SUPPLEMENTARY MATERIALS: A HIGH-ORDER
PERTURBATION OF ENVELOPES (HOPE) METHOD FOR
VECTOR ELECTROMAGNETIC SCATTERING BY PERIODIC
INHOMOGENEOUS MEDIA: JOINT ANALYTICITY*

DAVID P. NICHOLLST AND LIET VO

SM1. Proof of the Elliptic Estimate. In this appendix we provide the proof
of the elliptic estimate which has been so crucial to all of our developments. We
restate it here for convenience.

THEOREM SM1.1. Given any integer s > 0, if (w,€) € P, F € H5(S,), div [F] €
H*t(S,), Q € H*TY2(T), and R € H**Y/2(T), then there exists a unique solution
of

(SM1.1a) Lov = F, n Sy,
(SM1.1Db) —0v—Tyv] =Q at Ty,
(SM1.1c) 0,v —Tylv] = R at I'_p,
(SM1.1d) V(2 + dy,y + dy, 2) = =T By (g y 2),

satisfying

(SM1.2) [oll oo < Ce (1F 5o + 1AV [Fll grosr + QU grasrr2 + 1Rl rosar2) 5

where C, > 0 is a constant.

We will focus on establishing this result in the case s = 0 as the case s > 0 follows
in analogous fashion. To begin, we recall that if the functions v, F, @, R from the
theorem satisfy quasiperiodic boundary conditions, then they can each be expanded
in (generalized) Fourier series, e.g.,

‘ o3 ,(2)
(SM1.3) (x,y, 2 Z Z By q(2)el ™t Bay 5, (2) = | 02 ,(2)
RN e

In terms of these expansions we have the following restatement of the governing
equations (SM1.1).

LEMMA SM1.2. Let v be the solution of (SM1.1). Under the assumptions of
Theorem SM1.1, 0y, and 0 , satisfy the following systems of two point boundary
value problems

(SM1.4a) 0207+ (VSN)20r . = Hy g2 ) —h<z<h,
(SM1.4b) 0.0% ,(h) — inSos (h) = Q% .,

(SM1.4c) 0.0 J(—h) +iy§o2 (—h) = RE

and

(SM1.5a) 920y, + (V;(f()]) oY = Lypq(2), —h<z<h,
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(SM1.5b) 9.0Y ,(h) — i§oY ,(h) = —QY .,
(SM1.5¢) 8.0 ,(—h) H’n(f?vé’q(*h) =Ry,
where
o kg — a2 — 2, ag + B < kg,

Vp.a "= - _
pa iy/a2 + B2 — =g, 0n+ B2 > ekg,

and
m 2 2 m) 1.2
~m) \/E( )k2_a2_ i o, + 55 < €Mk,
P \/a2 + 62 — e(Mkg = i'_yl(,fz), ol + B2 > emE2,

form € {u,v}, and ﬁlp,qﬁ;{,ﬁ) € R", and

_ By £ ap — ke f iayp z
(SMlGa) Hp7q(z) = kz_ p,q + TFp’q - k2_8 prq,
0€ 0
opBy pe | PRI, B
SM1.6b L = LApr 4 4 - Y LN
( ) p.a(?) kg P + kge e kZe U7 pa
Furthermore, we can compute vy , from these as
1 . io iB
(SM1.7) Upg = =g tra T ep 0:0p,4 + eq 2 0p.q°
() " ()’ (122
Proof. We begin with the observation that
curl [curl [v]] = —Av + Vdiv [v],
so that
Lo[v] = —Av + Vdiv [v] — k2e
Next we apply Ly to the expansion (SM1.3),
Lol = D7 D7 Lolipg(e)eier+iu)
pP=—00 qg=—00
which requires
_Af)g’qeiapxﬂﬁqy — {(Oé?, + 52)%7(1 _ azﬁzyq} elwrtibey 5 e {x,y, 2},
and
div [, g€’ " 0] = {(iop) iy 4 + (iBg) 05 4 + 0207 4 } el ity
and

Opdiv [y, ge’r* T PaY] = {—aZ0r |

_ apﬂqﬁqu + (iap)azi};,q} eiapl’+iﬁqy7
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9y div [@Paqempmﬂﬁqy] = {_O‘pﬂqﬁ;q - gﬁg,q + (iﬁq)az@;q} elor iy
0-div [0, ge™ ™ 1P| = {(iay)) 005, + (iBg)0:0 , + 0207, } eloretiFay,

From these (SM1.1a) demands that

(SM1.8a) — apBy , + B, — 0207 |+ (i) 0,07, — kgevy , = ¥,
(SM1.8b) — a7+ asby = 020U + (i8)0:07 , — kgeny , = FY .,
(SM1.8¢) — (Y202, + (i0p) 002, + (iBg) 004, = FZ .

