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1 Introduction

Chirality is a crucial property in chemistry [14], biology [53], and physics [7]
which occurs in nature (e.g., hands, shells, amino acids, DNA/RNA) and has
been exploited by humans to great advantage (e.g., gloves, spiral staircases,
screws). A chiral object is one that cannot be superposed onto its reflection
(enantiomer), with the classic example being a hand (whose Greek name gives
us the term “chiral”) leading to the natural classification of such an object
by its “handedness.” Sometimes, enantiomers (an object and its reflection)
exhibit quite different behaviors, with a most tragic example giving rise to
the thalidomide disaster of the late 1950s and early 1960s [64]. Thalidomide
has two non-superposable enantiomers: (S) which is teratogenic and (R) which
is therapeutic [11]. In the 1950s, the latter was administered to animals and
the successful experiments led to its rapid prescription in humans, notably
pregnant women for treatment of morning sickness. However, in humans this
enantiomer rapidly interconverts in vivo leading to disastrous consequences.
The long–standing “thalidomide paradox” is why this racemization of thalido-
mide in humans but not the experimental trial animals? Tokunaga et al [64]
put forward a hypothesis, but, regardless of the resolution, it is clearly of the
highest importance to be able to discriminate amongst enantiomers of chemi-
cal species. (Notably, the reputation of thalidomide has been rehabilitated in
recent years with the discovery of its beneficial effects in treating leprosy and
certain types of cancers [22].)

For this reason we take up the crucially important question of the sensitive
and robust detection of chiral molecules [66], though our developments can be
applied to more general scenarios involving the optical response of chiral ma-
terials; see Mun et al [45] and Khaliq et al [29] for instance. Regarding chiral
sensors, Wang et al [66] provide an exhaustive overview of a number of different
strategies with the common theme being that great advantage can be gained
by incorporating chirality into the sensor itself. Amongst the many schemes
outlined, and of particular interest to us, are the ones utilizing (surface) plas-
monic responses. For instance, those based upon chiral metasurfaces formed
from chiral gold nanorods [37], chiral gold nanorods in a palladium nanostruc-
ture [38], arrays of chiral gold helicoid crystals [31], and chiral nanoparticles
exhibiting localized surface plasmon resonances (LSPRs) [26]. A particularly
compelling application of a Surface Plasmon Resonance (SPR) sensor based
upon chiral gold nanorods is given in Kumar et al [33] who use it to detect
Parkinson’s disease.

While there are several approaches to building an SPR sensor [24], a con-
venient and widely used method is to periodically pattern a structure at the
nanoscale. This precise patterning gives one path to overcoming the momen-
tum mismatch required to excite a surface plasmon [56,39,16]. For this reason
we focus our attention upon the interaction of linear electromagnetic waves
with laterally periodic structures which, of course, arise in many other areas in
science and engineering (e.g., underwater acoustics [63], remote sensing [65],
and nondestructive testing [60]).
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With the overwhelming technological importance of these periodically pat-
terned devices, it is not surprising to learn that the entire host of classical
numerical schemes has been brought to the task of their simulation [19]. More
specifically, in the context of electromagnetic scattering, one can consider the
Finite Difference Time Domain (FDTD) [62] and Finite Difference Frequency
Domain (FDFD) methods [58], the Discontinuous Galerkin (DG) [13] and
Finite Element Methods (FEM) [27], the Volume Integral Equation (VIE) al-
gorithm [40], and the Discrete Dipole Approximation [15]. More specifically
for electromagnetics applications are the Rigorous Coupled–Wave Analysis
(RCWA) method [42,43,36], the Fourier Modal Method (FMM) [30], and
Planewave Eigensolvers [41,28].

As we shall see, the response of a chiral medium to illumination by linear
electromagnetic waves is not well–modeled by the classical constitutive rela-
tions. Several alternative models have been put forth and the Drude–Born–
Federov (DBF) relations (1) are a popular choice [35,34] that we pursue. The
resulting PDEs require specialized treatment and a number of authors have
made significant contributions to a rigorous weak formulation of the problem
and its subsequent FEM/BEM simulation [61]. We point out early papers on
bounded chiral obstacles in two and three dimensions [57,6,5], but the careful
rigorous analysis for the periodic gratings we consider began with the pio-
neering work of Ammari & Bao [1–3]. This was later pursued by Zhang and
collaborators for bounded obstacles and periodic gratings [69,70,68]. While
not the topic of our current investigations, there have been additional devel-
opments on the inverse problem of detecting a chiral obstacle given far field
measurements (see [44,20,55] and [46,18,23]).

In this paper we take a slightly different approach to the numerical simula-
tion of periodic chiral structures, which follows the High–Order Perturbation of
Envelopes (HOPE) methodology we developed for solving the Helmholtz equa-
tion [47] and Maxwell equations [52,51] which arise in scattering from achiral
media. As in [47], we focus on y–invariant structures illuminated transversely
so that the solution of a scalar Helmholtz equation delivers the vectorial scat-
tered field; see § 4.3. (We will return to the more general three–dimensional
case in future work.) This algorithm takes a perturbative point of view by
considering chirality functions, χ(x, z) (see § 2), which are laterally periodic
deviations from a trivial one, e.g.,

χ(x, z) = χ̄− δX(x, z), X(x+ d, z) = X(x, z),

where X is the chirality “envelope,” and then conducts regular perturbation
theory. As in our previous work [47,52,51] we will show that the scattered
field depends analytically upon the parameter δ by directly estimating its m–
th Taylor correction in appropriate Sobolev spaces. By modifying the nature
of our deformation slightly we will rigorously demonstrate that this region of
analyticity contains a neighborhood of the entire real axis (giving an analytic
continuation of our results), and that the field depends jointly analytically in
both perturbation and spatial variables. Finally, we will show how the resulting
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recursions can be numerically approximated to deliver a numerical algorithm
of impressive accuracy and reliability.

