r/4. O

We also need the following fractional extension of Proposition 4.2.

Lemma 4.3. For all ¢,&, there exist ro,ng such that if > ro,n > ng, the following holds: If
Zz‘e[n} x; = cn, where 0 < x; < 1 for each i, then all but e=V7/? (:f) of the r-sets R € [n]" satisfy
Dier®i=(cE&r.

Proof. See Appendix. O

The following is an extension of the hypergeometric inequalities to edge sets of weighted graphs.
Given a set S in a weighted graph, the weight of S is the sum of the weights of all the edges induced
by S. We write degg(z) for the weighted degree of vertex x.

Lemma 4.4. Fiz k > 2. For every (3, there exists ro,ng such that if r > ro,n > ng, the following
holds. Let G be an n vertex weighted graph with total weight at most fn*, maximum weighted degree
at most n*~1, and mazimum edge weight at most n*~2. Then all but 2e~V7/2 (’;) of the r-sets of

vertices induce a subgraph with weight at most 26n*—2r2,

Proof. See Appendix. O

Proposition 4.5. Let G = (A, B) be a bipartite graph with n*/t edges and |A| = |B| = n. Let
B C E(G) be a set of size at most €n?/t. Let B' C [E(G)]? be a set size at most €n*/t>. Then the

following holds: For all €',t, there exist ro,ng, such that if r > rg,n > ng, then



for all but 6e=V7/? (2)2 choices A € [A]", B € [B]",

I(Ax B)NE(G)| = ’":(1 +1/10)

and in the graph spanned by A x E,

1) at most 2€¢'r? [t edges lie in B, and

2) at most 2€'r /t? pairs of edges lie in B'.

Proof. See Appendix. O

5 Notation for Theorem 1.2

In this section we generalize notation from Section 3 to weighted hypergraphs. Let | > 2, and
let Ay,..., A; be pairwise disjoint sets. Let w : A1 x ... x A; — [0,1]. Think of w as a weight
function on the edges of the complete [-partite [-graph H with parts Aq,..., A;. In the case H is
not complete, the weight function w assigns zero to all edges outside H.

The weight of the I-tuple L = A1,..., A; under w is

w(L) = {wlay,...,a);(a1,...,a) € Ay x ... x A},
The density of L is
w(L)
d(L) = ———F.
A - -~ 1A]]
For A, C A;, i € [l], define the density

d( ,1 A,):Z{w(al,...,al);(al,...,al)6A’1><-.-XA;}.
A |AY - 4]

We define w to be e-regular of density o = d(L) if for all choices of A, C A;, with |A}| > en for

each i € [l],
d(A},...,A) =a+te
As in Section 3, w is (v, €)-uniform if for all choices of A; C A;, with |A}| > en for each i € [I], we

have

d(A},...,A) =a+te

Given functions v; : 4; — [0,1], 7 € [I], and |vi| = >_ ¢4, Vi(a), the fractional density

_ 2dwlar - ca) [T vilai); (ar, - ) € Ay x - XA}
A0 ) = PR |




Remark 5.1. All these definitions extend naturally to l-uniform hypergraphs that are not neces-

sarily l-partite.

6 Proof of Theorem 1.2

6.1 The Structure
In order to prove Theorem 1.2, we will prove the following stronger weighted version of it.

Theorem 6.1. Fiz 0 < a < 1 andl > 2. Let H be a weighted l-graph with vertex set X of size
n and weight function w. For all g, there exist d,7,ng such that, if n > ng the following holds:
Suppose that w is (v, 8)-uniform. Then for all but exp{—r'/!/20} () r-sets of vertices X e [X],
the restriction of w to X is (a,d)-uniform.

Forl > 2, let WT'(I) be the statement of Theorem 6.1 for I-graphs, and UWT'(I) be the statement
of Theorem 1.2 for [-graphs. By restricting to 0-1 weight functions, we see that

WT(l) = UWT().

We will prove WT'(l) by induction on I, with the base case [ = 2 in Section 6.4. Therefore our
next step is to prove

WT(l) = WT(l+1) (1)

for each | > 2.
We will only prove
WT(2) = UWT(3). (2)

Extending (2) to WT'(2) = WT'(3) and further extending this to (1) is simply a matter of adding
notation. In the interest of clarity we decided not to write the proof for this more general statement.
We feel that our proof of (2) will convince the reader of (1), and Section 6.5.6 describes the minor

notational changes needed to rigorously prove (1).

6.2 An equivalent [-partite formulation

In proving Theorem 6.1, it is more convenient to work with an [-partite [-graph. Indeed, the

theorem that we prove is:



Theorem 6.2. Fizr 0 < o < 1 and |l > 2. Let G = G(Ay,...,A;) be an l-partite l-graph with
|A;| = n for all i and weight function w. For all g, there exist d,r,mg such that if n > ng, the
following holds: Suppose that w is (o, 8)-uniform. Then for all but exp{—r'/'/10} (:f)l choices of
I-tuples (El,ﬁg, el Al) of r-sets A; € [A;]",i € [l], the restriction of w to Ui A; is (a,g)—uniform.

Remark 6.3. Note that Remarks 1.4, 1.5 and 1.6 after Theorem 1.2 also apply to Theorems 6.1
and 6.2.

We need some additional notation. An equipartition P of a set S is a partition of S into sets of
equal size. The equipartition P contains an edge e of S if e has nonempty intersection with each

of the parts of P.

Proof that Theorem 6.2 —> Theorem 6.1: As mentioned earlier, we only consider the un-
weighted case and [ = 3. Alternatively, the weights are all 0 or 1. We describe the structure of the
proof, postponing the details to the Appendix.

To prove that Theorem 6.2 = Theorem 6.1, we will show that given a hypergraph satisfying
the hypothesis of Theorem 6.1, every equipartition of its vertex set yields a 3-partite hypergraph
satisfying the hypothesis of Theorem 6.2. More precisely,

hypothesis of Theorem 6.1 with 0, ng = hypothesis of Theorem 6.2 with 144, n¢/3 (3)
and similarly
conclusion of Theorem 6.2 with 4/2,7/3 = conclusion of Theorem 6.1 with &, 7. (4)
In fact we prove (4) in contrapositive form, namely
conclusion of Theorem 6.1 with &, fails = conclusion of Theorem 6.2 with g/ 2,r/3 fails. (5)
Proof of (3): See Appendix. O

Proof of (5): See Appendix. O

6.3 Degree Conditions for Regularity: the weighted case

In this section we extend degree conditions for e-regularity of graphs to weighted graphs (c.f. [2]

Lemmas 3.1 and 3.2).



First we describe the results for the unweighted case. Let G = (X,Y’) be a bipartite graph.
Consider the following two statements where 0 < ¢, ¢, a < 1:
(i) UNI(e): G is (o, €)-uniform

(ii) DPC(¢'):
a) All but €|X| vertices of X have degree |Y|(« % €’)

b) All but €| X|? pairs of vertices in X have a common neighborhood of size |Y|(a? & ¢')

The next Proposition is almost identical to Lemma 3.1 and Lemma 3.2 in [2]. We refer the

reader to [2] or [7] for a proof.

