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Abstract

The water wave problem models the free-surface evolution of an ideal fluid under the influence of gravity
and surface tension. The governing equations are a central model in the study of open ocean wave propaga-
tion, but they possess a surprisingly difficult and subtle well-posedness theory. In this paper we establish the
existence and uniqueness of spatially periodic solutions to the water wave equations augmented with phys-
ically inspired viscosity suggested in the recent work of Dias et al. (2008) [16]. As we show, this viscosity
(which can be arbitrarily weak) not only delivers an enormously simplified well-posedness theory for the
governing equations, but also justifies a greatly stabilized numerical scheme for use in studying solutions
of the water wave problem.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

One of the central problems in fluid mechanics is the accurate modeling of the free-surface
motion of a large body of water (e.g., a lake or an ocean) [25,37,2]. It is not only a problem of
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classical interest [35,4,36,9,22], but also one of present importance due to its role in a number
of applications from the formation and movement of sandbars, to the forces generated by waves
on open—ocean oil rigs, to the propagation of tsunamis. The “water wave equations” are the
most faithful and successful model for this problem, but they have a surprisingly difficult and
subtle well-posedness theory [38,39,6,5,26]. We refer the interested reader to these papers, their
extensive bibliographies, and the recent collection [8] for the state of the art in the field (in
particular, see the chapters by Ambrose [7] and Wu [40]).

Due to the extremely important role of this model, we were inspired to find a new proof of
well-posedness which did not rely on the sophisticated technology required in the papers men-
tioned above. While this has proven elusive, we now demonstrate that if a physically motivated
viscosity is added, then a straightforward existence and uniqueness result can be established. For
this we imitate the second author’s previous program [1] where such a philosophy was pursued
for a weakly nonlinear approximation of the full water wave problem.

For the incorporation of viscosity, as in [1] we follow the lead of Dias, Dyachenko, and Za-
kharov [16] who advocated for, essentially, (2.1) below. These equations describe potential flow
with dissipation featuring a dispersion relation which, in the small viscosity limit, corresponds
to that presented in the classic book of Lamb [25]. They also admit the fundamental problem
with “viscous potential flow,” that the modeling assumptions inherent in potential flow are in-
compatible with the presence of viscosity. However, the model has proven useful and we believe
that this is a natural way to add viscosity to the water wave problem with the goals we have in
mind. We also note the work of one of the authors and Kakleas [24] who used this approach to
build a stabilized numerical scheme to model surface wave propagation in the weakly nonlinear
regime. It is our intent to implement such a scheme for the full water wave equations, but delay
our description for a future publication.

Before proceeding, we point out that our method of proof is rather different from the standard
techniques, e.g., described in [28,1]. Rather than seeking a fixed point of a contraction mapping,
we follow the approach of Friedman and Reitich to free boundary problems, more specifically
in the contexts of the classical Stefan problem [19] and the capillary drop problem [20]. Fried-
man and Reitich’s method is perturbative in nature, expanding the solution in a Taylor series in
a parameter which characterizes the deformation of the free interface from a simple, separable
geometry. Their proof uses, very strongly, the unique solvability of the governing equations on a
fixed, trivial domain (using separation of variables) to show that higher order corrections satisfy
appropriate bounds which demonstrate the strong convergence of the Taylor series for the solu-
tion. The difficulties here are certain algebra properties of the relevant function spaces and trace
lemmas; these are different in the current context, but we show that their demonstrations can be
extended.

Additionally, we point out that due to the nature of the function spaces we introduce, the
conclusion of our theorem is not only the well-posedness of our model of viscous water waves,
but also the very strong stability of our solutions. Our function spaces demand exponential decay
in time with the rate determined by the value of the viscosity. Thus, not only do unique solutions
exist, they persist globally in time and decay exponentially fast to zero. We can state all of this
rather informally in the following result.

Theorem 1.1. There exists a unique solution to the water wave problem with viscosity provided

that the initial data resides in a Sobolev space akin to L,Z(ezo” VH; Hf,, s > 4. The solutions

are analytic with respect to a parameter which measures the deformation of the fluid interface
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from its rest value, and the nature of the function classes demands that solutions decay at an
exponential rate in time 0 < o < 2, where [ is the constant of (surface) viscosity.

The rest of the paper is organized as follows. In § 2 we recall the governing equations of Dias,
Dyachenko, and Zakharov [16] which we modify slightly to suit our purposes. In § 3 we follow
the lead of our previous work on free boundary problems [32,33] by applying a domain flattening
change of variables which maps the moving problem domain to a fixed one. In § 4 we introduce
the function spaces we require to establish our well-posedness result, together with crucial lem-
mas on algebra properties of functions in these spaces, and trace estimates on the same. In § 5
and 6 we state and prove fundamental estimates on the elliptic and parabolic problems which
arise in the linearization of our governing equations about the trivial configuration which we
analyze in § 7. In § 8 we state and prove an inductive lemma which enables the proof of our
central well-posedness result which is established in § 9. We make concluding remarks in § 10.
We collect the proofs of the trace lemma in § A and a lemma on products of analytic functions
in § B.

2. Governing equations

The well-known [25,37,2] equations governing the motion of two dimensional laterally peri-
odic gravity-capillary water waves on a fluid of depth & are

Ap =0, —h<y<n,
ay(pZO, y:—h,
0 = dyp — (0xn)0x @, y=mn,
2 1 2 1 2
0o =—gn+0od;n+0od [(0xn)H(0xn)] — 5(3x<p) - E(ayw) , y=n,

where ¢ is the velocity potential (u = V¢), y = 1 is the free air-fluid interface,

1
H (o) = ———es — 1,
I+ @)

and g > 0 and o > 0 are the constants of gravity and surface tension, respectively. These are
supplemented with the boundary conditions

ex+2m,y,t)=¢(x,y, 1), nx+27)=nx),

and initial conditions

n(x,00 =), @, 7n9,0 =)

where standard elliptic theory [17] reveals that specifying the initial velocity potential at the
surface is sufficient. We supplement this with viscous terms first introduced by Dias, Dyachenko,
and Zakharov [16] resulting in the “water wave equations with viscosity”
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Ap =0, —h<y<n, (2.1a)
dyp =0, y=—h, (2.1b)
0im = dyg + 21977 — (00, y=n, (2.1¢)
Orp = —gn + 0970 — 210,90 + 60, [(0xn) H (0xn)]

-~ %(3)((/’)2 - %(amz, y=n, (2.1d)
o(x.n.0) =), (2.1e)
n(x,0) =1 ), (2.1f)

for a surface viscosity parameter u > 0. In these we have slightly modified Dias, Dyachenko,
and Zakharov’s equations by dropping the bottom viscosity terms included in [15]. We will show
that this problem is well-posed with analytic solutions.