If we now multiply (SM1.8a) by 5, and (SM1.8b) by «,, and subtract them we obtain

_ﬁq(afﬁ;q + (71(72)2%@) + ap(a?ﬁg,q + (71(72)2@3@) = Bokyq — aply

p,q°

Furthermore, dividing (SM1.8c) by (7,(2)2 and then differentiating the result with
respect to z, we obtain

(150)?2

Substituting this into (SM1.8b) we obtain

0,52, = (Gap)02g, + (i8)0264, — 0-F, )

B (0205 4+ (150) 05 ) — (g —kE) (D200, + (7)) 03 ) = —(iBg) - F5 = (45 * F

p.q
If we denote
U:= 8?17;(1 + (Pyz()i)z)%g,w W= ag@g,q + (Pyz()i)l)%gn’

then we find a system of equations for U and W

—BU + apW = B FZ — a, FY
apBaU — (a2 — KGe)W = —(iBy)0. 7 . — (W) FY,.
Solving this system gives us

2 g2;
By £y L% kqe

LA io‘p [z
U= KZe P k2e Foag— %@Fp,q = Hp 4(2),
2 2 ,
_ lBq o By — ko€ - WBg o pe
W= k%E pa T k%@ Fg,q - Egasz,q = Ly 4(2).
The proof is complete. ad

LEMMA SM1.3. The unique solutions v,
are

and vy , of (SM1.8a) and (SM1.8b)

q

@;f,q(z) = _Q;,q@z('z?n q) — R;,q¢fh(25p7 Q)% — In[Hpg|(2) — I-p[Hp,4)(2),

D
: : : 23,
Ug,q(z) = - g,q¢h(Z§P7 q) — Rzp’,q¢—h(2;l?7 Q)# = I [Lp’q](z) - Ifh[Lp,q](z)a

where

_ _(w) - ~(w)
+ ol z 9 — P, —p.q(z
on(zp,q) == <7MD7M> Tralzth) 4 (W) e~ TralzHh)
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5 = (w) - ~(u)
_ o i o
d_n(zip,q) = | 22— TP9 ) ovoale=h) 4 [ Tpa TIPG ) =y q(z=h)
2Yp.q 2Yp.q

h
In[C](2) ¢=/ On (250, @) 0—n(s;0,q)C(s) ds,
I 1[C](2) == /_Zh S—n (20, q)on(s:p,0)C(s) ds,

5 () u

D= (Yp.a +750) g + 7)€" = (p.a = 350) (p.a = Fie e 727"

With this we are ready to give the proof of Theorem SM1.1. As stated above, we
provide a detailed proof for the estimate (SM1.2) in the case when s = 0.

Proof. [Theorem SM1.1] To start we recall that
lolfe = 32 >0 <<<p, a)’' / Nona()I dz+{(p,0)” /

pP=—00 qg=—00 —
h 2
+/ |5‘3@p7q(z)| dz> .
—h

We point out that, since € € R, the indices in the double sum on (p,q) can be
divided into two sets: The propagating modes which are defined by

h
|3z@p,q(z)|2 dz
h

P.= {(p,q) c 7> | ai—l—ﬂg < Ek%},
and the evanescent modes specified by
E:={(p,q) € Al af,—i—ﬁg > ek} .

The former is of finite size and gives complex 7, 4 = 'y;(ft)] /i, while the latter is un-

bounded and features 7, ; = 7,(,2 /i real and positive. From Lemma SM1.3 we observe
that {0p,4(2), 050p,4(2), 020, 4(2)} are all bounded on —h < z < h so that there exists
a constant Ky > 0 such that, among the propagating modes,

max {H@p’qHL2 ) Hazﬁp,qllm ) agﬁp,q”m} <Ko, Y (pq € P.

As there are only a finite number of these, we can estimate all of them uniformly by

o

For this reason we restrict our subsequent developments to the evanescent modes
(where the 9, , are real and positive) which requires a careful asymptotic study as

|(p, q)| grows.
We begin by estimating v, ,. If we denote

QP#I

) ‘Rp’q

max_ Hp,q‘ Lp,q‘

(p.q)€P {

) L27

(u)

Up,q = Vp,q + :)’;%)7 bp,g = Vp.q — '71(71,1:1)7 Cp,q = Vp,g — '7121,2’ dp,g =Vp,q + Wp?q’
then,

Qpq = bpg —~ (s
d)h(z;paQ) = %e’yp'Q(z—i_h) + %6 Tr.al +h)7
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_ d )
¢-n(z;p,q) = ;_ﬂe%vq(z_h) + Q_ﬂe—w,q(Z—h)7
Tp.a Tp.a

