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rapid, high-order numerical algorithm for simulating solutions of Helmholtz equations
coupled across irregular (non-trivial) interfaces meant to model acoustic waves incident
upon a multiply layered medium. Building upon an interfacial formulation from previous
work, we describe an Integral Equation strategy inspired by recent developments of

I]f:i,/gz;d;edia Fokas and collaborators for its numerical approximation. The method requires only the
Helmholtz equation discretization of the layer interfaces (so that the number of unknowns is an order of
Acoustic scattering magnitude smaller than volumetric approaches), while it requires neither specialized
Integral equations quadrature rules nor periodized fundamental solutions characteristic of many popular
High-order spectral methods Boundary Integral/Element Methods. As with previous contributions by the authors on this

formulation, this approach is efficient and spectrally accurate for smooth interfaces.
© 2014 Elsevier Inc. All rights reserved.

1. Introduction

The interaction of acoustic waves with periodic structures plays an important role in many scientific problems. From
remote sensing [31] to underwater acoustics [2], the ability to robustly simulate scattered fields with high accuracy is of
fundamental importance. Here we focus upon the high-order numerical simulation of solutions of Helmholtz equations
coupled across irregular (non-trivial) interfaces meant to model acoustic waves in a multiply layered medium. Based upon a
surface formulation recently developed by the author [19], we present a novel Integral Equation Method inspired by recent
developments of Fokas and collaborators [1,9,29,30].

Many volumetric numerical algorithms have been devised for the simulation of these problems, for instance, Finite
Differences (see, e.g., [26]), Finite Elements (see, e.g., [33]), and Spectral Elements (see, e.g., [13]). These methods suffer from
the requirement that they discretize the full volume of the problem domain which results in both a prohibitive number of
degrees of freedom, and also the difficult question of appropriately specifying a far-field boundary condition explicitly.

Surface methods are an appealing alternative and those based upon Boundary Integrals (BIM) or Boundary Elements
(BEM) are very popular (see, e.g., [28]). In fact, the approach we advocate here falls precisely into this category. These
BIM/BEM require only discretization of the layer interfaces (rather than the whole structure) and, due to the choice of the
Green'’s function, satisfy the far-field boundary condition exactly. While these methods can deliver high-accuracy simulations
with greatly reduced operation counts, there are several difficulties which need to be addressed [27]. First, high-order
simulations can only be realized with specially designed quadrature rules which respect the singularities in the Green'’s
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function (and its derivative, in certain formulations). Additionally, BIM/BEM typically give rise to dense linear systems to
be solved which require carefully designed preconditioned iterative methods (with accelerated matrix-vector products, e.g.,
by the Fast-Multipole Method [11]) for configurations of engineering interest. Finally, for periodic structures the Green’s
function must be periodized which greatly increases the computational cost.

Before addressing these concerns as they impact our own formulation, we note that Boundary Perturbation Methods
(BPM) emerged as an appealing strategy which maintain the reduced numbers of degrees of freedom of BIM/BEM while
avoiding the need for special quadrature formulas or preconditioned iterative solution procedures for dense systems. Among
these are: (i) the Method of Field Expansions due to Bruno and Reitich [3-5] for doubly layered media, and the general-
ization of Malcolm and Nicholls [15,19] to multiply-layered structures; and (ii) the Method of Operator Expansions due to
Milder [17,18] (see also improvements in [6]) which was generalized to multiple layers by Malcolm and Nicholls [14,19].

Returning to the challenges faced by BIM/BEM mentioned above, in this contribution we utilize Fokas’ approach to discov-
ering Integral Equations (which we term Fokas Integral Equations - FIE) satisfied by the Dirichlet-Neumann Operator (DNO)
and its corresponding Dirichlet data. These formulas do not involve the fundamental solution, but rather smooth, “conjugat-
ed” solutions of the quasi-periodic Helmholtz problem meaning that simple quadrature rules (e.g., Nystréom’s Method) may
be utilized while periodization is unnecessary. In addition, due to use of a clever alternative to the standard Green’s Identity,
the derivative of the interface shapes never appear in our FIEs meaning that configurations of rather low smoothness can
be accommodated in comparison with alternative approaches (see Appendix A for one choice). The density of the linear
systems to be solved cannot be avoided, however, this is somewhat ameliorated by the fact that the number of degrees of
freedom required is often quite modest due to the high-order accuracy of our quadratures, and as derivatives of the layer
shapes never appear in our integral relations. Finally, the conditioning properties of these FIEs has recently been called into
question (see, e.g., the preprint of Wilkening and Vasan [32]) and, as we discuss in Remark 5.2, it can challenge the effec-
tiveness of such methods. However, for problems of small to moderate size, we have found that the remarkable simplicity
and speed of the current algorithm cannot be matched by alternative strategies.

Turning to layered media scattering, we pair these new FIE relationships to the interfacial formulation of such problems
recently devised by one of the authors [19]. The resulting algorithm has the speed and efficiency of a boundary method
without the complications of iterative linear solvers, Green’s function periodization algorithms, or the derivation and im-
plementation of perturbation recursions. One simply builds a linear system of equations with readily computed values and
solves with any standard algorithm (e.g., Gaussian elimination).

The rest of the paper is organized as follows: In Section 2 we recall the governing equations of layered media scatter-
ing, and a surface formulation in Section 2.1 (with special cases discussed in Section 2.2). In Section 3 we introduce our
new (Fokas) Integral Equations with relations for the top layer in Section 3.1, the bottom layer in Section 3.2, and middle
layers in Section 3.3 (we summarize these formulas and the zero-perturbation case in Section 3.4). We discuss formulas
for computing the efficiencies in Section 4, and numerical results in Section 5. We present a class of exact (non-plane-
wave) solutions in Section 5.1 and numerical implementation and error measurement details in Section 5.2. We close with
convergence studies in Section 5.3 and plane-wave simulations in Section 5.4.

2. Governing equations

Consider a d = (d1, dy)-periodic, multiply-layered material with M interfaces at
y=8"+gMx,x) =™ +gM®, 1=m=M,
where x = (x1, x2), g™ are constants, and
gMx+d)=g™(x +di,x2 +do) = g™ (x1, %) = g™ (%).
These interfaces separate (M + 1)-many layers which define the domains
5O ._ {y > g +g(l)(x)}
SM = (gD 4 gV <y <g™ 4+ gMx)} 1<m=M-1
S =y <g™ +gM ).

with (upward pointing) normals N™ := (—V,g™ 1)T; see Fig. 1. In each layer we assume a constant speed ¢™ and that
the structure is insonified from above by plane-wave incidence

ul(x, y, t) = el @X=PY) —eml0tyi(x ) o = (o, 02)T.

In each layer the quantity k™ = w/c(™ specifies the properties of the material and the frequency of radiation common to
the incident and scattered field in the structure. It is well-known [25] that the problem can be restated as a time-harmonic
one of time-independent reduced scattered fields, v(™ (x, y), which, in each layer, are a-quasiperiodic

v (x+d, y) =e @Dy (x, y),
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y = gm 4 g(m) /l\

Fig. 1. Depiction of a multiply layered media insonified from above by plane-wave radiation.

and satisfy a Helmholtz equation

Av™ 4 (k(m))zv(m) =0, inS™,0<m<M.
The reduced fields are coupled through the Dirichlet and Neumann boundary conditions

Yy oy m _em 5 0m oMy | <m < M,
and

Iyan [T —v™] =y ™y =gM 4 M) 1<m<M.
In the case of insonification from above

¢ = —vi(x, gV + gD )

YW =—(ayav') (x. 2V + gV ()

(M=0 2<m<M

yM™M=0 2<m<M.
Finally, outgoing wave conditions are enforced on v(® and v®™ at positive and negative infinity, respectively.

