A RIGIDITY PHENOMENON FOR POWER MAPS

N. JONES

ABSTRACT. Fix a number field K which is normal over Q and let f : K — K be a function. We call f a
global power map if there exists an integer exponent k so that f(a) = o for every a € K. We call f a local
power map at the prime ideal p C O if f induces a well-defined group homomorphism on the multiplicative
group (Og /p)*. We conjecture that if f is a local power map at an infinite number of prime ideals p, then
f must be a global power map. Our main theorem implies that if f is a local power map at every prime
ideal p in a set with positive upper density relative to the set of all prime ideals of K, then f must be a
global power map. In particular, for K = Q this represents progress towards a conjecture of Fabrykowski
and Subbarao.

1. INTRODUCTION

Broadly speaking, we refer to a collection of objects as rigid if every element in the collection is uniquely
determined by less information than expected. In this paper, we consider the collection of power maps

{f:N—N; f(n)=n" ke{0,1,2,...}},

which exhibits rigidity in various aspects. Indeed, a theorem of Erdds [2] implies that if f : N — N is
multiplicative and non-decreasing, then f is a power map. Fabrykowski and Subbarao [3, Theorem 2.1]
proved that if f: N — Z is multiplicative and satisfies

VneN, f(n+p)=f(n) (modp) (1)

for each prime number p, then either f is identically zero or f is a power map. They further conjectured the
following stronger rigidity property for power maps.

Conjecture 1.1. (Fabrykowski-Subbarao) Suppose f : N — Z is multiplicative and satisfies (1) for infinitely
many primes p. Then either f is identically zero or there exists a non-negative integer k for which f(n) = n*
for every n € N.

This conjecture is open. The main result of the present paper represents progress towards its resolution.
Our results are valid over more general number fields, and we formulate the problem in slightly different
terms, as follows.

Let K be a number field which is Galois over Q, let O denote its ring of integers, and let us set

Pk := {prime ideals p C Ok }.
For any p € Pk, let Ok ;) € K denote the localization of O at p and Oy (») its unit group. Explicitly,
Ok, @) =1a € K : ordy(a) > 0},

;(p) ={a € K: ordy(a) =0}.

As is well-known, Ok (p) is a local ring with maximal ideal pOg (), and one has an isomorphism

Ok, (») N Ok —.F
- < —_— - . p.
POk (p) p
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For o, 8 € K, we write « = 8 (mod p) exactly when o — 8 € pOk (). Here and throughout this paper, let
A be a set satisfying
NCACK

and which is closed under multiplication, so that for any prime p, the subset

X e X
Ay = AN Ok ()

is also closed under multiplication. Let us denote by Px 1 C Pk the subset of prime ideals of inertial degree
one:

Pr1:={p € Pk : |Ox/p| is prime}.
Given a function
f+A— K,
we consider the set Sy C Pk,1 defined by
Sp:=1{p € P : 3ky € Z/(Np — 1)Z such that Va € A, f(a) =a™ (mod p)}.
Equivalently, Sy is the set of prime ideals p € Ok of inertial degree one for which
X X

F(AG) € Ok )
and for which there exists a multiplicative group homomorphism f, : Fy — Fy so that the diagram

X f X

A(p) Ok ()
redpJ( redpJ/ (2)

Fy —"> F;

commutes.
Definition 1.2. Let p € Pk 1. A function f: A — K is a local power map at p if p € Sy.

Definition 1.3. A function f: A — K is called a global power map if there is an exponent k € Z such

that, for each o € A one has f(a) = o*.

In these terms, we conjecture the following strong rigidity property for global power maps.

Conjecture 1.4. Let A be a set which satisfies N C A C K and which is closed under multiplication.
Suppose that f : A — K is a local power map at an infinite set of primes (i.e. suppose that |Sy| = 00).
Then f must be a global power map.

Remark 1.5. Conjecture 1.4 implies Conjecture 1.1. This connection will be discussed in more detail in
Section 3.

Remark 1.6. It is essential that we consider primes of inertial degree one in the definition of Sy, for
otherwise there are counterexamples to Conjecture 1.4. For instance, let f : Q(i) — Q(¢) be the restriction
of complex conjugation. For each prime p = 3 (mod 4), the ideal pZli] is prime in Q(4), and f induces the
Frobenius automorphism x — zP on (Z[i]/pZ[i])*. Thus, f is a local power map at an infinite set of primes
(each of inertial degree two), but is not a global power map.

In the present paper, we will prove the following weakened version of Conjecture 1.4, in which “Sy is
infinite” is replaced by “S¢ has positive upper density in the primes.” For any set .S of prime ideals of K,
define

S(x):={peS: Np<uz}
and the upper density
= , |5 (2)]
0(S) ;= limsup ——.
We will prove the following theorem.