_ 2%p,qh _ —2%,.qh
D = apqdy qe bp,qCp,q€ )

and 05 (2) = S0 8;(z), where

j=1
Si(z) = —OF A Toalath) G () = (T bp.a 5, 4 (=)
=)= Pa J 2\%) = Pa )
~ c - . d _
Sg(Z) = —R* #G’Yp,q('z*h), S4(Z) — _R® f’vq ef'yp’q(th),
P.q Q'Yp,q P.q Q'Yp,q
h
S5(z) = _ %4y eTra(z+s) g (s) ds
23p.aD J- pals)
h
SG(Z) _ _bp7qdp7q e—"yp,q(z—&-s)H (S) ds
YD Jon P ’
h
S ( ) _ 7ap,qdp,q 'S/p,q(zfs+2h)H ( )d
7\® 25, oD e p,q(S) as,
p.q z
b .4, © 5 z—s5—2h
Ss(z) = _% i eTrial )Hp,q(s) ds,
h
So(z) = _bpgCpg ~Ap.q(z=s5+2h) f d
9(2) 24, oD € pa(s) ds,
p.q z
S (Z) — _M - e_’s’p,q(Z—S—Qh)H (S) ds
10 290D | 1 P .
P.q -

To estimate Hf};q || - one must address each of these ten terms individually and use

(SM1.9) |

10
or ol <D Ty 1= 1Sl e
J=1

For brevity we provide details on two of these, T7 and T5. For the former we begin

1/2
R a. 12 [
T < ’Qm ( D,q / 62'711«1(2'”1) dZ)
p,q D
—h
- 1/2
2 oMVp,qh _
= ’Qw ( Gpg | € ™1 1)
p,q =
D 2Yp,q
Sz _
‘Qp)q (e2pah — 1)1/2
V 2:)/17111 |dp7q| ’627717«11" — b""‘%e*}?p,qh
Ap,qp,q
Since
(64%,4}1 — 1)1/2 (1— 674%,(1;1)1/2
im = im =1,
|(p,q)|— o0 62777’1‘1h _ bpqCpyq e—2”yp‘qh |(p,q)|— o0 1— bp,qCp,q 6—4’7p,qh
ap,qdp,q ap,qdp,q

there exists a constant C > 0 such that

(64;/”*qh _ 1)1/2

<C V(pq) €2,

‘GQ%,Qh _ bpapg —2%, 4R
ap,qdp,q
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therefore,

T
p.q

V2p.q ldp.gl
For the latter, by using Holder’s inequality, we obtain
h| ph
Ap 4C =
1y = et | [ [ onah, ,(5) ds

2p,q D —h|J—h pq
o , - . . 1/2
Ip.apa / / e2Tp.a(z+5) g / |Hp,q(s)|” ds | dz
2%p,D —h \J-h —h

. ) 1/2
b ,29p q(2+h) _ o27p.q(2—h)
_ M / € - € dz 1 Hp,qll 2
27p,qD _h 2%p.q

n<C

1/2

dz

IN

_ | %p.ap.a (64%"1}‘ + e Hpah _ 2) 1/2 VH, s
pallr

2%p,g D g
_ (ePTpal 4 e=4ah — 2)1/2 |cp,ql | Hpqll 12
e2p,qh — bp.4Cp.q e—2%p,qh 471%7(1 |dp,q|
ap,qdp,q

(1 + e~ 8¥p.qh _ 26—4’7p,qh)1/2 |Cp,q| ||H;D,q||L2 <C HHP;QHLQ
4’_)/12;,q |dp,q| - 4’_)/12),q |dp,q| ’

1— bp,aCp,q 674’717*‘1]1

ap.qdp,q

where the last inequality was obtained by using the fact that

(1 + e~ 87p.ah _ 26*4’7p,qh)1/2 _1

lim
|(p,g)|— o0 1— bp.qp.q e—47p,qh
ap,qdp,q

Substituting the estimates of T3, ..., T into (SM1.9) we obtain

T RZ)
A @z, 7, Hpallys A Hpal
(SM1.10) 0 <C— +C— +C == + C—=
| p"IHLZ Vg 1dp.ql V. |ap.ql Vi.q 1dp.ql Vo.q
- -
<c ‘ psq L C ’RP,Q + ||Hf,2q||L2 )
Vi |dpql V. lap.ql Tp.a
Similarly, we obtain
‘ g,q ‘Rg,q ||Lp7q ‘LZ

— +C— + =
VI ldp.q] Vpa lap.q] Yo

Next, we estimate 07 , and from (SM1.7) we obtain

(SM1.11)

Ol <©

or L ope Mg e 0B oy
pa = 5z pa T 53 %Ua T 53 9
p.q p,q p,q

1 [z e Az P 2:}/ s
= 52~ pa B —zp [_ p,qaz¢h - Rp,qaz¢—h Dp L - 9.1 [Hp,q] - az[—h[Hp,q}
P,q P,q
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i0 A .
- ﬁ {_ pq0=0n — Ry 0-0— h — 0:-In[Lpq] — az[h[Lp-,q}]
o p Zaz(bh 22(92(15 h S By
= quF p7q ( pQ +BqQ ) YoaD (aPRp,q"_ﬂquyq)
Xe 26
== (8 Ih[ pq] + 0.1 [ p,q]) = ((9 Ih[ pq} + azlfh[Lp,q])'
qu o
Therefore,
N , 1/2 )
S TRERCIR A s A +Z
—h ’qu
where