Remark 2.1. We make two important observations: First, the mass

21
M:/n(x,t) dx,
0

is conserved by the flow. Indeed, it is well-known in the inviscid case (see, e.g., [12]) that

2 2 2

Ml =0, [ e dx= [ane.n = [ [o,0 - @misel],_, =0,
0 0 0

The addition of viscosity introduces only the term fozn ;Lafn dx to this computation, which is

zero as it features an exact derivative and 7 is periodic.
Second, one can arrange for the mean of the surface velocity

E(x, 1) =9, n(x,0),1),

to remain zero if it is initially set that way. For this one must remember that the velocity potential
is only meaningfully defined up to a time-dependent constant [25,37,2],

p(x,y, 1) =¢x,y, 1)+ C(1).

With this we can consider the average surface velocity potentials

2 2
E() = /go(x, n,t)dx, E(1) =/g7)(x, n,t)dx = E8(t) —2nC(t).
0 0

So, if we choose C(t) = E(t)/(2m) and drop the tildes we are done. Thus we restrict our function
spaces by requiring M = E =0.
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3. Reformulation on a fixed domain

5035

It was shown in [32,33,21] how a simple change of variables could be used to demonstrate
the analyticity of Dirichlet-Neumann Operators (DNOs) with respect to sufficiently small and
regular surface deformations n = ¢f. The problem of computing DNOs for Laplace’s equation
is closely related to the water wave problem and, in fact, our equations could be equivalently
restated at the fluid surface in terms of these operators (see, e.g., [13,14,29]), though we do not

pursue it here.

To imitate this success for DNOs in the context of the water wave problem with viscosity,
we follow the lead of [32] and perform the domain—flattening change of variables (known as

o-coordinates [34] and the C-Method [11])

from which we define

h
ux',y, )= (x’, <%> y 4+, t’) .

It is not difficult to show [30] that derivatives change as

M(x, )3, =M, 1)y + N(x', y',1')dy,
M(x7 t)a[ = M(-x/v t/)al/ + P(-x/’ y/y t/)ay/’
M(x,t)0y =hay,

where

M(x,t)=h+n(x,t),
N(x,y,1) = —=(0xn(x, )y +h),
P(x,y,0) = —=@n(x, )y +h).

The governing equations (2.1) transform, upon dropping the primes, to

Au=F, —h<y<0
dyu =0, y=—h,
B,nzayu+2u8§n+ 0, y=0,
Btu:—gn—kaa?n—Z,uayzu—i-R, y=0,

u(x,0,0) =& x),
n(x, 0) =@ (x).

(3.1a)
(3.1b)
3.1¢)
(3.1d)
3.1e)
(.19
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The form for F' can be shown [30] to be

h2F = —div [AU)(n)w] _ div [A@(n)w] + @B - Vu+ 3BV 1) - Vu,

where
A ) = Az Ay 2hn —h(y +h)on
n)= A yx  AMyy )T —h(y + h)oxn 0 ’
o [A@xx 4@y n? —(y +h)n(dn)
AT =\ s29x 4@0y )= 2 2)
AQox 40, —(y+hmn@n) 4+ h)*0n)
B0 P p(h.x
o _ = ROE = !
B _<B(O)’y> = (O)’ B (U)—(B(l),y>'_<—(y+h)3x7))'
Therefore,

h*F = —0x [2hnd u] + 0x [h()’ + h)(axn)ayu] + 0y [ (y + 1) (3xn)0xu]
= O [1P0eu ]+ 04 [+ N(@dyu] + 8y 1+ Wn@em)deu]
=y [+ 2@y ] + @B+ @) = (5 + @)y
Furthermore, multiplying (2.1c) by M and evaluating at y = 0, we find
hQ = —n(@m) +2un(@7n) — h@xm)du — 1@ dyu + h(@en)*dyu,
where we have used the fact that, since 7 is independent of y, we have
O =20yn, Oxn=30yn.
Finally, multiplying (2.1d) by M? and evaluating at y = 0, we discover
h* R = =2hndu — 1> ,u + h* @) dyu + hn(3m)dyu — 2ghn” — gn’

+20hn(d7n) + o’ (37n)
+ thax [(0xn)H (0xn)] 4+ 20hnd, [(0xn) H(0xn)] + Unzax [(0xm) H (0xn)]

1
— 5 { P2 @0 + 2 @0 4+ 1 @c1)? = 200 0,000y
1
—2h(0x) (dxu)dyu + h2(3xn)2(3yu)2} = Sh*@w?.

Our procedure for establishing well-posedness is to seek solutions of the form

[e.0]

o
n=nG.tie) =Y mx. 0", u=u(x,y,t:6)=Y up(x,y, 0)e", (3.2)

n=lI n=1
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given initial data {n©@ (x), £ (x)}. We will show that if this data lies in appropriate Sobolev
spaces, then the {n,, ¢, } also exist in (different) Sobolev classes satisfying estimates which jus-
tify the strong convergence of the series (3.2). Upon insertion of these into (3.1) we find that, at
each perturbation order,

Aup = F, —h<y=<0, (3.3a)
dyup, =0, y=—h, (3.3b)
Ot = Byttn + 20021 + On, y=0, (3.3¢)
ity = —gNu + 005y — 207Uy + Ry, y=0. (3.3d)
n(x,0,0) = 8,06 P (x), (3.3¢)
M (x,0) = 8,,0n” (x), (3.3f)

where §, i is the Kronecker delta function. In these F,, Q,, and R, can be shown, using the
notation [-],, from Appendix B which connotes the n-th coefficient in the formal Cauchy product
expansion, to be

h*Fy = =0y [2h [ndu], ] + 8 [h(y + 1) [(xm)dyu], | + 8y [ (y + B) [(3xm)dyul],, ]

= [ [r20c] |+ [0+ n@md,ul, ]+ 0, [+ 1 [n@msad, ]
=, [0+ m? [@nau] |+ nl@maul,
+ [n@mazu, = v+ [y (3.4

hQu=—[n@ml, +2u [n@Fn)] —h[@mdsul, = [n@moul, +h [ @ o] .
(3.4b)

and
2Ry, = —2h [ndu], — Hrﬂatu]]n + 12 [@m)dyul, + h [n@m)dyul,
—2¢n [ -3 [[’73]1,1 +20h ] to [2@2n] )
+ o [0, @) H @)L, + 20k [10: (@) H@I], +o |70, (@) H @1
{2 [owr] +2n [ooa?] + [R2@aw?] -2 @iy,
—2h [0 (@) (D) dyu], + h? [[(axn)2(ayu)2]]n} - %hz [[(ayu)2]]n . (3.4¢)

Remark 3.1. For the expansion of H we recall that

1
HW) = —— — 1,
v Vi4y?
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which, upon squaring, can be written as

(H>+2H+ DA +y>) =1,

or
1

H=—3 w2+H2+21p2H+1ﬁ2H2}. 3.5)
If we make the expansion, cf. (3.2),

Y=y 8 =) Ynlx, D",

n=1
then it is easy to see that
o
H=H(x,t;8)= ZHnS”.
n=2
In fact, from (3.5) we have

1
Ho=-{[v?] +[#?] +2[v?H] +[v?#?] |. (3.6)
2 n n n n
and it is clear that H,, depends only on {071, ..., 0xnp—1}-
4. Function spaces