Theorem 1.7. Suppose K is a number field which is Galois over Q and A is a set which satisfies N C A C K
and which is closed under multiplication. Let f : A — K be any function which is not a global power map.
Then there exist real constants by,cy > 0 so that for v > cy, the bound

logloglog x

154(z)] < Li(z) + by

loglog x
holds, with an absolute implied constant. In particular, if f : A — K is a function for which S(Sf) > 0,
then f is a global power map.

Our proof of this theorem applies an effective version of the Chebotarev density theorem of Lagarias and
Odlyzko to certain Kummer extensions attached to the function f. In Section 3, we deduce the following
corollary, which details our progress towards Conjecture 1.1. For any function f : N — Z, we define

Ty:={pprime: VneN, f(n+p)=f(n) (modp)}. (3)

Thus, Conjecture 1.1 states that if f : N — 7Z is not identically zero or a global power map, then T is
finite.

Corollary 1.8. Let f : N — Z be a multiplicative function and let Ty be defined by (3). Then either f is

identically zero, or f is a global power map, or there exist real constants by,cy > 0 so that, for x > cy, the

bound

logloglog x
loglog x

holds, with an absolute implied constant. In particular, if f : N — Z is a multiplicative function for which

S(Tf) > 0, then either f is identically zero or f is a global power map.

Ty (2)] < ~m(z) +by

Remark 1.9. In fact, Fabrykowski and Subbarao work with more general quasi-multiplicative functions (see
Definition 3.1 below), but as we shall see, if f is quasi-multiplicative and |Ty| = oo, then f is completely
multiplicative. Thus, [3, Conjecture 3.1] is equivalent to Conjecture 1.1 and [3, Theorem 2.1] is equivalent
to our formulation in the first paragraph of the present paper.

2. NOTATION

Throughout the paper, in addition to that already introduced, we will use the following notation. For a
number field K, if y € K* and p is prime ideal of K, then there is a unique integer n for which vOx = p™a,
where a is a fractional ideal of K and p { a. We then define ord, () := n. Also, we define the ideal numerator
num(7y) € Ok and denominator of den(y) C Ok by

num(vy) = H pord"("’), den(y) := H pordp(”’).

pEPK pePK
ordp (v)>0 ordp (v)<0

Thus one has

vOk = num(y)den(y) "t
We use the symbols O(+) and < in the usual ways, namely if f,g: [y,00) — C are complex functions then
we write

f=0(g), orequivalently f<g
if there is a positive constant C' for which |f(z)| < C|g(z)| for all z € [y,00). In case there is an auxiliary
parameter y upon which the implied constant C' depends, we will indicate this with a subscript, so that

f=0y(g) orequivalently f<,g
is used to indicate that | f(z)| < C(y)|g(z)|, where the C(y) may depend on y but not on x. We write f(x) ~
g(x) as ¢ — oo to mean that f(z) is asymptotic to g(z) as x — oo, i.e. to mean that xhﬁngo f(@)/g(x) = 1.
When used as variables, the letters p and £ will denote prime numbers unless otherwise indicated, and

m(x) :=#{p < x: pis prime}
m(z;a,q) == #{p < x: pis prime and p=a mod ¢},
3



for any ¢ € N and a € Z. We will often denote the reduction modulo p map by
Ok, (p) = o

n— n.
3. PREVIOUS RELATED RESULTS

In this section, we survey previous results in the literature towards Conjecture 1.1. We also clarify the
connection between Conjectures 1.4 and 1.1. The following definition of quasi-multiplicative is used in [3];
we recall here two more common definitions for comparison.

Definition 3.1. A function f: N — C is called completely multiplicative if for each a, 5 € N,

f(aB) = f(a)f(B). (4)
If (4) is satisfied whenever ged(a, 5) = 1 then f is called multiplicative. We call f quasi-multiplicative
if, for any n € N and any prime p not dividing n, one has

f(pn) = f(p)f(n).
Lemma 3.2. Suppose that f: A — K is a function for which Sy is infinite. Then
f(ANK™) C K*, (5)
and f is completely multiplicative, i.e. (4) holds for any o, f € A.
Proof. To prove (5), fix « € AN K*. If f(o) = 0 then for each prime ideal p,
ordy(a) =0 = p ¢ Sy, (6)
implying that Sy is finite, a contradiction. Thus, (5) holds. To prove (4), fix o, 8 € K* and note that
Vp € Sp, ordy(a) = ordy(B) =0 = p | f(aB) — f(a)f(B).
Since Sy is infinite, there are infinitely many such primes p, and so f(af) = f(a)f(5). O
By the Lemma 3.2, one may as well add “f is completely multiplicative” to the hypothesis of Conjecture

1.4. The next lemma shows that Conjecture 1.1 is implied by Conjecture 1.4. Note that, for any p € Ty,
there is a well-defined function

fp : Fp — Ty, fp(R) == f(n).
Lemma 3.3. Suppose that f : N — Z is quasi-multiplicative and that Ty is infinite. Then either f is
identically zero or Sy is infinite. (In either case, f is completely multiplicative.)

