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Abstract. Let E be an elliptic curve over Q and let Q(E[n]) be its nth division field. In 1972, Serre showed

that if E is without complex multiplication, then the Galois group of Q(E[n])/Q is as large as possible, that

is, GL2(Z/nZ), for all integers n coprime to a constant integer m(E, Q) depending (at most) on E/Q. Serre

also showed that the best one can hope for is to have | GL2(Z/nZ) : Gal(Q(E[n])/Q)| ≤ 2 for all positive

integers n. We study the frequency of this optimal situation in a one-parameter family of elliptic curves

over Q, and show that in essence, for almost all one-parameter families, almost all elliptic curves have this

optimal behavior.

2000 Mathematics Subject Classification: 11G05, 11F80, 11G30

Contents

1. Introduction 1

2. Outline of the proof of the Main Theorem 8

2.1. Setting/notation. 8

2.2. Proof outline. 9

3. Serre curves and exceptional numbers 10

4. Elliptic curves with non-integral j-invariants 13

5. Elliptic curves with r-free-integral j-invariant 14

6. Serre curves, modular curves, and thin sets in P1 20

6.1. Serre curves and modular curves 20

6.2. Thin sets in P1 21

References 23

1. Introduction

Let E be an elliptic curve defined over Q, without complex multiplication (i.e. no complex multiplication

over an algebraic closure Q of Q). For an integer n ≥ 1, let E[n] denote the nth division group of E over Q
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and let Q(E[n]) denote the nth division field of E. The Galois group GQ := Gal(Q/Q) acts on E[n] and, after

a choice of a Z/nZ-basis for E[n], gives rise to an embedding Gal(Q(E[n])/Q) �→ Aut(E[n]) � GL2(Z/nZ).

Serre’s Open Image Theorem [Se3] states that there exists a positive constant c(E, Q), depending on

E/Q, such that |GL2(Z/�Z) : Gal(Q(E[�])/Q)| = 1 for all primes � ≥ c(E, Q). Consequently, there exists

a constant m(E, Q) such that |GL2(Z/nZ) : Gal(Q(E[n])/Q)| = 1 for all integers n coprime to m(E, Q)

(see [Co, Appendix] and the references therein, as well as [Jo1]).1 Serre’s theorem suggests the following

definition (already introduced by Lang and Trotter in [LaTr]):

Definition 1. For an elliptic curve E/Q we say that a positive integer n is exceptional if

|GL2(Z/nZ) : Gal(Q(E[n])/Q)| > 1.

Serre showed that there is no E/Q such that |GL2(Z/nZ) : Gal(Q(E[n])/Q)| = 1 for all n ≥ 1. Indeed,

as detailed in [Se2, pp. 310–311] (see also [Jo3, Section 5]), the best one can hope for is |GL2(Z/nZ) :

Gal(Q(E[n])/Q)| ≤ 2 for all n ≥ 1. This prompts the definition:

Definition 2. An elliptic curve E/Q is called a Serre curve if

|GL2(Z/nZ) : Gal(Q(E[n])/Q)| ≤ 2

for all n ≥ 1.

Note that a Serre curve has no exceptional primes. In Corollary 8 of Section 3 we will give a characteri-

zation of a Serre curve in terms of its exceptional numbers.

A few examples of Serre curves may be found in [Se3] and [LaTr]; for instance, y
2 + y = x

3 − x and

y
2 + y = x

3 + x
2 are Serre curves. In fact, Serre curves exist in abundance and they are the most common

kind that one encounters. As such, they are particularly significant when studying conjectures about elliptic

curves over Q, as was done recently in [Jo2]. The purpose of our paper is to show that, when viewed in

one-parameter families, Serre curves form an overwhelming majority (see Main Theorem below). In essence,

for almost all one-parameter families, almost all elliptic curves are Serre curves. Before stating our main

result, let us discuss prior related work.

1Note that the integer m(E, Q) may be defined in several ways. For instance, in [Co], Cojocaru and Kani consider the

integer A(E/Q) := 2× 3× 5×
Q

�<c(E,Q) �, which they call “Serre’s constant associated to E/Q”, and which has the property

that | GL2(Z/nZ) : Gal(Q(E[n])/Q)| = 1 for all integers n coprime to A(E/Q). In [Jo1], Jones considers the smallest integer

m = mE/Q such that φE(GQ) = π−1(φE,m(GQ)), where φE,m is the modulo m Galois representation associated to E/Q
(see Section 3.1 of present paper), φE is the global Galois representation associated to E/Q (again, see Section 3.1), and

π : GL2(Ẑ) −→ GL2(Z/mZ) is the canonical projection. The integer mE/Q, which Jones calls the “torsion conductor of E/Q,”

also has the property that | GL2(Z/nZ) : Gal(Q(E[n])/Q)| = 1 for all integers n coprime to mE/Q, and is always at least the

squarefree part of the absolute value of the minimal discriminant of E/Q. While A(E/Q) may be smaller and even uniform

in E, mE/Q varies with E/Q and encodes more information about the torsion of the curve. For more explanations, see [Jo1,

Remark 4].
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An important question related to Serre’s Open Image Theorem above, posed already by Serre in [Se3]

and [Se4], is:

Serre’s Uniformity Question

Let E/Q be an elliptic curve without complex multiplication. Can the constant c(E, Q) be made uniform in

E?

An affirmative answer to Serre’s Uniformity Question has important applications to solving Fermat type

equations, as illustrated, for example, in [Me]. It also immediately implies the uniform boundedness of

the torsion group E(Q)tors. Moreover, the question itself is an important and difficult arithmetic problem

and is directly related to the study of Q-rational points on various modular curves (see, again, [Me] for a

brief overview). In this direction, major achievements have been obtained in [Se1], [Se3], [Ma2], [Ma3], and

[BiPa]; the work of [Ch] points out the main difficulty in completely answering Serre’s Uniformity Question.

In addition, a weaker version of Serre’s Uniformity Question, that of bounding c(E, Q) in terms of invariants

of E/Q, has been treated in [Se4], [MaWu], [Kr] and [Co].

The least prime number candidate for c(Q) = c(E, Q), if it exists, is 41, as Mazur and Swinnerton-Dyer

[MaSD] showed that the curve y
2 + xy + y = x

3 + x
2 − 8x + 6 is without complex multiplication and has

a subgroup of order 37 stabilized by Gal(Q/Q). Unfortunately, the recent work of [BiPa] does not provide

any explicit candidate for c(Q).

Let us also remark that an affirmative answer to Serre’s Uniformity Question would imply a relatively

easy criterion for detecting Serre curves: it would suffice to find Gal(Q(E[n])/Q) for n = 36 (see Section 3)

and for n a prime up to c(Q).