Following Friedman and Reitich [19,20] we define, for the function g = g(¢), the norm

t
[@%=/?Mﬂgwﬁdm
0

for some o > 0, and recall, for the function f = f(x), the classical Sobolev norm [27,3,17], for
real s > 0,

A

Ip

00
||f||%-1S([0,2n]) = Z (P>2S

p=—00

2
2 2 2 ; 1 —ipx
. AP =1+0plt, fpi=a= | f)e P dx.
2
0
With these, for the function U = U (x, t), we define, for real s > 4,

2
U ||2xs = I:”[J ||2 5(10.2 :|2 + [||8;D ||2 —2 ]2 + Hazb H2
He([0.27]) | Hs=2([0,27]) | oo t 9 =4 0.200)

]
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o0

2 2 . 2(s—2 2 2
dut [ 3 (P 0,00
p=—00

0

0p(u) du

2/620{14 Z <p>2s
0 =

o
~ 2
+/62au Z <p>2(Y—4)‘at2Up(u)‘ du,
0 p==0

where the second time derivative is required for the algebra property (Lemma 4.1 below) to be
valid, cf. [19,20].

In addition, in the next section we require volumetric norms. For the function v = v(x, y), the
classical Sobolev norm is [27,3,17], for integer s > 0,

N o 0 2
2 . 2(s—¢ la
100 qo2mixi—nop =D D (P> )/)ayvl’(y)‘ dy.

=0 p=—00 et

Finally, for the function w = w(x, y, t), we define the following norm for integer s > 4,

2. 2 2
wllys == [l s 0,271 =00 o + 190l 1520, 2011101 ) .

L]

oo

2
/ 2y Z (py?e70 f 88, (v )| dy du
J Pl

2
H=4([0,27]1x[—h 0])}

t=0p= —h
o0 s—2 o0 0 )
+fe2"”‘ > <p>2“‘2“”/‘aﬁatuvp(y,u)‘ dy du
0 £=0 p=—00 “n
o0 s—4 oo 0 2
+/ezau Z <p>2(s—4—e)/)aﬁafﬁ;p(y,u)‘ dydu.
0 {=0 p=—00 —h

With these norms we define the function spaces, for real s > 0,

2
H([0,27]) = | £ () € L2(10, 27)) | / £ dx =0, £l s o.2my < 00}
and, for real s > 4,

2
X*([0, 27] x [0, 00)) := {U(x, 1) € L2([0, 2] x [0, 50)) ‘ f Ulx,1)dx =0, |U]|lxs < oo},
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and, for integer s > 0,
H*([0,27] x [—h,0]) := {v(x, y) € L*([0,27] x [=h, O1) | 10l s 0. 201 x [0 < OO},

and, for integer s > 4,

VS([Os 2”] X [_h9 0] X [Oa OO)) = {U)()C, Y, t) € Lz([oa 27[] X [_h7 O] X [09 OO)) ‘
llwllys < oo}.
From this point we suppress the domain dependence unless there is danger of confusion.
Of fundamental importance to our proof are the following algebra properties which are

straightforward generalizations of Friedman and Reitich’s Theorem A.4 in [19].

Lemmad4.1.If s > 4; f,g € X*; v, w € V*; then there is a constant M > 0 such that

fgllxs =M fllxs lIgllxs - (4.1a)
Ifvllys = MALf s lvlllys (4.1b)
llvwlllys = M {[lvlllys lllwllys - (4.10)

Remark 4.2. While the lemma above is true for any real s > 4 by interpolation [19], we will only
utilize (4.1b) and (4.1c) for integer s, and (4.1a) for integer s or s = m + 1/2 for m integer.

In addition, we require a temporal trace theorem due to Friedman and Reitich [19] (see (4.53)
on page 360 and the following discussion) suitably modified to our space X°.

Lemma 4.3. If s > 4 and o (x, t) € X® then there exists a constant C; > 0 such that
max {[|o (x, 0)ll grs—1, 18:0 (x, 0) | gs—3 } < Cr llor | xs - (4.2)
Finally, we recall two auxiliary lemmas from [33].
Lemma4.4. [f s > 4 and w € V* then there exists a constant Y = Y (s) such that
Iy +mwlllys <Y (llwllys .

Lemma 4.5. There exists a universal constant ¥ > 0 such that

N 2
(N+1)
e MZZO(N—mJr D2m + 1)2°

(N + 1)
(N—m+1D2m—£+ D20+ 12’

>

m=0{=0
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(N—m+1D2m— £+ D2 — g+ D)2(g + 1)2

m=0¢=0g=0
5. A fundamental lemma for the elliptic problem

To prove our well-posedness result, Theorem 9.1, we must establish the following elliptic
estimate which generalizes the results found in [32] to the spaces V* and X°.

Theorem 5.1. Given an integer s > 4, if F € VST! and W € X$75/2, then there exists a unique
solution of

Aw=F, —h<y<0, (5.1a)
w(x,0,1) =y (x,1), (5.1b)
ayw(x’_hat)zoa (510)
in V513 satisfying
max {[lw(x, 0, 1)l xs+s/2, llwllys+3} < Ke {IIFllys+r + 9l xs+s2} (5.2)

where K, > 0 is a universal constant.

Proof. In a recent publication [31] one of the authors proved a similar result for the Helmholtz
equation and we follow those developments here. To begin, we use the lateral periodicity of the
solution to express

o
(W, v 0, Fe v, 0,90y = Y {000, By, 9,0 €,
p=—00
and note that (5.1) then demands that
iy — |pl* b, = Fp, —h<y=<0, (5.3a)
(0, 1) =, (1), (5.3b)
dyp(—h, 1) =0. (5.3¢)

Existence and Uniqueness: To show the existence and uniqueness of a solution we appeal to
the classical results of Keller [23], later extended in the “Integrated Solution Method” of Zhang
[41,42] (see also [10]). Using the notation of [10] we consider, after a trivial change of variables
y — y + h, the problem

u'(y) + M(y)u(y) =£(y), O0<y<h,
Apu =y, y=0,
Biu=sy, y=h,
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where
f(y)eC", roeC™, s e€C™,
are vector fields (m = m + m,). Further,
M(y) e C™™,  Age C"™, By eC™*™,
are full rank matrices. Let ®(y) be the fundamental matrix solution of the system
() +M»MP() =0, @0)=1y,

where I, is the m x m identity matrix. Keller shows [23] that the two-point value problem above
has a unique solution if and only if

Ag
det (Bl <I>(h)) #0.

In this instance we have m =2, m; =my =1, and

w 0 -1 0
2= (ons,) M= (e 9) 0=(4,).

~

Ao=(0 1), Bi=(1 0), ro=0, s1=1v,.
There are two cases of p to consider.

1. The case p = 0: Here we may show that

<I>(y)=((1) {),

Ay 0 1
det(qu)(h)> =det(l h> =—1+#0.