The paper is organized as follows: In § 2 we present the governing equa-
tions with a discussion of the DBF constitutive relations that model the chiral
effects. In § 3 we describe the transparent boundary conditions we utilize to
not only enforce the outgoing nature of the scattered waves, but also truncate
the problem to one of finite extent. In § 4 we outline considerations special to
chiral layers including a discussion of decoupling the governing equations by
polarization in § 4.1, the Beltrami equations which govern these polarizations
in § 4.2, and the scalar Helmholtz equations which the transverse components
satisfy in § 4.3. In § 5 we derive our HOPE recursions in this context, while, in
preparation for our theoretical developments, we define our function spaces in
§ 6. We rigorously establish analyticity and analytic continuation in § 7, while
we prove joint analyticity in § 8. We close with our numerical results in § 9
with discussion of our implementation in § 9.1 and the triply layered medium
problem we consider in § 9.2. In § 9.3 we present results of the approximations
produced by our implementation as compared to the exact solution of the
triply layered model. While this shows convergence, we revisited these in § 9.4
in the context of smoothed solutions to display the aspirational exponential
rate of convergence of our algorithm. In § 10 we give concluding remarks and
future directions.

2 Governing Equations

We consider structures whose response to illumination by electromagnetic ra-
diation is modeled by the the time–harmonic Maxwell equations (time depen-
dence exp(−iωt) factored out), in the absence of currents and sources,

∇× E − iωB = 0, div [B] = 0,

∇×H + iωD = 0, div [D] = 0,

among the electric displacement, D, the magnetic induction, B, the electric
field, E, and the magnetic field, H, [25]. To both model the effects of chirality
and close the Maxwell equations, we specify the Drude–Born–Fedorov (DBF)
constitutive relations

D = ϵ(x, y, z) {E + χ(x, y, z)∇× E} , (1a)

B = µ(x, y, z) {H + χ(x, y, z)∇×H} , (1b)

[35,34]. These equations feature parameters which measure the electric, mag-
netic, and chiral responses, namely the permittivity, ϵ(x, y, z), the permeabil-
ity, µ(x, y, z), and the chirality, χ(x, y, z). With these the Maxwell equations
now read (with the (x, y, z) dependence suppressed)

∇× E − iωµ {H + χ∇×H} = 0,

∇×H + iωϵ {E + χ∇× E} = 0.
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It is very useful to find formulas for the curls of the electric and magnetic
fields in terms of these fields themselves. Writing these Maxwell equations as(

1 −iωµχ
iωϵχ 1

)(
∇× E
∇×H

)
=

(
iωµH
−iωϵE

)
,

we can solve for ∇× E and ∇×H, yielding(
∇× E
∇×H

)
= J

(
E
H

)
, J :=

1

(1− χ2k2)

(
χk2 iωµ
−iωϵ χk2

)
,

where k2 = ω2ϵµ, which we term the Maxwell–DBF equation. For obvious
reasons we now make the assumption that (1 − χ2k2) ̸= 0 which is typically
enforced with

−1 < χk < 1. (2)

The permittivity, permeability, and chirality are all taken to be dx × dy
bi–periodic

{ϵ, µ, χ}(x, y, z) =


{ϵ(u), µ(u), 0}, z > h,

{ϵ(v), µ(v), χ(v)}(x, y, z), −h < z < h,

{ϵ(w), µ(w), 0}, z < −h,

where ϵ(u), ϵ(w), µ(u), µ(w) ∈ R+,

{ϵ(v), µ(v), χ(v)}(x+ dx, y + dy, z) = {ϵ(v), µ(v), χ(v)}(x, y, z),

and

lim
z→h−

{ϵ(v), µ(v), χ(v)}(x, y, z) = {ϵ(u), µ(u), 0},

lim
z→(−h)+

{ϵ(v), µ(v), χ(v)}(x, y, z) = {ϵ(w), µ(w), 0}.

For future use (k(m))2 = ϵ(m)µ(m)ω2, m ∈ {u, v, w}.
As in our previous contributions, we consider such structures illuminated

from above by plane–wave incident radiation of the form

Einc(x, y, z) = AE exp(iαx+ iβy − iγ(u)z),

H inc(x, y, z) = AH exp(iαx+ iβy − iγ(u)z),

where ∣∣AE
∣∣ = ∣∣AH

∣∣ = 1.