Remark 2.1. We point out that rather arbitrary incidence can be simulated by the appropriate choice of ¢™ and ™.
Plane-wave incidence is one of several choices we could make.

2.1. Boundary formulation

We now follow the lead of [19] and restate this problem solely in terms of surface quantities. For this we define the
(lower and upper) Dirichlet traces

V(m)’l(x) — ym (X, g(m+1) + g(mH)(X)) o<m<M-1
V(m)’”(x) = ym (x, g(m) + g(m)(x)) 1<m<M,
and the (exterior, lower and upper) Neumann traces
VM) 1= — (ynen v (x, 2D 4 g™ D)) 0<m<M—1
VMU x) = (aN(m)v(m))(& g(m) —|—g(m)(x)) 1<m<M.
With these in hand, the boundary conditions become
ym=Dl_ymu_ . m  qopm<y (21a)
_ym=Dd gy m g <y < (2.1b)
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which specifies (2M) equations for (4M) unknown functions. This allows us to “eliminate” the upper traces (Vm.uym).uy
in favor of the lower ones {V M-l vy @m.ly py

ymu —ym=DI_m 1 <m<M (2.2a)

ymu— _ym=Dl_ym 1 <m<M, (2.2b)
We can generate (2M) many more equations by defining the “Dirichlet-Neumann Operators” (DNOs)

G[v©H] .= 7O (2.3a)

H(m)[V(’”)*”, V(m)J] = (Z?:((ﬂ)) I:;;ll((ﬂ))) [( “//(;11)):7 >] = (“{/((r:)l;) 1<m<M-1 (2.3b)

J[v ] =y D (2.3c)

which relate the Dirichlet quantities, {V™-# v.l} to the Neumann traces, {V -4 V.I} From here we diverge from
the approach of [19] which described Boundary Perturbation Methods to compute the DNOs {G, H(m), J}. For the current
approach we note that in the following sections we derive integral operators A and R which relate the Dirichlet and
Neumann data in the following ways

AO)VOL_ ROy @l=0 (2.4a)
Auu Aul V(m),u Ruu Rul V(m),u 0

<Alu((nT)) A”((;?:))) ( 7 m.l ) - <Rlu(($)) Rll((nr?))) < V(m),z> = (0> 1<m=<M-1 (2.4Db)

AMYVMU _ pppyy DU — o, (2.4¢)

Now, using (2.2), we can write (2.4) as
AOVO!I_RO)VO'=0
AuLl(m) Aul(m) _V(mfl),l _ o (m) RUU(m) Rul(m) V(mfl),l _ ~(m) 0
< At (m)  Al(m) ) ( vl )= RE(m)  RU'(m) V(mmc =(g) 1=m=M-1
AM)[-VM=DL_ D] _ Rvpy [V M=D — (D] = .

Simplifying, this can be written as

mMmv® =Q (2.5)
where
A(0) —R(0) 0 0
—AYU(1) —RUu(1) Avl(1) —Ru(1) 0
—Alt(1)  —Rlu(1) Al(1) —R"(1) 0
M:= : : ,
0 —AMW(M—1) —RWM-1) AYM—-1) —RYM—1)
0 —AvtM -1 —-RumM-1) A'M-1) -—-RIM-1
0 0 —A(M) —R(M)
and
0
v 0. Auu(])w(l) _ R”u(l){“)
v Ay — RM(1)¢®
v .— : ., Q= :
V(M*l),l AuLI(M_-l)w(M—'l)._RLIU(M_-I);-(M—D
V(Mfl),l AIU(M_l),(//(Mfl)_Rlu(M_l)é-(Mfl)

AP ™ — R(M); ™

Our numerical method amounts to Nystrém’s method [8] applied to MV® = Q and it only remains to specify the integral
operators A and R, which we address in Section 3.

2.2. Special cases

A few special cases of the equations above deserve particular comment and we provide that in this section.

Single layer. The case of a single layer overlying an impenetrable material does not fit into our framework as stated, how-
ever, it can be expanded to include this important configuration. Here, the reduced scattered field, v(®, is still subject to the
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Helmholtz equation, quasiperiodic boundary conditions, and the outgoing wave condition. Depending upon the properties
of the impenetrable layer there is either a Dirichlet boundary condition,

VOl =cPe.  y=g"+g0w, (2.6)
or a Neumann boundary condition,
VOl =y D, y=5"+gVw. (27)

to be enforced at the interface. We can fit into the formulation given above, i.e. solving MV® = Q from (2.5), by making the
following choices. For the Dirichlet boundary conditions, (2.6), we set

(0 1 o _ (VO (™
M_<A(0) —R(O))’ v _(V(O),l o Q=("9 )

while for the Neumann conditions, (2.7), we equate

_( 1 0 o _ (VO _(yO
M_<A(0) —R(O))’ v _(V(O),l Q=" )

Remark 2.2. Of course these two could be further simplified to
vOIl=c® A0V O!I=R©0)®,
and
vOl=y® ROV =A0y®,
which requires only the inversion of A(0) or R(0), rather than the full operator M.
Double layer. For the case of a single layer separating two materials which both permit propagation the boundary conditions
become
vOI_y@u _ y=50 4 gDy (2.8a)
_yO_gMu w(l) y = g(l) +g(1)(x), (2.8b)

and we solve MV® = Q with

_( A(0) —R(0) a_ (VO _ 0
M‘(—A(l) —R(l))’ v ‘<v<°>~’  ELaaw o - raye® )

Three layers. Finally, for a triply layered material we must satisfy the boundary conditions

YOI _yMa_ M y =30 1+ gV (2.92)
YOl _y@u_ @ y=g? 4 g@(x) (2.9b)
YOI jha_ s gy (2.90)
P g@u @ 5@ | g@ (2.9d)
and we solve MV® = Q with
A0) —RO) 0 0

—Auu(l) _RMU(]) A”l(]) _Rul(])

M=1_aua)y —ruy Aty —giq) |°
0 0 —-AQ) —RQ)
7. 0
Yo Ay — RU (1) D
vO=1oai|. e= A’“(l)z(”—R’“(l);(l)
v AQY® —R2)¢®

Remark 2.3. In the case of plane-wave incidence from above we have

D = _eiax=-iBEV+gV () 1/,m=(1-/3+(ng<1)).(I-Ol))ez’oz-x—z‘ﬂ(g“>+g“><x>>

which are the Dirichlet and Neumann traces of the incident field v! at the uppermost boundary y = g + g (x).
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3. Integral equation formulation by Fokas’ method

The reformulation of the Dirichlet-Neumann Operator (DNO) problems we study here come from the remarkable proce-
dure of Fokas [1,9,29,30] which, in our present context, amounts to the inspired use of the following identity which appears
in [1].

Lemma 3.1. If we define

Z0 = 3,0 (AY +K29) + (Ap +K2¢)dy v,
then

Z® =divy[F¥] + 8, [FY + FV],
where

FO =9, (Vay) + Vi @yy),  FY = 08,0(dy9) — Ved - (Vip),  F® :=k2¢y.