Thus, a unique solution exists in this case.
2. The case p # 0: Here one can see that

and

_( cosh(|ply)  sinh(Ip|y)/|pl
<I>(”‘<|p|sinh(|p|y) cosh(|pl y) )

and

Ao _ 0 1 L
det(Bltb(h))_det(cosh(lplh) sinh(|p|h)/|p|)— cosh(|p|h) #0.

Again, a unique solution exists in this case.
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We note that existence and uniqueness of solutions can also be verified by simply (but less ele-
gantly) writing down the exact solution as in [32].

Estimates: In order to accommodate Sobolev spaces with very low smoothness, we consider
the slightly generalized form of (5.1)

Aw:&xF(l)—l—ByF(z)—i—FG), —h<y<0,
w(x,0,1) =¥ (x,1),
dyw(x, —h,t) =0,

which, upon Fourier transform, becomes

iy — IplP = Gp) FD + 0, FP + FY, —h<y<0,
0,0, 1) =P, (1),
dyhp(—h, 1) =0.

Following the developments of [32], we set

Wy (y, ) =0 (v, ) + 0 (v, 1)+ DS (7, ) + DY (v, ),

where, for j =0, 1, 2, 3,

0205 — |pIP 0y = 8;1Gp) Y +8;20,F2 +8;3F, —h<y<0, (54a)
b (0.1) =800, (0). (5.4b)
9, (=h, 1) =0. (5.4¢)

It can be shown (see Lemma A.2 of [31]) from the solution formula for @, (y, t), that the
following volumetric estimates hold for the unique solution when £ =0, 1,

0y, (v,1) izuy) < Kelp) ™2 [, 0] (5.50)
oy (y.1) iz( - <Ke(p) | FV (.0 iz(dy)’ (5.5b)
T W AR LI . (5.50)
T W A e LI . (5.50)

for some K, > 0. In addition, the subsequent boundary estimates hold for £ =0, 1
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0l 0.0|" < Ketp) [i (5.60)
;b0 (0, 1) T K (p) FD (.0 ;(dy), (5.6b)
0y (0, 1) T K (p) FP (.0 ;(dy), (5.6¢)
0y (0, 1) T K (p) FP (.0 ;(dy), (5.6d)

with K, > O sufficiently large. Furthermore, as the governing equations (5.4) treat time as
a parameter, by simply applying time derivatives one can achieve the same estimates with

wy, £y, p) replaced by By 8 FS, 9,0}, and {870}, 02 F 9240,
Consider the H!-type norm of w

200 Hae

@ ww,ﬂ

L2(dy)

co 1
2
iz, ] fe““Z
0

=0p

HM8

and the H~! analogue for F

du, F=08,FV +3,F® 4 FO,

L%(dy)

(i ] = [ ii”ﬂ“@, |
S ES

for some F) e L2([—h, 0]) (see Chapter 6 of Evans [17]). Using the estimates above (and being
a little wasteful in our estimate of F) we have

Rearranging this we find

2 T ad 2
(i), <& [ > ! bt
S5

L2(dy)

0 0 3
N D 3D M [N
J .

p=—00 j=l
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< K {13 +1F1% )

Either by conducting the tedious manipulations to produce the higher-order analogues of (5.5)
and (5.6), or by proceeding as in Chapter 6 of Evans [17], we can deduce

2 2 2
(101 ECKe{[||F||i,s+l] + [1120s5:] }
o o0 o0

Applying this estimate to d;w and a,Zw, and recalling that s > 4, we discover

2 2 2
(180121 ] sCKe{[natFn%,H] + (100003001 }
oo (o8] o0

and

2 2 2 2
[ a,zw” } <CK, [ 8,2FH } +[
Hs—l 00 Hs—3 0

which, upon summation, delivers the conclusion of the theorem. 0O

2 2
2
% wHHxI/Z] } ’

e o]

6. A fundamental lemma for the parabolic problem
To state our next result we recall the definition of an order-k Fourier multiplier.

Definition 6.1. Suppose that v € L2([0, 27]) then the equation

mDYY(x):= Y m(p)ype”,

p=—00
defines the Fourier multiplier m (D). If, for some k € R, we have for any s real
lm(D)Yllgs < C ¥l s+,
then we say that m (D) is order-k.

Remark 6.2. The classical derivative, 9y, is clearly an order-one Fourier multiplier with symbol
(i D). Of relevance to the current contribution are the order-one multiplier

Go :=|D|tanh(h | D)),

which is the flat-interface DNO for Laplace’s equation on a strip [13,14,29], the order-three-
halves (iwp) operator

o0

(0p)Y ()= Y (iwp)pe ™ = )" i\/(g-i-Ulplz)‘Go,p"ﬁpei“l’x,
p=—00

p=—00
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which comes from the dispersion relation for water waves [25,37,2], and the order-two operator
(—|DJ?) = d2.

We require the following parabolic estimate for our inductive proof to proceed.

Theorem 6.3. Given a real number s > 4, if Q € X’T!, R e X*11/2 yO ¢ g5+2 qnd £© ¢
HS13/2 then there exists a unique solution of

9 = Golg] + 21920 + 0, n(x, 0) = (x), (6.12)
E=—gn+0d2n—2u|DI*E +R, £(x,00 =), (6.1b)

satisfying

max {171l xs+3 , 13l xs+1 5 16 | xses/2 s 18,6 [l o172}

<K, {|| Ollyest + IRl yss12 + Hn“’) H n Hg“’) H 6.2)

Hs+2 Hs+3/2} ’

where K, > 0 is a universal constant.
To establish this we require the following result from Friedman and Reitich [20] (Lemma 7.1).

Lemma 6.4. Consider the initial value problem

B(t)+ (K +iM)B(t) = F (1), t>0,
B(0) = By,

where K,M € R; K > 0; and F € L*(0,T) for any T > 0. If 0 < o < K then the following
inequalities hold

B 2
[BY? < o [F1? + 1|< i'a, (6.3a)
: 2K? 2K?
[B]tzfz<m+l> [F],2+E|BQ|2. (6.3b)

To prove Theorem 6.3 we establish a similar result for a decoupled version of (6.1).

Theorem 6.5. Given a real number s > 4, if W e X*, f e H st then there exists a unique
solution of

QU = [—2u D2+ (ia)D)] U+W, U, 0)=f(x), (6.4)

satisfying
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max {|U || xs+2, 10: Ul ys } < K, {IWlixs + 11 F s} (6.5)
where K p > 0is a universal constant.

Proof. We focus on the case of (6.4) with the minus sign in front of (iwp); the other case is
handled similarly. We expand W and f in Fourier series

W= Y W0, fay= Y fpe?,

p=—00 p=—00

where Wy (1) = 0 and f » = 0 by the definitions of X* and H*, respectively, and seek a solution

Ux,t) = Z Uy (0)e'P~.

p=—00

Inserting these into (6.4) we find
30U, (1) = =Q(p)Up(t) + W) (0), (6.62)
Up(0) = fp, (6.6b)

where
Qp) = (21 |pP +iw,) =0, p— 0.

