
Research Article Vol. 43, No. 4 / April 2026 / Journal of the Optical Society of America A 563

Method of field expansions for multiply layered
media with quasiperiodic interfaces
David P. Nicholls
Department ofMathematics, Statistics, andComputer Science, University of Illinois at Chicago, Chicago, Illinois 60607, USA (davidn@uic.edu)

Received 16 October 2025; revised 12 February 2026; accepted 12 February 2026; posted 13 February 2026; published 3 March 2026

Periodic structures are foundational in applied optics; however, more permissive forms of periodicity are becoming
increasingly important in electromagnetics. Due to both their central importance and the high cost of their pro-
duction at the nanoscale, numerical approximation of scattering by such structures is very important. In this paper,
the author derives, implements, and validates the generalization of the method of field expansions (FEs), a classical
high-order perturbation of surfaces (HOPS) algorithm, to numerically simulate multiply layered media scattering
in the presence of quasiperiodic interfaces. This interfacial HOPS approach is not only substantially faster for lay-
ered media configurations than its volumetric counterparts (e.g., finite difference or finite element methods), but
also useful for structures that the classical FE method would find severely challenging (for interfaces with widely
disparate periods) or impossible (for profiles with incommensurate periods), due to its enhanced capability of sim-
ulating quasiperiodic interfaces. With an implementation of this algorithm, the author investigates the (nonlinear)
dispersion relation of surface plasmon resonances on several increasingly difficult, alternately vacuum–silver,
multiply layered structures with quasiperiodic interfaces. © 2026 Optica Publishing Group. All rights, including for text

and datamining (TDM), Artificial Intelligence (AI) training, and similar technologies, are reserved.
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1. INTRODUCTION

Structures featuring periodic patterning are crucially important
in applied optics, e.g., photonic crystals [1,2]. Such exactly
patterned materials enable the design of crystals that can give
desired reflectance and transmittance properties, effectively
enabling fully guided light flow [2]. Periodicity also features in
other applications in optics, for instance, the surface plasmon
resonances (SPRs) generated by metallic diffraction gratings
[3–5], which are of note due to not only their theoretical interest
but also their applied importance, e.g., as sensors [6–12].

Due to the significance of these devices, the whole col-
lection of classical algorithms for the simulation of partial
differential equations has been brought to bear on their estima-
tion [13,14]. This includes the finite difference time domain
(FDTD) method [15], the finite difference frequency domain
(FDFD) method [16], the finite element method (FEM) [17],
and the discontinuous Galerkin (DG) method [18]. Bespoke
methods have also been invented specifically for the governing
Helmholtz/Maxwell equations, e.g., the plane-wave eigensolver
[19,20], the rigorous coupled-wave analysis (RCWA) [21,22],
the Fourier modal method (FMM) [23], and the discrete dipole
method [24]. While each of these is an enticing approach
for quite general structures, their volumetric nature renders
them non-competitive for layered gratings separated by sharp
interfaces. For these, surface methods are more efficient, and
paramount among these are the boundary integral method [25],

the boundary element method [26,27] (accelerated by the fast
multipole method [28–30]), and the method of moments [31].

In this contribution, we consider other members of this
class, namely, the interfacial high-order perturbation of surface
(HOPS) methods: the method of operator expansions (OEs)
due to Milder [32–38], the method of field expansions (FEs)
due to Bruno and Reitich [39–44], and the method of trans-
formed field expansions (TFEs) due to the author and Reitich
[45–51]. While all are amenable to such generalizations, this
latter method has been significantly enhanced to accommodate
multiple layers and the full three-dimensional vector Maxwell
equations by He, Min, Shen, and the author [52,53], and Hong
and the author [54–56]. Beyond this, the TFE method was
rigorously numerically analyzed in [57,58], and HOPS schemes
have been shown to be rapid, robust, and reliable in simulat-
ing scattering returns by layered media with sharp interfaces.
Due to their perturbative nature, they are most compelling
for configurations with interfaces that are small (in amplitude
and/or slope) and smooth (e.g., analytic). However, they can
also be applied to large and rough (e.g., Lipschitz) interfaces
with numerical analytic continuation techniques (e.g., Padé
summation [59]). This has been justified with rigorous results
[47,49], which demonstrate that perturbations of arbitrary size
can be accommodated provided that they are real .

The precise patterning of these periodic diffraction gratings
is crucial to generating the phenomena that justify their use in
engineering devices (e.g., band gaps and plasmonic hot spots);
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Fig. 1. (Top) Depiction of mismatched one-dimensional subwave-
length photonic crystal slabs studied in [68]. (Middle) Plot of triply
layered structure with sinusoidally corrugated layer interfaces that have
mismatched periodicities. (Bottom) Plot of quintuply layered structure
with sinusoidally corrugated layer interfaces that have mismatched
periodicities.

however, they are extremely costly and difficult to fabricate [60].
Furthermore, it is now becoming evident that “nearly” periodic
devices may have their own interesting properties worthy of
consideration in future devices, for instance, the “magic angle”
Moiré patterning of multiply layered graphene [61–66]. In our
previous work [67], we considered a simple model of this, first
proposed in [68]. These authors investigated two mismatched
one-dimensional subwavelength photonic crystal slabs which
were overlapped (Fig. 1-top). While our algorithm cannot
address this patterning, we imagined approximating this by a
triply layered structure with interfaces:

z= h − cos

(
2π x

d

)
, z=−h + cos

(
2πκx

d

)
, κ =

r
r + 1

(1)
(Fig. 1-middle; r = 4) which our current implementation does
permit. In fact, the generality of our novel algorithm allows for
the quintuply layered geometry with interfaces:
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)
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(Fig. 1-bottom; r = 4). We consider both of these configura-
tions in Section 5.C. Furthermore, we demonstrate how they
can be simulated in a rapid and robust manner with our new
algorithm.