In [Du], Duke studied an average version of Serre’s Uniformity Question and showed that it has an

affirmative answer with c(E, Q) = 2 for most elliptic curves E/Q in a two-parameter family. To be precise,

let X > 0 be a parameter and let F(X) :=

�
(a, b) ∈ Z2 : gcd{a3

, b
2} 12th power free, y2 = x

3 + ax + b an elliptic curve over Q, |a| ≤ X
2
, |b| ≤ X

3
�

,

i.e. we consider the family of elliptic curves Ea,b/Q : y
2 = x

3 + ax + b with naive height H(Ea,b) :=

max{|a|3, |b|2} ≤ X
6. As shown in [Br],

#F(X) � X
5
.

Let

En(X) := {(a, b) ∈ F(X) : Ea,b is exceptional at n} (n ≥ 1),

Enon-Serre(X) := {(a, b) ∈ F(X) : Ea,b is not a Serre curve} .

In [Du], Duke showed that there exists a positive constant γ such that, as X →∞,

#




�

�≥2

E�(X)



 = O
�
X

4 logγ
X

�
,
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where � denotes a prime. The O-constant, though ineffective in Duke’s proof, can be made effective (see

[Zy]); the constant γ can also be given explicitly (see [Ka]).

Duke’s result was refined by Grant [Gr], who showed that, for any ε > 0 and as X →∞,

#




�

�≥2

E�(X)



 = cX
3 + Oε

�
X

2+ε
�
,

where c =
2

ζ(6)
+

4ε+ + 4ε− + 6 log(ε−/ε+)
3ζ(6)

, ζ(·) is the Riemann zeta function, ε± are the real roots of

x
3±x− 1 = 0, and the Oε-constant in the error term is ineffective. Grant’s proof shows that the main term

in this asymptotic comes from E2(X) and E3(X).

These results were generalized in two different directions. On one hand, Jones [Jo3] showed that for most

elliptic curves in the above two-parameter family, all the nth division fields are as large as possible. More

precisely, there exists an (explicit) positive constant γ such that, as X →∞,

#Enon-Serre(X) = O
�
X

4 logγ
X

�
.

As in Duke’s result, the O-constant can be made effective. Subsequently, Jones’ result was strengthened by

Radhakrishnan [Ra] to the asymptotic

#Enon-Serre(X) = cX
3 + Oε

�
X

2+ε
�
,

where c is as in Grant’s result and the Oε-constant is ineffective.

On the other hand, Cojocaru and Hall [CoHa] showed that most elliptic curves over Q in a one-parameter

family have c(E, Q) = 17, that is, they have no exceptional primes � ≥ 17 (see equation (3) below).

The purpose of this paper is to refine the above average results and show that almost all elliptic curves in

a one-parameter family are Serre curves. For this, let E/Q(t) be an elliptic curve defined over Q(t), given

by the Weierstrass equation

(1) E : y
2 = x

3 + A(t)x + B(t),

where A(t), B(t) ∈ Q[t] are fixed polynomials such that the j-invariant of E

jE(t) := 1728 · 4A(t)3

4A(t)3 + 27B(t)2

is non-constant, i.e. jE �∈ Q. We will standardly call such an elliptic curve non-isotrivial.

For T > 0, let

(2) FE(T ) := {t0 ∈ Q : H(t0) ≤ T,Et0/Q is an elliptic curve} ,

where H(t0) is the Mordell height of t0 (defined as the maximum of the absolute values of the numerator

and denominator of t0) and Et0 is the specialization of E at t0. Note that, for all but finitely many t0 ∈ Q,

Et0 is an elliptic curve. Thus,

#FE(T ) � T
2
.
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Akin to the above, let

EE,n(T ) := {t0 ∈ FE(T ) : Et0 is exceptional at n} (n ≥ 1),

EE,non-Serre(T ) := {t0 ∈ FE(T ) : Et0 is not a Serre curve }.

In [CoHa], Cojocaru and Hall showed that there exists an explicit positive constant γ such that, as T →∞,

(3) #




�

�≥17

EE,�(T )



 = OE

�
T

3
2 logγ

T

�
,

where the implied OE-constant depends on the polynomials A(t), B(t) defining E, and, as in Duke’s and

Jones’ aforementioned results, can be made effective.

In this paper we will show that the order of magnitude of the above set, and, moreover, of EE,non-Serre(T ),

is significantly smaller.

Since Galois groups do not increase under specialization, we need to assume from the start that the family

E/Q(t) has the property that the image of the representation of the absolute Galois group of Q(t) on E[n] is

of index 1 or 2 in GL2(Z/nZ) for all n ≥ 1. Both the situations where this index is 1 for all n ≥ 1 and where

this index is 2 for some n can produce families E/Q(t) whose specializations are almost all Serre curves.

However, in order to make notation and arguments less cumbersone, we will henceforth assume that, for all

n ≥ 1,

(4) Gal(Q(t)(E[n])/Q(t)) � GL2(Z/nZ).

Now let X denote the set of modular curves which parameterize non-Serre curves, as defined explicitly in

Definition 17 of Section 6.

For X ∈ X , let

CX,E := X ×P1(j) P1(t)

be the fibre product defined by the commutative diagram

(5)

X ×P1(j) P1(t)
ψX,E−−−−→ P1(t)

� jE

�

X
jX−−−−→ P1(j),

where jE is the map associated to the j-invariant of E, jX is the j-map attached to X, and the remaining

two maps are the canonical projections.

As will be explained in Proposition 20 of Section 6, hypothesis (4) for all n ≥ 1 implies that CX,E are

curves over Q which are irreducible over Q. We then set

X 0
E

:= {X ∈ X : CX,E is absolutely irreducible, has genus 0, and CX,E(Q) �= ∅},

X 1
E

:= {X ∈ X : CX,E is absolutely irreducible, has genus 1, and CX,E(Q) �= ∅}.

Finally, we introduce:
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Definition 3. Let E/Q(t) be a non-isotrivial elliptic curve. E is called j-unusual if there exist a non-

singular integral matrix



a b

c d



 and a polynomial P (t) ∈ Z[t] such that jE(t) = P

�
at+b

ct+d

�
. If E is not

j-unusual, it is called j-usual.

Main Theorem

Let E/Q(t) be a non-isotrivial elliptic curve as in (1) such that hypothesis (4) holds for all n ≥ 1. We keep

the notation and terminology introduced above.

1. Assume that E is j-usual and let ε > 0.

(a) If X 0
E

= ∅, then, as T →∞,

#EE,non-Serre(T ) = OE,ε (T ε) .

(b) If X 0
E
�= ∅, then there is a positive constant c(E) such that, as T →∞,

#EE,non-Serre(T ) ∼ c(E) · T
2

dE ,

where

dE := min{deg ψX,E : X ∈ X 0
E
} ≥ 2.