It is clear that Uy (r) = 0 is the unique solution in the case p = 0 so we now concentrate on p # 0.
Using Lemma 6.4 we find

[Up]; < Cow(p) [W,,]; +Co.(p) ’f,, ? (6.72)
[a,l}p];scl,w(p) [Wp];+c1,f(p)’f}, : 6.7b)

with, since p # 0,

K=K,:=2ulp*>0, 0<a <2M|1|251;1;3Kp,
for some «. In these

Cow(p) = ; =00, p—> 0

2
Qurlpl* —a)

Co,r(p):= =0(p™), p— o0

1
Qurlpl?* —a)

2Q2u|pl*)?

C =2 —
L) [(2M|p|2—a)2

+1:|=(’)(1), p—> o0
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_2@ulplH?

2
= a7 P

Cir(p)
Differentiating (6.62) once with respect to ¢ yields

3 B Up) (1) = —Qp) (3, Up) (1) + 8, W, (), (6.82)
39U, 0) = —Q(p) fr + W, (0), (6.8b)

where we have used (6.6a) and (6.6b) for the initial condition. Again, appealing to Lemma 6.4
we find

~ 72 ~ 72 ~ 12 n 2
[00,] = cowm[0W,]_+CormIRwP 5] +Cosm|W,0)] . ©92)
9 A 2 ~ 72 2] 2 2 ~ 2
[020,]_=ciwm[aW,]_+cirmiemP 5] + |0 o)
Differentiating (6.8a) once with respect to ¢ yields

302U ,) (1) = —Qp)(D2U,) (1) + 82 W), (6.10a)

20,(0) = Q(p)* fp — QUpIW,(0) + 8, W, (0), (6.10b)

where we have used (6.8a) and (6.8b) for the initial condition. Appealing to Lemma 6.4 as before
we find

5 a2 5 e 12 Al 2 2

[020,] = coww) [92W,]_+Corm i ||

~ 2 ~ 2
+Co.r () 12 [ W, )+ Co.r(p) |3, ©6.11a)
~ 72 ~ 72 ~ 12
(020, ] = crw) [82W,]_ +crrmiem ||
A 2 ~ 2
+CLAPIRWE W0 +CLr(m [a W, @11b)

If we multiply (6.7a) by (p)2+4, (6.9a) by (p)?, and (6.11a) by (p)>*~* and sum over p we
find

[e.¢]

1Ullxsz= ) [@)w 0,]

p=—00

= i |:C0,W(P) {(P>2s+4 [Wp]z + (p)* I:ath] +(p)=4 [8;2Wp] }

2 2
o0 (o) o
p=—00

"o,

o]

~ 2
W, (0)|

N 2
oW, 0)| ”

~ 12 ~ 12
+Co. () {<p>23+4 7|+ o> 192m)P £ + (00>

~ |2 A 2
PR |+ PP HR@P W0 + (>
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From this we easily find that
1Ullxs2 < Ko [IWllxs + 1 Flgser + 1WC 0 st + 13, W ¢ 0) s3] (6.12)

In a similar way, if we multiply (6.7b) by (p)*, (6.9b) by (p)>~*, and (6.11b) by (p)>~3 and
sum over p we find

18:Ullxs < Ko [IIWllxs + ILf g1 + W O [ gs—1 4+ 18 W (-, 0) | s3] - (6.13)

We now appeal to Lemma 4.3 (which requires s > 4) and use this and estimate (6.12) to
deliver

1Tl gss2 < Kp [IWllxs + 1 £l o]

and (6.13) to give
18:Ullxs < Kp [IW s + 11 f s ]
for some K p > 0and we are done. O

Proof of Theorem 6.3. To establish this result we express our initial value problem, (6.1), on
the Fourier side by using

o0

ne,n= Y A", Ex,n= Y &1,

p=—00 p=—00

which, upon insertion into (6.1), delivers

aip =Gopkp — 21 |pl* fip + Op. ip(0) =10, (6.14a)
ép=—(g+olpPip—2ulpl*Ey) + Ry, E,(0)=£0 (6.14b)

or

i\ _( —2ulpl Gop '\ (i 0p
at £ - 2 2 2 + A~ .
&p —(g+olpl?) —2ulpl &p Ry
If we use a)pz,/(g+a|p|2)éo,p,deﬁne
pl— 1 (—1/(1'6017) 1/(g+o Iplz))

p ._< —iwp iwp ) -
P \g+olp? g+olp?) P T2\ o, 1/@g+alpl?)

and make the change of variables

<2p) o p (im) _1 (—ﬁp/o'wp) +&,/(g+0 |p|2>>
xp) P &) 2\ ipllo) +E /(@ +olp) )]
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we find
0ép = (—201pP +iwp) &+,
0fp = (=20 1p = i) fp + W,
where
(:p>::..<Qp> 1( Qpﬂmmy+R/@+%wm%>
» ? \R,) 2\ Qp/iwp)+Rp/(g+0pl»
‘We note that

n=—({wp){ + (ivp)x,
E=(g—00) +(g—0d)y,

SO

max {7l ys+3 5 130l s 1€ I xsesi2 s 188 sz, |

< C{I¢lxs+or2 + 10:C Lxgs+sr2 + x xsro2 + 10 x | xs4572} -

From Theorem 6.5 we have

max {17l gs+3 . 19l gs+1 5 1€ | o572, 10:€ | o172

% 0 0)
< (Wi |60t s+ 1], )
Now, since
V=3 lGon o+ @-oid k],
—1 (iop) 'O+ (g—03>)"'R
> D g§—0dy) ;
1
¢© =2 {0 + g 00D},
1
10 =3 {Gop) 0@ + g - o)1}
we have
max {9l xs+3 5 1971l xs+1 5 1€ [l ys+s/2 5 1§l xs+172
ko2 (101 181+ 10, 6]

and we are done if we choose Kp = CI?p C. O
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7. A fundamental lemma for the linearized water wave problem with viscosity

We require the following estimate of the linearization of water wave problem (3.1) in order to
proceed.

Lemma 7.1. Given an integer s > 4, if F € VST, 0 e X5t R e X5t1/2 O ¢ H+2 4nd
£O ¢ HF3/2 then there exists a unique solution of

Au=F, —h<y<0, (7.1a)
dyu =0, y=—h, (7.1b)
dn = dyu +2ud2n + 0, y =0, (7.1¢)
diu=—gn+odin —2udju+ R, y=0, (7.1d)
u(x,0,0) =), (7.1e)
n(x,0)=n(x), (7.1f)

satisfying

max {171l xs+3, 18l xs+1 s (e, 0, Ol srsia s (18, 0, D) llygsrrz s Mulllyses )

= K {IlFlyssr +1Qlst + IR+ |1 +[e@) L) a2
for a universal constant K > 0.
Proof. Using the periodicity of solutions we write
0 .
{u, Fy={u, FY(x.y.0)= > {iip. Fp}(y, e,
p=—00
0 .
{1, Q. RY={n, 0, RI(x,0) = Y {fip, Qp, Rp}()e”™,
p=—00
i — —
PN =02 eMNm= Y 00,50,
p=—00
which transforms (7.1) into
iy —IplPip,=Fp, —h<y<O, (7.3a)
dyii, =0, y=—h, (7.3b)
iy =0dylly —2upl* fip+ Op, y=0, (7.3¢)
diip=—ghp—o|pl’ iy —2udyi,+ Ry, y=0, (7.3d)
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iip(0,0) =0, (73¢)
1p(0) =n© . (7.3f)