Proposition 6.4. UNI(¢) and DPC(€') are equivalent in the following sense
1) Ve, 3¢, ng, Ve, if min{|X|, |Y'|} > no, then DPC(¢') = UNI(e).
2) Ve, e, ng, Ve, if min{| X|,|Y|} > ng, then UNI(e) = DPC(€).

To extend this result to the weighted case, the following Proposition is useful.

Proposition 6.5. Let H(A1,..., A;) be an l-partite [-graph, w be a weight function on H of density
a, and ~y; : A; — {0,1}. Suppose that § > 0 and |vy;| is an integer for each i. Then the following
are equivalent:

1) w is (o, 0)-uniform

2) for all choices of v; : A; — [0, 1] with |v;| > dn,

d(y1,--sm) = a %0

Proof. See Appendix. O

Now we extend Proposition 6.4 to the weighted case. We need the following set up: Let
A=A{a,...,an}, B={b,...,bp} and w: Ax B — [0,1]. Let w;; = w(a;,b;), and let w; =

(Wi, .., win). Set a = (1/n?) > ; wij- Consider the following two statements:
(i) UNI(9): w is (o, d)-uniform
(ii) DPC(8"): All but 6'n? pairs 7,4’ have dot product ; - wy = (a £ 6')%n.
Proposition 6.6. UNI(5) and DPC(d') are equivalent in the following sense:

1) ¥6,3¢',ng, Yoo,V > ng, DPC(&') = UNI(9)
2) V¢, 36, noVer,Vn > ng, UNI(6) = DPC(¢')

10



Proof. See Appendix. O

6.4 Proof of Theorem 6.2 for graphs

Theorem 6.7. Fiz 0 < a < 1. Let G = G(A, B) be a bipartite graph with |A| = |B| = n and
weight function w. For all g, there exist §,r,ng such that if n > ng, the following holds: Suppose
that w is (a, d)-uniform. Then for all but eacp{—\/f"/lO}(’;)2 choices of r-sets A € [A]", B € [B]",

the restriction of w to AU B is (a,d)-uniform.

Proof. Our constants will satisfy the hierarchy & > §” > & > 8. The choice of these constants,
however will ensure that § — 0 as § — 0, thus allowing any 5> 0 as input for the Theorem.

Since w is (a, §)-uniform, G satisfies DPC(¢') for some &' by Proposition 6.6 Part 2. Define
an auxiliary graph G 4 with vertex set A and edges consisting of pairs 7,4’ forming the exceptional
set in DPC(d"). The definition of DPC(§’) implies that G4 has at most §'n? edges. Now apply
Lemma 4.4 with 3 = 0’ and k = 2. We obtain that all but 2e~V"/2 (") of the r-sets A € [A]" induce
at most 28’72 edges from G 4. Fix once such A.

We will show that for most of the r-sets B € [B]", the pair A, B satisfies DPC(8") where
0" = 34. This will imply by Proposition 6.6 Part 1 that w restricted to AUB is (a, g)—uniform as
required.

Fix a pair {i,i'} € [A]2 that is not an edge of G 4. For each j € B, define xj = w; jwy ;. By the

choice of 7,7, we have

E T = E w; jwir j = 0 - Wy = (£ 6)n.

jeB jeB
By Lemma 4.3 with ¢ = (o £ ¢')2 and ¢ = &', all but e~ V7/2 (") of the r-sets B satisfy
Z Wi jWyr j = Z zj = (a4 382 (6)
jeB jeB
Therefore all but (5)e™v"/2(") < e™V7/3(") of the r-sets B € [B]" satisfy (6) for all choices
{i,i’} € [A]? — E(G4). Consequently, the number of choices of A, B that do not satisfy DPC(5")

2 2 2
2e~VT/2 (n) + e VT/3 (n) < e Vr/10 <n> .
T r T

For a pair A, B that satisfies DPC(8"), Proposition 6.6 Part 1 implies that the restriction of w to

is at most

AU B is (a, d)-uniform. O

11



6.5 The Induction step: Extension to hypergraphs

In this section we prove the [ = 3 and unweighted case of Theorem 6.2.

Let a, 5> 0be given and let H = H(A, B, C) be a 3-partite triple system with parts A, B, C each
of size n. We will show that there exist d, 7, ng such that, if n > ng, and H is («, §)-uniform, then
for all but e=""/*/10 (7;)3 choices of triples of r-sets A € [A]", B € [B]",C € [C]", the hypergraph
H = H(g,é,é) is (a,g)—uniform. Throughout the proof, our constants implicitly satisfy the

following hierarchy:
a>03>6D > >d>es>1/t>1/r>6>1/n. (7)

Remark 6.8. In the notation above, by x >> y we mean that x > (100y)%° holds. The relation
€ 3> 1/t between € and t is given by the Regularity Lemma (Lemma 2.3 applied with | = 2). Since
t is guaranteed to exist only for t being a very fast growing function of € (see [16]), we will assume

that € > 1/logt > 1/logr.

6.5.1 Outline of Proof

In this subsection we give the outline of the proof. Let «, S be given.

Define I' = (A x B, C) to be the bipartite graph with edge set
ET) ={((a,b),c) : (a,b,c) € E(H)}.

Observe that I' has the same density as H, namely «.

Step 1: Apply the Szemerédi Regularity Lemma to I' with parameter € > 0 chosen appropriately
(see Remark 6.9 after Step 4). This gives a partition

AxB=GU--- UGy, |Gi| =n?/t, i=1,...,1,

C=C1U---UC(l}, |ICsl =n/t, j=1,...,t,
so that all but et? pairs G;, C; are e-regular.

For each j = 1,...,t, consider the weighted graph H;(A, B) with weight w;, where w;(a,b) is
the number of ¢ € C; for which {a,b,c} is an edge in H.

Step 2: Fix 6® <« § and apply the induction hypothesis WT'(2), or equivalently, Theorem 6.7 to

H;(A, B) to conclude that for most choices of r-sets Ae[A,Be B, wj restricted to AUB is

12



(o, gg))—uniform. Since WT(2) is a statement which remains true with a smaller choice of § and a

larger choice of r, we can choose § and r such that (7) holds.

Let T'; ; be the subgraph of I' induced by G; U C;. Let Fi,j(g X E) C I';; be the subgraph
induced by [G; N (A x B)]U Cj.

Step 3: Choose € appropriately (see Remark 6.9 after Step 4) and show that for most Ae [A]", B €
[B]", Fm(g x B) satisfies DPC(3€') for most i, j.

Now fix E, B satisfying the conditions of both Steps 2 and 3. Let «;; be the density of I'; ;.
Let I'; ; (Z x B, 5) clyy (j X E) be the subgraph consisting only of edges touching C.

Step 4: Choose ¢’ < 6 and show that for most C € [C]", the graph I‘i’j(;lv x B, 5) is (o j,€")-

uniform.

Remark 6.9. We fized " < 5@ above. The proof of Step 4 relies on Proposition 6.4 part 1 which
yields € = € (") considered in Step 3. Furthermore, the proof of Step 3 is based on Proposition 6.}
part 2, which yields e = €(€') used in Step 1.