2. Assume that E is j-unusual. Then, for any ε > 0 and as T →∞,

#EE,non-Serre(T ) = OE,ε

�
T

1+ε
�
.

Note that, since ∪�≥2EE,�(T ) ⊆ EE,non-Serre(T ), our theorem substantially improves upon (3).

We conclude the introduction with a few remarks.

Remarks.

1. Hypothesis (4) of the Main Theorem asserts that

∀n ≥ 1, Gal(Q(t)(E[n])/Q(t)) � GL2(Z/nZ).

As we will show in Section 3 (see Proposition 4), this is equivalent to the two assertions

∀n ∈ {36} ∪ {� : � prime, 5 ≤ � ≤ 13}, Gal(Q(t)(E[n])/Q(t)) � GL2(Z/nZ)

and

Q(t)
��

∆E(t)
�
∩Q = Q.

In particular, (4) needs only to be verified for n in a finite set.

2. By results of Dennin [De], for any fixed g, the set of genus g modular curves, of all levels, is finite.

In particular, the sets X 0
E

and X 1
E

are finite. See [ChLaYa] for the list of all genus 0 modular curves

of all levels.
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3. The situation X 0
E

= ∅ is the typical one. Indeed, for X ∈ X , jX is ramified only at 0, 1, ∞. Using the

Riemann-Hurwitz formula, one can then show that if jE has degree DE > 1 and is unramified over 0,

1, ∞, the genus of CX,E is positive. Therefore we consider X 0
E

= ∅ the genus usual case. Likewise,

we consider when (4) holds for all n ≥ 1 the galois usual case. The theorem can be paraphrased by

saying that non-Serre curves are extremely rare in a one-parameter family, unless something unusual

happens, namely the family is genus unusual, j-unusual, or galois unusual. None of these phenomena

has to be contended with when studying the 2-parameter family of elliptic curves.

4. Naturally, one may ask what the true order of magnitude of #EE,non-Serre(T ) is. An affirmative

answer to Serre’s Uniformity Question leads to the following prediction.

Let E/Q(t) be a non-isotrivial elliptic curve such that hypothesis (4) holds for all n ≥ 1.

(a) If X 0
E

= ∅ but X 1
E
�= ∅, then

#EE,non-Serre(T ) ∼ c(E)(log T )
ρE

2

for some positive constant depending on E, where ρE is the maximum of the Mordell-Weil ranks

of CX,E for X ∈ X 1
E

.

(b) If X 0
E

= ∅ and X 1
E

= ∅, then

#EE,non-Serre(T ) ≤ c(E)

for some positive constant depending on E.

(c) If X 0
E
�= ∅, then

#EE,non-Serre(T ) ∼ c(E)T
2

dE

for some positive constant depending on E, where dE is the minimum of deg ψX,E for X ∈ X 0
E

,

which is at least 2.

In particular, we believe our bound is far from best possible in the j-unusual case.

5. When the one-parameter family of elliptic curves is not galois usual, one can still consider whether

almost all specialization have galois representations whose image is as large as possible given this

constraint. We call such optimal specializations relative Serre curves and study them in [Jo4].

Likewise, studying families of elliptic curves over number fields other than Q requires a more delicate

analysis, which we address in a coming paper.

Notation. Throughout the paper we will use the following (standard) notation. The letters � and p denote

rational primes. For a nonzero integer m, ν(m) denotes the number of its distinct prime divisors and τ(m)

the number of its divisors. We write

rad(m) :=
�

�|m

�
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for the radical of m, and, given an integer r ≥ 1, cr(m) and dr(m) for the odd r-full part and r-free part of

m, that is,

m = ±2α




�

� �=2
�
α(�)�m

α(�)≥r

�
α(�)








�

� �=2
�
α(�)�m

α(�)<r

�
α(�)




=: 2α

cr(m)dr(m).

We write

m | 2∞3∞

to mean that m is divisible only by the primes 2 and 3.

For real valued functions f, g, with g positive, we write f = O(g) or f � g if there exists a positive constant

M such that |f(x)| ≤ Mg(x) for all x. If f = O(g) and g = O(f), then we write f � g. We write f = OC(g)

when the constant M implied in the O-notation depends on another quantity C. If limx→∞

f(x)
g(x) = 1, then

we write f ∼ g.

For a rational number x, we define the p-adic valuation ordp(x), as usual, by ordp(x) := ν, where x = p
ν ·x�

and p divides neither the numerator nor the denominator of x
�.

For a prime � and a positive integer n, Z/�
nZ denotes the ring of integers modulo �

n, while Z� denotes

the ring of �-adic integers.

GL2 and SL2 denote the 2× 2 general linear group and the special linear group, respectively.

2. Outline of the proof of the Main Theorem

In this section we outline the proof of the Main Theorem of the paper. We start by fixing the setting and

notation, and continue with a summary of the main steps of the proof.

2.1. Setting/notation. Let E/Q(t) be a non-isotrivial elliptic curve as in (1). Throughout the paper, we

will keep the notation associated to E/Q(t) introduced in Section 1. In addition, we write

(6) jE(t) =
f(t)
g(t)

∈ Q(t),

where f(t), g(t) ∈ Z[t] are such that f(t) and g(t) are relatively prime in Q[t] and have relatively prime

content. We let

(7) DE := max{deg f(t),deg g(t)},

that is, DE is the degree of jE as a rational map. We let F (R,S), G(R,S) ∈ Z[R,S] be the homogeneous

polynomials defined by

(8) F (R,S) = S
DE f

�
R

S

�
, G(R,S) = S

DE g

�
R

S

�
.

8



2.2. Proof outline. The proof of the Main Theorem can be summarized in four principal steps, as follows.

The first step consists of a characterization of a Serre curve in terms of its exceptional integers, which is

achieved by means of group theory. In brief, it states:

Step 1. For any T > 0,

EE,non-Serre(T ) = EE,non-Serre,36(T ) ∪




�

�≥5

EE,�(T )



 ,

where

EE,non-Serre,36(T ) := EE,non-Serre(T ) ∩ EE,36(T ).

This follows from Corollary 8 of Section 3.

The second step consists of embedding the infinite union
�

�
EE,�(T ) into a finite union of similar sets. The

underlying idea is that an elliptic curve over Q with non-integral j-invariant cannot have large exceptional

primes. To be precise, let R0, S0 denote relatively prime integers, and for an arbitrary fixed integer r ≥ 1,

let

Er

E,int(T ) :=
�

t0 =
R0

S0
∈ FE(T ) : dr(G(R0, S0))|F (R0, S0)

�
,

where dr(G(R0, S0)) denotes the odd r-free part of G(R0, S0) (see the notation at the end of Section 1).