Naturally, removing strict periodicity requirements raises
the challenging question of their replacements. In the current
work, we study the notion of “quasiperiodicity” championed
by Moser [69] and utilized by Wilkening and Zhao [70–73]
in the context of the free-surface fluid mechanical water wave

problem. (See also the recent paper [74].) More specifically, we
continue the recent work of the author [67] and extend his FE
algorithm for a single quasiperiodic interface to multiple layers in
the two-dimensional setting. This highly nontrivial extension
is not merely of theoretical interest, as it will allow the faithful
simulation of much more realistic devices that are not only of
finite vertical extent but also consist of layers of many different
materials. Here, we will demonstrate how complex gratings with
several different layers featuring widely disparate or even incom-
mensurate periodicities can be simulated with ease. This will be
accomplished with a simple, accurate, and robust reformulation
of the governing equations involving dependent variables sim-
ply “lifted” to a higher-dimensional torus. Before proceeding,
we note that our scheme is related to the work of Lou and Fan
[66], who implemented a generalization of the RCWA very
much akin to what we propose. While we only address two-
dimensional configurations (TE/TM polarization), we intend
to generalize our algorithm to both the fully vectorial Maxwell
equations in three dimensions and two-dimensional periodic
materials (such as graphene) to simulate Moiré patterning.

The paper is organized as follows. In Section 2, we state the
equations governing the linear scattering of electromagnetic
radiation by a multiply layered grating with sharp interfaces.
In Section 3, we recall Moser’s definition of quasiperiodic
functions used in this paper, and in Section 3.A, we specify the
generalized Rayleigh expansions for linear waves satisfying these
quasiperiodic boundary conditions. In Section 4, we outline
our new FE recursions for quasiperiodic interfaces. In Section 5,
we detail our numerical results, which include a discussion of
algorithmic details for the FE approach in Section 5.A and val-
idation experiments in Section 5.B. In Section 5.C, we discuss
a sequence of numerical simulations in which we computed
the absorbance of radiation incident upon three-layer and
five-layer gratings with small, but non-trivial, quasiperiodic
interfaces, as a function of interface wavenumber and radiation
frequency, resulting in “nonlinear dispersion relations” of SPRs
[3–5,75,76]. We give concluding remarks and discuss future
directions in Section 6.

2. GOVERNING EQUATIONS

We consider in this paper structures with the geometry dis-
played in Fig. 2: a y –invariant, multiply layered diffraction
grating with sharp interfaces, specified by the graphs of the
functions z= a (m) + g (m)(x ), 1≤m ≤M, separating (M + 1)
materials, which define the domains

S(0) :=
{
(x , z) | z> a (1) + g (1)(x )

}
,

S(m) :=
{
(x , z) | a (m+1)

+ g (m+1)(x ) < z< a (m) + g (m)(x )
}
,

1≤m ≤M − 1,

S(M) :=
{
(x , z) | z< a (M) + g (M)(x )

}
,

with upward-pointing normals,

N(m)
= (−∂x g (m)(x ), 1)T , 1≤m ≤M.

The layers are filled with homogeneous materials of permit-
tivities ε(m), 0≤m ≤M, where ε(0) ∈R+ indicates a dielectric.
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Fig. 2. Multiply layered structure with interfaces, z=
a (m) + g (m)(x ), 1≤m ≤M, separating (M + 1) material layers,
S(m), illuminated by plane-wave incidence.

The structure is illuminated from above by monochromatic
plane-wave incident radiation of frequency ω and wavenumber
k(0) =

√
ε(0)ω/c 0 (c 0 is the speed of light), aligned with the

grooves:

Ei (x , z, t)= Ae−iωt+iαx−iγ (0)z, Hi (x , z, t)= Be−iωt+iαx−iγ (0)z,

α := k(0) sin(θ), γ (0) := k(0) cos(θ).

We study reduced fields where the time dependence
exp(−iωt) and lateral spatial phase exp(iαx ) have been
factored out, e.g.,

E(x , z)= e iωt e−iαx E(x , z, t), H(x , z)= e iωt e−iαx H(x , z, t),

which measure the scattered electric and magnetic fields, respec-
tively. It is known [77,78] that in this two-dimensional setting,
the time-harmonic Maxwell equations decouple into two scalar
Helmholtz problems, which govern the transverse electric (TE)
and transverse magnetic (TM) polarizations. Denoting the
invariant (y ) direction of the scattered (electric or magnetic)
field in S(m) by v(m)(x , z), we have

1v(m) + 2iα∂xv
(m)
+ (γ (m))2v(m) = 0, in S (m), 0≤m ≤M,

(3)
where

(γ (m))2 = ε(m)k2
0 − α

2, 0≤m ≤M.