A A 1/2
apQyp g + 8@} 4 h
I - | e az)
Vp,a —h

2 ’O‘PR;& + ﬁqég,q’ h 12
PR / 0.6 0% dz)
—h

Yp,q | D
o . 1/2
«
1.31_2p</ |02 1n[Hp,q] 4 0:1_p] pq]|2 dZ) )
Yp.q —h
. 1/2
_ 184l ?
Iy = =2 |azlh[Lp,Q] + azlfh[Lp,qH dz ’
Tpa \/~h

All four of these I; must be estimated, but we focus on I; and I3 to streamline our
presentation. To start,

Ay oY - by o -
8,0n(2:p,q) = pygp,q eTralz+h) _ p,aVp,q e—fym(z+h)7

so, by the Holder Inequality, we have, cancelling a factor of 7, 4,

bog
D

W(Z+h)’

“e—:f(z+h) ’

L <
L2

’%Qﬁq + Bngyq‘ (‘ Ap.q ‘ H
VYp.a
The discrete Cauchy—Schwartz inequality tells us that

@Q%+%%J<,M%ﬂﬂ%4<c
'S/p,q B ’S/p,q B

where the final inequality comes from

-)

Qpal

. \ i+ B2
lim +—=1.
[(p,q)|—00 Vp,q

So, we continue,

47p,qh—1 1/2 b

~ a er'p.a

n<efon {4 () |
pP.q

D

1— e~4ina\ /2
< 2Yp.q >
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L —47,.4h\1/2
<ol 1 (1—e )
VQ’Yp,q |dp7q| ‘1 _ Zp,qZp,q e—p.qh
B P R Bt 0
\ap,qdp,q| 627712,qh ‘1 _ Zp,q;'p,q 674’7p,qh
Since
1 — e—4p,qh)1/2
im ( ) =1,
[(p,q)|—o00 ‘1 chqe—fmqh
ap,qdp,q
we have that
o]
\/ 2p,q |dp, q|
Continuing, we have
0.1 Hy)(2) = 0012 / 6 (5 Hpg(5) ds — 6n(2)6-n(2) Hpg(2),

BT _n[Hyq)(2) = 0-6_1(2) / 9n(5) () ds -+ 6 ()0 () Hy (2)
so that
(SM1.12) 6ZIh[Hp7q](z) + 8ZI_h[Hp7q](z)

h z
_ / 0.0 (2)bn(5) Hy o (s) ds + [ 0.0 h(2)0n () (5)
h

_ R
_ apéqjgp,q TG (s) ds + % e TraE 2 (6) s
z z
bp.qC h s—z—2h bp,qd " - zZTs
g | il H, (5) ds — 2P el VH,yq(s) ds
apaCpq [~ = bpaCra [ -5, (s—2+2n
n péqu q » e'yp’Q(z-i_s)Hp) ( ) ds + PQL]DP q - e Yp,q(s—2z+2 )Hp,q(s) ds
Qp.qd E o e—s bp.qdp, (et
Sl [ e, ) ds - R [ o (s) ds
h h
_ %%,q%.q Ap.q(z+5) bp.qtp.a “p.a(z+s)
— R4 P4 e'ra H,,(s)ds — =—=4 e ' H, 4(s) ds
2D —h P 2D —h P
ap,qdp,q b (s—z—2h) bp,q va [ 3, (s—z+2h)
—+ T e Tp.q Hp, ( ) dS + 2D e Tp.a Hp’q(s) dS
R —h
bp,gCp,q " Fp.q(s—2—2h) apaldpa [° 5 —z+2h
_ 24 P4q evr.al8—%2 H 7 (5) ds — 2424 e"/p-,q(s z+ )H 7 (S) ds.
2D/, P 2D Joy .
From this we see that the estimates of T5, ..., T1¢ can be used to estimate I3. In fact,

by using the triangle inequality, we obtain
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1/2
13::O;p|</hafh[ H,q) + 0.1_[H, ]|2dz>

Yp.q —h
< lowl (Ts + Ts + Ty + Ts + Ty + Tho) < 07” Pq ILZ,
’Yp,q Yo.a

where
. «
lim |_—p‘
[(p,9)|—00 Vp,q

=1

)

was used to obtain the last inequality above. From all of this we find

(SM1.13) < |5 ral | o [ffes
. - ’_712774 - v7pq|dp q| Vpa ap,ql
e cVals | onalis
Tp.q Vo

From the estimates (SM1.10), (SM1.11), and (SM1.13) we find

L2
||Up,q||L =
A 2 R 2
2 2 2
‘Qp,q N Ry <|| pall 1z N ||Lp’q||L2> N ‘Fpﬂ L2

Vo.a Vo Vo Vo Vo

In addition, from (SM1.6a) and (SM1.6b), we have
Hyq(z) = kz— (Zap m,q + quzqu,q +0.F;, ) - F;w
_’Lﬁ (L‘ . 7 (2 n
Lpq(2) = k2 (Zap g T 1BFY +0F7 ) — Y

so that

.2 .2

- @ra|  |Bra el 1. .
[0pqllz: <C — — +C—; Hwép +Z/Bq g T 0: F Lo
Tp.a Tp.a Tp.a
N 2 N
@ y
Vsl DAl +
Vo
Therefore, we obtain
> 3 ) Wl <€ (10l 41+ 35 S [