Defining the periodic domain
=02+, i+u®):={0<x<dy x {{+Lx) <y <i+u®},
Lx+d)=L(x), ux+d)=u),
provided that ¢ and i solve the Helmholtz equation
Ap+K2p=0, Ay +k*y =0,

then Z® = 0. A (trivial) consequence of the divergence theorem gives us the following lemma.

Lemma 3.2. Suppose that G(x, y), defined on 2, is d-periodic in the x variable, G(x + d, y) = G(x, y), where

T
Gx ) =(CYxy), 6V y) ,
then
d

d
/ div[GldV = / [G* - (Vxt) = GV gy dX+ [ [-CY - (Vi) + GV g dX-

ko) 0 0

If ¢ is a-quasiperiodic and v is (—«)-quasiperiodic, i.e.,
px+d, )=o), Yx+dy)=e"NYxy),

then Lemma 3.2 tells us, with G= (F®, F¥) 4 FyT

O:/Z(k)dV:/div[G]dV

a2

y=u+u(x) dx,

2
d d
k k
- /(F(X) Vel = FO —FO) G dx+ /(F(") A(=Vyu) + FY) 4+ F®0)
0 0
since, in this case, the terms F®, F® and F® are periodic. More specifically,

0= [ [3y& (V¥ - Vi) + Vap - By ¥ Vul) — 0y 0y 1) + Vi - (V) —KPprdx],_;

O\Q

d
+ / [8y @ (Vi - (= Vtt)) + Vi - (3y ¥ (= Vo)) + By By 1) — Vi - (Vo) +K2$W ], i, O
0

and
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d
0= /[ayw(vxz - Vg — dyp) + Vi - (Vildyd + Vip) — 1//k2¢]y=2+m) dx
0
d
+ /[ayW(—qu -V + 0y@) — Vi - (Vxudyd + Vxp) + W<2d>]y:ﬁ+u(x) dx. (3.1)
0
If we define

EQ) =X L+L(X), ¢(®=¢(x.0+uk),
then tangential derivatives are given by

Vi () 1= [Vxg + Valdydly oy Vil () = [Vad + Valldydly—gsuc-
Recalling the definitions of the DNOs (2.3)

L) = [—0yd + Vil - Vel 710000 U®) = [8y$ — Vxtl - Valy—iiuco-

Eq. (3.1) now reads

d
0= /(3yl[’)y:2+z(x)L + (VX‘//)y:ZH(x) V€ — (‘p)yzhe(x)kzg dx
0
d

+ f(ayw)y=ﬁ+u(x)u — (Vx¥)y=iitux) - Vx¢ + (w)y=ﬁ+u(x)k2§ dx,
0
or
d d

/(3y\”)y=ﬁ+u(x)de+/(3yw)y=2+z(x)de

0 0

d d
= /(Vx\p)yzﬁ-ﬁ-u(x) - Vxg dx — /(vxl/f)y:[_;,_g(x) - Vx€ dx
0 0

d d
~ [ dxt [0, gt (32)

0 0

3.1. The top layer

For this problem we consider upward propagating, «-quasiperiodic solutions of
Ap+K2p=0 I4+L(x)<y<il
$p=§ y=L+LX).

To begin, we note that the Rayleigh expansion [25] gives, for y > u, that upward propagating «-quasiperiodic solutions of
the Helmholtz equation can be written as

[e.¢]
X y) = Y Lge U0 g = (g1, q2), (33)
q=—00

where

aq::<061+27'[(h/d1> ﬂq;: ‘/k2—|0lq|2 qel
o +2mqy/dy i/|0lq|2—kz qéu

and the set of propagating modes is specified by
U:={q|lagl* <k*}.
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Evaluating (3.3) at y = u delivers the (generalized) Fourier series of ¢(x),
oo
)= ) e,
q=—00

so that we can compute the DNO at y =u as

U=dyp(x, i)=Y (iB)ige ™™ =: (ip)¢. (34)

q=—00
Proceeding, we consider an (—o)-quasiperiodic “test function”
w(x’ y) — e*idp*)H‘l‘mp(y*Z)

with m;, to be determined so that the difference between the first and the sum of the third and fifth terms in (3.2) are
zero. For this we consider the quantity

R(X) := By ¥)y=al — (Vx¥)y=i - Vxl + K> (P)y=i{,
and define
Ep :=exp(imy (@ — 0)).
It is easy to show that
R(x) = (imp)e “XE,(ifp) ¢ — (—iatp)e " ®P¥E,, - Vit + k?e X E ,¢
o0

= Y {(imp)(iBg) — (—iap) - (itg) + K>} Eplge ™ @p =00,

g=—00
Integrating R over the period cell, the only non-zero term features p =q so that
d

/ R(x)dx = |d|{(imp)(iBp) — (—iatp) - (itp) + K2} Epip.
0
Choosing mp = B, so that

Y (x, y) = e A0,
a “conjugated solution,” we get zero since
ap-ap+pE=k2 = (iap) - (iap) + (iBy)* + k> =0.

In light of these computations we now have

d d d
/ Oy W)y oo Ldx=— / (VW) y—is g - Vi dX + f KWy o0 € A%,
0 0 0
and, with ¢ defined above,
d d d
[(iﬁp)e"ﬁpee_i“ﬂ"L dx = — /(—iozp)eiﬁpze_i"‘ﬂ" - Vy& dx + / k2e'Prle=ianXe dy.
0 0 0
To match with (2.3a)-(2.3¢) we rename the DNO G and the interface g giving
d d d
/ (iBp)ePree G dx = / (iotp)ePree =X . v, e dx + / k?elPr8e—itpXe dx, (3.5)
0 0 0

Remark 3.3. At this point one can ask how the current procedure differs from that of [1]. Here we have chosen i at the
outset so that [ R = 0. In contrast, [1] chose two (—a)-quasiperiodic solutions and then combined them in such a way that
these “far field” terms disappeared. We also point out that we follow the developments of [1] quite closely which is not the
same as the “method” devised and analyzed in [9,29,30] (which we note does not deliver formulas for the three-dimensional
problem).
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3.2. The bottom layer

In a similar fashion we can consider downward propagating, cz-quasiperiodic solutions of
Ap+kp=0 I<y<ii+ux)
¢=¢ y=u+u)),
and the “test function”
Y (x, y) = e X,

With this choice of ¥ the second, fourth, and sixth terms in (3.2) combine to zero and we find

d d d
/(3yW)y=ﬁ+u(x)UdX = /(Vxl/’)y=ﬁ+u(x) - Vyg dx — / k2(‘ﬁ)y=ﬁ+u(x)§ dx.
0 0 0
With  defined in this way we determine that
d d d
/(—iﬂp)e’iﬂpue’io‘?"u dx = /(—iap)e’iﬁpue’io‘ﬁ" Vit dx — /kze’iﬂpue’i%x; dx.
0 0 0
Again, to match with (2.3) we rename the DNO | and the interface g giving
d d d
/(iﬂp)e_iﬁﬂge_io‘ﬁ"] dx=/(iap)e_iﬁpge_i"‘l’" Vil dx+sze_iﬂpge_i‘xp"§ dx. (3.6)
0 0 0