Now fix C satisfying the conditions of Step 4.
Step 5: Show that H(A, B,C) is (a,)-uniform.

In the following subsections, we provide the details of Steps 2-5.

6.5.2 Step 2

Claim 6.10. For all but e=V"/10 (Z)2 choices A € [A]", B € [B]" and all j € [t]

(*) d(A', B',C;j) = a + 6@ whenever A’ C A, B' C B with |A'| > §@|A|,|B'| > 6?|B.

Proof. For each j € [t], consider the weighted bipartite graph H;(A, B) and weights
wj(a,b) = |{c € Cj; (a,b,c) € H}|.

Because H is («,d)-uniform and |Cj| = n/t > n/r > én, we have d(A’, B’,C;) = o £ § whenever
A" C A, B C B with |A'| > 0|A|,|B’| > §|B|. Consequently, w; is (a, d)-uniform. By the Induction
assumption, Theorem 6.7, applied to the weighted graph H;(A, B), we conclude that for all but
e~ V7r/10 (2)2 choices A € [A]", B € [B]", the weight function w; restricted to AUB is (a,0)-

uniform. Translating this statement to H, yields the Claim. O
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6.5.3 Step 3

Let T'; ; be the subgraph of I' induced by G; U C;. Let «;; be the density of I'; ;. Let I'; (ﬁ X E)
be the subgraph of I'; ; induced by [G; N (A x B)]U Cj. For (a,b) € A x B, let

Lj(a,b) ={ce Cj:(a,b,c) € E(H)}.

In this Subsection we prove the following Claim.

Claim 6.11. For all but 2e=V7/? (2)2 choices A € [A]", B € [B]",
2
—(1+1/10). (8)

(Ax B)NGy| = Tt

For all €, there exists an € such that the following holds: If T'; j is e-regular, then the following are

also satisfied for all but 4e=V7/? (2)2 choices A € [A]", B € [B]":

All but 26’? elements (a,b) € (A x B) N G; have |T;(a,b)| = (o ; £ €)|C}] (9)

All but 26/% elements {(a,b), (a/,0')} € [(A x B) N G;]? have |T'j(a,b) NT;(d’, V)| = (a7 ; = €)|Cy).
(10)
Furthermore, T; j(A x B) has density a; j + 5€ .

Proof. We apply the proof of Proposition 4.5 to the bipartite graph with bipartition A U B whose
edges consist of all elements of G;. This immediately gives (8) for all but 2e~VT/2 (7;)2 choices of
A, B.

We now focus on proving (9) and (10). Since I';; is e-regular of density ayj, it is (ayj,€)-

uniform. Proposition 6.4 Part 2 implies that I'; ; satisfies DPC(€’) for some €. In other words,

a) All but ¢'|G;| elements (a,b) € G; have |I'j(a,b)| = (o, ; £ €')|Cj|, and
b) All but €'|Gy|* elements {(a,b), (a’,0')} € [Gi]* have [Tj(a,b) NT;(a’,b')| = (aF; £ €)|Cjl.
Let B;; and B;j denote the exceptions in a) or b). More precisely, let B; ; denote the set of

elements (a,b) € [G;] for which [I'j(a,b)| # (a;; &= €)n/t. Let B, denote the set of elements
{(a,b),(a',V')} € [G;)? for which |T;(a,b) NT;(d’,V)| # (ozzj + e)n/t.

14



4

By a) and b) above, |B; ;| < €|G;| = e’”% and |Bj ;| < ¢|Gi> = €%z. We now apply the proof
of Proposition 4.5 to the bipartite graph with bipartition A U B whose edges consist of all elements
of G;. This gives (9) and (10) for all but 4e~V7/2 (?)2 choices of A, B.

For any one of these choices A, B, the number of edges in I (A x B) is at most
3¢/|(A x B) N Gil|Cjl + (1 =3¢ (e + €)[(A x B)NGil|C5] < (ai; +5€)|(A x B) N Gil|Cyl,
and at least
(1 =3¢)(aig = (A x B)NGil|Cjl > (azj — 5¢)(A x B) N Gil|Cy.
Therefore the density of I‘i,j(g x B) is o j £ b€ O

Definition 6.12. The set C; is good if for all but \/et of the i’s, the graph T'; ; is e-reqular.

Since the number of e-irregular pairs G;, C; is at most et?, we infer that at most /et of the Cj’s
are not good.

We now fix A € [A]", B € [B]" satisfying (*), and each of (8), (9), (10) for every i, j for which
I';j is eregular. The number of exceptions to (*) is at most e~ Vr/10 (7;)2, and the number of
exceptions to (8), (9), (10) over all 4, is at most (th_\/;/?’)(:f)Q. Therefore the total number of
exceptions is at most 2e~V7/10 (’:)2, and there are at least (1 — 2e~V7/10) (7;)2 pairs A, B remaining.

For the rest of the proof, fix one such pair E, B.

6.5.4 Step 4

Given an r-set C € [C]", we let 5’j =N C.

Claim 6.13. For all but (t + tr?)e V" (") of the r-sets C € [C), and all j € [{]
1) |G| = £ICy(1 £ 1/logr) = (1 £1/logr),

and for all (a,b) € A x B,

2) |0j(a,b) N Cy| = [Ty (a, )14 (1 + 1/ logr) if Tj(a, b)] > n/r'/4, and

[eA

3) |j(a,b) N Cy| < r19/20 4f |0 (a, b)| < n/r'/10.

Proof. By Proposition 4.2 all but te*\/’j(f) of the r-sets C € [C]" satisfy 1). Similarly, by Lemma
4.1, for a fixed (a,b) € A x B, all but te_\/;(f) of the r-sets C' € [C]" satisfy 2) or 3). Since

15



|A x B| = r2, the total number of exceptions to 2) or 3) is at most tr e*\ﬁ"(ﬁ). Therefore the total
number of exceptions to 1), 2) or 3) is at most (¢ + tr2)e_ﬁ(n). O

T

Claim 6.14. Let I'; ; be e-regular. Suppose that o; j > v2€'. Then all but (r? + 7“4)6_\/;(”) of the

T

r-sets C € [C]" satisfy

1) |T'j(a,b) N 6]| = (a4 ; = 26’)|6'j\ for all but 2¢'r?/t elements (a,b) € G; N (/Tﬂ E), and

2) |Tj(a,b) NTj(a’,b') N Cj| = (02, £ 2¢)|C;| for all but 2674 /1> elements {(a,b), (a',b')} € [G; N
(A x B))2.

Proof. By (9) and (10),

1) [Tj(a,b)| = (eu; £ €)|C;]| for all but 2¢'2/t of the (a,b) € (A x B) N G;

and

2') |Tj(a,b)NT;(d’, b)| = (o, &€)|Cy| for all but 2¢'r1 /2 elements {(a, b), (a’,b)} € [(Ax B)NGi]2.