P=—00g¢=— p=—00 g=—00

(SM1.14) +> ) (e Hiapﬁiq +iByEY, + 0-F; i) :

p=—00 g=—00
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Next, we estimate

Z Z ((pq |8 ”pq”p'

p=—00 q=—00

For any integer j > 0, we have
9i =7 a’Paq E'y’ q(z+h 1 'tp,q ?—’y’ q(z+h
g h ’YZ]M]( D ol ) ( )] D vl ) ’

Cf}q e'Yp q(z=h) +( 1)] dpq e ~p,q(2— h))
2Vp,q 2%p,q

Ao =2, (
and, from the Helmholtz equation,
dn =2 Ohy  O2_n =y ,O—h-

From Lemma SM1.2, we also notice that, for j > 0,

Lo () =— $q8i¢h(z§pa) szqai (Z;p’q)ﬁ#
— OL(In[Hyp 4 (2) + I_n[Hp 4] (2)).

Therefore, from (SM1.12), we obtain

0.0% = Vora |:_ Az Ap,g eTra (z+h) + Q P7q e Tr. q(z+h)
b,q ’ p.q D

Pa
_R;’q gq eTp.a(z=h) + R;’q dgq e—"/p,q(z—h):|
Qp,qCp,q " (2+s) bp,qlp,q "o (z+s)
_ _bPap,a evr.al? 5];[7 (5)d5+;/ e Tr.al? 5]{7 (s)ds
2D ), p-a °oD |, Pq
dpg [ - b ¢
+ apgDp#] e’yp’Q(z_s+2h)Hp7q(S) ds + P;gpﬂ ) &Tp.a(z—5— Qh)Hp,q( )dS
z —
b h d =
_ p;lc):mq e r, q(z— S+2h)Hp,q( ) ds — ap;]Dp,q he_’yp’q(z_s_Qh)Hp,q(s) ds.
z —
We observe that the explicit form of 9,9} , is quite similar to that of ¢ , so we can
use the estimates for T1,...,Tio to estimate 0.0, ,. In particular we find

||8z17$,q”L2 < 7p,q(T1 +.o TIO)

Az DT
Q_p’q + Lt +C || P,q
Vg VvV Vp.q p.a

p.q

IN

C

Similarly, we also obtain

10298 4[| 2 < Apa(Th + - .. + Tho)
‘ngq qu + C,||Lp7q| L2

— + — -
Vg Vg Tp.q
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Next, by using (SM1.4a) and (SM1.5a), we have

2 1 = 2 A _
(SM1.15) 050y 4 ’ypq Uy g T Hpg(2), 0703, = 'ypq Oy o+ Lpg(2)-
Therefore,
1 N
Oty g = 5007, — w‘Ja?;q iy agqu
Vp.q Yoo Tora
1 ~ s o o B
= 5017, —iaply —2p Hpq(z) = iBqUpq — %LWI(Z)‘
Tp.q Tp.q pha

Thus, we obtain

Hazﬁp,q”m < ~2 821%;41 L2 + |O‘P| Hﬁ;qnm + |6‘1 657(1HL2
p,q
0y, e+ By,
pq pq

So, recalling the estimates of 9 | and ©§, in (SM1.10) and (SM1.11), we obtain

) 1 . ‘Qp,q‘ Ap,q H L
il < otz + o (12224 o) 4 (Ul | Dol
Vp.q L2 Vp,q Vp.q Vp.q Vp.q
Combining the estimates of 9,9y ., 0,07 ,, and 0,97 , gives
2 . 112 s 112
12 = [|0-8 pq||L2 +110:08 4112 + [10:05,4 .
.2
2 2
L R L R W A A T
Tr.g Tp.a '71%,11 /71%41
1
HOo o2z,
p.q

which results in

Z Z (p,0))*110- Up,q

p=—00 qg=—00

72 <O (1QU% /2 + IRl 2)

2 2
+C D D (Hpalze + 1 Lpaliz2)

p=—00g=—00

+C > D ()

p=—00 g=—00

4|12

2 2 n
<C<||@||H1/2+||R||Hm+ S (wa)° |
p=—00 q=—00
o0 o0 R R R 2
+ Y Y ) [ianEy, B, + 0.0

p=—00 g=—00

(SM1.16) + Z Z ((p,q))~ ‘ pal| 2 )

p=—00g=—00

2

L2
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We conclude with the estimate of the final sum

S 0%l
pP=—00 gq=—00
From (SM1.15) we have
+ | Hpqll 2 -
@gJJHLQ + ||Lp,l]||L2 )