Proof. Fix any prime p € Ty and note that p € Sy NT% if and only if
fr(Fy) CFy (7)
holds and f, is a multiplicative homomorphism. Choose g € N so that (g) = F,’. Suppose that (7) does
not hold, i.e. that f,(g") = 0 for some positive integer n. By Dirichlet’s theorem on primes in arithmetic
progressions, one may find n prime numbers ¢1, g2, . .., g, for which
Vie{1,2,...,n}, ¢ =g (modp).
It follows from Definition 3.1 that

0= fo @) =fp <H‘Ii> = pr@i) = (fp@))na (8)
i=1 i=1
and so we conclude that, for any prime p € T,
condition (7) fails = f,(F,) = {0}.
Furthermore, if we set
To:={p €Ty : fp(F,)={0}},
then for each n € N, f(n) is divisible by every prime p € Ty. Thus,
|To]| =00 = VneN, f(n)=0.
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Assuming f is not identically zero, we have that T is finite, and putting S := T — T}, we see that (7) holds
for each p € S. Furthermore, using Dirichlet’s theorem on primes in arithmetic progressions and reasoning
as in (8), one sees that the restriction of f, to F)’ is a multiplicative homomorphism for each p € S. In
particular, S = T NSy, which concludes the proof. O

The main result of [4] implies that, if the set {all primes} — T is finite, then either f is identically zero
or f is a global power map. A somewhat stronger result may be found in [8, Proposition 1, p. 329] (whose
proof appeals to [1, Theorem 1]), which implies that if T, has density one in the set of primes, then either
f is identically zero or f is a global power map.

We end by mentioning two other related rigidity results, each of which may be seen as generalizing our
present context. I. Ruzsa [11] proved that, if f: N — Z satisfies (1) for each p € N together with an upper
bound

lf(n)] < (e —=1)*"
for some a < 1, then f is a polynomial map. Ruzsa also conjectured that the same result should hold with
e — 1 replaced by e, and some progress on this conjecture has been made by Zannier [17]. On the other hand,
for a higher-dimensional analogue, the main theorems in [8] articulate rigidity results for maps of abelian
varieties.

4. OUTLINE OF THE PROOF OF THEOREM 1.7

The rest of the paper is devoted to a proof of Theorem 1.7. We begin by reducing to the case A = N.

Lemma 4.1. Let f: A — K and suppose that |S¢| = co. Then the following implication holds.
fIn is a global power map = f is a global power map.

Proof. If f(n) = n” for all n € N, then k, = k for each p € Sy (this uses that Sy C Pk 1). Thus, for each
a € A, p| f(a) —aF for infinitely many prime ideals p, so f is a global power map. O

Since clearly Sy C Sy, we obtain the following corollary.
Corollary 4.2. If Theorem 1.7 (resp. Conjecture 1.4) holds for A =N, then it holds in general.

We will now prove Theorem 1.7 for the case A = N. First observe that, for any parameters 0 <Y < Z,
one may bound the quantity |S;(z)| by two sums:

DEERED ST SR SRt o
PEPK,1(x) Y<i<Z peSs(x)
veely,z), Np=1 (mod ¢)
Np#l (mod ¢)
We will eventually choose Y = Y (z) and Z = Z(z) appropriately so as to optimally bound each of these
quantities.
The first sum is dealt with quickly as an application of the Brun-Titchmarsh Theorem and Merten’s
Theorem. The former states that, for ¢ < x, one has
2z

m(x5a,q) < o(q)log(z/q)’

(-2)- ot

(10)

while the latter states that

p<z
as r —» 00.
Proposition 4.3. Assume that
1
2§Y§Z§§-logaj.
Then for Z sufficiently large, one has
logY =«
s M
pPEPK1(2) & &
veely,z),

Np#l (mod £)



with an absolute implied constant.

Proof. We will apply (10) with

g= ][ &

Y<t<Z
which, by the prime number theorem, satisfies ¢ < e(!17°(1)Z a5 Z — 0o. In particular, since Z < %logm
we have
Z>1=q<az'? (12)
Consider the set C C Z/qZ, defined by
C:={a€Z/qZ:gcd(ala—1),q) =1}.

For Z < %log x, we have

Yoo D 1<) a(waq) +7(2)

PEPK,1(x) p<z a€C
veely,z), VLelY,Z),
Np#1 (mod ¢) p#Zl (mod ¢)
< IC| x Z
o(q) logz = logZ
1 T A
= 11 (" 77) tog iz
Yy <<z N ogL 108
logY =«
logZ logz’
by (10), (11) and (12). This proves Proposition 4.3. O

It remains to bound the second sum in (9). Our key tool for doing so is an effective version of the
Chebotarev density theorem, which was first proved by Lagarias and Odlyzko [9] and further refined by
Serre [12]. We will now describe the theorem precisely in the form we will use it.