In order to solve the governing equations in the achiral (χ = 0) upper layer,
{z > h}, we ask that

k ×AE = iωµ(u)AH , k ×AH = −iωϵ(u)AE , k ·AE = 0, k ·AH = 0,

where

k =

 α
β

−γ(u)

 = k(u)

sin(θ) cos(ϕ)
sin(θ) sin(ϕ)

cos(θ)

 ,

and (ϕ, θ) are the angles of incidence.
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3 Transparent Boundary Conditions

We now give a brief reprise of our description in [47,52,51] of the transparent
boundary conditions we enforce. (See also the text of Bao & Li [9].) These allow
us to not only reduce the infinite domain to one of finite size, but also rigorously
specify far–field boundary conditions. In the upper domain {z > h} we seek
a solution in the sum of the incident radiation and an upward propagating
(reflected) component, e.g.,

E = Einc + Erefl

= AE exp(iαx+ iβy − iγ(u)z) + c0,0 exp(iαx+ iβy + iγ(u)(z − h))

+
∑

(p,q)̸=(0,0)

ûp,q exp(iαpx+ iβqy + iγ(u)p,q (z − h)),

[54,67] where

αp = α+ (2π/dx)p, βq = β + (2π/dy)q,

γ(m)
p,q :=


√

(k(m))2 − α2
p − β2

q , α2
p + β2

q ≤ ϵ(m)k20,

i
√
α2
p + β2

q − (k(m))2, α2
p + β2

q > ϵ(m)k20,
m ∈ {u,w},

since ϵ(u), ϵ(w), µ(u), µ(w) ∈ R+. By choosing c0,0 = û0,0 − AE exp(−iγ(u)h),
which implies that û0,0 = c0,0 +AE exp(−iγ(u)h), we have

E = AE exp(iαx+ iβy − iγ(u)z)−AE exp(iαx+ iβy + iγ(u)(z − 2h))

+

∞∑
p=−∞

∞∑
q=−∞

ûp,q exp(iαpx+ iβqy + iγ(u)p,q (z − h)),

and E(x, y, h) = u(x, y). Now, one can show that

∂zE = (−iγ(u))AE exp(iαx+ iβy − iγ(u)z)

− (iγ(u))AE exp(iαx+ iβy + iγ(u)(z − 2h))

+

∞∑
p=−∞

∞∑
q=−∞

(iγ(u)p,q )ûp,q exp(iαpx+ iβqy + iγ(u)p,q (z − h)),

so that

−∂zE(x, y, h) = (iγ(u))AE exp(iαx+ iβy − iγ(u)h)

+ (iγ(u))AE exp(iαx+ iβy + iγ(u)(−h))

+

∞∑
p=−∞

∞∑
q=−∞

(−iγ(u)p,q )ûp,q exp(iαpx+ iβqy).

Defining the function

ϕ(x, y) :=
(
2iγ(u) exp(−iγ(u)h)

)
AE exp(iαx+ iβy),
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and the order–one Fourier multiplier (the externally directed Dirichlet–Neumann
operator for the Maxwell equation on {z > h})

Tu[ψ] :=

∞∑
p=−∞

∞∑
q=−∞

(−iγ(u)p,q )ψ̂p,q exp(iαpx+ iβqy),

we see that we can express the Upward Propagating Condition (UPC) [4]
exactly with the boundary condition

−∂zE(x, y, h)− Tu[E(x, y, h)] = ϕ(x, y).

In an analogous fashion we discover that

−∂zH(x, y, h)− Tu[H(x, y, h)] = ψ(x, y),

where
ψ(x, y) :=

(
2iγ(u) exp(−iγ(u)h)

)
AH exp(iαx+ iβy).

Similarly, in {z < −h} we seek a solution which is purely downward prop-
agating (transmitted)

E = Etrans =

∞∑
p=−∞

∞∑
q=−∞

ŵp,q exp(iαpx+ iβqy − iγ(w)
p,q (z + h)),

[54,67]. Clearly E(x, y,−h) = w(x, y) and, using

∂zE(x, y,−h) =
∞∑

p=−∞

∞∑
q=−∞

(−iγ(w)
p,q )ŵp,q exp(iαpx+ iβqy),

we define the analogous order–one Fourier multiplier (again, the externally
directed Dirichlet–Neumann operator for the Maxwell equation on {z < −h})

Tw[ψ] :=

∞∑
p=−∞

∞∑
q=−∞

(−iγ(w)
p,q )ψ̂p,q exp(iαpx+ iβqy).

We can state the Downward Propagating Condition (DPC) [4] transparently
using

∂zE(x, y,−h)− Tw[E(x, y,−h)] = 0,

and
∂zH(x, y,−h)− Tw[H(x, y,−h)] = 0.

Gathering our full set of governing equations we find the following problem
to solve,(

∇× E
∇×H

)
= J

(
E
H

)
, − h < z < h, (3a)

− ∂zE − Tu[E] = ϕ, −∂zH − Tu[H] = ψ, z = h, (3b)

∂zE − Tw[E] = 0, ∂zH − Tw[H] = 0, z = −h, (3c)

E(x+ dx, y + dy, z) = exp(iαdx + iβdy)E(x, y, z), (3d)

H(x+ dx, y + dy, z) = exp(iαdx + iβdy)H(x, y, z). (3e)
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4 A Chiral Slab in Vacuum

We begin our study by considering a periodic chiral slab in a vacuum where
we have constant values of the permittivity and permeability

ϵ(m) = ϵ0, µ(m) = µ0, k(m) = k0 =
√
ϵ0µ0ω, m ∈ {u,w}.