Using Tate’s theory of q-curves and Mazur’s work on rational isogenies of prime degree, we show:

Step 2. Let r ≥ 13 be an integer. Then, for any T > 0,

�

�

EE,�(T ) ⊂




�

�≤r

EE,�(T )



 ∪ Er

E,int(T ).

This is Corollary 10 of Section 4.

The third step consists of estimating the set Er

E,int(T ) by using the work of Bombieri and Schmidt on the

Thue equation, Bezout’s theorem, and the theory of norm-form equations in quadratic fields:

Step 3. We assume that E/Q(t) is non-isotrivial. Let ε > 0 and let r = r(E, ε) := 3DE log(max{DE ,2})
ε log 2 . For

any T > 0, we have:

1. if E/Q(t) is j-usual, then

#Er

E,int(T ) = OE,ε(T ε);

2. if E/Q(t) is j-unusual, then

#Er

E,int(T ) = OE,ε(T 1+ε).

This is Corollary 15 of Section 5.

The fourth (and final) step consists of estimating the sets EE,non-Serre,36(T ) and EE,�(T ) (for � ≤ r) by

using the theory of modular curves and results on counting rational points of bounded height on curves. To

state the fourth step precisely, we need the following piece of notation: for an integer r ≥ 5, let Xr denote the
9



subset of X consisting of curves of prime level 5 ≤ � ≤ r or level n = 36, as defined explicitly in Definition

17 of Section 6.

Step 4. Let E/Q(t) be a non-isotrivial elliptic curve. Let r ≥ 5 be an integer. We assume that hypothesis

(4) holds for any prime n with 5 ≤ n ≤ min{r, 13} and for n = 36. For any T > 0, we have:

1. if Xr ∩ (X 0
E
∪ X 1

E
) = ∅, then

#



EE,non−Serre,36(T ) ∪ (
�

5≤�≤r

EE,�(T ))



 = OE,r(1);

2. if Xr ∩ X 0
E

= ∅, but Xr ∩ X 1
E
�= ∅, then

#



EE,non−Serre,36(T ) ∪ (
�

5≤�≤r

EE,�(T ))



 ∼ c(E)(log T )
ρE,r

2

for some positive constant c(E) depending on E, where ρE,r is the maximum of the Mordell-Weil

ranks of CX,E/Q for X ∈ Xr ∩ X 1
E
;

3. if Xr ∩ X 0
E
�= ∅, then

#



EE,non−Serre,36(T ) ∪ (
�

5≤�≤r

EE,�(T ))



 ∼ c(E)T
2

dE,r

for some positive constant c(E) depending on E, where dE,r := min{deg ψX,E : X ∈ Xr ∩ X 0
E
}.

This is an immediate consequence to Proposition 20 of Section 6.

The proof of the Main Theorem is completed by combining the above four steps and by noting that

dE,r ≥ 2 (see part 2 of Proposition 20 of Section 6).

3. Serre curves and exceptional numbers

The goal of this section is to provide a characterization of a Serre curve in terms of its exceptional numbers

and thus prove the claim of Step 1 of Section 2.

The main result we require is the following theorem, in whose statement we use the standard notation

[G, G] := �ghg
−1

h
−1 : g, h ∈ G� for the commutator subgroup of a finite group G.

Proposition 4. a) An elliptic curve E over Q is a Serre curve if and only if

∀n ∈ {36} ∪ {� : � prime, � ≥ 5}, [Gal(Q(E[n])/Q),Gal(Q(E[n])/Q)] = [GL2(Z/nZ),GL2(Z/nZ)].

b) A non-isotrivial elliptic curve E over Q(t) satisfies

(9) Gal(Q(t)(E[n])/Q(t)) = GL2(Z/nZ)

for every positive integer n if and only if

A1 E satisfies (9) for n ∈ {36} ∪ {� : � prime, 5 ≤ � ≤ 13}, and
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A2 The extension Q(t)
��

∆E(t)
�

is geometric over Q(t), i.e. Q(t)
��

∆E(t)
�
∩Q = Q.

Proof. For a), see [Jo4]. For b), suppose that E is an elliptic curve over Q(t) satisfying assumptions A1 and

A2. We will adopt a more global viewpoint. Recall that Ẑ denotes the inverse limit of the projective system

{Z/nZ : n ≥ 1}, ordered by divisibility. Under the isomorphism of the Chinese remainder theorem, we have

Ẑ �
�

�
Z�. Consider the action of GQ(t) := Gal(Q(t)/Q(t)) on the torsion subgroup Etors of E. If we choose

a basis of Etors over Ẑ, then this gives a continuous group homomorphism

ϕE : GQ(t) −→ GL2(Ẑ),

which is related to the division fields by the equation

Q(t)
ker(πn◦ϕE)

= Q(t)(E[n]),

where πn : GL2(Ẑ) −→ GL2(Z/nZ) denotes the canonical projection. Note also that (9) holds for every

n ≥ 1 if and only if ϕE(GQ(t)) = GL2(Ẑ). Thus, our goal is to show that ϕE(GQ(t)) = GL2(Ẑ).

The following theorem restates [CoHa, Theorem 1.1], taking into account the subsequent remark.

Theorem 5. Let F be any perfect field, C/F a proper, smooth, geometrically connected curve, and let

K := F (C) be its function field. Then there exists a positive constant c(K), depending at most on the genus

of K, such that for any non-isotrivial elliptic curve E/K and any rational prime � ≥ c(K) with � �= charF ,

the geometric Galois group of K(E[�])/K is SL2(Z/�Z). More precisely,

c(K) := 2 + max
�

� : � prime,
1
12

[�− (6 + 3e2 + 4e3)] ≤ genus (K)
�

,

where e2 = +1 if � ≡ 1 mod 4 and −1 otherwise, and e3 = +1 if � ≡ 1 mod 3 and −1 otherwise.

To specialize to our situation, we take F = Q and C = P1, so that c(K) = 15. Thus, we derive the

following corollary.

Corollary 6. For any non-isotrivial elliptic curve E defined over Q(t) and any prime � ≥ 17, one has

Gal(Q(t)(E[�])/Q(t)) � GL2(Z/�Z).

Given assumption A1, it follows that we must have (9) for n ∈ {36} ∪ {� : � prime, 5 ≤ �}. We now

apply the following theorem, which is proved by combining Theorem 1.1, Corollary 2.13 and Corollary 2.16

of [Gre]. Let πn : GL2(Ẑ) −→ GL2(Z/nZ) denote the canonical projection and let

sgn : GL2(Ẑ) −→ GL2(Z/2Z) −→ GL2(Z/2Z)
[GL2(Z/2Z),GL2(Z/2Z)]

� {±1}

denote the signature map.

Theorem 7. Let H ⊆ GL2(Ẑ) be a closed subgroup. Then H = GL2(Ẑ) if and only if the following conditions

hold.