Continuity of the fields at the interfaces demands

v(m−1)
− v(m) = ξ (m), z= a (m) + g (m)(x ), (4a)

τ (m−1)N (m)v(m−1)
− τ (m)N (m)v(m) = τ (m−1)ν(m),

z= a (m) + g (m)(x ), (4b)

for 1≤m ≤M, where

N (m)
:= ∂z − (∂x g (m))∂x − iα(∂x g (m)), 1≤m ≤M,

and the Dirichlet and Neumann data are

ξ (1)(x )=−e−iγ (0)(a (1)+g (1)(x )),

ν(1)(x )=
{
iγ (0) + iα(∂x g (1)(x ))

}
e−iγ (0)(a (1)+g (1)(x )),

ξ (m)(x )≡ 0, ν(m)(x )≡ 0, 2≤m ≤M,

and

τ (m) =

{
1, TE,
1/ε(m), TM.

To close the problem, we specify that the scattered radiation is
outgoing: upward propagating in S(0) and downward propagat-
ing in S(M).

3. QUASIPERIODIC FUNCTIONS

To study new phenomena when plane waves are scattered by
gratings with more general periodicity, we utilize the notion of
quasiperiodicity. Among several definitions that have been pro-
posed, we choose the one advocated by Moser [69] and define a
function f (x ) to be quasiperiodic if

f (x )= f̃ (X ), X = K x , x ∈Rd , X ∈RD, K ∈RD×d ,

and the envelope function f̃ (X ) is periodic with respect to the
lattice

0 = (2πZ)D.

Here, we have the Fourier series representation

f̃ (X )=
∑
p∈0′

f̂ p e i p·X , f̂ p =
1

(2π)D

∫
P (0)

f̃ (X )e−i p·X dX ,

where

0′ = ZD, P (0)= [0, 2π)D.

Notice that if d = D and K is invertible, then the function f (x )
is periodic with respect to the lattice induced by K . We observe
that

∇x f = K T
∇X f̃ , 1x f = divX

[
K K T

∇X f̃
]

.

To prescribe a truly non-periodic function, one must specify
D> d and that the rows of K be linearly independent over the
integers. To appreciate this latter point, we consider the case
d = 1 and D= 2, which will be our focus in this work, and
select

K = (1, q/r )T , q , r ∈ Z,

featuring rational entries. With the calculation

f (x + 2πr )

= f̃ (x + 2πr , (q/r )(x + 2πr ))

= f̃ (x + 2πr , (q/r )x + 2πq)= f̃ (x , (q/r )x )= f (x ),

it is clear that f (x ) is, in fact, (2πr )-periodic. A simple example
of a non-periodic quasiperiodic function (when d = 1 and
D= 2) can be specified by
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Fig. 3. Contour plot of the envelope function g̃ (X )=
g̃ (X 1, X 2)= cos(X 1)+ cos(X 2) overlaid with the line X 2 = κX 1 =√

2X 1 along which z= g̃ (X ) is sampled to give the interfaces in Fig. 2.

K = (1, κ)T , κ 6∈Q.

We note that the second and fourth interfaces, z=
a (2) + g (2)(x ) and z= a (4) + g (4)(x ), depicted in Fig. 2,
are quasiperiodic with κ =

√
2. The generating envelope func-

tion g̃ (X )= g̃ (X 1, X 2)= cos(X 1)+ cos(X 2) is shown in
Fig. 3, together with the line X 2 = κX 1 =

√
2X 1 along which

g̃ (X ) is sampled to give g (2)(x ) and g (4)(x ) [67].
These definitions can be naturally extended to functions

that are both laterally quasiperiodic and vertically varying, e.g.,
v(m) = v(m)(x , z). More specifically, we define such a function
to be laterally quasiperiodic if

v(m)(x , z)= ṽ(m)(X , z), X = K x , x ∈Rd ,

X ∈RD, K ∈RD×d ,

and the envelope function ṽ(m)(X , z) is laterally periodic with
respect to the lattice 0 above. Once again, we have the Fourier
series representation:

ṽ(m)(X , z)=
∑
p∈0′

v̂(m)p (z)e i p·X ,

v̂(m)p (z)=
1

(2π)D

∫
P (0)

ṽ(X , z)e−i p·X dX .

We now assume that the interfaces

z= a (m) + g (m)(x )= a (m) + g̃ (m)(X ), 1≤m ≤M,

are quasiperiodic and seek laterally quasiperiodic scattered fields

v(m)(x , z)= ṽ(m)(X , z), 0≤m ≤M,

satisfying the Helmholtz equations (3), Dirichlet condi-
tions (4a), and Neumann conditions (4b). Thus, we require
0-periodic, upward/downward propagating solutions of

L̃(m)ṽ(m) = 0, in S(m), 0≤m ≤M, (5a)

ṽ(m−1)
− ṽ(m) = ξ̃ (m), z= a (m) + g̃ (m)(X ), 1≤m ≤M,

(5b)

τ (m−1)Ñ (m)ṽ(m−1)
− τ (m)Ñ (m)ṽ(m) = τ (m−1)ν̃(m),

z= a (m) + g̃ (m)(X ), 1≤m ≤M, (5c)

where

L̃(m) := divX
[
K K T

∇X
]
+ ∂2

z + 2iαK T
∇X + (γ

(m))2,

Ñ (m)
:= ∂z − (K T

∇X g̃ (m)) · (K T
∇X )− iα · (K T

∇X g̃ (m)),

and

ξ̃ (1)(X )=−e−iγ (0)(a (1)+g̃ (1)),

ν̃(1)(X )=
{
(iγ (0))+ iα · (K T

∇X g̃ (1))
}

e−iγ (0)(a (1)+g̃ (1)),

ξ̃ (m)(X )≡ 0, ν̃(m)(X )≡ 0, 2≤m ≤M.