Additionally we choose ϵ(v) = ϵ0 and µ(v) = µ0 for simplicity, though, any
constant value can be accommodated. As we will see, this constant perme-
ability/permittivity assumption enables a change of variables which not only
delivers a significantly simpler set of PDEs, but also reveals a particularly
insightful physical interpretation.

4.1 Decoupling by Polarization

In this case of constant values of the permeability and permittivity, we can
decouple the solutions of the Maxwell equations by polarization (left– and
right–handed). To demonstrate the decoupling we appeal to the Maxwell–DBF
equations in {−h < z < h}, (3a), in this setting(

∇× E
∇×H

)
= J0

(
E
H

)
, J0 :=

1

(1− χ2k20)

(
χk20 iωµ0

−iωϵ0 χk20

)
,

where we enforce −1 < χk0 < 1, c.f. (2). To decouple this system, we compute
the eigenvalues and eigenvectors of the matrix J0, which are readily shown to
be

λL =
k0(χk0 + 1)

1− χ2k20
=

(
k0

1− χk0

)
=: κL, ξL =

(
1

−i/η0

)
,

where η0 =
√
µ0/ϵ0 is the vacuum impedance, and

λR =
k0(χk0 − 1)

1− χ2k20
= −

(
k0

1 + χk0

)
=: −κR, ξR =

(
−iη0
1

)
.

With these we can form the diagonal and diagonalizing matrices

Λ =

(
κL 0
0 −κR

)
, V0 =

(
1 −iη0

−i/η0 1

)
, V −1

0 =

(
1/2 iη0/2

i/(2η0) 1/2

)
.

Setting (
L
R

)
= V −1

0

(
E
H

)
⇐⇒

(
E
H

)
= V0

(
L
R

)
, (4)

we have the Bohren Transformation [35,34]. With these, it is not difficult to
show that L and R satisfy,

∇× L = κLL, ∇×R = −κRR, (5)

respectively, establishing them as Beltrami Fields [34]. The suggestive notation
now becomes clear: The field L is Left Circularly Polarized (LCP) while R is



Title Suppressed Due to Excessive Length 9

Right Circularly Polarized (RCP). We notice that this change of variables is
independent of the chirality, χ, which could be zero, non–zero, or even non–
constant. This gives the classical observation that all solutions of Maxwell’s
equations in a homogeneous medium are composed of LCP and RCP plane–
waves.

In the case of an achiral material, χ ≡ 0, we have that κL = κR = k0
and both polarities travel at the same speed. However, for chiral materials,
χ ̸= 0, κL ̸= κR and the polarizations travel at different speeds; this is circular
dichromism (CD).

4.2 Transverse Solution: Beltrami Equations

While not immediately apparent, the Beltrami equations, (5), admit transverse
solutions in particular configurations. To illustrate this we consider the generic
variable (y–invariant) coefficient Beltrami equation

∇×Q =
σ0

σ(x, z)
Q,

where the particular form will become clear presently, and consider y–invariant
solutions of the form

Q = Q(x, z) =

qx(x, z)q(x, z)
qz(x, z)

 .

It is not difficult to see that the Beltrami equation demands

− ∂zq(x, z) = σ0

(
qx(x, z))

σ(x, z)

)
,

∂zq
x(x, z)− ∂xq

z(x, z) = σ0

(
q(x, z)

σ(x, z)

)
,

∂xq(x, z) = σ0

(
qz(x, z)

σ(x, z)

)
.

The first and third equations can be readily solved in terms of q(x, z),

qx(x, z) = −σ(x, z)∂zq(x, z)
σ0

, qz(x, z) =
σ(x, z)∂xq(x, z)

σ0
,

and insertion of these into the second equation yields

∂z

[
−σ(x, z)∂zq(x, z)

σ0

]
− ∂x

[
σ(x, z)∂xq(x, z)

σ0

]
= σ0

q(x, z)

σ(x, z)
,

or
σ(x, z)div [σ(x, z)∇q(x, z)] + σ2

0q(x, z) = 0. (6)

Naturally, if σ ≡ 1 then we realize a standard Helmholtz equation

∆q(x, z) + σ2
0q(x, z) = 0,

however, even if σ = σ(x, z), (6) is a scalar PDE of elliptic type for which our
techniques are applicable.
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4.3 Two–Dimensional Chirality

With these developments, it is easy to see that if the chirality is y–independent,
χ = χ(x, z), and x–periodic (with period dx = d), then the fields {L,R} can
be decomposed as

L =

ℓx(x, z)ℓ(x, z)
ℓz(x, z)

 , R =

rx(x, z)r(x, z)
rz(x, z)

 ,

with the transverse components satisfying the following elliptic PDEs. Using
σ0 = k0 and σ(x, z) = 1− k0χ(x, z) for the LCP field we find

(1− k0χ(x, z))div [(1− k0χ(x, z))∇ℓ(x, z)] + k20ℓ(x, z) = 0.

Using σ0 = −k0 and σ(x, z) = 1 + k0χ(x, z) for the RCP field we find

(1 + k0χ(x, z))div [(1 + k0χ(x, z))∇r(x, z)] + k20r(x, z) = 0.