3.3. Amiddle layer

Finally, we consider «-quasiperiodic solutions of
Ap+Kp=0 [+lx) <y<i+u®)
¢p=£ y=LE+Ltx)
p=¢ y=u+u)),

and the “test functions”
_ cosh(ipp(y — £)) oty

(u)
VY = hGBy @ = D)
0 _ Cosh(fp@ = ¥)) iayx
Y (x, y) = sinh(ifp (& — E)) ¢
Defining

cop :=coth(iBy(it — £)),  csp:=csch(ifp U — 1)),
C(u) := cosh(ippu), S(u) :=sinh(iBpu),
C(€) ;== cosh(ifpt), S(¢) :=sinh(iBpt),
we can show that
YW (x, 1 +u) = (cop C(u) + S(u))e~"@*
W (x, £ 4 €) = csp C(0)e ™
O (x, it +u) = csp C(u)e ¥
YO (x, €+ €) = (cop C(£) — S(0))e ™",
and
W (x, 1 +u) = (—iap) (cop C(u) + S(u))e~'@r*
Oy W (x, £+ €) = (—iap) csp C(£)e@PX
ay O (x, 1 + u) = (—iap) csp C(u)e
WO (x, £+ 0) = (—iap)(cop C(0) — S(£))e ™%,
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and
dy YW (x, il +u) = (iBp) (C(u) + cop S(u))e
Ay W (x, £+ £) = (iBp) csp S(£)e~@pX
Ay v O (x, il 4+ u) = (iBp) csp S(u)e
Ay O (x, £+ 0) = (=iBp)(C(E) — cop S(£))e™"*P*.
From (3.2), with v ® we find

d d
/(iﬁp)(C(u) +cop S(u))e ™"y dx + /(iﬂp) csp S()e @PX L dx
0

d d
:f(—iap)(copqu)+5(u))e*"“n"-vx; dx—/(—iap)csp C(L)e X . vyt dx

d d
- f k?(cop C(u) + S(u))e ™" ¢ dx + / k? csp C()e "% g dx. (3.7)
0 0

Additionally, with ¥©, (3.2) delivers,

/(iﬁp) csp S(u)e XU dx + /(—iﬂp)(c((g) —cop 5(5))e_i°’P"de
0 0

d d
=/(—iozp)cs,,C(u)e—"°‘p"-VX; dx—/(—iap)(cop C(8) — S(0))e™"** . V& dx
0 0
d d
- / k2 csp C(u)e ™% dx + f k?(cop C(£) — S(£))e™"P*¢ dx. (3.8)
0 0

3.4. Summary of formulas and zero-deformation simplifications
We point out that all of the formulas derived thus far, (3.5), (3.6), (3.7), and (3.8), can be stated generically as
AplVI=Rp[V]. (3.9)

1. (Top layer) For (3.5), after dividing by (iBp),

d
V=G, V=g  Ap@IG] =/eiﬂvge—i°‘n’<6(x)dx (3.10a)
0
R 2
Rp(g)[é]—/ ”Spge”“‘”"{ L.+ —}E(X) dx. (3.10Db)
P :BP
0
2. (Bottom layer) For (3.6), after dividing by (i8p),
d
V=J. V=t A@ll= f e~ Pr8e X [ (x) dx (3.11a)
0
d k2
f?p(g)[;]:/ "ﬁpge"“""{la” Vx+—} (x) dx. (3.11b)
lﬂp iBp

0
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after dividing by (i8p),
u %% e
D) v=(w)-(8)

C(u) +cop S(u) csp S(4) U e gy
—Csp S(u) C() —cop S(¥) L

/N

E\ |~ [ (—copCw)— S csp C(6)
£/ csp C(u) —co, C(€) + S(€)

iOlp kz}({) —iapx
— - Vy+ — dx.
X{iﬂp +l/3p £ e “Pdx

In the class of flat interfaces (g =0, u =0, £ =0) we have

1. (Top layer)

Ap(0)[G] =

Ry(0)[E] =

2. (Bottom layer)

ApO)[J1=

RpO)[2]=

3. (Middle layer)

Ap(0,0) [(

e X G (x) dx

e[ 1 G K
e % {iﬁp Vx—l—iﬁp}é(x)dx.

/
/

e~ 1%X 1 (x) dx

. 104 k2
eiopx] P g 4 —} X) dx.
{lﬂp x i, ¢(x)

/
/

d

-6 D)

0

d
5 AN —Cop Csp iop kz}(§> —iapx
R,,(0,0)[(%_)]_f( Csp _C°p>{il3p Vx+il‘3p £)° ax.
0

Recognizing the Fourier transform

d
Vp=Flyl= / e~ Xy (x) dx,
0

and using the fact that (icep) - (iotp) +k? = —(iBp)? we find

1. (Top layer)

Ap(0)[G]=G)p

Rp(0)[E] =

g + 5N, = gyt
{E. iop +E}5p——lﬂp &p.

11

(3.12a)

(3.12b)

(3.12¢)
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2. (Bottom layer)
ApO)[J1=Jp

o iap . 2 o ND
Rpy(O)[¢]= {— - (iap) + —} p=—(Bp)¢p.

V>

3. (Middle layer)

meol(7)]=(6 1
. ¢\]|_(—cop s iap (4
%@“[Q)]-(SJ-w&)ha*”“+ﬁﬂ<&>

and discover the classical results
Gp=_(iﬂp)épa .A]p=_(i,3p)2p7
Up . COp — CSp Ep
N = (1 ~ .
(i7) = (%, <o) (2

We close by pointing out that (3.9) specifies equations for the Fourier coefficients of V and V rather than the functions
themselves. To specify equations for the latter, as a function of the variable X, we simply invert the Fourier transform, e.g.,

A[V]=R[V], (3.13)
where
1 & _ 1 & N
A=— 3 Ageer¥ R=— 3 Rpel®r¥.
ld| =, dl =

In our simulations below we apply Nystrom’s method [8] to (3.13) instead of (3.9).

Remark 3.4. Due to the smoothness of solutions in the presence of smooth interfaces, we choose equally spaced gridpoints
in our Nystrom approach resulting in the trapezoidal rule. We remark that Fast Fourier Transforms (FFTs) [10] could be
used as a fast inversion strategy for this flat-interface configuration. However, such an approach cannot be used for general
deformations.

4. Computing far-field information: the efficiencies

In many situations it is insufficient to know the scattered fields at the layer interfaces, for instance when “far field” data
is required. In periodic layered media scattering, such information is encoded in the efficiencies [25] and in this section we
describe how the Fokas formalism can be used to derive equations for these from the unknowns of the problem.

To begin we once again use the Rayleigh expansions which state that above the structure the scattered field can be
expressed as

oo
vOry) = 37 By ey,
p=—00

while below the structure

00
. .o (M)
V(M)(X,y): Z B;)M)ewtprzﬂp y.

p=—00

The upper and lower efficiencies (together with the set of propagating modes) are defined by

ﬂ(O)
o) =B pett®={p|lepl” < (KO)’)

,B(M)
= B peu®™ = {p]lapl” < (K)°).
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There is a principle of conservation of energy for lossless media which states that
(0) M) _
ot 2 e =1
ped©® peu M)
which gives a diagnostic of convergence, the “energy defect”
— (0 (M)
§:=1- > e = > ¢ (4.1)
ped©® pey™
We now seek formulae to recover the {B;,O), B;,M)} from the Dirichlet and Neumann traces which we can compute from

our algorithm. We begin with the uppermost layer and, for simplicity, drop the zero-superscript. Consider the hyperplane
y=i (i>g" + g (x)) and the Dirichlet trace

x
() =vx i)=Yy  Bpel®r bt
p=—00
Therefore, if we can recover ¢ (x) then
o . o . . -
Z ;pelo{p.x =) =v(x i) = Z Bpelolpd(-'rlﬁpu,
p=—00 p=—00
which gives
B, = ipe ol
Once again, we work with (3.2) and recall that in this flat-interface case, cf. (3.4),
U=(ifp)¢.
We suppose that we know the following data at y = £ + £(x):
§x), V™), LK),

and, in the same spirit as Section 3.1, seek a relation between these and ¢. Of course, if we utilize the same function v then
the data at y = u disappear entirely, however, if we change this slightly (effectively a change of sign in the y-dependence)
to