A. Rayleigh Expansions

At this point, it is crucial that we recall the Rayleigh expansions,
derived from separation of variables [77,78], which specify the
0-periodic, upward/downward propagating solutions of (5a).
More specifically, these are

ṽ(m)(X , z)

=

∑
p∈0′

{
d (m)p e−iγ (m)p (z−a (m))

+ u(m)p e iγ (m)p (z−a (m+1))
}

e i p·X ,

0≤m ≤M,
(6)

where, forα ∈Rd , p ∈ ZD,

αp := α + K T p, γ (m)p :=

√
ε(m)k2

0 −
∣∣αp

∣∣2, Im{γ (m)p } ≥ 0.

In the case ε(m) ∈R+ we have

γ (m)p =


√
ε(m)k2

0 −
∣∣αp

∣∣2, p ∈ U (m),

i
√∣∣αp

∣∣2 − ε(m)k2
0, p 6∈ U (m),

where

U (m) :=
{

p ∈ ZD
|
∣∣αp

∣∣2 < ε(m)k2
0

}
,

which are the propagating modes. The upward propagating con-
dition in the upper layer and the downward propagating condi-
tion in the lower layer demand that

d (0)p ≡ 0, u(M)p ≡ 0, p ∈ 0′.
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In the case of all flat interfaces, g̃ (m)(X )≡ 0, these Rayleigh
expansions can be used to recover the exact solution of (5). More
specifically, the boundary conditions, (5b) and (5c), reduce, at
each wavenumber p ∈ 0′, to

Ap EVp = ER p , (7a)

where

Ap :=


U(0) D̄

(1)
Ū
(1)

D(1) U(1) D̄
(2)

Ū
(2)

. . .
. . .

. . .
. . .

D(M−2) U(M−2) D̄
(M−1)

Ū
(M−1)

D(M−1) U(M−1) D̄
(M)

 ,
(7b)

and

U(m)
=

(
1

τ (m)(iγ (m)p )

)
, 0≤m ≤M − 1, (7c)

D(m)
=

(
0(m)p

τ (m)(−iγ (m)p )0(m)p

)
, 1≤m ≤M − 1, (7d)

Ū
(m)
=

(
−0(m)p

−τ (m)(iγ (m)p )0(m)p

)
, 1≤m ≤M − 1, (7e)

D̄
(m)
=

(
−1

−τ (m)(−iγ (m)p )

)
, 1≤m ≤M, (7f)

and

0(m)p := e iγ (m)p h(m) , h(m) := a (m) − a (m+1), 1≤m ≤M − 1,
(7g)

and

EVp =



u(0)p
d (1)p
u(1)p

...
d (M−1)

p
u(M−1)

p
d (M)p


, ER p =



ξ̂ (1)p
τ (0)ν̂(1)p

ξ̂ (2)p
...

τ (M−2)ν̂(M−1)
p

ξ̂ (M)p
τ (M−1)ν̂(M)p


, (7h)

which can be readily solved via Gaussian elimination. Once EVp

has been recovered, one can produce quantities of interest such
as the reflectance, R , and transmission, T. In fact, in this case of
plane-wave incidence

ξ̂
(1)
0 =−1; ν̂

(1)
0 = iγ (0); ξ̂ (1)p = ν̂

(1)
p = 0, p 6= 0,

we recover the Fresnel coefficients [77] giving the reflectance
and transmission

R = u(0)0 e−iγ (0)a (1) , T = d (M)0 e iγ (M)a (M) .

This elementary solution procedure is used repeatedly at the
heart of the FE algorithm.

4. METHOD OF FIELD EXPANSIONS

High-order perturbation of surface (HOPS) methods are per-
turbation algorithms in which the expansion variable, ε, comes
from the interfacial deformations. In the present case, these
are of the form z= a (m) + g̃ (m)(X )= a (m) + ε f̃ (m)(X ), and
we initially assume that ε is small. However, it is important to
note that the actual domain of analyticity usually includes a
neighborhood of the entire real axis (see, e.g., [47,49]), mean-
ing that large (but real) deformations can be considered with
analytic continuation methods. (The method of Padé approxi-
mation [59] is a particularly compelling choice for this task.) In
this work, we study a particular HOPS approach, namely the
method of field expansions (FEs) [39–41].