In this case of transverse polarization we realize that there are two decoupled
PDEs to solve. The first, using the (inverse) Bohren transformation (4) for the
data at Γh, is for the LCP field,

(1− k0χ
(v)(x, z))div

[
(1− k0χ

(v)(x, z))∇ℓ(x, z)
]
+ k20ℓ(x, z) = 0, − h < z < h,

(7a)

− ∂zℓ− Tu[ℓ] =
1

2
(ϕ+ iη0ψ), z = h,

(7b)

∂zℓ− Tw[ℓ] = 0, z = −h,
(7c)

ℓ(x+ d, z) = exp(iαd)ℓ(x, z). (7d)

The second, again via the (inverse) Bohren transformation (4) for the condition
at Γh, is for the RCP field,

(1 + k0χ
(v)(x, z))div

[
(1 + k0χ

(v)(x, z))∇r(x, z)
]
+ k20r(x, z) = 0, − h < z < h,

(8a)

− ∂zr − Tu[r] =
1

2

(
iϕ

η0
+ ψ

)
, z = h,

(8b)

∂zr − Tw[r] = 0, z = −h,
(8c)

r(x+ d, z) = exp(iαd)r(x, z). (8d)
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To aid future developments we give a unified statement of (7) and (8) as

ρ(x, z)div [ρ(x, z)∇v(x, z)] + k20v(x, z) = 0, in Sv, (9a)

− ∂zv − Tu[v] = τ, at Γh, (9b)

∂zv − Tw[v] = 0, at Γ−h, (9c)

v(x+ d, z) = exp(iαd)v(x, z). (9d)

where

v(x, z) =

{
ℓ(x, z), LCP,

r(x, z), RCP,
ρ(x, z) =

{
1− k0χ

(v)(x, z), LCP,

1 + k0χ
(v)(x, z), RCP,

and

τ =

{
1
2 (ϕ+ iη0ψ), LCP,
1
2 (

iϕ
η0

+ ψ), RCP,
(10)

and
Sv := (0, d)× (−h, h), Γ±h := (0, d)× {z = ±h}.

5 A High–Order Perturbation of Envelopes Method

Following the lead of our previous work on the HOPE approach to the achiral
Helmholtz and Maxwell equations [47,52,51], we suppose that the chirality is
an (initially) small perturbation of a base value, χ̄,

χ(v)(x, z) = χ̄− δX(x, z),

which has a slightly different form than [47,52,51] in order to accommodate
the case that, perhaps, χ̄ = 0. This gives

ρ(x, z) = ρ0 + δρ1(x, z),

ρ0 =

{
1− k0χ̄, LCP,

1 + k0χ̄, RCP,
ρ1(x, z) =

{
k0X(x, z), LCP,

−k0X(x, z), RCP,

and, as above, −1 < χ̄k0 < 1, c.f. (2). With this (9) becomes

ρ0div [ρ0∇v(x, z)] + k20v(x, z) = F (x, z), in Sv, (11a)

− ∂zv − Tu[v] = τ, at Γh, (11b)

∂zv − Tw[v] = 0, at Γ−h, (11c)

v(x+ d, z) = exp(iαd)v(x, z), (11d)

where

F (x, z) = −δρ0div [ρ1(x, z)∇v(x, z)]− δρ1(x, z)div [ρ0∇v(x, z)]
− δ2ρ1(x, z)div [ρ1(x, z)∇v(x, z)] . (11e)
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We now expand

v(x, z; δ) =

∞∑
m=0

vm(x, z)δm, (12)

and insert this into (11) giving the recursive problems for vm(x, z) as

ρ0div [ρ0∇vm(x, z)] + k20vm(x, z) = Fm(x, z), in Sv, (13a)

− ∂zvm − Tu[vm] = δm,0τ, at Γh, (13b)

∂zvm − Tw[vm] = 0, at Γ−h, (13c)

vm(x+ d, z) = exp(iαd)vm(x, z), (13d)

where, δm,n is the Kronecker delta function, and

Fm(x, z) = −ρ0div [ρ1(x, z)∇vm−1(x, z)]− ρ1(x, z)div [ρ0∇vm−1(x, z)]

− ρ1(x, z)div [ρ1(x, z)∇vm−2(x, z)] . (13e)

We note that we can solve each of these at order zero with plane wave
solutions

v0(x, z) = A exp(iαx− iγ̄z), α2 + γ̄2 =
k20
ρ20
.

A helpful point of view of our HOPE scheme is that we seek higher order
corrections to these solutions

v(x, z) = v0(x, z) +

∞∑
m=1

vm(x, z)δm.

To specify more clearly the nature of our algorithm we must clarify the
form of the envelope, X(x, z). For the numerical experiments of § 9 we follow
the lead of our previous work [47] and choose one meant to emulate a solid
layer of chiral material. Consider the smooth bump function

Φa,b(z) :=
tanh(w(z − a))− tanh(w(z − b))

2
,

with sharpness parameter w, which is essentially unity on (a, b) while being
effectively zero outside. We desire a uniform chiral layer of thickness 2t and
chirality χ′ in an otherwise achiral material by choosing

χ̄ = 0, X(x, z) = χ′Φ−t,t(z), δ = −1. (14)

In Figure 1 we plot the resulting χ(v)(x, z) for d = 0.8, h = 0.95, t = 0.5,
χ′ = 0.01, and w = 100.
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Chirality function χ(x, z)
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Fig. 1: Plot of an example chirality function, χ(v)(x, z), approximating a chiral
slab of unit thickness.