Y(x,y) = e ey,

we can realize a convenient formula for fp. We insert this choice into (3.2) to deliver

d d
/ (—iBp)e XU dx + / (—iBp)eifr@=DeiBpt® oiapx] gy
0 0

d d
:/(—iap)e"""ﬂx Vil dx — /(—iozp)eiﬁl’(ﬁ‘z)e_iﬁﬂe(">e_i"‘llx - Vi€ dx
0 0

d d
_/kZefiotpxé_ dx+fkzei,sp(afz)efi,spax)efiapxs dx.
0 0

Moving the data at y = ii to the left and terms evaluated at y = £ + £(x) to the right, and, once again, recognizing the
Fourier transforms, we find

[(—iBp)(iBp) + (iatp) - (ietp) + K2 ]Ep = Qp.
where
Q) = PP @D IFt® 1 (i) L(x) + (itp) - ViEX) +KPE(X)).
We can simplify this to
A -
[—2(iBp)?]
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which delivers
Qp
2(iBp)?’

In the simple case of a flat lower interface, £(x) =0, we find

Q (%) =P E-DL(iB)L(x) + (ictp) - VaEX) +KEX)),

Bp = —e iyt

SO
Q= eiﬁp(ﬁ_z){(iﬂp)ip + (iap) - (iap)ép +K*Ep} = eiﬂp(ﬁ_g){_z(iﬁp)z}’
and
B — _e—iﬂpa& — _eibpil #eiﬁp(ﬁ—ﬁ_)(_z(iﬁ 1) = e~ifol
P 2(iBp)? 2(iBp)? ? '

For the lower-layer Rayleigh coefficients we can proceed in much the same way. Here we drop the (M)-superscript and
denote the Rayleigh coefficients by C,. Consider y = ¢ (£ < gy 4+ gm(x)) and the Dirichlet trace

E=vx D= Y Cpeltr ifl,

p=—00
Therefore, if we can recover &(x) then
0 . 0 . . i
D b=t == ) Cpetr I,
p=-00 p=—00
which gives
Cp = Epeifol.
If we now follow Section 3.2 with £(x) =0 (noting that L = —(—ifp) = (iBp)), but now choose
1//(X, y) — e—icxprriﬂp(ny)

then (3.2) gives

d d
/(iﬂp)eiﬁl’(E’_Z)eiﬁl’”(")e_i“l”‘u dx+/(iﬂp)e_i“PXde
0 0

d d
=[(—iap)ei’gl’(f’_i)eiﬂp”(")e_i‘)‘ﬂx-ng“ dx—/(—iap)e_i“PX~Vx$ dx
0 0
d

d
_ /kZeiﬁp(ﬁ—K_)eiﬁpu(x)e—iapxg. dx + / kZe—iapx;;- dx.
0 0

Now, moving the data at y = ¢ to the left and the terms at y = ii + u(x) to the right, we recognize the Fourier transform

[(Bp)(iBp) — (ictp) - (ictp) —K*]p = Ry,
where

R(0 = ePrE=Delfpu0(_(i5,)U (x) — (iatp) - V£ (x) — k2L (0)}.
We can simplify this to

. Ry

= Rapy

which delivers
c,—eihl_Kp__

2(ipp)?
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In the simple case of a flat upper interface, u(x) =0, we find

R(x) = e @O f_(iB,)U(x) — (iatp) - Vat (X) — K22 ()},

so, since U = —ifp¢,

A

Rp =€ @=01(ip,)0) — (iatp) - (ictp)Ep + K2y} = PrE-D{-2(iB,)?}.

and
iﬁpz 'RP — e—iﬁpE 1 eiﬂp(ﬂ—é)(_z(iﬁp)z) — _e—iﬁpﬁ.
2(ifp)? 2(ifp)?

p=¢

5. Numerical results

We now present detailed descriptions of numerical simulations conducted with our new approach. As we mentioned
above, the scheme is simply Nystréom’s Method applied to each of the Integral Equations (3.13) which appear in the full
layered-medium system (2.5).

5.1. Exact solutions

For non-trivial interface shapes there are no known exact solutions for plane-wave incidence. To establish convergence
of our algorithm we utilize the following principle: In building a numerical solver for a homogeneous PDE and boundary
conditions:

Lu=0 ing2
Bu=0 atods,
it is often just as easy to construct an algorithm for the corresponding inhomogeneous problem:
Lu=R ing
Bu=Q ataf2.
Selecting an arbitrary function w, we can compute
Rw :=Lw, Qu = Bw,
and now have an exact solution to the problem
Lu=R, in$
Bu=9, atds,

namely u = w. In this way we can test our inhomogeneous solver for which the homogeneous solver is a special case.
However, one should select w which have the same “behavior” as solutions u of the homogeneous problem and here we
specify w such that R, = 0. We point out though that our exact solution does not correspond to plane-wave incidence
(but rather to plane-wave reflection).

To be more specific, consider the functions

. (m) . (m)
v (x, y) = AMel@rxthy) | pm)giterx=Fr7y) (5.1)

with AM = B©® — 0, These are outgoing, a-quasiperiodic solutions of the Helmholtz equation, so that R, =0 in the
notation above. However, the boundary conditions satisfied by these functions are not those satisfied by an incident plane
wave. With the construction of the Q,, in mind we compute the surface data

g =y y=g"+gMw, 1<m<M
P = oy [vi" TV =]y =™+ g™, 1=m=M.

This is a family of exact solutions against which to test our numerical algorithm for any choice of deformations
{g®,....g™My).
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5.2. Numerical implementation and error measurement

We utilize Nystrom’s Method [8] to simulate the Integral Equations (3.13) as they appear in (2.5). In this setting this
amounts to enforcing these equations at N = (N1, N») equally spaced gridpoints, xj = (X1 j,, X2 j,), on the period cell
[0,d1] x [0, d>], with unknowns being the functions {V ™, v™:l} at these same gridpoints x;. The resulting linear sys-
tem was solved directly in time ©((MNy)?) which sufficed for the purposes of the simulations conducted here.

With these approximations in hand, we can make any number of error measurements versus the exact solutions (5.1).
For definiteness we choose to measure the defect in the lower Dirichlet and Neumann traces, and for the results described
in Section 5.3 we measure

7 m),l & (m),LN A LN
R L T 2 A
|‘~/(m),l| :
r

€rel :=  SUp (5.2)

0<m=M—1 [y m

oo

Lo

In this, e.g.,

N
1 - LN 1
VM= v (x, gD 4 gD (), v =S v en,
n=0

the exact and approximate solutions, respectively.

Remark 5.1. The applicability of our method is determined by the mapping properties of M(g) and Q(g), more specifi-
cally M(g)~!. Theoretical results along these lines are the subject of our current investigations, but we expect that these
properties deteriorate as g becomes more rough (down to Lipschitz [7,12]) and as k™ increases.