In the present context, the FE method begins with the
expansions

ṽ(m) = ṽ(m)(X , z; ε)=
∞∑

n=0

ṽ(m)n (X , z)εn, 0≤m ≤M,

and inserts these into (5) and, equating at equal orders of ε,
results in

L̃(m)ṽ(m)n = 0, in S(m), 0≤m ≤M, (8a)

ṽ(m−1)
n − ṽ(m)n = ξ̃

(m)
n + Q̃(m)

n , z= a (m), 1≤m ≤M,
(8b)

τ (m−1)∂zṽ
(m−1)
n − τ (m)∂zṽ

(m)
n = τ

(m−1)ν̃(m)n + R̃ (m)n ,

z= a (m), 1≤m ≤M, (8c)

where

ξ̃ (1)n (X )=−(−iγ (0))n F̃ (m)
n e−iγ (0)a (1) ,

ν̃(1)n (X )= (iγ (0))
{
(−iγ (0))n F̃ (m)

n + iα(−iγ (0))n−1(K T
∇X f̃ (1))F̃ (m)

n−1

}
× e−iγ (0)a (1) ,

ξ̃ (m)n (X )≡ 0, ν̃(m)n (X )≡ 0, 2≤m ≤M.

Additionally, for 1≤m ≤M,

Q̃(m)
n =−

n−1∑
`=0

F̃ (m)
n−`∂

n−`
z ṽ

(m−1)
` (X , a (m))

+

n−1∑
`=0

F̃ (m)
n−`∂

n−`
z ṽ

(m)
` (X , a (m)), (9)

and, for 1≤m ≤M,
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R̃ (m)
n =−τ

(m−1)
n−1∑
`=0

F̃ (m)
n−`∂

n−`+1
z ṽ

(m−1)
` (X , a (m))

+ τ (m−1)
n−1∑
`=0

F̃ (m)
n−1−`(K

T
∇X f̃ (m)) · K T

∇X ∂
n−1−`
z ṽ

(m−1)
` (X , a (m))

+ τ (m−1)
n−1∑
`=0

F̃ (m)
n−1−`(iα) · (K

T
∇X f̃ (m))∂n−1−`

z ṽ
(m−1)
` (X , a (m))

+ τ (m)
n−1∑
`=0

F̃ (m)
n−`∂

n−`+1
z ṽ

(m)
` (X , a (m))

− τ (m)
n−1∑
`=0

F̃ (m)
n−1−`(K

T
∇X f̃ (m)) · K T

∇X ∂
n−1−`
z ṽ

(m)
` (X , a (m))

− τ (m)
n−1∑
`=0

F̃ (m)
n−1−`(iα) · (K

T
∇X f̃ (m))∂n−1−`

z ṽ
(m)
` (X , a (m)),

(10)

and

F̃ (m)
n (X ) :=

f̃ (m)(X )n

n!
, 1≤m ≤M.

As we mentioned above, the periodic outgoing solutions
of (8a) are given by the Rayleigh expansions, cf. (6),

ṽ(m)n (X , z)=
∑
p∈0′

{
d (m)n,p e−iγ (m)p (z−a (m))

+ u(m)n,p e iγ (m)p (z−a (m+1))
}

× e i p·X , 0≤m ≤M,

d (0)n,p ≡ 0, u(M)n,p ≡ 0, p ∈ 0′.
(11)

The boundary conditions (8b) and (8c) allow us to recover
the {d (m)n,p , u(m)n,p } at each order n and wavenumber p . It is not
difficult to see that we must solve

Ap EVn,p = ERn,p , (12a)

where

EVn,p =



u(0)n,p
d (1)n,p
u(1)n,p

...
d (M−1)

n,p
u(M−1)

n,p
d (M)n,p


, ERn,p =



ξ̂ (1)n,p + Q̂(1)
n,p

τ (0)ν̂(1)n,p + R̂ (1)n,p

ξ̂ (2)n,p + Q̂(2)
n,p

...
τ (M−2)ν̂(M−1)

n,p + R̂ (M−1)
n,p

ξ̂ (M)n,p + Q̂(M)
n,p

τ (M−1)ν̂(M)n,p + R̂ (M)n,p


,

(12b)
cf. (7), which can be solved using Gaussian elimination.

These formulas, (12), completely specify the FE recursions,
though we comment on one complexity, namely the formation
of the right-hand sides, {Q̂(m)

n,p , R̂ (m)n,p }. This can be effectively

specified by examining the first term in Q̃(m)
n , (9),

Q̃(m),1
n (X )

=−

n−1∑
`=0

F̃ (m)
n−`(X )∂

n−`
z ṽ

(m−1)
` (X , a (m))

=−

n−1∑
`=0

∑
p∈0′

F̂ (m)
n−`,p e i p·X



×

∑
q∈0′

[
(−iγ (m)q )n−`0(m−1)

q d (m−1)
`,q + (iγ (m)q )n−`u(m−1)

`,q

]
e iq ·X



=−

n−1∑
`=0

∑
p∈0′

∑
q∈0′

F̂ (m)
n−`,p−q

[
(−iγ (m)q )n−`0(m−1)

q d (m−1)
`,q

+(iγ (m)q )n−`u(m−1)
`,q

]  e i p·X ,

so the Fourier transform of Q̃(m),1
n can be expressed in terms of

the convolution:

Q̂(m),1
n,p =−

n∑
`=0

∑
q∈0′

F̂ (m)
n−`,p−q

[
(−iγ (m)q )n−`0(m−1)

q d (m−1)
`,q

+ (iγ (m)q )n−`u(m−1)
`,q

]
.