Since a;; > V2€, oj; —€ > a; /2. Also, € >> 1/r (and due to Remark 6.8 we further have
¢ > 2/logr) hence 17) yields

]Fj(a,b)\ > (Ozi’j - 6/)’Cj| > Oéi’j‘Cj’/Q > e’n/t > n/tQ > n/r1/4.
Consequently Lemma 4.1 implies that for all but r e*\/’j(:f) of the r-sets C' € [C]" and all (a,b)

that are not exceptions in 17),

_ 5. _ N
03(0.6) 1 G = IEy A (L1 o) = oy % €)ICy (1 1/ ogr) = (o, 2G|

Therefore 1) holds for all these sets C.

Similarly, a%j — > ozi ;/2, and therefore
(o, — )[Cs] = a3;|C51/2 > énft > n et/

Now we apply 2’) and Lemma 4.1 to conclude 2).
The total number of exceptions to 1) and 2) is at most (r? + 7‘4)6_\/F(Z) as needed. O

For the rest of the proof, we fix a C that satisfies the conditions of Claim 6.13, and Claim 6.14

for every pair ¢, j for which I'; ; is e-regular. The number of exceptions is at most

(t +tr? + 722 + r4t2)e_‘/; (Z) < e VT3 <7;> )
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Let Fi’j(g X E, 5) C Fi,j(g X E) be the subgraph consisting only of edges touching C.

Claim 6.15. Suppose that I'; ; is e-reqular. Then

I’m(g x B,C) is (0 5, €")~uniform. (11)
Proof. We distinguish between two cases.
Case 1: «a;; > V2¢. We first observe that I'; (A x B,C) satisfies DPC(3¢/). This follows
immediately from Claim 6.14 (see (9) and (10)) and the inequalities 2¢'r2/t < 3€/|G; N (A x B)|
and 2€¢'74 /2 < 3¢/|G; N (A x B)|? which bound the number of exceptions in each case. By Claim
6.11, I'; ; (A x B,C) has density «; j £ 5€¢’. Now Proposition 6.4 part 1 implies that (11) holds.

For the other case we use the following trivial fact:

Fact: Suppose that a bipartite graph G has density less than (¢”)3, and & < (¢”). Then G is

(&, €”)-uniform.

Case 2: «o;; < V2¢/. We show that the number of edges in Fi,j(g x B,C) is less than (¢’)3|G; N
(A x §)||C~’J| Since o ; < V2¢/ < €’ (see Remark 6.8), the Fact implies that (11) holds. Let

S1={(a,b) € GiN (A x B) : [Tj(a,b)| = (a5 + €)|Cy| and [T(a,b)| > n/r'/1%},
$2={(a,b) € GiN (A x B) : [T(a,b)| = (i % )|y and [Ty(a,B)] < n/r/ 10},
S3 = {(a,b) € Gi N (A x B) : |Tj(a,b)| # (ai; = €)|Cy]}.
Then the number of edges in T; j(A x B, C) is

i) nCl+ Y [Diab)nCl+ > |Ta,b)NC. (12)

(a,b)ES1 ((Lb)ESQ (a,b)GSg

By Claim 6.13 part 2, and «; ; < V2€/,

> ) 1€ <160 (A x Bl(ay + )G+ 1/1ogr) < 16, (A x B)iE.
(a,b)eS
By Claiml6.13 parts 1 and 3, and r > ¢,
> IFj(a,b) N C| < |GiN (A x B)[r'? < (6;)3|G,; N (A x B)||C}].
(a,b)€S2
Since Ty j is e-regular, (8) and (9) yield |Ss| < 2¢'r%/t < 3€/|G; N (A x B)|. Therefore
> IDj(a,b) N C| < 3¢|Gi N (A x B)||Cy] < (6;)3\@ N (A x B)||Cy.
(a,b)ES3

We conclude that (12) is bounded above by (¢”)3|G; N (A x §)|]5J| This completes the proof. [J
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6.5.5 Step 5

In the remainder of the proof, we show that g, E, C satisfies the conclusion of the Theorem. In
other words, we will prove that H(.Z, B,C ) is (a, g)—uniform. Note that the number of triples A, B, C

that are exceptions is at most
n\? n\?
[2exp{—+/T/3} + exp{—+/r/10}] (7") < exp{—r'/3/10} ('r) .

Pick A’ ¢ A,B' C B,C’ C C, with |4'| > 6|A|,|B| > 4| B|,|C’| > 4|C|. To complete the proof, we

must show that
Lemma 6.16.

d(A,B,C"Y=a=+é (13)
Proof. Our first goal is to prove

Claim 6.17. Let A’, B’ be as above, and C satisfy the conditions in Claim 6.13. Then

d(A',B',C;) = a+ 25, (14
Proof. Let
S1={(a,b) € A" x B': |Tj(a,b)| > n/r'/*}
and
So = {(a,b) € A" x B': |T(a,b)| < n/r'/*}.
Then
d(A',B',C}) = e(4,B,Cj) _ Liapes: ITi(a:0) NG| n > (ap)es, Tila; b) N Cj|.

A’ B[|C| |A'[|B']|C] |A"[|B']|C]
By Definition of Sy, Claim 6.13 parts 1 and 3, and §>e> 1/t > 1/r,

E(a,b)eSQ |Fj(a> b) N CN']\ _ T2T19/20

= <€
| Al B"|C51 (6)2r2(r/2t)

Since 62 > €, to finish the proof it suffices to show that

Z(a,b)esl |Fj(a7 b) n CJ‘ — a4t 3~(2)'

~ 15
4[| B||C;] 2 1
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We estimate 3, yeq, [I'j(a,b) ﬁCJ] by estimating e(A’, B’, C;), which we in turn estimate by using
(*):
(A, B',Cj) = d(A', B',C))|A'||B'||C)] = (62| A||B|Cy]. (16)

On the other hand,
e(A,B,C))= > Tijab+ > Tiab),

(a,b)€S1 (a,b)eSs

while }°, jyes, Li(a, b) <r 2n/r1/4. Consequently,

Y Tila,b) = (a5 A|B|Cy| + T/ *n,
(a,b)631

and therefore

S Tiab) ) = (o 3By 20
(a,b)ES J

Now by the Definition of S7 and Claim 6.13 part 2,

~ CI 1
wres, T (@B NGl Sapes, ITia b1+ 5k .
2apes: T3(6.0) NG5l 2apes, i1 g :[ai(5(2)+6)}(1:|: )
| A"l B[] 4| B1|Cy] logr
This implies (15) since 62 > € > 1/r. O
We now focus on C’. Let Cj = C' N Cj. Then
aated
d(A',B',C") = Z J d(A',B',C}). (17)

Break the sum in (17) into three parts depending first on whether C; is good or not, and then on
whether |C}] is big or not:

Ji ={j:Cjis good and |C§| > \/J,n/tL
Jo = {j : Cj is good and \C;| < @r/t}v
J3 = {j : Cj is not good}.