5.3. Convergence studies

For our convergence studies we follow the lead of [19] and select configurations quite close to the ones considered there.
To begin we consider the two-dimensional and 2 -periodic case where the profiles are independent of the x»-variable.
We will consider the fully three-dimensional case shortly. Recall the three profiles introduced in [21] for precisely this
purpose: The sinusoid

fs(x) = cos(x), (5.3a)

the “rough” (C* but not C°) profile

12878
fr=(2x 10_4){)(4(271 —x)% = 315 } (5.3b)
and the Lipschitz boundary
) -@/mx+1, 0<x=m
fL(x)_{(z/n)x—a, T <x<2m (5:3¢)

We point out that all three profiles have zero mean, approximate amplitude 2, and maximum slope of roughly 1. The Fourier
series representations of f; and f; are listed in [21] and in order to minimize aliasing errors we approximate these by their
truncated P-term Fourier series, f; p and fi p.

We begin with two three-layer configurations:

1. (Two smooth interfaces, Fig. 2.) Physical and numerical parameters:

a=0.1, BO=11, pgW=22 P =33

gV =cfsx), gP®=¢efs(x), =001, d=2m,

N =10,...,30. (54)
2. (Rough and Lipschitz interfaces, Fig. 3.) Physical and numerical parameters:

a=0.1, BO=11, pgW=22 P =33

gV =efrao®, gPW=efrao®, =003 d=27,

N =80,...,320. (5.5)
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10 Relative Error versus N

Relative Error
=

10 1
10-14 .
107 : *
10 15 20 25 30
N

Fig. 2. Relative error versus number of gridpoints N for the two-dimensional smooth-smooth configuration, (5.4).

10 Relative Error versus N

Relative Error

50 100 150 200 250 300 350
N

Fig. 3. Relative error versus number of gridpoints N for the two-dimensional rough-Lipschitz configuration, (5.5).

In these three-layer configurations the wavelengths of propagation (A = 27 /k™) are
1@ ~56885 AV ~28530, 1@ a1.9031.

In the first configuration, (5.4), we show that only a small number of collocation points (N = 20) are required to real-
ize machine precision (up to the conditioning of our algorithm, see Remark 5.2) for small, smooth profiles, (5.3a), which
displays the spectral accuracy of the scheme which we anticipate for such profiles based upon our previous results and
studies [20-24]. In simulation (5.5) we demonstrate that the algorithm performs well if the lower and upper interfaces are
replaced by the rough, (5.3b), and Lipschitz, (5.3c), profiles respectively (both truncated after P = 40 Fourier series terms)
provided that N is chosen sufficiently large.

Remark 5.2. Before leaving these first computations we mention the numerical conditioning of our new scheme. Despite
their simple form, one can expect the conditioning of the integral operators appearing in (2.5) to degenerate as the profiles
in question, g™, become larger. While the condition numbers for the simulations produced thus far were on the order
of 10-100, if ¢ is chosen larger these can grow significantly as we display in Fig. 4. Here we have recomputed the first
smooth-smooth configuration, (5.4), for the much larger values of € =0.1,0.15, 0.2, 0.25. This necessitates larger choices of
N for satisfactory accuracy and so we plot, for N =20, ..., 200, values of the condition number of M using MATLAB’s cond
command [16]. We point out the rather explosive growth of this quantity which illustrates that our method, while extremely
simple, fast, and accurate for small to moderately sized deformations, may be inappropriate for “extreme” configurations.
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Condition Number versus N

Condition Number

50 100 150 200
N

Fig. 4. Condition number of M, (2.5), versus number of gridpoints N for the two-dimensional smooth-smooth configuration, (5.4).

We point the interested reader to the preprint of Wilkening and Vasan [32] for a more detailed investigation in the context
of Laplace’s equation which arises in the study of surface water waves.

Among the many multilayer configurations our algorithm can address we choose two more, representative ones, in the
two-dimensional setting:

1. (Six-layer, Fig. 5.) Physical and numerical parameters:
=01, BM™M=114+m, 0<m<5
gVw=¢cfx, gPW=¢efra®, gP®=¢fLaX,
gY@ =¢efrao®, go®=efs0, £=002, d=2m,
N =40, ...,120. (5.6)

2. (21-layer, Fig. 6.) Physical and numerical parameters:

=01, pm="F1 5 9
10 =m=
g™x) =¢efs(x), 1<m=<20, =002, d=2rm,
N=10,...,30. (5.7)

Once again, we can see that in all cases, our algorithm provides highly accurate solutions in a stable and rapid manner
provided that a sufficient number of degrees of freedom are selected.

We now consider the general case of (27) x (27r) periodic interfaces in a three-dimensional structure. Again, we fol-
low [19] and select the following interface shapes: The sinusoid

fs(x1,%2) = cos(x1 + x2), (5.8a)
the “rough” (C2 but not C3) profile

; 2 648
frx,x) = (= x 1072 12 Q2 — x)2%3 27 —x)% — , (5.8b)
9 225
and the Lipschitz boundary
-1+ Q@Q/m)x1, X1 <X <2m —X1
~ 1 3—(2/m)xy, X2 > X1, X3 > 2T — X1
fix, xp) = 3 + 3—-2/m)xq, 2 — X1 < X2 < Xq : (58¢)

—14 2/m)x2, X2 <X1, X2 <27 —Xq
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10 Relative Error versus N

Relative Error
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Fig. 5. Relative error versus number of gridpoints N for the two-dimensional smooth-rough-Lipschitz-rough-smooth configuration, (5.6).

Relative Error versus N
10 T T

Relative Error

10 15 20 25 30
Fig. 6. Relative error versus number of gridpoints N for the two-dimensional 21 layer configuration with 20 smooth interfaces, (5.7).

Again, all three profiles have zero mean, approximate amplitude 2, and maximum slope of roughly 1. The Fourier series
representations of f, and f; are given in [21] and in order to minimize aliasing errors we approximate these by their

truncation after P = 20 coefficients, f; p and fi p.
In three dimensions, despite the ready applicability of our algorithm, the numerical simulations become much more

involved. Therefore, we focus upon the two three-layer configurations outlined below.

1. (Two smooth interfaces, Fig. 7.) Physical and numerical parameters:

a1=01, ay=02  pO=11, pV=22  pP=33,

gV x) =efsnx),  gP i) =efixix),  e=01,

di =2m, dy =2m, N1 =N;=6,...,32. (5.9)
2. (Rough and Lipschitz interfaces, Fig. 8.) Physical and numerical parameters:

a1=01, ;=02 BO=11, V=22 pP=33,

gV ) =¢efraoti,x2),  gP(1x)=¢efrak,x), £=001,

dy=2m, dy=2m, Ni=N,=8,...,24. (5.10)
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Relative Error versus N
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Fig. 7. Relative error versus number of gridpoints N for the three-dimensional smooth-smooth configuration, (5.9).

10! Relative Error versus N
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o
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Fig. 8. Relative error versus number of gridpoints N for the three-dimensional rough-Lipschitz configuration, (5.10).

Again, our algorithm produces highly accurate results in a stable and reliable manner. The behavior is independent of
interface shape provided that a sufficient number of collocation points are used.

5.4. Layered medium simulations

Having verified the validity of our codes, we demonstrate the utility of our approach by simulating plane-wave scattering
from all of the configurations described in the previous section. Recall, in two dimensions this included two two-layer (5.4)
and (5.5), and two multiple-layer problems (5.6) and (5.7); while in three dimensions this featured two two-layer scenar-
ios (5.9) and (5.10). For this there is no exact solution for comparison so we resort to our diagnostic of energy defect (4.1).