(13)

5. NUMERICAL RESULTS

We have implemented, validated, and explored the capabil-
ities of this new FE method for interfacial shapes, which are
quasiperiodic. As we shall verify, the spectral character of the
Rayleigh expansions and the exponential nature of the Taylor
series utilized mandate stunning rates of convergence for the
algorithm, which make it compelling for many configurations of
applied interest. In order to focus, we restricted to the case of one
lateral dimensional, d = 1, which is lifted to a two-dimensional
torus, D= 2, implying that K ∈R2×1. However, the extension
to d = 2 and larger D is immediate, though the former would
require consideration of the full Maxwell equations.

A. FE Algorithm

The FE algorithm estimates the Rayleigh–Taylor coeffi-
cients {d (m)n,p , u(m)n,p } in the expansions (11) for a finite number
of perturbation orders, 0≤ n ≤ N, and a finite subset of
wavenumbers,

P(NX )= {p ∈ 0′ | − N j
X /2≤ p j ≤ N j

X /2− 1, 1≤ j ≤ 2}.

With these coefficients, the Rayleigh expansions, (11), can be
used to recover quantities of interest, e.g., the reflectance and
transmittance, which we study presently.

To approximate the {d (m)n,p , u(m)n,p }, we used methods from the
family of spectral method algorithms [79–82]. More specifically,
we approximated functions
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f̃ (X )≈ f̃ NX (X )=
∑

p∈P(NX )

f̂ p e i p·X ,

where

p =
(

p1

p2

)
, X =

(
X 1

X 2

)
, NX =

(
N1

X
N2

X

)
.

For smooth functions with periodic derivatives, the f̂ p can
be computed with high accuracy via the trapezoidal rule. When
paired with results on the rapid decay of the Fourier coefficients
of such functions, their derivatives can be approximated with
high accuracy via

∇X f̃ (X )≈∇X f̃ NX (X )=
∑

p∈P(NX )

(i p) f̂ p e i p·X ,

as can Fourier multipliers such as

(iγ (m)D )`
[

f̃ (X )
]
≈ (iγ (m)D )`

[
f̃ NX (X )

]
=

∑
p∈P(NX )

(iγ (m)p )` f̂ p e i p·X .

We simulated the {d (m)n,p , u(m)n,p } by solving (12) at each
wavenumber p ∈P(NX ) after forming the right-hand sides
with techniques discussed in regard to (13). For this, the deriv-
atives and Fourier multipliers were computed in Fourier space,
while the convolutions were accomplished with the assistance of
the multidimensional FFT algorithm [79–82].

With these coefficients, we formed approximations to ṽ(m) by

ṽ(m)(X , z; ε)≈ ṽ(m),Nx ,N(X , z; ε)

:=

∑
p∈P(NX )

{
d (m),Np (ε)e−iγ (m)p (z−a (m))

+ u(m),Np (ε)e iγ (m)p (z−a (m+1))
}

e i p·X ,

where

d (m),Np (ε) :=

N∑
n=0

d (m)n,p ε
n, u(m),Np (ε) :=

N∑
n=0

u(m)n,pε
n, (14)

and the question arises: how are the truncated Taylor series
in (14) to be summed? As we have observed [47,49,83], Padé
summation can be coupled to HOPS algorithms with great
success, and we utilized it here. Padé approximation estimates
the truncated Taylor series in (14) by the rational function

Ṽ (m),u,exact(X ) :=
[
ṽ(m),exact

]
z=a (m)+g̃ (m)(X ) , 1≤m ≤M,

Ṽ (m),`,exact(X ) :=
[
ṽ(m),exact

]
z=a (m+1)+g̃ (m+1)(X ) , 0≤m ≤M − 1,

Ṽ ′,(m),u,exact(X ) :=
[
Ñ (m)ṽ(m),exact

]
z=a (m)+g̃ (m)(X )

, 1≤m ≤M,

Ṽ ′,(m),`,exact(X ) :=
[
Ñ (m)ṽ(m),exact

]
z=a (m+1)+g̃ (m+1)(X )

, 0≤m ≤M − 1.

[L/M](ε) :=
AL(ε)

B M(ε)
=

∑L
`=0 A`ε`

1+
∑M

m=1 Bmεm
, L +M = N,

and

[L/M](ε)= d (m),Np (ε)+O(εL+M+1).

Classical formulas for the {A`, Bm} are described in [59], and
these approximants have noteworthy properties of enhanced
convergence and analytic continuation. We refer the interested
reader to section 2.2 of Baker & Graves–Morris [59] and the
explicit calculations in section 8.3 of Bender & Orszag [84] for a
complete discussion of capabilities and limitations.

B. Validation

We used the method of manufactured solutions (MMSs)
[85–87] to validate our implementation. This scheme uses the
observation that, in devising a solver for a generic system of
partial differential equations and boundary conditions,

Pv = 0, in�,

Bv = 0, at ∂�,

it is often just as easy to construct one for the corresponding
inhomogeneous problem,

Pv =R, in�,

Bv =J , at ∂�.

To test a code, one can select a “manufactured solution,” v′, and
choose

R′ =Pv′, J ′ =Bv′.

Now, associated with the pair {R′,J ′}, we have the exact solu-
tion of the latter problem, v′, against which to measure errors.
While this test is not foolproof, if v′ is chosen to have behavior
similar to desired solutions (e.g., exactly satisfying bound-
ary conditions), then this can give us great confidence in our
implementation.