For i = 1,2, 3, define

Z Z |C/ A, B/ Cl)

jeJ;
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Next we show that the contribution of 2(2) and 2(3) is negligible. By definition

(2) c’ 1 1 1M\1/3
Y< % |J|<t\/e>r/t_\/e>7“<(e)'

— = — 18
(& 5|C] or 2 (18)

O <Vt

Since C’]‘ - éj, Claim 6.13 part 1 implies that ]C’J’\ < 2r/t. Moreover, at most /et of the C;’s are
not good. Consequently,

IC}l Vet max;|C]] \ﬁ t2r/t 2/ (€N)V/3
ZZM e (19)
icTs 5|C\ or 0
We have shown that
Z <d A/ B/ C/ < Z // 1/3 (20)
To complete the proof of Lemma 6.16, it suffices to prove the following Claim.
Claim 6.18. Let j € Ji1. Then
d(A',B',C) = a£5/2. (21)

Before we prove Claim 6.18, we show how to complete the proof of Lemma 6.16. Indeed, if we

assume Claim 6.18, then (17) and (20) together with e < 4 yield

ol _ _
d(A', B, C") < | )] ‘|c]/|’ (@+6/2)| + ()P <at6/24 (") <a+s.
j€1

On the other hand,

1

(1) c N
d(A,B,CY =Y =) { | J,| (a — 5/2)}

JeJ

- t C/ Cl . _
= (a~5/2) Z '|Ci|' jgwg '|C’,|' > (o= 8/2) 1~ (")) 2 (@~ d),

where the second last inequality comes from the fact that

‘C’ ‘C;’ (6//)1/3 ’C’ )1/3
L 2ot e M 2ot

i€tz | <Ver [t e s

proved in (18) and (19).

Proof of Claim 6.18. Let G} = G; N (A’ x B'), and let (G, C}) be the number of edges between
G, and C]'. in I'; j. Then

t
e(A,B,C)) =) e(G;,C)). (22)
=1
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Break the sum in (22) into three parts by the following sets:
Ifj) = {i |Gl > Ve'r?/t and T (A x B,C) is (ayj, ") uniform},
Iéj) = {i: |G} > Ve'r?/t and Fi’j(;lv x B,C) is not (i j, €")—uniform},
1Y) = {i: |G} < Ver?/t}.

Then

D e(GLCH) =Y elGLCH+ > e(GLCH + Y e(Gh, CY).

=1 iert’) ie1y!) iery)

We now bound the contribution from the last two sums. If T;;(A x B,C) is not (o, €’)-

uniform, then by Claim 6.15, I'; ; is not e-regular. Since j € Ji, C; is good and therefore I'; ; is not

e-regular for at most \/et of the G;’s. Also, G} = G; N (A’ x B') C G; N (A x B), hence by (8),
Gi| < |Gin (A x B)| < 2r%/t. (23)

Consequently,
S oG G} < VGG < Vet(2r® )]G} = 2V’ .
iery)
Clearly
D eGLC <G Y GGV,
ier{? |Gl <Ver? [t
Now we estimate Zielij) e(G}, C}). For an i € Il(j) and j € J; we have
(a) Ti;(A x B,C) is (aj, €")-uniform
(b) |GY| > Ver2/t > €"|G; N (A x B)|
() |CL| > Ve'r/t > (VE'/2)|Cy| > €"|C|.
Therefore
> elGLCh) = GGl (s €). (24)
ier? ier?

Now
2ier G O + 300 e(GL O)) + 3y e(G CF)

d(A',B',C) = 25
S ATB7C]) >

Since |A'| > §|A|,|B'| > 0| B,
Ticip (G0 G) avelCl_ avet ave b (20)

< - ’
Al B'|Cs] |ANBCiL |ATBY ()2 16
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and o N
Zieléj) e(Gi,Cj) ‘CJ/’ ey el yp? el 5

< = < < —.
Al B'|C [AIBIICH AIBY ()2 16

(27)

Consequently in view of (25), to finish the proof of the Claim it suffices to prove the following

Subclaim

Subclaim 6.19. For every j € Jy,

et A ) axd (28)
B T4
Proof. Using (24) for j € J; we have
2ier0 (G CY) 3w |Gl £ €) 2
1z o/ R V(T2 R 2
Now we use Claim 6.17 (Equation (14)) as well as (a) and (b) above:
. Y@ e GGy £ ) 0 e(G )
o+ 26(2) _ d(A/,B/,Cj) _ Zz:/l e(/c;zjvcj) _ el , — + Qli — ' (30)
A|1B|G| &BIG;) A1BIG]
By arguments similar to those used for (26) and (27),
Zigliﬂ e(G}, Cy) - Zigz]{ﬂ [eAltef B § (31)
[A'l|B]| G |A'[|B]| G 8

Consequently, by (31) and (30)

o |G ey £ € 0 |GGl j £ € 5
2ier Gilloig £ €) 500 [Gil|Cil(ei ):ai<25(2>+5>

|A’||B| B |AY||B||C]

5
I
“+y

Equation (28) now follows from (29). This completes the proof of Subclaim 6.19, Claim 6.18, and
the Theorem. O

6.5.6 Comments on the weighted case

In this subsection we briefly describe the relatively minor modifications needed to prove WT'(l) =
WT(l+1) for [ > 2. We explain only the implication WT'(I) = UWT(l + 1), since extending the
result to the weighted case is essentially identical to our proof for the unweighted conclusion. We
only need to add notation that not only counts edges, but counts edges based on their weight.

Our focus is therefore on WT'(l) = UWT(l+1) for [ > 2. Our strategy is the same with slight
modifications to Steps 1-3.
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Let «, 5> 0be given and let H = H(Aq,...,Aj+1) be an (14 1)-partite (14 1)-graph with parts
A1, ..., Ajrq each of size n. We will show that there exist ¢, r, ng such that, if n > ng, and H is (a, 0)-
uniform, then for all but e~"/*"/10 (’;)l choices of (14 1)-tuples of r-sets A; € [4;]",i € [l + 1], the
hypergraph H= ’H(Al, cee AZH) is (a, g)—uniform. Throughout the proof, our constants implicitly
satisfy the following hierarchy:

a>63>00 > "> >e>1/t>1/r>6>1/n.

Define I' = (A} x --- x A;, Aj41) to be the bipartite graph with edge set

E(F) = {(al, R ,al),alﬂ) : (al, R ,al+1) S E(H)}

Observe that I' has the same density as H, namely a.

Step 1: Apply the Szemerédi Regularity Lemma with parameter € > 0 to I'. This gives a partition
A X x Ay =G U--- UGy, |Gi| =n?/t, i=1,...,t,

Al""l:ClU”.UCh ‘C]’:W,/t, j:17"'7t7
so that all but et? pairs G;, C; are e-regular.

For each j = 1,...,t, consider the weighted l-graph H;(Ai,...,A;) with weight w;, where

wj(ai,...,a;) is the number of a;41 € A4y for which {ai,...,a;, a1} is an edge in H.

Step 2: Apply the induction hypothesis WT'(1) to H;(A1, ..., A;) to conclude that for most choices
of r-sets A; € [A]",i € [l], w; restricted to AU UA s (o, 00)-uniform.

Let I'; ; be the subgraph of I" induced by G;UC);. Let I’m(gl X oo X ﬁl) C I'; j be the subgraph
induced by [G; N (A] x - x A))]U Cj.

Step 3: Show that for most 4; € [4;]",i € [I], Fi,j(gi x -+ x A;) satisfies DPC(3¢) for most i, j.
Fix Aj,..., A; satisfying Steps 2) and 3).