We observe in Fig. 9 that we achieve full double precision accuracy with our coarsest discretization for the smooth-
smooth configuration, (5.4), while in Fig. 10 we show that the same can be realized with N ~ 200 for the rough-Lipschitz
problem, (5.5). The same generic behavior is noticed for the six-layer configuration, (5.6), and the 21 layer device, (5.7),
which are displayed in Figs. 11 and 12, respectively. Finally, we display three-dimensional results corresponding to the
two-layer problems, (5.9) and (5.10), and the quantitative results are given in Figs. 13 and 14, respectively.

6. Disclaimer

This report was prepared as an account of work sponsored by an agency of the United States Government. Neither the
United States Government nor any agency thereof, nor any of their employees, make any warranty, express or implied,
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Energy Defect versus N
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Fig. 9. Energy defect versus number of gridpoints N for the two-dimensional smooth-smooth configuration, (5.4).

Energy Defect versus N
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Fig. 10. Energy defect versus number of gridpoints N for the two-dimensional rough-Lipschitz configuration, (5.5).

Energy Defect versus N
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Fig. 11. Energy defect versus number of gridpoints N for the two-dimensional smooth-rough-Lipschitz-rough-smooth configuration, (5.6).
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Energy Defect versus N
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Fig. 12. Energy defect versus number of gridpoints N for the two-dimensional 21 layer configuration with 20 smooth interfaces, (5.7).
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Fig. 13. Energy defect versus number of gridpoints N for the three-dimensional smooth-smooth configuration, (5.9).

Energy Defect versus N
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Fig. 14. Energy defect versus number of gridpoints N for the three-dimensional rough-Lipschitz configuration, (5.10).
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Appendix A. Alternative integral equation formulations

The Integral Equations we propose in Section 3 are, by no means, the only ones we could consider to approximate
solutions of the governing equations (2.5). In fact, if we follow the developments of Section 3 we can generate alternatives,
and in this appendix we focus on a form for the operator G for the top layer (cf., Section 3.1) which we can contrast
with (3.5).

To begin, we recall the classical analogue to Fokas’ Lemma 3.1 based upon Green'’s Identity.

Lemma 6.1. If we define

YO = g(Ay +K2y) — (Ad +K*0) Y,
then

y®© — divx[G(X)] + 9y [G(Y)],
where

CY = (Vi) — (Vud)¥, G = (By¥) — (3yd) V.

If $ and ¥ solve the Helmholtz equation then Y® =0, and if ¢ is «-quasiperiodic and ¥ is (—a)-quasiperiodic, then
the Divergence Theorem gives

d d
O:/Y(")dv = f div[GldV :/(G<"> Vel =GY) dx+/(c<"> (V) +GY) g dX.
2 2082 0 0
More specifically,
d
0= / [$(Vatr - Vel) = V- (W Vl) = $@y¥) + Dy ], 7, OX
0

d
+/[(—¢)(Vx¢-qu)+Vx¢~(1/fVXU) +¢0yy) — (3y¢)1//]y:ﬂ+u(x) dx,
0
and

d
0= /[(b (Vxl - Vxyr — ayl/f) + Y (=Vyl - Vyp + 3y¢)]y:z+[(x) dx
0

d

+ /[qb(—qu Ve + 3y ) + ¥ (Vat - Vi = dyd)] g 9X-
0

Recalling our definitions for &, ¢, L, U from Section 3 this becomes

d d
0 =[s<w Vg — dyy) — dex+/¢<—vxu Va4 Oy ) — YU dx,
0 0
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or
d d d d
/1//de+/1/dex:/(—qu-Vxl//—i-ayl/f);‘dx—i-/(VxZ-wa—ayt//)édx. (A1)
0 0 0 0

To produce a DNO for the top layer we set u(x) =0, and if we choose
X, y) = e—iap~x+iﬂp(y—[)’

then the terms at y = u cancel. With this choice (A.1) becomes

d d
[ wrix= [t vap -,z ax
0 0
and with the ¢ defined above
d d
/eiﬁp[e_i“P"‘de=/eiﬂp[e_"“l’"‘(vxﬁ - (—iotp) — iBp)E dx.
0 0

Once again, renaming the DNO G and the interface g we discover
d d
/eiﬁpge_io‘ﬂ"‘c dx = / e'Pree X (Vg - (—iarp) — iBp)E dx, (A2)
0 0

which should be compared with (3.5). In particular, we note the explicit appearance of the derivative of g in (A.2).
One can ask if there is a simple relationship between these two formulations, and, in fact, there is. We recall (3.5),
divided by (i8p),

d d d
: 2
fe"ﬁpge”up"c dx = /(l.a—p)e'.ﬁpge"'%x Vg dx + / (L)eiﬂ”gefiapr dx,
iBp iBp
0 0 0
and define

d
= /(ﬂ)eiﬂpge_io‘ﬂ" - Vi€ dx.
0 &

We integrate by parts (using the periodicity of the integrand)

d
I= —/divx[(ﬂ)eiﬁpge_iap'x]édx
iBp

0
d
: lictp | iBpg p—ittpx
= [ 1—(ap) - Vxg+ | — e'Pr8e~1%Xg (x,
, iBp

so that

o\&

d
iBpg ,—icpx . liatp|? k? iBrg ,—iapx
e'PrEe™'WXGdx = | 1 —(iatp) - Vxg + + | — | je'Pree™ %X dx.
0
Using the fact that |icep|? + k? = —(ifp)?

d
/ei‘spge_iaf’"c dx = eiﬂpge_i“”"{—(iap) - Vx8 — (iﬂp)}é dx,
0

O\Q.

which is (A.2). Thus the two are equivalent up to an integration by parts.



D.M. Ambrose, D.P. Nicholls / Journal of Computational Physics 276 (2014) 1-25 25