11



(1) For each prime � ≥ 5, π�(H) = GL2(Z/�Z),

(2) π36(H) = GL2(Z/36Z), and

(3) The function sgn×det : GL2(Ẑ) −→ {±1}× (Ẑ)∗ satisfies (sgn×det)(H) = {±1}× (Ẑ)∗.

To finish the proof of b), we would like to apply Theorem 7 with H = ϕE(GQ(t)). Conditions (1) and (2)

of Theorem 7 have already been verified above. We now show that condition (3) must also hold. Suppose

for the sake of contradiction that (sgn×det)(H) � {±1}× (Ẑ)∗. Recall that because of the non-degeneracy

of the Weil pairing and the irreducibility over Q of the nth cyclotomic polynomial for every n, we have

(10) det(ϕE(GQ(t))) = (Ẑ)∗.

Also, since ϕE(GQ(t)) mod 2 = GL2(Z/2Z), we have that sgn(ϕE(GQ(t)) = {±1}. Thus, we must have that

(sgn×det)(ϕE(GQ(t))) = {(x, y) ∈ {±1}× (Ẑ)∗ : x = f(y)},

for some group homomorphism f : (Ẑ)∗ −→ {±1}. Chasing through the definitions, we find that

Q(t)(
�

∆E(t)) = Q(t)
ker(sgn ◦ϕE)

= Q(t)
ker(f◦det ◦ϕE) ⊆ Q(t)

ker(det ◦ϕE)
= Q(t)cyc

,

which contradicts assumption A2. Note also that one may reverse this argument to show that, if Q(t)
��

∆E(t)
�

is not geometric over Q(t), then (sgn×det)(ϕE(GQ(t))) �= {±1} × (Ẑ)∗, so that assumption A2 is indeed

necessary. This completes the proof of Proposition 4. �

As an immediate consequence of part a) of Proposition 4, we have:

Corollary 8.

{E/Q : E is not a Serre curve} = {E/Q : [Gal(Q(E[36])Q),Gal(Q(E[36])Q)] � [GL2(Z/36Z),GL2(Z/36Z)]}

∪




�

�≥5

{E/Q : [Gal(Q(E[�])Q),Gal(Q(E[�])Q)] � [GL2(Z/�Z),GL2(Z/�Z)]}





For � ≥ 5, one has [GL2(Z/�Z),GL2(Z/�Z)] = [SL2(Z/�Z),SL2(Z/�Z)] = SL2(Z/�Z) (see for example

[Jo3, Lemma 19]), from which it follows that, for any subgroup H ⊆ GL2(Z/�Z),

(11) [H,H] = [GL2(Z/�Z),GL2(Z/�Z)] ⇐⇒ SL2(Z/�Z) ⊆ H.

Applying (11) with H = Gal(Q(E[n])Q) (and noting that det(Gal(Q(E[n])/Q)) = (Z/nZ)∗, for the same

reason that (10) holds), we deduce from Corollary 8 the statement of Step 1.

4. Elliptic curves with non-integral j-invariants

In this section we show that elliptic curves over Q with non-integral j-invariants cannot have large excep-

tional primes. As a corollary, we obtain the claim of Step 2 of the Main Theorem.
12



Theorem 9. Let r ≥ 13 be an integer and let E/Q be an elliptic curve with j-invariant jE. Assume that

there exists an odd rational prime p such that

−r < ordp(jE) < 0.

If there exists an odd rational prime � such that

Gal(Q(E[�])/Q) � GL2(Z/�Z),

then � ≤ r.

Proof. This is proved in [Gr, Section 4]. For the sake of clarity and completeness, we include the details

below.

We assume that � > r and reach a contradiction. Since ordp(jE) < 0, Tate’s theory of q-curves [Si, Lemma

5.2, Theorem 5.3] implies that there exists a unique q ∈ Q∗
p

with ordp(q) > 0 and there exists a pair (L, p),

with Qp ⊆ L a field extension of degree at most 2 and p a prime of L lying above p, such that the associated

q-curve Eq/Qp has j-invariant jE , the curves E and Eq are isomorphic over L, and

(12) ordp(q) = −ordp(jE) = −e · ordp(jE)

for some e ∈ {1, 2} (see also [Se1, IV-20]). We claim that

(13) � � ordp(jE).

Indeed, if � | ordp(jE), then, since � is odd, (12) implies that � | ordp(jE), and thus � ≤ −ordp(jE). But

� > r and −r < ordp(jE), thus we reach a contradiction and establish (13).

Now, since � � ordp(jE), the theory of q-curves implies that Gal(L(Eq[�])/L), and thus also Gal (Q(E[�])/Q),

contains a transvection [Se1, Lemma 1, IV-20]. However, by hypothesis, the prime � is such that Gal (Q(E[�])/Q) �

GL2(Z/�Z); thus, by [Se1, Lemma 2, IV-20], E[�] is reducible as a GQ-module.

We recall Mazur’s result [Ma3, Corollary 3.3] that if E[�] is reducible and � ≥ 17, then E has potentially

good reduction at all odd primes. Since r ≥ 13 and � > r, the above applies to our situation, which implies,

in particular, that ordp(jE) ≥ 0, contradicting the hypothesis. This completes the proof. �

Remark. It is because of the need to employ Mazur’s Theorem in the previous proof that we restrict our

attention in this paper to families of elliptic curves over Q.

Corollary 10. Let E/Q(t) be an elliptic curve and let r ≥ 13 be an integer. We keep the notation FE(T ),

EE,n(T ), Er

E,int(T ) introduced in Sections 1 and 2. Then, for any T > 0,

�

�

EE,�(T ) ⊆




�

�≤r

EE,�(T )



 ∪ Er

E,int(T ).

Proof. This is a direct consequence of the theorem, since, for every prime � > r and every t0 ∈ EE,�(T )\Er

E,int(T ),

the pair (Et0 , �) satisfies the hypothesis of the theorem. �
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5. Elliptic curves with r-free-integral j-invariant

In this section we obtain an upper estimate for #Er

E,int(T ) for any T > 0 and any fixed positive integer

r, and prove the claim of Step 3 of the Main Theorem. We start with a few preliminary results.

Lemma 11. Let E/Q(t) be a non-isotrivial elliptic curve given by the Weierstrass equation (1). We keep all

the related notation introduced in Sections 1 and 2. In particular, R0, S0 denotes a pair of relatively prime

integers. Then there exists a positive integer µ = µ(E), depending on jE, such that, for any integer r ≥ 1

and any T > 0, the following statements hold:

1. dr(G(R0, S0)) | µ for all
R0
S0
∈ Er

E,int(T );

2. #Er

E,int(T ) ≤
�

G0
dr(G0)|µ

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
.