102050l 2 <7

020

bl

and the estimates of 9 , and 0 , give the following

102071, < v (@3] + |
0208 ]|« < O/ (|Q0] + | B2

and, by using (SM1.15) again, we have

)+ C Il

)+ C Lol

To conclude, we require an estimate of 92¢

z p q’
82 ~zZ aQFz ZO[p 83 AT ﬂl] aSAy
z P q B Y] z P q z P q
praq ’ypvq 7177‘1
io iB
2 1z . AT . ~y 4 q
asz ¢ — 1ap0:0p = iBq0.08 | — - 0:Hy ¢(2) — —5-0:Lyp q(2).
. Tp.a P

From the estimates of 9,9, , and 9,03 , we can bound 0%07 . More specifically,

qu
,+C (Vs )

0, H, 0L
C(Hp_’q||L2+|Lp’q||L2)+C(| 71)"1”[,2 + || p7‘1||L2) .

Tp,q Tp.q

RP#I

a,EFiDZ,q QP:Q

Joze;

z :D#IHLQ - 5 ‘ + Tp.a
Voot

L

From this we obtain

O2F?

o 12 C 2 - L2 .2
||8va7qHL2 S o7 ‘ ztp,q ’LQ +C | Vg ‘Qp,q‘ + Y ‘Rp,q’
Tp.a

0-Hyqllr: | 110:Lygll:
+c(|Hp,q||2LQ+L,,,q||i2)+c<| 7;z»,qIIL2+Il p,qIIL2>

~2
p,q ryp’q

)

R 2 ~
Qpa| + Vg |Brq

+C (Vp,q

P:a|| 2

+C’|ap| Hzap —i—zﬁq T O FZ

vo (| )

+C Hia,,azﬁgq +iB,0.FY, +02F

=t
C
o (foss + ot
Yo

L?)’

L2

N

p.q p,q

p,q
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which produces

oo (oo}

Z Z {(p:q))” ||8§@p,q”2L2 <C

p=—00¢=—00

L2
F,
Pa||

/

p=—00¢=—00

2 || px n
PPN LI L2
o0 o0 R 2
+ Y Y ientby, +iB0.Ey, + 02|

pP=—00 q=—00

o o

+ Y > )

p=—00¢=—00

(SM1.17) + >0 > ) langq L )

p=—00q=—00

z-Pp.q

L2

Moreover,
div [F]= > Y (i By, +iBFY, + 0.F; )elor tibay,
pP=—00 q=—00
SO
~ 2
v (Pl = 32 3 va? iy B, + i85, + 0.5,

p=—00 g=—00

. ) 2
(i mﬂ] +ifgFy, + 8ZF;VQ)HL2

£33 o

p=—00 qg=—00

Finally, we combine all the estimates from (SM1.14), (SM1.16), and (SM1.17) to
obtain

2 2 2
ol < € (1QU5 /2 + 1Rl

c( S | fianky, + By, + 085,

p=—00 g=—00

‘ 2

~ ~ N 2
(i, 2 + 1B EY + BZF;q)HH)

p=—00 g=—00

. 2 N 2 ~ 2
+CZ Z b, q ( Pa)" || Fpg +<(p, )>2‘ =pa| - Fp.q L2>
pP=—00 q=—00
2 2 . 2 2
C (IQIz /2 + 1B + div [F)s + I1FIs )
With this the proof is complete. 0

SM2. Numerical Analysis. At this point we can conduct a numerical analysis
for our HOPE scheme. We recall the recursions

(SM2.1a) curl [curl [Ey]] — k2B, = —ek2EE, 1, in S,,



SM14 DAVID NICHOLLS AND LIET VO

(SMle) — 0, E, — [Eg] = 5[ 00, at 'y,
(SMQ.lC) 0 Eg [Eg] = 0 at F_h,
(SM2.1d) Ey(z +dy,y +dy, 2) = explicdy, +iBdy)Ee(z,y, 2),

and note that when £ = 0 we can solve this system explicitly via separation of vari-
ables. Therefore, in our analysis we simply focus on numerical approximations of
solutions of (SM2.1) when ¢ > 1. First, we consider the (generalized) Fourier series
representation of the solution of (SM2.1)

p=—00 g=—00

Inserting these forms into (SM2.1) it is not difficult to see that the three components
of Ep.q,

. E:ZP#]
Eipq = ‘?ZP#I
El%,p’q
satisfy
(SM2.2a) OREf g — Vo gl p g =Hipaq —h<z<h,
(SM2.2b) 0.E¢, ,—in\WE;, , =0, z=h,
(SM2.2¢) 0B, +ir\Ef, =0, z=—h,
and
(SM2.3a) OEY, A aEl e = Lopas —h<z<h,
(SM2.3b) 0.EY, ,—inSEY, =0, z=h,
(SM2.3¢) 0.EY ,+in\WEY =0, z=—h,
and
[z 1 [z ZO[p ﬁq