6 Function Spaces

We now recall function spaces and theoretical results that are necessary for
our analysis, very much in the spirit of our previous work [47,52,51]. For any
real number s ≥ 0, we have the interfacial quasiperiodic L2 Sobolev norm

∥v∥2Hs :=

∞∑
p=−∞

⟨p⟩2s |v̂p|2 ,

where

⟨p⟩2 := 1 + |p|2 , v̂p :=
1

d

∫ d

0

v(x)e−iαpx dx.

From this we define the interfacial quasiperiodic Sobolev space [32]

Hs(Γ ) =
{
v(x) ∈ L2(Γ ) | ∥v∥Hs <∞

}
, Γ := (0, d).

In addition, we mention that the dual space of Hs, H−s, can be defined by
the norm above with a negative index. We also recall the space of s–times
continuously differentiable functions with Hölder norm

|g|Cs := max
0≤ℓ+r≤s

∣∣∂ℓx∂rzg(x, z)∣∣L∞ .

Finally, we define the volumetric laterally quasiperiodic Sobolev space as

Hs(Sv) =
{
u(x, z) ∈ L2(Sv) | ∥u∥Hs <∞

}
,

where

∥u∥2Hs :=

s∑
j=0

∞∑
p=−∞

⟨p⟩2(s−j)

∫ h

−h

∣∣∂jz ûp(z)∣∣2 dz.
We mention an important lemma [17,48] required for our later proofs.
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Lemma 61 Let s ≥ 0 be an integer and D be either Γ or Sv. If g ∈ Cs(D)
and w ∈ Hs(D) then gw ∈ Hs(D) and

∥gw∥Hs ≤ M̃(s,D) |g|Cs ∥w∥Hs ,

where M̃ is some positive constant.

For our results on joint analyticity we require a particular notion of analytic
function.

Definition 62 Given any integer ℓ ≥ 0, the functions f = f(x) and X =
X(x, z) are members of the spaces Cω

ℓ (Γ ) and C
ω
ℓ (Sv), respectively, if they are

real analytic and satisfy the estimates∣∣∣∣∂rxr! f
∣∣∣∣
Cℓ

≤ Cf
Ar

(r + 1)2
,

∣∣∣∣ ∂rx∂
t
z

(r + t)!
X

∣∣∣∣
Cℓ

≤ CX
Ar

(r + 1)2
Dt

(t+ 1)2
, ∀ r, t ≥ 0,

for some Cf , CX , A,D > 0.

Finally, we recall the following elementary result [49,47].

Lemma 63 Let s ≥ 0 be an integer, then there exists a constant S > 0 such
that

s∑
j=0

(s+ 1)2

(s− j + 1)2(j + 1)2
< S,

s∑
j=0

j∑
r=0

(s+ 1)2

(s− j + 1)2(j − r + 1)2(r + 1)2
< S2.

7 Analytic Continuation

As we will demonstrate shortly, in either left or right circular polarization,
the series (12) is strongly convergent in an appropriate function space. In
theory, this demands that δ ≪ 1, which suffices for small deviations of the
chirality from its background value, however, with a little more effort we can
demonstrate that the field v(x, z; δ) is, in fact, analytic for any real value of
the perturbation parameter δ. We follow our previous work [47,51] (inspired
by the proofs which can be found in [49,50]) and conclude from this result
that numerical analytic continuation algorithms, such as Padé approximation
[8], are fully justified.

To accomplish this proof, we consider the envelopeX(x, z) and an arbitrary
real δ̃ ∈ R, and show that v depends analytically upon δ̃. Considering our
current framework we set

X0(x, z) := δ̃0X(x, z), δ = δ̃ − δ̃0,

and seek analyticity about δ = 0 for

δ̃X(x, z) = (δ̃0 + δ)X(x, z) = X0(x, z) + δX(x, z),

see Figure 2. With this, we have
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Fig. 2: The domain of analyticity (gray) in the complex plane of the field, (12),
as a function of the perturbation parameter, δ. We demonstrate existence of
disks (blue) of analyticity around arbitrary values δ̃0 ∈ R (green) which fills
out the entire gray region.

ρ(x, z) = ρ0(x, z) + δρ1(x, z),

ρ0(x, z) =

{
1− k0χ̄+ k0X0(x, z),

1 + k0χ̄− k0X0(x, z),
ρ1(x, z) =

{
k0X(x, z), LCP,

−k0X(x, z), RCP,

so that (11) can be updated to

ρ0(x, z)div [ρ0(x, z)∇v(x, z)] + k20v(x, z) = F (x, z), in Sv, (15a)

− ∂zv − Tu[v] = τ, at Γh, (15b)

∂zv − Tw[v] = 0, at Γ−h, (15c)

v(x+ d, z) = exp(iαd)v(x, z). (15d)

where

F (x, z) = −δρ0(x, z)div [ρ1(x, z)∇v(x, z)]
− δρ1(x, z)div [ρ0(x, z)∇v(x, z)]
− δ2ρ1(x, z)div [ρ1(x, z)∇v(x, z)] . (15e)

As before, we expand

v(x, z;X0, δ) =

∞∑
m=0

vm(x, z;X0)δ
m, (16)

and insert this into (15) giving the recursive problems for vm(x, z;X0) as

ρ0(x, z)div [ρ0(x, z)∇vm(x, z)] + k20vm(x, z) = Fm(x, z), in Sv, (17a)