Proof. Since f and g are relatively prime in Q[t], there exist H,J, K, L ∈ Z[R,S] and λ
�
, λ
�� ∈ Z, n

�
, n
�� ∈ N

such that

H(R,S)F (R,S) + J(R,S)G(R,S) = λ
�
R

n
�
,

K(R,S)F (R,S) + L(R,S)G(R,S) = λ
��
S

n
��
.

We set

(14) µ := lcm{λ�, λ��},

and infer that every pair (R0, S0) of coprime integers satisfies

(15) gcd{F (R0, S0), G(R0, S0)} | µ.

In particular, every t0 = R0
S0
∈ Er

E,int(T ) satisfies dr(G(R0, S0)) | µ. The pair R0, S0 is determined up to sign

by the choice of t0, so the above implies that

#Er

int(T ) ≤
�

F0,G0
G0 �=0

dr(G0)|F0

�

R0
S0

∈FE(T )

F (R0,S0)=F0
G(R0,S0)=G0

1

≤
�

F0,G0
G0 �=0

dr(G0)|µ

�

R0
S0

∈FE(T )

F (R0,S0)=F0
G(R0,S0)=G0

1

=
�

G0 �=0
dr(G0)|µ

�

R0
S0

∈FE(T )

G(R0,S0)=G0

1,(16)

which completes the proof. �

We let

(17) G(R,S) = m ·G1(R,S)e1 . . . Gk(R,S)ek

be the unique factorization of G(R,S) into primitive irreducible polynomials of Z[R,S].
14



Proposition 12. Let E/Q(t) be a non-isotrivial elliptic curve given by the Weierstrass equation (1). We

keep all the related notation introduced in Sections 1 and 2. In particular, R0, S0 denotes a pair of relatively

prime integers. Let G0 be a nonzero integer. Then, for any T > 0, the following statements hold.

1. If k = 1 and deg G1 = 1, then

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
= OE(T ).

2. If k = 1 and deg G1 = 2, then, for any ε > 0,

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
= OE,ε (T ε) .

3. If k = 1 and deg G1 ≥ 3, then

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
= O

�
DE

1+ν(G0)
�

.

4. If k ≥ 2, then, for any ε > 0,

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
= OE,ε (T ε) .

Proof. 1. We assume that k = 1 and deg G1 = 1, thus

(18) G(R,S) = m · (cR + dS)e

for some integer e ≥ 1 and m, c, d ∈ Z with gcd{c, d} = 1. Part 1 of the proposition now follows.

2. We assume that k = 1 and deg G1 = 2. Thus

G(R,S) = m · (aR
2 + bRS + cS

2)e

for some integer e ≥ 1 and m, a, b, c ∈ Z with gcd{a, b, c} = 1.

The result in this case is presumedly well known, but we were unable to find a suitable reference, so we

include a proof (for example, the proof on p. 135 of [Se3] gives an O-constant that depends on G0).

Let K := Q(
√

b2 − 4ac) and θ := −b+
√

b2−4ac

2a
, θ
� := −b−

√
b2−4ac

2a
∈ K. Note that [K : Q] = 2 and

aR
2 + bRS + cS

2 = a(R− θS)(R− θ
�
S)

in K[R,S]. Also, note that there exists a positive integer n such that nθ is an algebraic integer. We choose

�n to be the least such n and set �θ := �nθ ∈ OK .
15



With this notation, we obtain

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�

=#

�
R0

S0
∈ FE(T ) : a(R0 − θS0)(R0 − θ

�
S0) =

�
G0

m

� 1
e

�

≤#

�
R0

S0
∈ FE(�nT ) : (R0 − �θS0)(R0 − �θ�S0) =

�n2

a
·
�

G0

m

� 1
e

�
.

In case en2

a
·
�

G0
m

�1/e

/∈ Z, the set being counted is empty. Otherwise, we take

g0 = g0(E) :=
�n2

a
·
�

G0

m

� 1
e

and

�T := �nT,

obtaining

#

�
R0

S0
∈ FE( �T ) : (R0 − �θS0)(R0 − �θ�S0) =

�n2

a
·
�

G0

m

� 1
e

�

≤
�

I⊆OK

I principal
N(I)=g0

#
�

β = R0 − �θS0 ∈ OK : βOK = I, |R0| ≤ �T , |S0| ≤ �T
�

,

where the summation is over principal ideals I of OK of norm N(I) = g0.

If K is imaginary quadratic, then the summand above is bounded by |O∗
K
| ≤ 6, and if K is real quadratic,

taking into account the action of a fundamental unit of O∗
K

, the summand is bounded by

�θ log �T � log T ;

for a proof, see [Jo2, equation (27)]. Thus

�

I⊆OK

I principal
N(I)=g0

#
�

β = R0 − �θS0 ∈ OK : βOK = I, |R0| ≤ �T , |S0| ≤ �T
�
�E log T

�

I⊂OK

I principal
N(I)=g0

1 ≤ log T

�

I⊂OK

N(I)=g0

1.

Following [Jo2, pp.707-708], we will now show that

(19)
�

I⊂OK

N(I)=g0

1 ≤
�

d|g0

1 = τ(g0).

16



Indeed, writing τK(g0) for the left-hand side of (19), we note that both sides are multiplicative in g0, hence

it suffices to prove the inequality when g0 = p
α is a prime power. In this case, one computes explicitly that

τK(pα) =






0 if p is inert in K and α is odd,

1 if p is inert in K and α is even,

1 if p ramifies in K,

α + 1 if p splits in K,

where, for instance, in the final case that pOK = P ·P� we have

{I ⊆ OK : N(I) = p
α} = {Pi · (P�)α−i : 0 ≤ i ≤ α}.

Putting everything together, we infer that

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
�E log T · τ(g0).

Now we use the well-known estimate (see [HaWr, p. 344]) that for any ε > 0,

(20) τ(g0) < exp
�

21/ε

ε log 2

�
· gε

0,

as well as

|g0|�E |G0|�E T
DE

(with explicit �E-constants depending on jE(t)), and conclude that

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
�E,ε T

ε
.

3. We assume that k = 1 and deg G1 ≥ 3, which puts us in the setting of the main result of Bombieri and

Schmidt on Thue equations [BoSch]. This gives us

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
� DE

1+ν(G0).

4. We assume that k ≥ 2. Then

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
≤

�

d1,d2|G0

#
�

R0

S0
∈ FE(T ) : G1(R0, S0) = d1, G2(R0, S0) = d2

�
.

By Bezout’s Theorem, we have

#
�

R0

S0
∈ FE(T ) : G1(R0, S0) = d1, G2(R0, S0) = d2

�
≤ deg G1 · deg G2.