The Chebotarev density theorem gives an asymptotic formula for the number of prime ideals p with
Np < z for which the associated Frobenius automorphism has a prescribed action on a given fixed number
field. More precisely, let L/K be a Galois extension of number fields and let us denote by G := Gal(L/K)
the relative Galois group, ny, := [L : Q] the degree of L over Q, and dj, the absolute discriminant of L.
Furthermore, fix any subset C C G satisfying

Yo e G, oCot=C. (13)

For any prime ideal p C Ok which doesn’t ramify in L, let Frob, C G denote the conjugacy class in G of
the Frobenius automorphism Frobg attached to any prime ideal 9 C Oy, lying over p C Ok. By (13), either
Frob, C C or Frob, NC = (), and we consider the counting function

m(z; L/K,C) := |{p € Px(z); p is unramified in L and Frob, C C}|.
The Chebotarev density theorem asserts that, as © — oo, one has
m(x; L/ K,C) ~ QLi(z).
|G|
We will require the following effective version, which bounds the error term in this asymptotic in terms of
data attached to the extension L/K. We will assume that
Jasequence of fields Q=LygC Ly C---C L, =1L

14
so that Vi € {1,2,...,m}, L;is Galois over L;_;. (14)

Theorem 4.4. (Effective Chebotarev Theorem) Assume that (14) holds. Then there exist absolute, effectively
computable positive constants c1, co and c3 such that, if x > 2 and

log x

> 5 max {log\dL\,|dL|1/"L}, (15)

6
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then

ﬂ-(va/K7C)7BLI(I) Scl‘c|~x.exp <C2 IOgIZ’)
nr

Proof. The zeta function (z,(s) is known to have at most one real zero § satisfying

1
- —— <8
Togldz] =7
such a zero f is called exceptional. Theorem 1.3 of [9] (see also Théoreme 2 of [12]) it is proved that there
exist absolute, effectively computable positive constants a1, as and ag such that, for each x > 2 satisfying
logz > aznr(log|dy|)?, one has
C|

C 1
m(x; L/K,C) — |G|L1(:1:)‘ < |G|Li(asﬂ) + a1|C| - x - exp (—ag (;ng> ,

where the term % Li(z?) may be suppressed if an exceptional zero 3 does not exist. In [13, p. 148], it is

shown that, under the hypothesis (14), one has
1 a4
1-—— <8< 1— 11— 7
Tlog[d,] =" max{ 16logldz]"  [du[/m }
for an appropriately chosen effectively computable positive constant a4. Using this upper bound on (3, one
finds that, provided (15) holds, the term Li(z”) is bounded above by a constant times x exp (—am / Izgx}

L

which gives Theorem 4.4.

We will apply Theorem 4.4 in the context of certain Kummer extensions attached to f to deduce the
following proposition.

Proposition 4.5. Suppose that f : N — K> is not a global power map. There exists constants af,by > 0
so that, provided

log x 1/15
<Y <Z<|——""—
=== ((603 log logx)z) ’

(where cg is the constant appearing in (15)) then one has

1
S S | « ———— Li(z)+b

€ Viogy W@ +br
Y<I<Z  peS;(x)

Np=1 (mod ¢)
with an absolute implied constant.

Inserting the results of Propositions 4.3 and 4.5 into (9) and putting

1/15
B loglog x g log
~ (logloglog z)?’ ~ \(6c2loglog x)2 ’

we see that Theorem 1.7 follows.

5. PRELIMINARIES ON KUMMER EXTENSIONS

The rest of the paper is devoted to proving Proposition 4.5. Our proof uses Theorem 4.4 with L equal to
a field extension of the form

L= K (Coomy’ nd", )M, f(n2) ) |
1/¢

for appropriately chosen ny,ny € N. If f is a global power map, then L = K({p,n] ,né/é), and one cannot
deduce the result of Proposition 4.5. In case f is not a global power map but nevertheless |Sy| = oo, then
it is still not immediately clear that one may find ny,ny € N for which [L : K({)] = ¢* for all primes ¢
which are large enough, but we show that one may achieve [L : K({,)] > ¢3 for £ > 1, which suffices for
our purposes (see Corollary 5.5 below).

7



We begin by reviewing some fundamental facts about Kummer extensions in general. For any integers
m >0 and n > 1 and vector ¢ = (¢1,ca,...,¢m) € (KX)™, we will call a number field of the form

L =K, c"™) = K(Co,ct/™, ™, cl/™)

m

a Kummer extension (in case m = 0, we interpret this as K(¢,,c'/™) := K((,)). In our application, we will
deal exclusively with the case where n = ¢ is an odd prime number.

5.1. The discriminant of a Kummer extension. Because of (15), in order to apply Theorem 4.4 with
L of the form K ({,c'/*), we will need a bound on the absolute discriminant of L. Such a bound may be
obtained from the following classical formula for relative discriminants.