− ∂zvm − Tu[vm] = δm,0τ, at Γh, (17b)

∂zvm − Tw[vm] = 0, at Γ−h, (17c)

vm(x+ d, z) = exp(iαd)vm(x, z), (17d)
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where

Fm(x, z) = −ρ0(x, z)div [ρ1(x, z)∇vm−1(x, z)]

− ρ1(x, z)div [ρ0(x, z)∇vm−1(x, z)]

− ρ1(x, z)div [ρ1(x, z)∇vm−2(x, z)] . (17e)

As in [47] we require an elliptic estimate for our inductive proof which we
report here. As [9] states, the issue of uniqueness of solutions to the homoge-
neous Maxwell problem

ρ0(x, z)div [ρ0(x, z)∇V ] + k20V = 0, in Sv, (18a)

− ∂zV − Tu[V ] = 0, at Γh, (18b)

∂zV − Tw[V ] = 0, at Γ−h, (18c)

V (x+ d, z) = exp(iαd)V (x, z), (18d)

c.f. (17), which should have only the trivial solution V ≡ 0, is a difficult one and
certain frequencies ω will induce non–uniqueness in some configurations. For
better or worse, a precise characterization of the set of forbidden frequencies
is unknown and all that is clear is that it is countable and accumulates at
infinity [9]. To accommodate this state of affairs we define the set of permissible
configurations

P := {(ω, χ̄,X0) | V ≡ 0 is the unique solution of (18)} .

With this, we can now state the following fundamental elliptic regularity
result.

Theorem 71 Given any integer s ≥ 0, if (ω, χ̄,X0) ∈ P, ρ0 ∈ Cs+1(Sv),
F ∈ Hs(Sv), Q ∈ Hs+1/2(Γ ), and R ∈ Hs+1/2(Γ ), then there exists a unique
solution of

ρ0(x, z)div [ρ0(x, z)∇v] + k20v = F, in Sv,

− ∂zv − Tu[v] = Q at Γh,

∂zv − Tw[v] = R at Γ−h,

v(x+ d, z) = eiαdv(x, z),

satisfying

∥v∥Hs+2 ≤ Ce (∥F∥Hs + ∥Q∥Hs+1/2 + ∥R∥Hs+1/2) ,

where Ce > 0 is a constant.

Proof This result is very much in the spirit of Theorem 6.2 in [47], both of
which can be established using the methods found in [9].

We can now establish the recursive estimate required by our theory.
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Lemma 72 Given any integer s ≥ 0, if ρ0(x, z), ρ1(x, z) ∈ Cs+1(Sv) and

∥vm∥Hs+2 ≤ KBm, m < M,

then, for the functions Fm in (17e),

∥FM∥Hs ≤ KM̃2
{
2 |ρ0|Cs+1 |ρ1|Cs+1 B

M−1 + |ρ1|2Cs+1 B
M−2

}
.

Proof We begin our estimations with

∥FM∥Hs ≤ M̃ |ρ0|Cs ∥ρ1∇vM−1∥Hs+1 + M̃ |ρ1|Cs ∥ρ0∇vM−1∥Hs+1

+ M̃ |ρ1|Cs ∥ρ1∇vM−2∥Hs+1 .

Continuing

∥FM∥Hs ≤ M̃ |ρ0|Cs M̃ |ρ1|Cs+1 ∥vM−1∥Hs+2 + M̃ |ρ1|Cs M̃ |ρ0|Cs+1 ∥vM−1∥Hs+2

+ M̃ |ρ1|Cs M̃ |ρ1|Cs+1 ∥vM−2∥Hs+2 .

Finally, the inductive hypothesis yields

∥FM∥Hs ≤ 2M̃2 |ρ0|Cs+1 |ρ1|Cs+1 KB
M−1 + M̃2 |ρ1|2Cs+1 KB

M−2,

and we are done.

We can now prove our analytic continuation result.

Theorem 73 Given any integer s ≥ 0, if (ω, χ̄,X0) ∈ P, and ρ0(x, z), ρ1(x, z) ∈
Cs+1(Sv) then the series (16) converges strongly. More precisely,

∥vm∥Hs+2 ≤ KBm, ∀ m ≥ 0, (19)

for some constants K,B > 0.

Proof We prove the estimate (19) by induction. From the definitions of ϕ and
ψ it is clear that τ ∈ Hs+1/2 for any s ≥ 0. For m = 0 we invoke Theorem 71
with F ≡ 0, Q = τ , and R ≡ 0 and set K := ∥v0∥Hs+2 . We now assume that
(19) is true for all m < M and use Theorem 71 with Q ≡ R ≡ 0 to deduce
that

∥vM∥Hs+2 ≤ Ce ∥FM∥Hs .

From Lemma 72 we have that

∥vM∥Hs+2 ≤ CeKM̃
2
{
2 |ρ0|Cs+1 |ρ1|Cs+1 B

M−1 + |ρ1|2Cs+1 B
M−2

}
,

and we are done provided that

B ≥ max
{
4CeM̃

2 |ρ0|Cs+1 ,
√
2CeM̃

}
|ρ1|Cs+1 .