We now decompose the solution into two parts
lap ip) ={U", HP} +{U", HF),
which essentially solve the parabolic (§ 6) and elliptic (§ 5) problems respectively, and we have

suppressed the p subscript for clarity. More specifically, {U”, H?} solves (7.3) in the case F,=
0’

U —|plPut =o, —h<y<0, (7.4a)
aUP =0, y=—h, (7.4b)
aHY =0,U” —2u|pl* HY + 0, y =0, (7.4¢)
wUP =—gH" —o|p* HY — 207U + R, y=0, (7.4d)
U”0,0=£0,, (7.4¢)
HP () =10, (7.40)

while {U£, HE} solves (7.3) where 0, = R, Eg(.o\)p 577@17 =0,

RUE —|pPUF =Fp, —h<y<O0, (7.5a)
»UE =0, y=—h, (7.5b)
&HE =3,UF —2u|p* HE, y =0, (7.5¢)
QUF =—gH® —o|p" HF —2ud;UF, y =0, (7.5d)
UE(0,0)=0, (7.5¢)
HE©O)=0. (7.5f)

It is not difficult to show that the solution of (7.4a) and (7.4b) is

cosh(|p| (y + 1))

P _ P
Uro =000 0= hipim

Upon insertion of this form into (7.4c)—(7.4f) we find

oH' = |pltanh(h |phU” — 20 |pP H' + 0, y=0,
aUP =—(g+olpPHH" —2u1pPUT + Ry, y=0,
Ur©,0=£0,
HP©0) =10,
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Upon inverse Fourier transform we find that this equation is identical to that appearing in Theo-
rem 6.3 with &, (¢) = UP (0, t). From this we learn that

max {|117]

a,H”H

UP(x,0,0) H

PIUP(X’ 0. wal/z}

+[s]

xs+1’ ) xs+5/2°

< Ky [1Qlxes1 + IRl + | 1@

Xs+3 ’

(7.6)

Hs+2 Hs+3/2 } ’

Turning to (7.5) it is easy to see that (7.5¢)—(7.5f) demand that
UE0,n=HE@1) =0,

so that we are left to solve

RUE —|pPUF =Fp, —h<y<O0,
»UE =0, y=—h,
UE =0, y=0.

However, upon inverse Fourier transform, we realize that this is simply the system of equations
in Theorem 5.1 with ¥ = 0. Thus, we conclude that

max { ”UE(x,O,t)H

E
v 1N} = KoMy a.7)

Combining (7.6) and (7.7) to estimate fj, = H” + HE and &i, = U” + U® we realize (7.2) for
some K >0. 0O

8. An inductive lemma
To complete the proof of our theorem we require the following recursive estimates.

Lemma 8.1. For an integer s > 4, suppose for some C, B > 0 we have

max {17, | xs+3 5 187l xss1 s Nt (2, 0, D)l xewss2 s 181t (2,0, D)l w12, it My |

Bn—l
<C———, Vn<N,
(n+1)2
then the functions Fy, Qn and Ry satisfy
BN—2 BN—3 BN—4
ma F 5 5 5 5 R 5 SCC 5
x{IEN Iy, 1ON s RN lxss12} < C; {(N+1)2+(N+1)2+(N+1)2}

for a universal constant C; > 0.
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Proof. To begin, we consider (3.4a) and estimate

R I Fnlllyser < 20 ||| [ndcu] v ||

ysi2 ThY |H [@xmdyu] y H’ Vs+2
st

yss2 + Y |||[[n@emdcu] |

+hY |||[@emdu] v |

NH Vs+2

+Y‘|H[77(3x77)8y”]]NH

ys+2
+ Y2 H‘ [[(axn)zayu]]NH‘VHz +h |H[[(ax77)axu]]NH ys+l
+lltnadadylly -+ || [@ad] ...

From Theorem B.1 we find, since s + 2,5 + 1 >4,

W | Fyllyse < {2hCln. d5u] + hY C[dyn, dyu]
N-=2
(N +1)2
+{Cln. n. 0xul + YCln, 8xn, dyul + Y Cln, 0y, dyu]

+hY C[0xn, dxul +hC[dxn, dul}

N-3

+Y2C[8x77a Oy, ay“] + C[n, 0xn, 0xul + Y C[0n, 0y, ayu]} (]V—‘r—l)z’

where we have used 7 € X**3 and u € V*13. Since we have chosen the same constant C for the

estimates above we find

N-2

R Exnllyssr < Bh+2hY)CPMY ———
NENys+1 < (Bh+ ) N2

BN*S
24+3Y +YH)CMPY——,
+ Q2437 +7% N2

and we are done provided

1
Ci > 23 max{(3h +2hY)CMS, 2+ 3Y + Y3 C*M?*3).

We continue by considering (3.4b) and estimate

mIxlsr = [Tn@mly | gsn +20 | [n@n)] | +# 1 1@oudy ] g

oot Hh] [@am?ogu] -

+ [ Ir@masul | N
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From Theorem B.1 we find, since s + 1 > 4,

N-2
(N +1)2
N-3

(N + 12’

BION I < | €l il +2uCln, 93n] + hCLo,n, Dy}
+ {Cln. 9xn, dxul + hC[0xn, 9,7, dyul}
where we have used 17, € X*13, 8,1, € X**! and u,, (x, 0, 1) € X°+>/2. Again, as we have chosen

the same constant C for the estimates above, we find

N-2 N-3

B
h 1 < (1 +2u +h)C*ME—— + (1 + W CM?* Y ———— |

and we are done provided

1
Ci > - max{(1 +2u +h)CME, (1 +h)C*M>%}.

Finally, we consider Ry and for this we require the following estimate on Hy from (3.6). If

n—1

C———, Vn<N,
(n+1)2

70 ll 53 <

then

BN*Z

||HN||X.\‘+2 =< ClCm

This can be established either by an argument analogous to the one given here for { Fy, Oy, Ry},
or by simply appealing to the fact that the composition of two analytic functions is analytic. With
this fact we return to (3.4c) and estimate

B2 IRy | xst12 < 2k | [ndu] v |

+ 1% |[@m)dyu] y |

2
xst12 H [[77 8tu]] NH xs+1/2

xs+12 T 2gh H [[772]] N‘

Xs+1/2

X5+1/2 ts H [[)73]] N’
AECOIN
+oh? | [0 [ H @] v |

+o H [[nzt‘)x [(3xn)H(axn)]ﬂ N ‘

+3 (7o,

#| @], |

+ 1 || [n@madyu |

Xs+1/2

aon [t |

Xs+1/2 Xs+1/2

o2+ 200 || [n9y [@xen) H(@xm]1] y |

Xs+1/2

Xxs+1/2

o]

xs+1/2

+ 2 | [0 (@) dyu] |

Xs+1/2

s+ Xs+1/2
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+20 || [ (@) (@) yu] |

xs+i2 t n? H H(axn)z(ayu)ZH N’ Xm/z}

+3#° [[@w?],

Xs+1/2 !