Lemma 5.1. Let K C F' C L be a tower of number fields, let Apjp € Op, Ap/x € Ok, and Ap/x € Ok
be the relative discriminants and let Np g @ F* — K the usual norm map. Then one has

Ap/kx = NF/K(AL/F)ABEL};]- (16)
Proof. See for instance [5, p. 126]. O
The next lemma follows from the previous one by induction on m.

Lemma 5.2. Let L = K({, c}/e, . ,c%é), and let Ay i € Of denote the relative discriminant and dy, € Z
the absolute discriminant. Then

m 7LL/TLK
Ap/x divides (H num(ci)ben(ci)> (mFonL/ng O
i=1

m nr/nx

dr, divides (dK Nk /g (H num(ci)aen(ci)>> pmA1)ng

i=1

In particular, we obtain the following corollary. Note that, for some bound ag, one has that
{>ax = [K(u): K]=0-1.

Let us put

dx - Nk g (H nmum(f(nﬁ)hen(f(nﬂ)) ‘} . (17)

i=1

bk, fn = max {aK,

Corollary 5.3. Suppose f : K* — K> is any function and let L = K (Cg,n}/e,né/é,f(nl)l/z, f(TLQ)l/Z).
Then for any prime £ satisfying logl > bk ¢n, one has

max{log|dL|,|dL|l/”L} < (6ng + 1)f°log .

5.2. The Galois group of a Kummer extension. We now describe the structure of Gal(K (s, c'/?)/K).
Consider the group

(z/tz)”" < (z/ez)™,
where the semi-direct product is defined via the multiplicative action of (Z/¢Z)* on (Z/{Z)™, or explicitly
(a1,b1) - (a2, b2) = (a1az2,bs + azb1),
where b; € (Z/¢Z)™. (Equivalently, the embedding
(ZJ0Z)* % (ZJOL)™ — GLmy1(Z/CZ)
(a,b) — (g ?) ,

8



where I denotes the m x m identity matrix, allows one to regard (Z/¢Z)* x (Z/¢Z)™ as a subgroup of
GLy11(Z/¢Z).) There is an embedding of groups!

Gal(K (¢, /) /K) <= (ZJ0Z)* x (Z)0Z)™
(C%e : ci/g(ﬁi) — (a,b),

7

(18)

where b = (b1, b, ...b,,). What is the image of this embedding? In general, the image depends on whether
(and to what extent) there exist multiplicative relations

m

e/t = [[(e/) € K6, (19)
i=1
where in the above, e = (e1, ea,...,ey) € (Z/€Z)™. In our application, we will need to understand the image

of this embedding, even in the case where nontrivial relations such as (19) exist. Let V. (¢), respectively V- (¢)
denote the Z/{Z-vector subspaces

Ve(l) :={e € (Z/tZ)™ : the relation (19) holds}

Vi) = {b e (Z/tZ)™ : Ve € V.(£), ibiei =0 (mod ¢)}. (20)

i=1
Note that
Vo € Gal(K/K), o(c®/%) = (Fc/t

for some z € Z/{Z. Together with (19), this implies that, for each e € V¢(¢), one has ¢®/* € K* - pp. Tt
follows that, multiplying each c; /¢ by an appropriate ¢-th root of unity, one may arrange that

Ve € Vo(0), c*/fe K*. (21)
It follows from (21) and (20) that the image of the embedding (18) is contained in the subgroup

(ZJOL)* w VH(0) C(ZJ0Z)* w (Z/0Z)™.

In fact, the image of the embedding (18) is equal to (Z/¢Z)* x V;-({), as stated in the following lemma.
Lemma 5.4. Suppose that the roots c}/z, ... 70%2 have been chosen so that (21) holds. Then the function
(18) gives an isomorphism of groups

Gal(K (¢, /) ) K) =~ (Z/EZ)* % V-(0).
Proof. Let B C K* be the multiplicative subgroup generated by (K*)’ and {c; : 1 < i < m}. In [10,
Theorem 8.1, p. 294-295] it is shown that

B
(K>)*

Gal(K (¢, ') /K (&) ~

Noting that, under ¢® ®™°4 ) 5 n (mod ¢), one has
B Z/z)m o
o~ ~ V(4
oy vy S
one concludes that Gal(K ((,c!/?)/K(()) ~ Vi-(£), and the conclusion of the lemma follows. O

Lemma 5.5. Suppose that f : N — K* is a completely multiplicative function that is not a global power
map. Then there exist positive integers ni, ng and c¢ for which

K gg,n}/f,ng/‘) :K(Q)} -2, and

g .
ter = K C&nwa”éﬂaf(n1)1/£7f(n2)1/£) :K(Ce)} 2 £,

(22)

Proof. Note that f is a global power map if and only if the following two conditions hold.

Here we are interpreting Gal(K ((¢,c'/¢)/K) as operating on the right.
9



(1) For each rational prime p and prime ideal q € P, one has

q| f(p)Ox = q|pOk.