In the current context, we considered the functions

ṽ(0),exact(X , z) := Ar e ir ·X+iγ (0)r (z−a (1)),

ṽ(M),exact(X , z) := Dr e ir ·X−iγ (M)r (z−a (M)),

ṽ(m),exact(X , z) := B (m)
r e ir ·X−iγ (m)r (z−a (m))

+C (m)
r e ir ·X+iγ (m)r (z−a (m+1)), 1≤m ≤M − 1,

for r ∈ Z2, which are 0-periodic solutions of the Helmholtz
Eq. (5), and outgoing in S(0) and S(M). With these, we defined
the Dirichlet and Neumann interfacial traces:

We selected TM polarization, M = 5 interfaces (M + 1= 6
layers), physical parameters
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a (m) ∈ {1.5, 0.775, 0.05,−0.675,−1.4},

ε(m) ∈ {1.1, 1.14, 1.18, 1.22, 1.26, 1.3},

λ= 2π, θ = 30◦, K = (1, κ)T , κ =
√

2, (15)

and numerical parameters

N1
X = N2

X = 16, N = 16. (16)

To study our implementation, we chose the layer deformations

g̃ (m)(X )= ε f̃ (m)(X ), f̃ (m)(X )=


sin(X 1) sin(X 2), m = 1,
cos(X 1) cos(X 2), m = 2,
sin(X 1) cos(X 2), m = 3,
cos(X 1) sin(X 2), m = 4,
sin(X 1) sin(X 2), m = 5,

three values of ε,

ε= 0.02, 0.1, 0.25,

and MMS parameters

r = (1, 1)T , Ar =−3, Dr =−e ,

B (m)r ∈ {π, 2π, 3π, 4π}, C (m)
r ∈ {4, 2, 0,−2}. (17)

With these choices, we set

ξ̃ (m) = Ṽ (m−1),`,exact
− Ṽ (m),u,exact, 1≤m ≤M,

τ (m−1)ν̃(m) = τ (m−1)Ṽ ′,(m−1),`,exact
− τ (m)Ṽ ′,(m),u,exact,

1≤m ≤M,

and sent these to our implementation, which delivered approx-
imations to the {u(m)n,p , d (m)n,p } that we subsequently used to

compute the estimates Ṽ (0),`,approx and Ṽ ′,(0),`,approx. (The
results were similar for Ṽ (m),`/u,approx and Ṽ ′,(m),`/u,approx,
m > 0.) With these, we computed the relative errors, e.g.,

Errorrel =

∣∣∣Ṽ (0),`,approx
− Ṽ (0),`,exact

∣∣∣
L∞∣∣∣Ṽ (0),`,exact

∣∣∣
L∞

. (18)

In Fig. 4, we depict the results of this simulation for a small
choice of the perturbation parameter, ε= 0.02. This shows
the extremely rapid and robust convergence of our method
using either Taylor or Padé summation for the upper traces
{Ṽ (0),`, Ṽ ′,(0),`}. In fact, since the vertical axis is logarith-
mic, we conclude that the rate of convergence is spectral, and
we effectively achieve machine precision after merely N = 6
perturbation orders.

Figure 5 displays the results of our experiments for a moderate
choice of the perturbation parameter, ε= 0.1. While requiring
more perturbation orders, we note once again the rapid and
steady convergence of our method using either Taylor or Padé
summation. Again, we notice a spectral rate of convergence
down to machine precision, though it now requires 10–12
perturbation orders.

We finish our discussion with Fig. 6, which catalogs our find-
ings for a large choice of the perturbation parameter, ε= 0.25.

Fig. 4. Plot of relative error, (18), for a small perturbation
(ε= 0.02) in the interfacial data {Ṽ (0),`, Ṽ ′,(0),`} using both Taylor
and Padé summation. Physical parameters were (15), numerical
discretization was (16), and MMS values were (17).

Fig. 5. Plot of relative error, (18), for a medium perturbation
(ε= 0.1) in the interfacial data {Ṽ (0),`, Ṽ ′,(0),`} using both Taylor
and Padé summation. Physical parameters were (15), numerical
discretization was (16), and MMS values were (17).

As above, we see rapid and steady convergence of our method
using either Taylor or Padé summation. As with the previous
two simulations, we see spectral convergence of our numerical
method, though now requiring 12–16 perturbation orders to
realize machine precision.

C. Nonlinear Dispersion Relations

With the veracity of our implementation established, we
chose, as in [67], to revisit computations from the plasmonics
literature [3–5] with this new capability of simulating multi-
layered quasiperiodic gratings. More specifically, we studied
the “nonlinear dispersion relation” of surface plasmons, which
are induced by the weakly nonlinear effect of time-harmonic
incident radiation, propagating in vacuum, interacting with
small interfacial deformations in the interfaces of layers of silver
and vacuum. (The classical linear dispersion relation involves
the propagation of a waveform with a single wavenumber [3],
in contrast to the configuration we discuss here, where all
wavenumbers are excited, though most are quite small [75].)
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Fig. 6. Plot of relative error, (18), for a large perturbation (ε= 0.25)
in the interfacial data {Ṽ (0),`, Ṽ ′,(0),`} using both Taylor and Padé
summation. Physical parameters were (15), numerical discretization
was (16), and MMS values were (17).