Once again using Theorem B.1 we find, since s + 1/2 > 4,
R IRy |l ys12 < {2hC[n, dul + h*C[d;n., dyu) +2ghCln, n] +20hCln, 32n]

+oh?C[d H]+h2C[8 9 ]+h2C[8 dyul BN
o , — u,0cu]l +— u,oyu]l; ————
x1 g Ot Gl AL I N T2

+ {C[n, n, dul +hCln, dn, dyul + gCln, n, nl+oCln, n, 311
N-3

+20hCln, dxn, Hl+ hCln, dcu, 0xul + hC[0xn, dycu, dyul} ET

1
+ {GC[U, n, 0xn, H] + EC[”’ 1, Oxu, Oxu] + hCl[n, 0xn, Oxu, dyu]

2 pN—4
+7C[8x77, axna ayu’ ayu]} m’

where we have used 17, € X*3, 8,1, € X+, u, (x, 0,1) € X*T5/2, and du, (x, 0,1) € X*+1/2,
Finally, as above, since we have chosen the same constant C for the estimates above we find

N-2 N-3
4+ (1+3h 20h) ——
T 3o e+ 20h) s

1 h2 BN74
4 — ) —
+<(’+2+ + 2>(N+1)2

B IRy oo = (20 + g +0)h + 2+ 0)h?)

and we are done provided

1
Ci > ﬁmax{ (2(1 fot o)t (2+a)h2> CME,(1+3h+0 +g+20h) C2M?%,

1 2\ 5 4
co+-+h+—|C’M’2;. O
2 2
9. Well-posedness proof

At last we are in a position to establish our main result.

Theorem 9.1. Given an integer s > 4, if n© € H*2 and €O € HST3/2 then there exists a unique
solution, of (3.1) of the form (3.2) satisfying
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max {17, | xs+3 5 187l xess1 s Nt (6, 0, )l xewss2 s 181t (2, 0, Dl w172, et Mlyss |

n—1

<C———, Vn>0, (9.1
=Cozpz > (CHY)

for universal constants C, B > 0.

Proof. We work by induction on n and begin at order n = 1 where (3.3) gives us

Aup =0, —h<y<0,
dyur =0, y=—h,

et = dyur +292m1, y=0,

iy =—gm +0dn —2udur,  y=0,

1 (x,0,0) =& (x),
n1(x,0) =@ (x).

This can be solved explicitly and we set

C :=max {[[n1llxs+3., 18millgss1, N1 e, 0, Ol gsesz s 191 (e, 0,0 | xsr s Mulllyses}

which, of course, depends upon || n© || stz and ||$(0) || ps+32- We now assume estimate (9.1) for
all n < N, and apply Lemma 7.1 to (3.3) at order N to realize

max {[nw [l xs+3 ., 10mn llxs+1+ lun . 0, D)l gz s 19pun (e, 0, )l gsvr2 s My llyses }

< K{lIQnllxs+1 + RNl xs+1/2 + I Fnlllys+1 } »
where we have used that n© = £© =0 for n > 1. From Lemma 8.1 we have
max { |9 llgs+s 5 [10mn st s lun (e, 0, )l xsesrz s (19w (x, 0, ) [l gss12 e lllyses }

BN—2 BN—3 BN—4
(N +1)2 + (N + 1)2 + (N+1)2}’

§KC[C{

and we are done if we choose B > max{KC;, 1}/3. O

Remark 9.2. Before closing, we remark on a limitation of our method of proof. There is clearly
a very specific choice of function spaces for the unknowns: 1, € X 543, £, eX s5/2 y, e VT3,
One can wonder if these can be changed. However, we believe that these choices are fixed for the
following reasons:

1. Since u, represents the field in the solution of an elliptic equation and &, is its trace, it must
be the case that

up €Vl = g eXx' 712
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2. Our change of variables induces a relationship between the field and the surface deformation,
namely, since Au, = F,, and F,, involves the second derivative of n,, cf. (3.4a), it appears
that

u, eVl = n,eX’.
3. Finally, the parabolic estimate with capillarity features the balance
meX = geXx' V2

So, if we select t = s 4+ 3 we can satisfy all three demands. However, if we drop the capillarity
term the final balance in Point 3 becomes

meX < g eXxt?

and our argument falls apart. However, it is quite possible that a different change of variables or a
more subtle analysis could “improve” the relationship in Point 2 and allow us to consider waves
without capillarity.

Remark 9.3. We mention that another motivation for this work is the goal of modeling the Fara-
day wave experiment [ 18] which considers the motion of the free air-fluid interface of a container
of fluid which is being periodically shaken from below. We believe that the viscous water waves
problem presented here will be a reasonable model of this physical problem provided that a pe-
riodically modulated gravity is introduced, e.g., g replaced by g + go(¢), ¢(t + Q) = ¢ (¢). If
the forcing is small, e.g. ¢ = O(e), then our new theorem can be used to establish existence and
uniqueness of solutions; a couple of additional terms appear in the definition of R, which are
readily estimated. However, this is not completely satisfying as our results conclude that solu-
tions decay exponentially as time evolves which is not the interesting regime of the Faraday wave
experiment. To address the situation where ¢ = O(1) requires an analysis of a new linearized
parabolic problem which has the character of a Mathieu equation. We save such considerations
for a future publication.

10. Conclusions

In this contribution we have established the existence and uniqueness of solutions to the
capillary—gravity water wave problem supplemented with physically motivated viscosity. Our
method of proof follows that of Friedman and Reitich in the contexts of the classical Stefan
problem [19] and the capillary drop problem [20] which produces somewhat different results
than those which can be attained by more standard techniques. It should be noted that due to the
nature of the function spaces, the conclusion of the theorem is not only the well-posedness of our
model, but also the stability of our solutions. More specifically, we discover exponential decay
in time with the rate determined by the value of the viscosity. Thus, not only do unique solutions
exist, they persist globally in time and decay exponentially fast to zero.

Acknowledgments

D.P.N. gratefully acknowledges support from the National Science Foundation through grant
No. DMS-1522548.



M. Ngom, D.P. Nicholls / J. Differential Equations 265 (2018) 5031-5065 5059

Appendix A. Proof of the trace inequality
The goal in this appendix is the proof of Lemma 4.3.