(2) For any rational primes p and ¢ and for any prime ideals p, q € Pk with p lying above p and q lying
above ¢, one has

ord, (f(p))  ordq(f(q))

o fo
where f, (resp. f,) denotes the inertial degree of p (resp. ¢) in K.

Assume that f is not a global power map, so that at least one of these conditions fails. If (1) fails, then
one can find a prime number p; and a prime ideal q € Px with

q| f(p1) but qtpr.

Let p; € Pk be any prime ideal above pp, let ¢ be the rational prime below ¢, and pick any other rational
prime po ¢ {p1,q} and any prime ideal ps lying over ps. Setting n; = p; and ng = ps and considering the
exponents of p1, po and q in p1, p2 and f(p1), we see that

fpl 0 *
0 fp * = fpifpo 0rdq(f(p1)) #0 mod ¢ = (22) holds,

0 0 Ordq (f(pr ))

so we may set ¢y := fp, fp, ordq(f(p1)) in this case.
On the other hand, if (1) holds but (2) fails, then let us write oy, := ord,(f(p)), where p is the rational
prime lying under p. One can find prime ideals p; # po for which

aplfpz 7é Qpy - fpu

where p; denotes the prime lying under p;. In case p; # po, then choose ps to be any other prime
ideal lying over a prime p3 ¢ {p1,p2} and set n; := pipaps and ng := p3. Considering the subfield

K(Cg,n}/z,n§/£7 f(ning)'/%), one sees that
fpl 0 Qp,
fpz 0 Qpy | = fps (fpzapl - fplap2) 5—'5 0 mod/! = (22) hOIdS’
fos foa 204,
so we may set ¢f 1= | fp, (fp, Qp, — fpo@p, )| in this case. In case p; = po =: p, we let p’ be any other prime and

p’ any prime of K over p’. Setting ny := p and ns := p’ and considering the subfield K (g, nj[/e, né/z, f(n)V),
we find that

fp 0 Qp,
fo 0 ap,| = fp(frap, — frap,) #0 mod { = (22) holds,
0 fy 0
and we may set ¢y := | fp (fpap, — fpop,)| in this case, finishing the proof of Lemma 5.5. O

5.3. The Frobenius automorphism in Kummer extensions. We now turn our consideration to the
Frobenius automorphism Froby for a prime ideal P C Op, lying over p € Pk 1, where L = K((, c'/%) and
Np =1 (mod ¢). Note that for any p € Pk 1, Np is prime.

We begin by describing the situation when m = 1 and ¢ ¢ (K*)’, i.e. (dropping subscripts) we have

L=1L.:= K(C@acl/g)#K(Cé) (CEKX)

and
Gal(L./K) ~ (Z/{Z)* x ZJlZ
a 23
(570 ) =
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1/¢

The minimal polynomials over K of ¢, and c'/, together with their factorizations over K, are given respec-

tively as follows:

£ _ .
s ="t [ -0

-1
i€(Z/02) %

th—c= H (t— -,
i€Z/0Z

In our present discussion, we will adopt the standing assumptions that
Np=1 (mod¢) and ordy(c)=0. (24)
By Lemmas 5.2 and 5.4, these conditions imply that
p splits completely in K((,) and p is unramified in L..

Consider the subgroup py C F: of £-th roots of unity. Since Np =1 (mod ¢), one can find an element z € Z
whose reduction Z modulo p generates pig, i.e. we have

(Z) = e CF, (25)

and the reductions modulo p of the above minimal polynomials factorize over Fp as

()= ] (t—%) (modp),
i€(Z/07) %

t'—c= [] ¢t—7"0) (modp),
i€/

for some 6. € F: /e. Furthermore, one has the prime factorization

POk (¢, = H Pzis (pz,i = pOx (¢, + (G — Zi*)OK(Q)) ;
i€(L/02) >

where i* denotes an integer satisfying ¢*1 =1 (mod ¢). Note that, by our choice of indexing, we have
Vj e (Z/IL)™, Pzi = Priij- (26)
What about the splitting type of such a prime ideal p,; in L.? Since L. has prime degree ¢ over K((;) and
by (24), each p,; either splits completely or remains inert in L.. Furthermore, since L. is Galois over K,
the splitting type of each p. ; is the same. Under the assumptions (24), one has
p.. splits completely in L, <= ¢ (mod p) € (pr)e
“ (27)
< 0. €F, /L
If this is the case, we may allow z in (25) to be an arbitrary generator of y, C Fy and note also that, under
the isomorphism (23),
p. splits completely in L. <= Frobg = (1,0),
for any prime ideal B C Oy, lying over p_ ;.
In case p. ; does not split completely in L., the finite field F,[0.] has degree ¢ over F, , and we normalize
our choice of z = z. € Z so that

o0
Ze = b eF, (28)
(Note that z. € Fyy is independent of the choice of 6. € F: /pe). In this case, putting
P = 92,00, = pOL, + (¢ — 2L )OL,, (29)

the ideal B, ; is prime and we have a prime factorization
pOL, = H B -
ie(Z/07) %