With an eye toward simulating a device of practical interest,
we revisited the structures mentioned in Section 1, namely the
triply layered (1) and quintuply layered (2) configurations,
which we proposed to model the device studied in [68]. In order
to simulate the dispersion relation of SPRs for multilayered
structures, we selected sinusoidal profiles

g (m)(x )= ε f (m)(x ), f (m)(x )= f̃ (m)(K x ),

K =
2π

d
(1, κ)T ,

f̃ (m)(X )= bm cos(X 1)+ cm cos(X 2), (19)

and chose ε= 0.0025 in order to excite a surface plasmon; it
is well known that a single flat interface cannot generate an
SPR [3].

We began with a two-interface (M = 2), three-layer
(M + 1= 3) configuration with b1 =−1, b2 = 0, c 1 = 0,
c 2 = 1, and κ = 4/5, which generates the structure depicted in
Fig. 1 (middle). Notice that this will generate a device with two
widely disparate periods, d and 5d , since

f (1)(x )= cos

(
2π x

d

)
, f (2)(x )= cos

(
2π(4)x

5d

)
.

This second profile demonstrates a subharmonic (period
longer than the base) deviation. We focused on TM polarization
and chose physical parameters

ε(0) = ε(2) = 1, ε(1) = εAg(ω),

0.400 µm≤ d ≤ 2.000 µm, 0.800 µm≤ λ≤ 2.000 µm,
(20)

where the permittivity of silver is approximated by a
Drude–Lorentz model [88], from which we computed

q = 2π/d , ω= 2πc 0/λ,

and numerical parameters

N1
X = N2

X = 16, N = 4. (21)

Fig. 7. (Above) Contour plot of absorbance as a function of
wavenumber, q (inverse microns), and illumination frequency, ω
(inverse centimeters), for a triply layered vacuum–silver structure
with sinusoidal interfaces (b1 =−1, b2 = 0, c 1 = 0, c 2 = 1), (19), of
amplitude ε= 0.0025 using Taylor summation. Physical parameters
were (20) and numerical discretization was (21). (Below) Plot of the
grating structure.

In Fig. 7 (upper), we show results of our simulations which
display the absorbance of our structure, A= 1− R − T, where
R and T are the reflectance and transmittance [77], respec-
tively, as a function of the wavenumber of the interface and
frequency of illumination. We view a spike in absorbance as an
indicator of an SPR, as this means that the incident energy is
neither reflected nor transmitted, but rather propagates along
the insulator–metal interfaces. Here, we see ridges of values in
the range 0.2–0.25 in an ocean of quite small (less than 0.05)
values. We found this to be interesting computation not only
as it approximates a device found in the literature but also as
simulations based upon a periodic implementation [40] would
require (r N1

X ) unknowns for the same spatial accuracy that our
code delivers. Clearly, for large r , our method will enjoy smaller
memory requirements and computational complexity, setting
aside the issue that numerical methods for PDE typically have
deteriorating conditioning properties as the number of spatial
discretization points increases [81,89,90].

Having investigated the case of M = 2 interfaces (M + 1= 3
layers), we moved with ease to the case of M = 4 interfaces
(M + 1= 5 layers) with, once again, the goal of reproducing the
SPR dispersion relation for these more complex diffraction grat-
ings. While we considered more layers, the spirit of the structure
remains alternate layers of vacuum and silver. We began with
M = 4 and

b1 =−1, b2 = 1, b3 = b4 = 0, c 1 = c 2 = 0, c 3 =−1, c 4 = 1,

which generates the configuration shown in Fig. 1 (bottom). As
before, this will result in interfaces with very different periodic-
ities, d and 5d , as
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Fig. 8. (Above) Contour plot of absorbance as a function of
wavenumber, q (inverse microns) and illumination frequency, ω
(inverse centimeters), for a quintuply layered vacuum–silver structure
with sinusoidal interfaces (b1 =−1, b2 = 1, b3 = b4 = 0, c 1 = c 2 =

0, c 3 =−1, c 4 = 1), (19), of amplitude ε= 0.0025 using Taylor sum-
mation. Physical parameters were (20) and numerical discretization
was (21). (Below) Plot of the grating structure.

f (1)(x )= f (2)(x )= cos

(
2π x

d

)
,

f (3)(x )= f (4)(x )= cos

(
2π(4)x

5d

)
,

which is once again a subharmonic perturbation of the base
period. We again focused on TM polarization, chose physical
parameters (20), and numerical parameters (21).

In Fig. 8, we show results of our simulations, which displays
the absorbance of our structure as a function of the wavenumber
of the interface and frequency of illumination. Here again, we
see ridges of large absorbance values indicating the presence
of SPRs.

6. CONCLUDING REMARKS AND FUTURE
DIRECTIONS

In this paper, the author has derived a new HOPS scheme for
the numerical simulation of scattering returns by multiply
layered media with quasiperiodic interfaces. The algorithm was
implemented and verified, and then used to simulate nonlinear
dispersion relations for layered vacuum–silver structures with
quasiperiodic interfaces. The scheme was shown to be rapid,
robust, and reliable, and able to address configurations impos-
sible for standard algorithms. There are many possible future
directions for this work, and the author plans to investigate
several of these. Paramount is the generalization of this approach
to the fully vectorial three-dimensional Maxwell equations.
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