Proof of Lemma 4.3. We begin by showing that

llo e, Ol gs—1 = Cillollxs - (A.D)

Following [19] we specify a function p(x, t), defined for 0 < x < 2m and —o0 < t < 0o, which
agrees with o for 0 <¢ <1 and vanishes for t < —1 and ¢ > 2, such that

2
ad 2
M? = / 3 [<p>2S|ﬁp<u)|2+<p>2S4|az/3,,(u>|2+<p>23‘8 06 (@)| } du
] P=T>®
[ 2s N 2 25—4 |q A 2 2v 8 2
=/ > [ |Bp@)|”+ () [0 6pw)|” + (p) B,pp(u)‘]du
oo P=—00
= f Z @A+ @ 2 5,0 dr
5o P=—00
<Cllols .

where 0, (1) is the space—time Fourier transform of p, and the penultimate equality comes from
Parseval’s relation. Since [|o (x, 0)|| gs—1 = [|p(x, O) || ys—1, to prove (A.1) it suffices to show that

oG, 0l gs—1 = C: M

Now, by interpolation [3], we have

)C

llpCx, 011351 <C{|Ip(x 0.+ |2

o)

and, from the classical trace theorem [3], we can bound the right hand side to deliver

% 'OHHW(dx dt)}

||,0(x O)HHs 1 = C {”p”HI/Z(dX dr) +

e8]

c/ Z 1+|p|2 |r|2) (1+|p|2<5*1>)|,5,,(r)|2dr. (A2)

oo P=—0
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Next, since /1 + x2 < 1 + x for any x > 0, we have

12
12 12 1\2
[l+|p|2+|r|2] §1+[|p|2+|r|2] =l+|p||:l+<||?||> }

T
§1+|p|[1+%i|=1+|p|+|r|.

Thus we can conclude that

WK

lo(x, 0)lI3,- <C

— ~ 2
A+ 1pl+1e) (1+1pP70) 5,0 dr

p=—00

M2

Il
a

é\g é\,g

o — - ~ 2
(1 1P 2+ o1+ PP 12l + Il PP 2) |3, dr.

p=—00

Now, all of the terms on the right hand side will be bounded by M? provided, for |p|, |7| > 1,

1<C |p|zs requires s > 0
IpI»2<C|p/* requires s > 0
Ipl <Clpl* requires s > 1/2
Ipl»~t<Clip/* requires s > 0
It <Clr*|p|*~* requires s > 2,

and
25—2 2, 2s—4
Il pl® = < Clz|” [pl©~7,

which requires more analysis. We note that

- 1
el 1p2 2 = Iel1pl pl” < 5 (12 1P + 1p1?).

where a + b = 2s — 2. For our estimate we set 2a = 2s —4 which demands thatb=2s —2 —a =
2s —2 — 2s +4 =2. In light of this we have the estimate

Ll .
el 1p2 2 < 3 (1 1~ +1p1").

and we are done provided that 2s > 4, or s > 2.
We now move to establishing

19:0 (x, 0)ll ggs—3 < Ci llo |l xs - (A.3)
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The proof is identical to that presented above save that we must bound

1/2 o
(1 1p2+12) (14 1P 122,

cf., (A.2). All of the terms on the right hand side will be bounded by M provided

It < Clr*pl»~* requires s > 2
It I pI»*~C < Cle)|pl*~ requires s > 0
It Ipl < Cle)? |p*~* requires s > 5/2
It IpI* > <co?|pl** requires s > 0
P <Cle)*|pl»8 requires s > 4,
and
3 ,125—6 258
[z [pI* ¢ < Clel* |p1*~

which requires more analysis. We note that, from Holder’s Inequality,

4/3 1
P PP = P Ipt ol < 3 (1P o) 4 2 (1p1) = 2 e o 4 1t

where a + b = 2s — 6. For our estimate we set 4a/3 = 2s — 8, or a = (3/2)s — 6, which demands
that b=2s —6 —a=2s — 6 — (3/2)s + 6 = (1/2)s, or 4b = 2s. In light of this we have the
estimate

|2s76

|2x78 |2S

3 1
3 < 4 -
IzI” Ip _4|r| |p +4|p

and we are done provided that s > 4. O
Appendix B. Products of analytic functions
In this section we collect some identities involving the products of analytic functions in terms

of their Taylor series. To begin let suppose that A, B, C, D are analytic functions of ¢ so that the
following Taylor series are convergent

D=D()=) Dye". E=E(e)=) Ep". (B.1a)

n=1 n=1

F:F(s):ZFnS”, G:G(s):ZGns". (B.1b)

n=1 n=l1
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It is not difficult to see that

00 n—1
D(e)E(e)=Y [DE],&". [DE],:=Y_ Dy_mEn. (B.2a)
n=2 m=1
and
o0 n—1m—1
D(e)E(e)F(e) =Y [DEF],¢", [DEF],:=Y Y Dy mEncFe, (B.2b)
n=3 m=2 (=1
and
00 n—1m—14¢£-1
D(e)E(e)F()G(e) =Y [DEFG],&", [DEFG],:=> Y>> Dy mEn_tFi—qGy.
n=4 m=3 (=1 g=1
(B.2¢)

For the results above to be true, the quantities {D, E, F, G} need not be scalars and may be
members of any normed linear space, Z. From these expansions we can prove the following
fundamental result provided that the norm, |-|| 7, satisfies the algebra property

IDElz <MIDlzIEllz. (B.3)

for some M > 0, e.g., the spaces H®, X*, and V* provided that s is large enough (s > 4 is
certainly sufficient), cf. Lemma 4.1.

Theorem B.1. Suppose that D, E, F,G € Z, a normed linear space with norm satisfying the
algebra property (B.3). If D, E, F, G are all analytic in ¢ with Taylor series expansions (B.1)
such that

n—1 n—1
D Cp——, E Cp———,
| Dnllz < D(n+1)2 IExllZz < E(n+1)2

n—1 n—1
F, Cr—, G C——,
1Fullz < Cr oz 1Gallz < Coga

for constants Cp,Cg,Cp,Cg,B > 0. Then DE, DEF, DEFG € Z are all analytic in ¢ as
well, satisfying

n—2 n—3
|[DE, |, <CID.El—— . |IDEFI,|, <CID.E.FI—— (B.4a)
niz (n+1)2 mhz (n+1)2
Bn—4
I[PEFG],|, <CID,E,F, G]m, (B.4b)

where
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C[D,E)=CpCgM%, C[D,E,F]=CpCpgCrM>%,
C[D,E,F,G]= CDCECFCGM3E,
cf. Lemma 4.5.

Proof. The proof is straightforward and we only present it for the final estimate (B.4b). From
(B.2¢) we have

n—1m—1¢-1
IDEFGLL, = 3 3 5 | DuwEneFimyGl,
m=3 (=1 g=1
n—1m—1+£-1
<Y Y MDDl 1 Em—illz | Feeq , |Gall,
m=3 {=1 g=1
n—lm—1£-1 ; pr—m—1 pm—t-1
<2 2D MCo s Cr
m=3 (=1 g=1
c Bl—q—l c Bq—l
g gy
3 Bn—4
<CpCgCprCgM m
n—1m—14£¢-—1 (n+1)2
- (n—m+ 12 — €+ 12— g + DX g + 17
m=3 =1 g=1
N n—4
<CpCgCrCcM Em,

from Lemma 4.5. The estimates (B.4) can readily used in an inductive proof of the analyticity of
all of the products DE, DEF,and DEFG. O
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