The following lemma characterizes the Frobenius automorphism Frobgs, ..
11



Lemma 5.6. Suppose ¢ € K* satisfies L. := K((p,c'/*) # K((). Furthermore, let p € Pr.1 be a prime
ideal satisfying Np =1 (mod ¢) and ordy(c) = 0. Then p is unramified in L. and, with notation as above,
under the isomorphism Gal(L./K) ~ (Z/¢Z)* x Z/{Z given by (23), one has

Frob (1,0) if p splits completely in L. and B, ; is any prime above p

ro =
Pro (Li)  if pPOr, = ILicz/ez)x B=.,i» where each B _; is as in (29) and is prime.
Proof. We need only concern ourselves with the case that p does not split completely in L.. In this case,
consider the ring homomorphism 7. _; : Og(¢,) — Fp, induced by ¢, — Z;. . Note that
kerm., i =p..i and  0a(Pz.i) = Paoais

where o, — a under Gal(K({;)/K) ~ (Z/¢Z)*. Since O /B, ~ Fp(6.) in this case, one may extend
T, to a ring homomorphism w,, ; : Op, — F,(6.) for which wzc’i(cl/z) = 6.. Consider the induced
isomorphism

@it O /B — Fp(0e).
By definition of Frobsy_ ,, one has @ ;o Frobg, ow;l_i(Gc) = 0%. On the other hand, if Froby_ , + (1,b)
under (23), then by (28), we have h

Zele = gé\/p = wzc,i(FrOb‘ﬁzc,i(w ! (0.))) = wzc,i(FFOb‘Bzc,i(cl/é (mod ‘Bzcz))) = wzc,i(Cé’ClM) =7, beo

Zeyt
Thus, one finds that b = ¢, proving the lemma. O
The next Lemma follows from Lemma 5.6, and is essential in what follows. Our context is as before but
with m = 2k even, and we write L = K ({,c'/¢, d'/*) := K(Cbci/z, o 7011/5’ di/z, . 7dl,lc/e). Thus,
Gal(L/K) < (Z/0Z)* x ((Z/¢Z)* x (Z/(Z)*) , (30)
and we regard elements of Gal(L/K) as triples (a,b,f) with b, f € (Z/¢Z)*. We denote by Coi, C Gal(L/K)
the subset
Cor = {(1,b,f) € Gal(L/K) : £ = Ab for some \ € Z/{Z }, (31)
which is stable by Gal(L/K)-conjugation.

Lemma 5.7. Let L = K (g, c'/¢,d"/?). Let p € Pr1 be any prime ideal satisfying Np =1 (mod ) and

k
OI‘dp (H Cidi> =0.
=1

Then p is unramified in K and splits completely in the subfield K((p). Suppose further that, for some fized
k, € Z/(Np — 1)Z, one has
Vie{l,2,....,k}, di=c" (mod p).
Then, under the embedding (30), the Frobenius class Frob, C Gal(L/K) satisfies
Frob, C Co.
Proof. Note that, for any vector w = (wy,wa, ..., w,,) € K™, the diagram

Gal(K (¢, w/') ) K) ——— (Z/0Z)* x VE(£)

msl ml (32)

Gal(K (¢o,w) )/ K) ——— (Z/0Z)* = V,: (0)
commutes, where 7;((a,b)) := (a,b;). Taking any prime ideal p as in the statement of the corollary, p is
unramified in L = K ({,c'/¢,d'/*), and we fix a prime B of K lying over p. By the discussion preceding
Lemma 5.6, for any multiplicative generator z € pp C Fy' we may find i € (Z/¢Z)* for which
BN Ok, = Pzi- (33)
Let us fix an index j € {1,2,...,k} and put ¢ := ¢; and d := d;. Furthermore, denote by
P.:=PNOL, and P;:=PLNOr,

12



the corresponding primes of L. := K (Cs, c'/?) (vesp. of Lq := K (s, d*/*)) lying under .

Case: k, =0 (mod ¢). Since d = c** (mod p), we see in this case that d (mod p) € (Fy)", so that by
(27) and Lemma 5.6, one has Froby, = (1,0) in this case. Since this is independent of the index j, we see
by (32) that the conclusion of the corollary holds, taking A = 0 in (31).

Case: ky # 0 (mod ). Now if ¢ (mod p) € (Fy)*, then necessarily d = ¢ (mod p) € (F;)*, and again
by (27) and Lemma 5.6, we have that Frobg, = (1,0) and Frobg, = (1,0 - kp), and (note that this covers
the case ¢ € (K*)).