Therefore, by invoking once again the estimate (20) for the divisor function, we deduce that

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�
≤ DE

2 · τ(G0)2 �E,ε T
ε
,

with an explicit �E,ε-constant. This completes the proof of Proposition 12. �
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Lemma 13. Let E/Q(t) be a non-isotrivial elliptic curve given by the Weierstrass equation (1). We keep

all the related notation introduced in Sections 1 and 2. In particular R0, S0 denotes a pair of relatively prime

integers. Let µ = µ(E) as in Lemma 11. Let r be a positive integer. Then, for any T > 0,

#
�

G0 ∈ Z, G0 �= 0 : dr(G0) | µ, G0 = G(R0, S0) for some
R0

S0
∈ FE(T )

�
= OE

�
T

DE

r log T

�
.

Proof. We write G0 = ±2α
cr(G0)dr(G0) as in Section 2 and observe that |G0| �E T

DE . Therefore the

number of values of α which may occur is OE(DE log T ) = OE(log T ). Since

#{n ≤ x : n is r-full} = Or(x
1
r )

(see [Sha, p. 297]), the number of values of cr(G0) which may occur is OE

�
T

DE

r

�
. Therefore

#
�

G0 ∈ Z, G0 �= 0 : dr(G0) | µ, G0 = G(R0, S0) for some
R0

S0
∈ FE(T )

�
�E log T · T

DE

r · τ(µ),

which completes the proof. �

We now show:

Theorem 14. Let E/Q(t) be a non-isotrivial elliptic curve given by the Weierstrass equation (1). We keep

all the related notation introduced in Sections 1 and 2. For any r ≥ 1 and T > 0, the following statements

hold.

1. If k = 1 and deg G1 = 1, then

#Er

E,int(T ) = OE

�
T

DE

r
+1 log T

�
.

2. If k ≥ 2, or if k = 1 and deg G1 = 2, then, for any ε > 0,

#Er

E,int(T ) = OE,ε

�
T

DE

r
+ε log T

�
.

3. If k = 1 and deg G1 ≥ 3, then

#Er

E,int(T ) = OE,r

�
T

DE

r

“
1+

log DE

log 2

”

log T

�
.

Proof. This is an immediate consequence of Lemma 11, Proposition 12 and Lemma 13, as follows.

1. We assume that k = 1 and deg G1 = 1. By Lemma 11, part 1 of Proposition 12, and Lemma 13,

#Er

E,int(T ) ≤
�

G0 �=0
dr(G0)|µ

#
�

R0

S0
∈ FE(T ) : G(R0, S0) = G0

�

�E T
DE

r
+1 log T.

2. We assume that k ≥ 2 or that k = 1 and deg G1 = 2. Again, by Lemma 11, Proposition 12 (parts 2 and

4), and Lemma 13,

#Er

E,int(T ) �E,ε T
DE

r
+ε log T.
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3. We assume that k = 1 and deg G1 = 3. Then

#Er

E,int(T ) �
�

G0
dr(G0)|µ

�

DE
1+ν(G0),

where the dash on the summation indicates that the integers G0 in the summation occur as values of

G(R0, S0) for some R0
S0
∈ Er

E,int(T ). In particular, |G0|�E T
DE and

ν(G0) ≤ 1 + ν(cr(G0)) + ν(dr(G0))

≤ 1 + ν(rad(cr(G0))) + ν(µ),

where 1 occurs if G0 is even.

We now recall the elementary estimate

ν(m) ≤ log m

log 2

and deduce that

ν(G0) ≤
DE log T

r log 2
+ OE(1).

This gives us that

DE
1+ν(G0) �E DE

DE log T

r log 2 = T
DE log DE

r log 2 ,

and so

#Er

E,int(T ) �E T
DE log DE

r log 2 ·#
�

G0 ∈ Z, G0 �= 0 : dr(G0) | µ, G0 = G(R0, S0) for some
R0

S0
∈ FE(T )

�
.

By Lemma 13, we now conclude that

#Er

E,int(T ) �E,r T

DE

r

“
1+

log DE

log 2

”

log T.

This completes the proof of the theorem. �

Finally, we deduce Step 3 of the Main Theorem:

Corollary 15. Let E/Q(t) be a non-isotrivial elliptic curve given by the Weierstrass equation (1). We keep

all the related notation introduced in Sections 1 and 2. Let ε > 0 and set

r = r(E, ε) :=
3DE log(max({DE , 2})

ε log 2
.

For any T > 0, the following statements hold:

1. if E is j-usual, then

#Er

E,int(T ) = OE,ε (T ε) ;

2. if E is j-unusual, then

#Er

E,int(T ) = OE,ε

�
T

1+ε
�
.
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6. Serre curves, modular curves, and thin sets in P1

The goal of this section is to complete the proof of the Main Theorem by providing the estimates claimed

in Step 4 of Section 2. We will first relate Serre curves to Q-rational points on modular curves and then use

the theory of thin sets in P1 to count the Q-rational points of bounded height on the corresponding modular

curves.

6.1. Serre curves and modular curves. Let n ≥ 1 be an integer and let X(n) denote the complete

modular curve of level n. We recall that X(n) parametrizes elliptic curves, together with chosen bases of

n-division points. Moreover, if G is a subgroup of GL2(Z/nZ) such that −I ∈ G and the determinant map

det : G −→ (Z/nZ)∗

is surjective, then:

1. the quotient XG := X(n)/G is a curve over Q;

2. the non-cuspidal points of XG(Q) are in one-to-one correspondence with the (Q-isomorphism classes

of) elliptic curves E/Q having the property that Gal (Q(E[n])/Q) is contained in some conjugate of

G in GL2(Z/nZ);

3. the j-map associated to XG, jXG
: XG −→ P1

, defines a morphism over Q of degree # GL2(Z/nZ)/#G.

In part 2 above, if E/Q gives rise to a non-cuspidal point P ∈ XG(Q), then jXG
(P ) is the j-invariant of

E. For more details, see [Ma1] and the references therein.

Recall that, for each positive integer n, we have

det(Gal (Q(E[n])/Q)) = (Z/nZ)∗.

With the notations of Section 3, and in the same spirit, we introduce:

Definition 16. For any positive integer n, we define

M(n) := {H � GL2(Z/nZ) : det(H) = (Z/nZ)∗ and [H,H] � [GL2(Z/nZ),GL2(Z/nZ)]}

Mmax(n) := {H ∈M(n) : �H1 ∈M(n) with H � H1} / ∼,

where H ∼ H
� if H

� = gHg
−1 for some g ∈ GL2(Z/nZ).

Now we define a set of modular curves.

Definition 17.

X := (∪�≥5 {XH : H ∈Mmax(�)}) ∪ {XH : H ∈Mmax(36)} .