(SM24) Ef,p,q = %F&p’q ’ypqa ,p,q ’y 8 ,p,q’

where Hy , 4 and Ly, 4 are defined in (SM1.6a) and (SM1.6b) in terms of

AfL‘
. nymtz
FZ,P#I: F,pq

Fqu

As (SM2.2) and (SM2.3) are effectively identical, we focus our numerical analysis
upon the former. For simplicity, we suppress all superscript, , and subscripts, (¢, p, q),
and consider the following weak formulation of (SM2.2):

Find E € H'(—h, h) such that
(SM2.5) B(E,p)=R(p), YVpE€ Hl(*h,h)a
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where

B(E, ¢) := —iny' E(h)p(h) — iv{) E(~h)p(—h)

h h
+ [ e, [ e
—h —h

h
) :/ —Hp dz.
—h

Next, we set the finite—dimensional function space for our approximate solution,
VM to be PM, the space of all complex—valued polynomials of degree less than or
equal to M. With this, the Legendre-Galerkin approximation of (SM2.5) is

Find EM € VM such that
(SM2.6) B(EM ©) = R(p), ¥V pecVM
To prove our main result of this section we quote the following lemma from which
defines a projection operator PM from H'(—h,h) to VM.
LEMMA SM2.1. There exists a projection operator PM : HY(—h,h) — VM satis-
fying PMu(—h) = u(—h) and PMu(h) = u(h) such that

1= (u = Paru)ll g S M ] v

~

where 0 < s <1< r.
We can now establish the following result.

THEOREM SM2.2. Let E and E™ be the solutions of (SM2.5) and (SM2.6), re-
spectively. Then, for any 1 <r < M +1,

(SM2.7)  [|0:(E = EM)| 1o + Fpg || B — BY|| o S MY (I B

ae Vg Bl 1)

Proof. To begin we denote
=E-EM=(E-PYE)+ (PME - EM).=eM + eM

Subtracting (SM2.5) from (SM2.6) we obtain the following error equation

h h
/_ h(azeM)(aZQP) dz + 72, /_ h M s
= iy WeM (WB(h) + in(WeM (~h)B(—h), Ve VM.

Taking ¢ = éM € VM in this equation, we obtain
h
5 2 M \TA AN _ Y o
M= —/_h<a @A) de =, [ M as
+ i e (W)EM (k) + int) e (—h)eM (=)
. oo
= —/ (0,6M)(0.eM) dz — ﬁ;q/ gMEM 4,

+ins[eM (B)P + vyt [eM (—h)
+ingd @ ()M (h) + ingt) &M (—h)eM (—h).

(SM2.8) [|0.eM|[7, +42,
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Now, we recall that

I I T A R
ioR+ B2 — (k0m)2, a2+ B2 > (KO™)2.

First we consider af) + ﬁg < (E(™)2 50 that 7,({2) is real and nonegative. Taking
the imaginary part of (SM2.8), we obtain

AN IR +71eM (<2 = Tm {(0.6, 0.6} + 52 ,Tm {(@ &™)}
—tm {in{e™ (e () |
—Im{w}guj} eM(— h)éM(—h)}
=: Il —+ IQ.

We estimate I; and I as follows. Using the Cauchy-Schwarz inequality, for some
01,02 > 0, we have

I =Im {(0.e",0.e™)} + 72 Jm { (", &)}

A2 1 A2 _ M2 32 g ||~
<o HaZeMHm"’_EHaZeMHL?"_(S?'V;q eMHL2 pq H MHLZ’
I = —Tm {in{ )™ (R)E (h) } — Tm {2 M(—h)éM(—h)}

%(ffq)

2

eM (n)[* 4+ L e (n)[* H};q M ()| + 1oL (&M (—h)

Combining the estimates of I; and Iy we obtain

(SM2.9) 1%

1
(W] 4982 16 ()" < 261 0.2 [, + 5o o2

M2, + qu <2l

+ 5 eM( ] + i) eM (- h)|2.

In addition, taking the real part of (SM2.8), we obtain

(SM2.10)  [[0.eM|7, + 42, |e AM||L2 = Re {—(9.¢™,0.6")} + 47 Re {—(e",e")}
+ Re {w}(,“) eM(h)eM } +Re { w) eM( eM(_h)}

=: I3 + I4.

Using the Cauchy-Schwarz inequality, we estimate I3, I, as follows.

I3 = Re {—(0.¢",0.¢")} + 7, Re {— (e, &)}
Vor

1 RV N2
< 7 l0-M e + flo-e" . + 5

I = Re {9 ()& () } + Re {inf)e™ (~h)e¥ (~h) |

~ ~ 2
Iz + 35 16¥17

< le

M 2 ’Yz(:fq) ~M M 2 ’Yz()%) ~M 2

| +'yp
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Substituting the estimates of I3, Iy into (SM2.10) and then using (SM2.9) we obtain

M (|12 ~
M|[5a < 508 I+ 32 12 12)

wé“q) M Vo sy g2
+ 2% e )| +—|e (—h)|

M |12 _
10:6" 112 + 7.4

- Sw,f,”; &)+ ) e -mf)

< 308"l +5 q|>eMHL2

+ 7{;3 Ol 7’53" [ (=m)[*
é(251 [0.M %, + L ||8zéMHiz

+ 20272 [|EM][7. + 7” < Jje |l

A M ()] ) e ! M (—n)|*),
which implies that
oM. M S 110:6M 5 + 72 15
2
7p7q |e | Jr’)'pcz)‘ M(fh)| :

Finally, using the Gagliardo—Nirenberg interpolation inequality,
- 2 - - 112 - 2
EED S Nellze el S Nelzn S MO | B

and using Lemma SM2.1, we obtain the desired estimate (SM2.7).