In case ¢ (mod p) ¢ (F;)e, we put z = z. in (33), possibly adjusting ¢ (mod ¢) appropriately. Noting
that 64 only depends on d modulo p, we may take 63 = 95", and so zg = P (mod p). Thus, by (29) and
(26), we find that

mc = mzc,i = spzfp ,ik:p = gpzd,ikp .
Applying Lemma 5.6, we conclude that Froby, = (1,i) and Frobg, = (1,iky), and since the factor k, is
independent of the index j, we apply (32) to deduce the conclusion of Lemma 5.7 in this case. O

In particular, taking ¢ = (n1,n2) € N2 and d = (f(n1), f(n2)) € (K*)?, we obtain the following corollary.

2
Recall that by == | [ ninum(f(n;))ven( f(ni))‘.
i=1

Corollary 5.8. Suppose that f : N — K* is any function, ni,ny € N, and £ is an odd prime number. Put
L=K <C¢,ni/2,n;/l,f(n1)l/é,f(n2)1/5>. Then, for each prime ideal p, one has
peSy and Np=1 (mod¥¢) = Frob, CCy or p|bsn,
where Cy is defined by taking k = 2 in (31).
Our final lemma shows that, if f is not a global power map, then the relevant Chebotarev factor

|C4]/| Gal(L/K)| is bounded by a constant times 1/¢2, which will allow us to deduce Proposition 4.5 from
Theorem 4.4.

Lemma 5.9. Suppose that f : N — K™ is any function, let n1,ns € N, let £ be an odd prime, and let
L:=K (Q,n%/e,néﬂ,f(nl)l/e,f(ng)l/z). Suppose that

(K (Gl Fama) ) < K (G)] = € (34)
Then one has
|Cal < 2
|Gal(L/K)| — ((¢-1)’
where Cy is defined by taking k = 2 in (31).

Proof. By hypothesis, one has
Gal(L/K) ~ (ZJ{Z)* x (ZJIZ - d)*,
for some d € (Z/Z)*. If d = 0, i.e. if Gal(L/K) ~ (Z/{Z)* x (Z/¢Z)*, then directly from (31) one finds
that
Ca| < 22,
and the conclusion of the lemma follows. If d # 0 then, writing d = (d;,d2) with d; € (Z/¢Z)?, we have
that
Cy ={(1,b,Ab): (b,\) € (Z/(Z)*, b-d; +Ab-dy = 0}
={(1,b,Ab) : (b, \) € (Z/¢Z)? b-(d; + \dy) = 0}.
Consider the equation
b-(d; +Adg) =0. (35)
By (34) we see that dy # 0 € (Z/¢Z)?, and so d; + Az = 0 for at most one A € Z/¢Z. For such a A, one
counts ¢2 solutions b € (Z/¢Z)? to the equation (35), while for each of the other ¢ — 1 values of A one counts
£ solutions. Thus, one has
|Cal <€(2¢—1),
13



and the conclusion of the lemma follows in this case as well. O

Remark 5.10. The hypothesis in Lemma 5.9 that f not be a global power map is critical. Indeed, if
f(a) = o for all @ € K, then (e.g. provided ny is multiplicatively independent from n;) under (30) one has

Gal(L/K) = (Z/tZ)* x {(b,kb) : b € (Z/I(Z)?}.
In particular, one finds that

|Ca] {(1,b,kb) : b € (Z/(Z)*}] 1

|Gal(L/K)| — [(Z/Z)* x {(b,kb) : b e (Z/(Z)2}] (-1’

and our method of proof fails for this case (as it should).

6. PROOF OF PROPOSITION 4.5

We now assume that f is not a global power map, and we may assume that |Sy| = co. Fix n = (n1,n2) €
N? as in Lemma 5.5, and define

ay :=max{cs +1,e"n},
where ¢y is as in Lemma 5.5 and by, is as in (17). Note that in particular, by Corollary 5.8, one has

> 1 < n(z; L/ K,Cq) + O(w(bsn)) (36)

pESy ()
Np=1 (mod ¢)

Our assumption that

6co loglog x

implies that, for x large enough, one has /logz/Z5 > 6cy - Z%log Z. By Corollary 5.3, £ € [Y,Z) and
efm < ay <Y guarantee that (15) holds in this case. Thus, for Y > ay and ¢ € [Y, Z), Theorem 4.4 and
Lemma 5.9 imply that

m(x; L/ K,Cy) = Gal'szK)' -m(z) + 0 <|C4| ST - exp <61 [iozgf(]»

1 - 1
< — m(x) + 03 2 exp (cl 0g:z:> .

(38)

02 75

Inserting this into of Lemma 5.9 into (36) and summing over primes ¢ € [Y, Z), we obtain

1 Z4 log =
Z Z 1 <« ViegV ~m(z) + oz 7 - T - exp (—c1 Z5> +w(bgn)-

Y<I<Z  peSi(x)
Np=1 (mod ¥)

By virtue of the bounds (37) and

exp (—cl(log ;1:)1/3) <4 (A>0),

(log )4

we see that the second remainder term satisfies

Z4 e oxn [ e log = < x
log Z P Wozs 4 (logz)A

for any A > 0, and since Y < Z, this observation finishes the proof of Proposition 4.5.
14
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