Step 4: Show that for most /Tl—i—l € [Aa]”, Fi,j(gl X oo X /Tl, gl+1) is (o j, €')-uniform.
Now fix glJ,,l satisfying the conditions of Step 4.

Step 5: Show that H(Ay,--- , A;, Ai11) is (av, )-uniform.
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7 Appendix

7.1 Proofs from Section 4

Lemma 4.1: Let |X| = z, and |Y| = y with Y C X. Let R € [X]" be a random 7-set chosen
independently from the family of all r-sets of X. Let r > rg and 3/2 > ¢ > 1/logr. Then with
probability greater than 1 — e~ V", the following holds:

a) [IRNY|=2(1+0)ify>az/rt/4

b) [RNY| < r19/20if y < g/r1/10,

Proof. The following two inequalities apply to a binomially distributed random variable X =
Bi(N,p) with mean p (see [17] pages 27-28).

1) Pr(|X —p| >en) < 2exp{—§,u} for 0 < e <3/2, and

2) Pr(X > a) < exp{—a} for a > Tu. Here we use the fact that these estimates apply to

the hypergeometric distribution (see [17] pages 29-30). In the range y > x/r'/4

we use 1): here
w=ry/z,0<e=0c<3/2and thus due to our assumption on r (r > rg,o > 1/logr) we infer that
Pr(|RNY| —ry/z| > ory/z) < 2exp{—0327"y/:1:} < exp{—+/r}.
In the range y < z/r'/10, we use 2) with a = r19/20, Notice that a = r'920 > Try/z = Tu, so
Pr(|RNY| > r'%2%) < exp{—r'?"} < exp{—/r}.
This completes the proof. O

Lemma 4.3: For all ¢, &, there exist rg,ng such that if r > rg,n > ng, the following holds: If

Zie[n] x; = cn, where 0 < z; < 1 for each i, then all but e~ V7/2 (7) of the r-sets R € [n]" satisfy
YicrTi = (cE£&)r.

Proof. The idea is to partition the elements x; into intervals and apply the hypergeometric inequal-
ities to each interval that has a large proportion of the z;’s. By choosing intervals of appropriate
size, we ensure that the major part of the contribution of ), x; comes from x;’s in these intervals.

Let € = ¢/10. Define Iy = {i : #; < €} and for 1 < j < 15¢ let I; = {i: ;-1 < x; <l;}, where
lj =e+je2 Let Jy = {j: |[;| > én} and Jo = {j : |[;] < €¥n}. We now apply Lemma 4.1 with

y = |I;].
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If j € Jy, then since rg = ro(£) we have y > €n > n/r'/4. Therefore all but e~V of the r-sets
R € [n]" have |[RN ;| = |{Tj‘r(l +e).

If j € Jo, then all but e‘ﬁ(ﬁ) of the r-sets R € [n]" have either

i) |[RN ;| = \Il r(14€) < 263 or

i) [RNI;| < 7”19/20 < 2637,
We conclude that for all but }26_%(?) of the r-sets R € [n]",

i) |[RN ;| = ‘“ r(1+e) for all j € J; and

iv) [RN ;| < 263 for all j € Ja.
Since e%e*‘/; < e~ V7"/2 it suffices to show that the conclusion of the Lemma holds for these r-sets.

Now fix an R satisfying iii) and iv) and note that |l;|/|l;—1| < 14 €. Then by iv),
IEED VD IETS v M bl o) EECUS bl o) REX
1ER jeN iEIjﬂR j€J2 ’iEIjﬂR jen ZEI NR jeI1 ’LEI NR

Using iii) now gives

SN xi<2uijuj< i+ > Ll KMZ%

Jje€J1i€l;NR JEJ1 Jj€ JEN i=1

Consequently,

1+e)? <
in < MZ% + 2er = cr(1 + €)% + 2er < er(1 + 3€) 4 2er < 7(c + 5e) < r(c+€).
i€R [
On the other hand, iii) and iv) together give

in > Z Z x; > Z |I; NR|lj—1 > ZjeJll‘j_ : R|l Z 17511

i€R jeJiiel;NR jeJ J€J1

in—Z\Iﬂ men—en)—w>7“(c—3e)>7“(c—§).
i= jE€J2

We have shown that for all but e=V7/2 (") of the r-sets R € [n]", the sum > ,cpa; = (c £ &)r as

required. O

The following lemma is used in the proof of Lemma 4.4. Its proof is very similar to that of

Lemma 4.3 so we omit it.
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Lemma 7.1. Given r > 1o, there exists n(r) such that for n > n(r) the following holds: Suppose

that 3 ;e @i < n/r/10 with 0 < z; < 1. Then for all but e f/2( ) R € [n]", we have ;. p i <
#19/20

Given a weighted graph G, we write degg(z) for the weighted degree of x, so we sum over the

weights of all edges incident with .

Lemma 4.4: Fix k > 2. For every 3, there exists r,ng such that if n > ng then the following
holds. Let G be an n vertex weighted graph with total weight at most fn”*, maximum weighted
degree at most n*~!, and maximum edge weight at most n*~2. Then all but 2e~V7/2 (:‘) of the

r-sets of vertices induce a subgraph with weight at most 25n*~2r2.

Proof. We may assume by adding weight to edges if needed that G has weight exactly Sn*. We
may also divide all weights by n*~2 and assume that G has total weight Sn?, maximum weighted
degree n, and maximum edge weight 1. Let V(G) = [n], and for each i € [n], let x; = degq(i)/n.
Then

2 d )
Zaz,— Bn = 20n, and ngci:mgl

n

so by Lemma 4.3, all but e~ V7/2 (T) of the r-sets R € [n]" have
Z dega(i) =n Z x; = (20 £ B/10)nr
i€ER i€ER
From now we restrict only to these r-sets.
Given a vertex 4, an r-set R containing 1 is 7-bad if either
i) degr(i) > (14 10)degg( i) (i) > n/r1/4 or
i) degp(i) > r1/2° and degq(i ) < n/rl/10

If i) holds, then by Lemma 4.3 at most e~ VT/2 (Z:ll) of the r-sets containing ¢ are i-bad. If ii)

holds, then since the edge weight is at most 1, Lemma 7.1 implies that at most e VT/2 (’;:11) of the
r-sets containing i are i-bad. Hence for any vertex i, at most e Vr/2 (:f:ll) of the r-sets containing
i are i-bad. Therefore the number of r-sets R that contain an i for which R is i-bad is at most

ne=Vr/2 (" 1) <e \[/2( ) For an R that contains no ¢ for which it is i-bad, we have

ZdegR <r- 7“19/20+Z2deg(; )T

39/20 4 2 Z dega (i) < 20r2.

i€ER 1€ER 1€R
Altogether we have considered all but 2e~V7/2 (:f) of the r-sets. The weight of one of the sets R we
have considered is Y ;. degr(i)/2 < 23r* as needed. O
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7.2 Proofs from Section 6.2

Recall that an equipartition P of a set S is a partition of S into sets of equal size. The equipartition

P contains an edge e of S if e has nonempty intersection with each of the parts of P.