For an integer r ≥ 5, let

Xr := (∪5≤�≤r {XH : H ∈Mmax(�)}) ∪ {XH : H ∈Mmax(36)} .
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It now follows from Corollary 8 that X is the set of modular curves parameterizing non-Serre curves; this

is in agreement with the notation of Section 1. We state this formally as:

Theorem 18. Let E/Q be an elliptic curve. Then E is not a Serre curve if and only if E corresponds to a

non-cuspidal Q-rational point of XH for some XH ∈ X .

We deduce the following immediate corollary:

Corollary 19. Let E/Q(t) be an elliptic curve. Then, for any T > 0,

EE,non-Serre(T ) =
�

XH∈X

EE,XH
(T ),

where X is as in Definition 17, XH = X(n)/H as above, and

EE,XH
(T ) := {t0 ∈ FE(T ) : jE(t0) ∈ P1(j) is the image under jXH

of a non-cuspidal point of XH(Q)}.

Moreover,

EE,non-Serre,36(T ) =




�

H∈Mmax(36)

EE,XH
(T )





and

EE,�(T ) =
�

H∈Mmax(�)

EE,XH
(T ) ∀� ≥ 5.

We note that EE,XH
(T ) consists of the t0 ∈ FE(T ) covered by rational points in the fibre product

CXH ,E = XH ×P1(j) P1(t).

6.2. Thin sets in P1. Finally, we are ready to use the theory of thin sets in P1 and prove the claim of Step

4 of Section 2. The main result of the section is:

Proposition 20. Let n ≥ 1 be an integer and let G ⊆ GL2(Z/nZ) be such that −I ∈ G and detG = (Z/nZ)∗.

Let XG be the modular curve associated to G. Let E/Q(t) be a non-isotrivial elliptic curve such that

(21) Gal(Q(t)(E[n])/Q(t)) � GL2(Z/nZ).

Let CXG,E := XG ×P1(j) P1(t) be the fibre product associated to E and XG, as in Section 1. Let H be the

Mordell height on P1. With the notation introduced in Section 1, we have the following.

1. CXG,E is irreducible over Q. If CXG,E is reducible over Q, then

#CXG,E(Q) = OG,E(1),

where the OG,E-constant depends on the degrees of the polynomials defining the irreducible compo-

nents of CXG,E.

2. Assume henceforth that CXG,E is irreducible over Q. Then deg ψXG,E = # GL2(Z/nZ)
#G

.
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3. If CXG,E has genus 0 and CXG,E(Q) �= ∅, then there exists a positive constant c(G, E), depending

on CXG,E, such that, as T →∞,

# {y0 ∈ CXG,E(Q) : H(ψXG,E(y0)) ≤ T} ∼ c(G, E)T
2

dXG,E ,

where dXG,E = deg ψXG,E.

4. If CXG,E has genus 1 and CXG,E(Q) �= ∅, then there exists a positive constant c(G, E), depending

on CXG,E, such that, as T →∞,

# {y0 ∈ CXG,E(Q) : H(ψXG,E(y0)) ≤ T} ∼ c(G, E)(log T )
ρXG,E

2 ,

where ρXG,E is the Mordell-Weil rank of CXG,E/Q.

5. If CXG,E has genus ≥ 2, then there exists a positive constant c(G, E), depending on CXG,E, such

that, as T →∞,

# {y0 ∈ CXG,E(Q) : H(ψXG,E(y0)) ≤ T} ≤ c(G, E).

The proposition is a consequence of the following upper bounds for the so-called thin sets in P1, as

described in [Se2, p.133]:

Theorem 21. Let C/Q be a smooth, absolutely irreducible algebraic curve. Let ψ : C −→ P1 be a non-

constant morphism defined over Q, of degree d. Let H be the Mordell height on P1. The following statements

hold.

1. (theory of heights)

If C has genus 0 and C(Q) �= ∅, then there exists a positive constant c = c(C), depending on the

curve C, such that, as T →∞,

#{t0 ∈ ψ(C(Q)) : H(t0) ≤ T} ∼ cT
2
d .

2. (Néron)

If C has genus 1 and C(Q) �= ∅, then there exists a positive constant c = c(C), depending on the

curve C, such that, as T →∞,

#{t0 ∈ ψ(C(Q)) : H(t0) ≤ T} ∼ c(log T )
ρ

2 ,

where ρ denotes the Mordell-Weil rank of C/Q.

3. (Faltings)

If C has genus ≥ 2, then there exists a positive constant c = c(C), depending on the curve C, such

that

#{t0 ∈ ψ(C(Q))} ≤ c.
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Proof of Proposition 20.

To prove part 1, we must show that under hypothesis (21), the curve CXG,E = XG×P1(j) P1(t) is irreducible

over Q. If this were not the case, CXG,E would have an irreducible component W defined over Q, whose

function field Q(W ) has a degree over Q(t) that is strictly less that the degree of Q(XG) over Q(j). So

a fortiori, CXG,E has an irreducible component component Y defined over Q(ζn), where ζn is a primitive

n
th-root of unity, whose function field Q(ζn)(Y ) has a degree over Q(ζn)(t) that is strictly less that the

degree of Q(ζn)(XG) over Q(ζn)(j). Hence the curve CX(n),E := X(n)×P1
Q(ζn)(j)

P1
Q(ζn)(t) has an irreducible

component Z over Q(ζn), whose function field Q(ζn)(Z) is galois over Q(ζn)(t) and has a degree over Q(ζn)(t)

that is strictly less that the degree of Q(ζn)(X(n)) over Q(ζn)(j), which is |SL2(Z/nZ)|/2.

On the other hand, if Fn denotes the Fricke functions of level n (for more details on Fricke functions, see

for instance [La]), we have Q(ζn)(X(n)) = Q(ζn)(j,Fn), and so Q(ζn)(Z) ∼= Q(ζn)(t,Fn) = Q(ζn)(t, E[n]+),

the field Q(ζn)(t) adjoined with all the even functions of E evaluated at E[n]. If hypothesis 21 holds, this

field is of index 2 in Q(t, E[n]), which has degree |SL2(Z/nZ)| over Q(ζn)(t). This contradiction shows that

CXG,E is irreducible over Q.

Hence if CX,E is not irreducible over Q, any Q-point P of CX,E is contained in a component not defined

over Q, so is contained in all the conjugate components under the action of GQ. Hence the number of such

P is bounded by the number of points in the intersection of distinct components of CX,E , which is bounded

by Bezout’s Theorem.

To prove part 2, we now assume that CX,E is absolutely irreducible, and so

deg ψXG,E = deg jXG
=

# GL2(Z/nZ)
#G

.

For the proof of parts 3-5, we apply Theorem 21. �
The claim of Step 4 of Section 2 is an immediate consequence of Proposition 20, Corollary 19, and

Corollary 6.
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