Next, if o2+ 32 > (k(™))2 then 7( ™) i purely complex and we define its imaginary
part

3™ = Im {\/a% + B2 - (k(m))z} .
Since i’yz(,zb) = —’,(,TZ) we rewrite (SM2.8) as

(SM2.11)  [a.eM |2, + 42, ||é ’

AM||L2+’7.D |e | +'Yp M(_h)‘

h —_— PR
= —/_h(azéM)(azéM) dz— 72, /_h eMeM qz
— (M (R)EM (h) — () EM (—h)EM (=h).

Now, applying the Cauchy-Schwarz inequality to the right hand side of (SM2.11) we
obtain

2

=¥l M|z +7p“)

| + fypq AM(_hM

. _ s Tood || 5
<*H@z6MHL2 3 lo- eMHLz+ B ellzs + =52 M

ﬁé“q) R véq) oy véJ A X AIYPNT
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which implies that

2

M (R)|* + 3 &M (<)
SHazeMHLﬁ%,quMHLz + 75 [ (1) + A5 [

0:6M1[22 + 5. €M 172 + 7

|2
The proof is completed by using the Gagliardo—Nirenberg interpolation inequality and

Lemma SM2.1. 0

Remark SM2.3. In exactly analogous fashion we obtain the estimate found in
Theorem SM2.2 for EY Furthermore, due to (SM2.4) the error estimate for E7

4,p,q°
is achieved by the error estimates of Efp]\/([] and Eg’lf\/([]. Namely, we have
2z o Fz, M |ap| x, M |ﬂq| Yy y, M
’ £,p,q 0,p,q 2 = ,—YZQ),q (E[,pq E[7p7q) 12 + ’Yip’q 8 (E £.p.q El,p,q) Lz’
which infers that
pe M max{|ap|, |8],} |,
HE&pq Ef,p,q L2 N qu M {HE&I) qH + H p.a || gr
i (Bl Bl )}
Ml—r R
S5 Bl + 2]
Ap.q Hr Hr
5 5 [y
R (HEf,p,qHle [ Eepa HT*l) }
Next, we recall the expansion
(SM2.12) E(x,y,z ZE@ Ty, 2)0°,

and consider the following Fourier—Legendre approximation of the solution Ey; from
(SM2.12)

p.q

BN @y, 2) = Y0 Byl ()eien iy,
(p.9)€l'P.q

where

Tpo={(p,q) € Z* | |p| < P q| < Q}.

Then, we have the following error estimate.

THEOREM SM2.4. Let Ey be the solution of the £—th correction from the Mazwell
system and let r > 2. Then

HEZ _ Ef,Q,MHLZ SJ (Pl—r + Ql—r + Ml—r) ||E€HHT )

Proof. We have
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P,M [ 1apT+i
El(xayv Z) - EZ ' (x7ya Z) = Z (E&;D#Z E@,p, ) p+ifay

(p,9)€lp,Q
(P,.a)€Z*\I'p,q
Therefore,

2
|-

2
HEépq EZ,p q‘ + HEZ,p qH = Xl +X2-
(r,9)€ETP,Q n€Z2\T'p

r\/

From Theorem SM2.2 and Remark SM2.3 we obtain

i Fa, M
X1 = Z (HEL’,p,q By £,p,q

(P,9)ETP,Q

SCCUEDY (HEf,p,q

(p,9)€TP,@

, T H ell EyM

»Pq 4,p,q

vz, M
+ HEell,p,q B Eﬂ,p,q

2
L2

*[Ba].)
Hr 60 || g

In addition,

2
X S (P +QM) N ((p )2 || B
(p.9)€EZ*\I'P,.q

S (PP 4+ QPO || By,

The proof is complete by combining the estimates for X; and Xs. 0

Finally, we consider the full HOPE-Fourier—Legendre—Galerkin approximation
EN:PM of the solution E of the full Maxwell system,

L
EEPOM (2, 2) = 3 BN (2,9, )0
£=0

We can estimate the full error by combining all the error estimates from Theo-
rems SM2.2 and SM2.4 in the following result.

THEOREM SM2.5. Let E be the solution of the full Mazwell system and let r > 2,
then

B — BEP@M|| S (B + (P + QY+ M) 1]l oz
for any constant
B> C.kieM ||

giving convergence for § < 1/B.
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