Let p(z) = (327) (2;”) Note that p(t)/6 is the number of equipartitions of a 3t element set into

x

three subsets. Then for a < b, an easy computation using (}) = n!/[k!(n — k)!] yields

p® ()
The following Lemma deals with 3-graphs, but can easily be extended to I-graphs.

Lemma 7.2. Let o, 5> 0, and let S be a set of size 3s with density at least a+0. Then the number
of equipartitions P = S1 U S U S3 of S containing at least (« + 5/2)33 triples of S is at least

Do) oG) e

Proof. We consider the space of all equipartitions of S. For each edge e in S, let X, be the indicator
random variable for e belonging to some equipartition P. Then

6p(s — 1).

Pr(Xe=1)= )

We now estimate the expected number F(X) = E(}, X.) of edges contained in an equipartition.

By linearity of expectation and (32) we have

()’
6(%)

To show that most equipartitons contain close to the expected number of edges, we use Chebyschev’s

= (a+6)s.

inequality which states that for any positive ¢, we have Pr(|X — E(X)| > to) < 1/t, where o is

the standard deviation. We must therefore compute the variance o?. Now

o® = B(X?) — [E(X)P = E(Q_ X)) - [B(X)] = B(X) + ) _ E(XXy) - [E(X)]*.
e e f

The term ), " E(X:Xy) can be computed by considering those pairs e, f that are disjoint and
those that intersect. Since |e N f| # () implies that |e U f| < 5, we have

> E(X)E(Xy) < s.
ern 120
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On the other hand,

_ 6%p(s — 2) _ 2.6 5y _ 2 5
Y E(X.)E(Xy) = G Y 1=(a+6)*5+0(s") = [BE(X)]” + O(s%).
e, f

e, f s
lenf|=0 lenf|=0

We have shown that the standard deviation o of X is O(s°/2). Therefore
~ ~ 1
Pr(X < (a+6/2)s%) < Pr(|X — E(X)| > (6/2)s%) < O (52) :
s
and consequently
Pr(X > (a+3/2)s%) >1— —
62s
for some absolute constant c¢. Since the total number of equipartitions of S is (1/6) (385) (28), the

S

number of equipartitions which contain at least (oH—g/ 2)s3 triples of S is given by (33) as needed. [

Proof of Theorem 6.1 from Theorem 6.2: Recall that we only consider the unweighted case
and [ = 3. Alternatively, the weights are all 0 or 1.

Proof of (3): Given a d-regular H of density «, we show that for all equipartitions A = A;UAsU A3
of V(H), the resulting 3-partite 3-graph H(A;, Ag, A3) is 140-regular of density «.

For i = 1,2, 3, pick A} C A;, each of size at least v/3 > 14§(n/3). We may assume that each has
size exactly v/3 since a simple averaging argument implies the result in the case of strict inequality.
We will prove that the number of edges in H (A}, A), A}) is (1 4 145)av3.

The set A} U A, U Aj contains (1 £ §)av? triples since H is §-regular and v > dn. Similarly, for
each i, j, the set AjU A} contains (1 j:d)oz(zgv) triples, and A} contains (146)a(3) triples. Therefore
the number of triples in A} U A5 U A% with at least one element in each of A}, A}, and Af is by

inclusion-exclusion

(14 5)a<33”) ~3(1 4 0)a (23”> 1301+ 5)a<g> (1 + 146)ar®. 0

Proof of (5): We will assume that there exist exp{—r/!/20} (") r-sets X € [X]" (here | = 3), which

do not satisfy property («, N). Our goal is to prove that there exists an equipartition A = A]UAsUA3
3 ~

of X and exp{—r/!/20} (:;g) triples of r/3-sets A; € [A;]"/3,i € [3], which do not satisfy property

(a,8/2).
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Let R be the family of r-sets X e [X]", not satisfying property (a, g) This means that for each
X €R, thereisa Y = Yy C X, Y| = o7 that has density outside v % . Let

B={(X,Y;): X € R}

and

B ={(X,Yz)eB:d(Yg) > a+d}.

We may assume without loss of generality that [B/| > |B|/2 > exp{—r'/!/20} (/2.

For an equipartition P = A1 U As U A3 and R C X, let Pr = R; U Ry U R3 be the restriction
of P to R. We prove that such a P exists that satisfies the following two properties for at least
exp{—r'/!/10} ("/3) elements (X,Y) € B:

1) Py is an equipartition of Y and the density d(Y1,Ya,Y3) > (a4 0/2).

2) Ps

s is an equipartition of X.

This will complete the proof.

Set n’ =n/3, 7' =r/3 and s = |Y|/3 = 6r/3. By Lemma 7.2 the number of equipartitions of
Y that contain at least (a4 0/2)(s')? triples is at least (1/6)p(s’) <1 -0 (5213/)> . The number of
ways to extend each of these equipartitions of Y to an equipartition of X is p(r’ — s’). The number

of ways to extend each of these equipartitions of X to an equipartition of X is p(n’ — 7).
Now form a bipartite graph with parts B’, P, where P consists of all equipartitions of X, and
join ()N(, Y)e B to PePifl) and 2) are satisfied. We have just argued that every vertex of B’

has degree at least

4= o’ = i’ =) (120 (51 ) ) 2 gt = ptal =),

where the inequality holds since r is sufficiently large. Hence there is a P € P with degree at least

|B'|d/|P| > |B|d/2p(n'). Now we lower bound this and use (32) to simplify:

‘B‘d > 1 { Tl/l/20}< >p(3/)p(7’/ — sl)p(n/ — TJ)

2p(n) = 24 P p(n)
_ 214 exp{—r1/1/20} >p p(r' — ') p(r )géz/)— )

/ 3

(o
= 214 exp{—r'/!/20} (i::)
)

= exp{— r1/1/10} (”/3)3.

> exp{—rl/l/lo}( /3
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3
Consequently there is an equipartition of X satisfying 1) and 2) for at least exp{—r'/!/ 10}(:;;’)
elements (X,Y) € B'. This concludes the proof. O

7.3 Proofs from Section 6.3

Proposition 6.5: Let H(Aj,...,A4;) be an [-partite [-graph, w be a weight function on H of
density «, and 7; : A; — {0,1}. Suppose that § > 0 and |v;| is an integer for each i. Then the
following are equivalent:

1) w is (o, §)-uniform

2) for all choices of ~; : A; — [0, 1] with |y;| > dn,
‘d(vlv' . 'a’Yl) =axd.