References

[1] MJ. Ablowitz, A.S. Fokas, Z.H. Musslimani, On a new non-local formulation of water waves, J. Fluid Mech. 562 (2006) 313-343.
[2] L.M. Brekhovskikh, Y.P. Lysanov, Fundamentals of Ocean Acoustics, Springer-Verlag, Berlin, 1982.
[3] Oscar P. Bruno, Fernando Reitich, Numerical solution of diffraction problems: a method of variation of boundaries, J. Opt. Soc. Am. A 10 (6) (1993)
1168-1175.
[4] Oscar P. Bruno, Fernando Reitich, Numerical solution of diffraction problems: a method of variation of boundaries. II. Finitely conducting gratings, Padé
approximants, and singularities, J. Opt. Soc. Am. A 10 (11) (1993) 2307-2316.
[5] Oscar P. Bruno, Fernando Reitich, Numerical solution of diffraction problems: a method of variation of boundaries. Ill. Doubly periodic gratings, J. Opt.
Soc. Am. A 10 (12) (1993) 2551-2562.
[6] R. Coifman, M. Goldberg, T. Hrycak, M. Israeli, V. Rokhlin, An improved operator expansion algorithm for direct and inverse scattering computations,
Waves Random Media 9 (3) (1999) 441-457.
[7] R. Coifman, Y. Meyer, Nonlinear harmonic analysis and analytic dependence, in: Pseudodifferential Operators and Applications, Notre Dame, IN, 1984,
Am. Math. Soc., 1985, pp. 71-78.
[8] David Colton, Rainer Kress, Inverse Acoustic and Electromagnetic Scattering Theory, 2nd edition, Springer-Verlag, Berlin, 1998.
[9] Athanassios S. Fokas, A Unified Approach to Boundary Value Problems, CBMS-NSF Reg. Conf. Ser. Appl. Math., vol. 78, Society for Industrial and Applied
Mathematics (SIAM), Philadelphia, PA, 2008.
[10] David Gottlieb, Steven A. Orszag, Numerical Analysis of Spectral Methods: Theory and Applications, CBMS-NSF Reg. Conf. Ser. Appl. Math., vol. 26,
Society for Industrial and Applied Mathematics, Philadelphia, PA, 1977.
[11] L. Greengard, V. Rokhlin, A fast algorithm for particle simulations, J. Comput. Phys. 73 (2) (1987) 325-348.
[12] Bei Hu, David P. Nicholls, Analyticity of Dirichlet-Neumann operators on Hélder and Lipschitz domains, SIAM J. Math. Anal. 37 (1) (2005) 302-320.
[13] D. Komatitsch, J. Tromp, Spectral-element simulations of global seismic wave propagation - I. Validation, Geophys. ]. Int. 149 (2) (2002) 390-412.
[14] Alison Malcolm, David P. Nicholls, A boundary perturbation method for recovering interface shapes in layered media, Inverse Probl. 27 (9) (2011)
095009.
[15] Alison Malcolm, David P. Nicholls, A field expansions method for scattering by periodic multilayered media, J. Acoust. Soc. Am. 129 (4) (2011)
1783-1793.
[16] MATLAB, Version 7.10.0 (R2010a), The MathWorks Inc., Natick, MA, 2010.
[17] D. Michael Milder, An improved formalism for rough-surface scattering of acoustic and electromagnetic waves, in: Proceedings of SPIE - The Interna-
tional Society for Optical Engineering, San Diego, 1991, vol. 1558, Int. Soc. for Optical Engineering, Bellingham, WA, 1991, pp. 213-221.
[18] D. Michael Milder, An improved formalism for wave scattering from rough surfaces, J. Acoust. Soc. Am. 89 (2) (1991) 529-541.
[19] David P. Nicholls, Three-dimensional acoustic scattering by layered media: a novel surface formulation with operator expansions implementation, Proc.
R. Soc. Lond. A 468 (2012) 731-758.
[20] David P. Nicholls, Fernando Reitich, A new approach to analyticity of Dirichlet-Neumann operators, Proc. R. Soc. Edinb. A 131 (6) (2001) 1411-1433.
[21] David P. Nicholls, Fernando Reitich, Stability of high-order perturbative methods for the computation of Dirichlet-Neumann operators, J. Comput. Phys.
170 (1) (2001) 276-298.
[22] David P. Nicholls, Fernando Reitich, Analytic continuation of Dirichlet-Neumann operators, Numer. Math. 94 (1) (2003) 107-146.
[23] David P. Nicholls, Fernando Reitich, Shape deformations in rough surface scattering: cancellations, conditioning, and convergence, ]. Opt. Soc. Am. A
21 (4) (2004) 590-605.
[24] David P. Nicholls, Fernando Reitich, Shape deformations in rough surface scattering: improved algorithms, J. Opt. Soc. Am. A 21 (4) (2004) 606-621.
[25] Roger Petit (Ed.), Electromagnetic theory of gratings, Springer-Verlag, Berlin, 1980.
[26] R. Gerhard Pratt, Frequency-domain elastic wave modeling by finite differences: a tool for crosshole seismic imaging, Geophysics 55 (5) (1990) 626-632.
[27] E. Reitich, K. Tamma, State-of-the-art, trends, and directions in computational electromagnetics, Comput. Model. Eng. Sci. 5 (4) (2004) 287-294.
[28] FJ. Sanchez-Sesma, E. Perez-Rocha, S. Chavez-Perez, Diffraction of elastic waves by three-dimensional surface irregularities. Part II, Bull. Seismol. Soc.
Am. 79 (1) (1989) 101-112.
[29] E.A. Spence, A.S. Fokas, A new transform method I: domain-dependent fundamental solutions and integral representations, Proc. R. Soc. Lond., Ser. A,
Math. Phys. Eng. Sci. 466 (2120) (2010) 2259-2281.
[30] E.A. Spence, A.S. Fokas, A new transform method II: the global relation and boundary-value problems in polar coordinates, Proc. R. Soc. Lond., Ser. A,
Math. Phys. Eng. Sci. 466 (2120) (2010) 2283-2307.
[31] L. Tsang, J.A. Kong, R.T. Shin, Theory of Microwave Remote Sensing, Wiley, New York, 1985.
[32] J. Wilkening, V. Vasan, Comparison of four popular methods of computing the Dirichlet-Neumann operator for the water-wave problem, Contemporary
Mathematics, 2014, accepted.
[33] O.C. Zienkiewicz, The Finite Element Method in Engineering Science, 3rd edition, McGraw-Hill, New York, 1977.


http://refhub.elsevier.com/S0021-9991(14)00511-7/bib41464D3036s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib424C3832s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4272756E6F52656974696368393361s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4272756E6F52656974696368393361s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4272756E6F52656974696368393362s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4272756E6F52656974696368393362s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4272756E6F52656974696368393363s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4272756E6F52656974696368393363s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib43474849523939s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib43474849523939s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib436F69666D616E4D657965723835s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib436F69666D616E4D657965723835s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib436F6C746F6E4B726573733938s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib466F6B61733038s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib466F6B61733038s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib476F74746C6965624F72737A61673737s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib476F74746C6965624F72737A61673737s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib477265656E67617264526F6B686C696E3837s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib48754E6963686F6C6C733034s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib6B6F6D617469747363683230303261s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4D616C636F6C6D4E6963686F6C6C733131s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4D616C636F6C6D4E6963686F6C6C733131s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4D616C636F6C6D4E6963686F6C6C733130s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4D616C636F6C6D4E6963686F6C6C733130s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4D41544C4142s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4D696C646572393161s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4D696C646572393161s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4D696C646572393162s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4E6963686F6C6C733132s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4E6963686F6C6C733132s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4E6963686F6C6C73526569746963683939s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4E6963686F6C6C7352656974696368303061s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4E6963686F6C6C7352656974696368303061s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4E6963686F6C6C7352656974696368303062s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4E6963686F6C6C7352656974696368303361s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4E6963686F6C6C7352656974696368303361s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib4E6963686F6C6C7352656974696368303362s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib50657469743830s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib707261747431393930s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib5265697469636854616D6D613034s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib73616E6368657A7365736D6131393839s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib73616E6368657A7365736D6131393839s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib5370656E6365466F6B6173313061s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib5370656E6365466F6B6173313061s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib5370656E6365466F6B6173313062s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib5370656E6365466F6B6173313062s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib544B533835s1
http://refhub.elsevier.com/S0021-9991(14)00511-7/bib7A69656E6B69657769637A31393737s1

	Fokas integral equations for three dimensional layered-media scattering
	1 Introduction
	2 Governing equations
	2.1 Boundary formulation
	2.2 Special cases

	3 Integral equation formulation by Fokas' method
	3.1 The top layer
	3.2 The bottom layer
	3.3 A middle layer
	3.4 Summary of formulas and zero-deformation simpliﬁcations

	4 Computing far-ﬁeld information: the efﬁciencies
	5 Numerical results
	5.1 Exact solutions
	5.2 Numerical implementation and error measurement
	5.3 Convergence studies
	5.4 Layered medium simulations

	6 Disclaimer
	Acknowledgements
	AppendixA Alternative integral equation formulations
	References