Proof. Clearly 2) implies 1) since we may consider ~; that take only 0-1 values. We now prove that
1) implies 2). Suppose that w is (a, §)-uniform and |d(y1,...,7) — «| > 0. Assume by symmetry
that d(y1,...,v) > a+d. We will transform ~; to 3; such that for each i

1) 18 = |l

ii) 3; is a 0-1 function,

i) d(By,...,0) > d(y1,...,m) > a+0.
Now letting A} = {z € A; : §;(z) = 1} we have that |A}| = |G;] > on and

(A, A) = (B, ) > a4,

This contradicts 1).
We now show how to create ; for which 1), ii), iii) hold. For x € A, let

l

d(z) = Z{w(m,ag, ...ap) H’yi(ai) D (zyag,...,a) € Ay X LU ALY

i=2
Suppose that there are z, 2’ € Ay with neither 41 (x) nor 71 (2’) being an integer. We will transform
71 to 1 such that
) Inl=Inl,
i) at least one of 71 (z) or v (z') is an integer,
i) d(v), 72, -+ m) = Ay, - m)-
Assume without loss of generality that d(z) < d(z'). Let ¢ = min{l — y1(2),v1(z)}. Set vi(z) =

m(x) —€, 71 (2") = 1(2’) + ¢ and 7| (2) = 7 (z) for z € {z,2'}. Clearly i’) holds and by the choice
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of €, either v{(z) = 0 or 7{(z') = 1 so ii’) holds. Since d(z) < d(a'),
N(@)d(x) +71(2")d(a") = y(@)d(z) + n(2)d(2") + e(d(z') — d(z)) > y(z)d(z) + 71 (2")d(a").

Consequently,

2oen N(2)A) | 3ien, n(2)d(2)

= :d(’Ylv/YQa"'a’n))
villvel -« [l yllvel -« [l

AV, Y25 - -y ) =

which proves iii’).

We repeat such a transformation to 4} until the resulting function takes on only integer values.
Since |vy1| is an integer, the resulting function cannot have only one non integer value, and this
process therefore terminates to form ;. Repeating this for each i yields i), ii), and iii) as required.

O

Recall the following set up: Let A = {a1,...,an}, B={b1,...,bp} and w: Ax B — [0,1]. Let
w;j = w(a;,bj), and let Wy = (w;1,...,w;ipn). Set o = (1/n?%) Z” w; j. Consider the following two
statements:

UNI(9): wis (a,d)-uniform

DPC(8'): The dot product ; - wi = (a £ §")?n for all but §'n? pairs i,

Proposition 6.6: The statements UNI(d) and DPC(d’) are equivalent in the following sense:
1) V6,3¢, no, such that Vn > ng, DPC(6") = UNI(J)
2) Vo', 30, ng, such that VYn > ng, UNI(§) = DPC(¥)

Proof. The proofs of both 1) and 2) are similar to Lemmas 3.1 and 3.2 in [2]. Here we only prove
2), since 1) follows by extending the ideas of [2] in a similar fashion.

Suppose that UNI(§) holds and let A" C A be the set of vertices a; for which
n
d(az) = Zwi,j > (Oé + 5)72
j=1

Then 5 5
weA 2ub,eBWij Y CA d(a;)
d(A/,B) = =4 =0 = o > a+ 0.
|A'|| B |A'||B|

Since w is (o, 0)-uniform we conclude that |A’| < dn. Arguing similarly for vertices with d(a;) <
(. — 0)n, we obtain that for at least (1 — 2d)n vertices a; € A, we have d(a;) = (o £ §)n. We now

show that for each such a;, the dot product 1 - wy = (o & 6)?n for all but at most 2dn of the a;s.
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Fixing 4, let A” C A be the set of those ay for which ;- wy > (a + 6)?>n. Define v1(z) = 1
for z € A” and 0 for ¢ A”, and define 12(b;) = w;; for all b; € B. Then |y| = |A”|, and
|v2| = d(a;) = (o & §)n. Consequently,

Dayear 2anen Wi (@) y2(b) iy (o +6)2n
d(m1,72) = =

=a+ 0.
7172l 72| (a+d)n

If |y1| > on, then by Proposition 6.5, this contradicts («, )-uniformity of w. Hence |A”| = |y1| < dn.
Arguing similarly for those a; for which ;- Wiy < (a — 6)?n, we conclude that ;- wy = (a + 8)*n
for all but at most 26n of the ays. Therefore the number of pairs 4,4 for which ;- wy # (a4 6)%n
is at most (20n)n + (n — 20n)26n < 46*n. We conclude that for any &', there is a § = §(¢’, ) such
that UNI(§) = DPC(¥'). O

7.4 Proofs from Section 6.5

Proposition 4.5: Let G = (A, B) be a bipartite graph with n?/t edges and |A| = |B| = n. Let
B C E(G) be a set of size at most ¢'n?/t. Let B’ C [E(G)]? be a set size at most ¢'n*/t2. Then the
following holds: For all €, ¢, there exist 7, ng, such that if n > ng, then
for all but 6e=v"/2 (7;)2 choices A € [A]", B € [B]",
I(Ax B)NE(G)| = ’fu +1/10) (34)
and in the graph spanned by A x E,
1) at most 2€'r?/t edges lie in B, and

2) at most 2¢'r/t? pairs of edges lie in B'.

Proof. We first show that for all but 2e~V7/2 (:)2 choices A € [A]", B € [B]", (34) holds. For i € A,
let z; = deg(i)/n. Then ) .., x; = n/t so by Lemma 4.3 all but e Vr/2 (") choices A € [A]" have

> deg(i) =n) @ = (1/t£1/10)rn.

i€cA i€A
Fix such an A, and for each j € B, define y; = degz(j)/r. Then >, py; = >, 5deg(i)/r =
(1/t +1/10)n. By Lemma 4.3, all but e~ V7/? () choices B € [B]" have

e(A,B) = degz(j) =1 y; = (1/t£1/10)r".

jeB jeB
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The total number of exceptions /~1, B is at most e~ V7/2 (f)2 +eVr/2 (f)2 = 2e V72 (2)2 as claimed.
Applying this argument to the graph with edge set B, we obtain that 1) holds for all but
2eV7/2 (’;)2 choices A € [A]", B € [B]".
We now prove that 2) holds for all but 2e~VT/2 (?)2 exceptions. Define a weighted graph G 4 with
vertex set A (possibly with loops), where the weight w(uv) of edge wv is the number of {e, e’} € B’
with « an endpoint of e and v an endpoint of €. Then the sum of the weights of all edges in G 4

is |B'| < ¢'n*/t?, the maximum weighted degree is at most n3, and the maximum edge weight is at

most n?. By Lemma 4.4, setting 3 = €'/t and k = 4, all but 2e~V7/2 (™) of the A € [A]" have

4 .2 2,2

Y
ZNw(uv) < 2e ok 2¢ o
u,vEA

Now define a weighted graph G p with vertex set B (possibly with loops), where the weight w(uv)
of edge uv is the number of {e, e’} € B’ with e = au and ¢ = a’v where a,a’ € A. Then the sum

of the weights of all edges in Gp is

2,2 . . .
woeiW(uw) < 2¢'™7=, the maximum weighted degree is at

most 721, and the maximum edge weight is at most r2. Therefore by Lemma 4.4 (scaling down by
a factor of r2, setting 3 = 2€/t2, and k = 2), all but 2e~V7/2 (") of the Be [B]" have
22 ,T

Z w(uv) < 2e 23 = 2

u,v€§

Therefore the number of elements of B’ in the graph spanned by A x B is at most 2er? /2, and this
holds for all but 2e~V"/2 (2)2 choices A, B.

We have argued that altogether the number of A, B not satisfying (34), 1) or 2), is at most
Ge~V7/2 (2)2, thereby completing the proof. ]
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