Remark 74 We point out that by setting X0 ≡ 0 we obtain the classical
analyticity result about δ̃ = 0.
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Remark 75 We observe that the choice of B determines the radius of con-
vergence of the series (16), for instance, if we choose Bδ ≤ 1/2 (implying
δ ≤ 1/(2B)) then we can guarantee, from (16), that ∥v∥Hs+2 < 2K. The
dependence of the crucial constant B upon Ce and |ρ0|Cs+1 , recalling

ρ0(x, z) =

{
1− k0χ̄+ k0X0(x, z), LCP,

1 + k0χ̄− k0X0(x, z), RCP,

is somewhat complicated, however, the role of M̃ |ρ1|Cs+1 , remembering

ρ1(x, z) =

{
k0X(x, z), LCP,

−k0X(x, z), RCP,

is clear: Linear dependence upon M̃ and |ρ1|Cs+1 = k0 |X(x, z)|Cs+1 .

8 Joint Analyticity

We conclude our theory with a joint analyticity result in the spirit of that
found in [47,52] which demonstrates the joint analyticity of v = v(x, z; δ)
with respect to x, z, and δ. We accomplish this by showing that the vm(x, z)
from (16) satisfy Definition 62 which is achieved by repeatedly differentiating
the problem (17) with respect to x and z.

This requires the generalization of our elliptic estimate, Theorem 71, to
the following result.

Theorem 81 Given any integer ℓ ≥ 1, if (ω, χ̄,X0) ∈ P, ρ0 ∈ Cω
ℓ (Sv), so

that ∣∣∣∣ ∂rx∂
t
z

(r + t)!
ρ0

∣∣∣∣
Cℓ

≤ Cρ
Ar

(r + 1)2
Dt

(t+ 1)2
, ∀ r, t ≥ 0,

and some Cρ, A,D > 0, and F ∈ Cω(Sv) satisfying∥∥∥∥ ∂rx∂
t
z

(r + t)!
F

∥∥∥∥
H0

≤ CF
Ar

(r + 1)2
Dt

(t+ 1)2
, ∀ r, t ≥ 0,

and some CF > 0, and Q ∈ Cω(Γh), R ∈ Cω(Γ−h) satisfying∥∥∥∥∂rxr! Q
∥∥∥∥
H1/2

≤ CQ
Ar

(r + 1)2
,

∥∥∥∥∂rxr! R
∥∥∥∥
H1/2

≤ CR
Ar

(r + 1)2
, ∀ r ≥ 0,

for some CQ, CR > 0, then there exists a unique solution V ∈ Cω(Sv) of

ρ0(x, z)div [ρ0(x, z)∇V ] + k20V = F, in Sv,

− ∂zV − Tu[V ] = Q at Γh,

∂zV − Tw[V ] = R at Γ−h,

V (x+ d, z) = eiαdV (x, z),
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satisfying ∥∥∥∥ ∂rx∂
t
z

(r + t)!
V

∥∥∥∥
H2

≤ Ce

Ar

(r + 1)2
Dt

(t+ 1)2
, ∀ r, t ≥ 0,

where

Ce := κ(h)(CF + CQ + CR),

for some constant κ(h) > 0.

Proof The proof of this theorem is similar to that of Theorem 7.2 found in
[47].

We now establish a requisite recursive estimate.

Lemma 82 Given any integer ℓ ≥ 1, if ρ0(x, z), ρ1(x, z) ∈ Cω
ℓ (Sv) so that∣∣∣∣ ∂rx∂

t
z

(r + t)!
ρ0

∣∣∣∣
Cℓ

≤ Cρ
Ar

(r + 1)2
Dt

(t+ 1)2
,

∣∣∣∣ ∂rx∂
t
z

(r + t)!
ρ1

∣∣∣∣
Cℓ

≤ Cρ
Ar

(r + 1)2
Dt

(t+ 1)2
,

for all r, t ≥ 0, for some Cρ, A,D > 0, and∥∥∥∥ ∂rx∂
t
z

(r + t)!
vm

∥∥∥∥
H2

≤ KBm Ar

(r + 1)2
Dt

(t+ 1)2
, ∀ m < M, ∀ r, t ≥ 0,

for some K,B > 0 then for the function FM in (17e),∥∥∥∥ ∂rx∂
t
z

(r + t)!
FM

∥∥∥∥
H0

≤ C̃KBM−1 Ar

(r + 1)2
Dt

(t+ 1)2
,

for some C̃ > 0.

Proof We recall that

FM = −ρ0div [ρ1∇vM−1]− ρ1div [ρ0∇vM−1]− ρ1div [ρ1∇vM−2] ,

and focus on the first term (as the others are similar),

F
(1)
M = −ρ0div [ρ1∇vM−1] ,

so that

∂rx∂
t
z

(r + t)!
F

(1)
M = − r!t!

(r + t)!

r∑
j=0

j∑
k=0

t∑
p=0

p∑
q=0

(
∂r−j
x

(r − j)!

∂t−p
z

(t− p)!
ρ0

)

× div

[(
∂j−k
x

(j − k)!

∂p−q
z

(p− q)!
ρ1

)
∇

{
∂kx
k!

∂qz
q!
vM−1

}]
.
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Now, using (r!t!) ≤ (r + t)!, we estimate

∥∥∥∥ ∂rx∂
t
z

(r + t)!
F

(1)
M

∥∥∥∥
H0

≤ r!t!

(r + t)!

r∑
j=0

j∑
k=0

t∑
p=0

p∑
q=0

M̃

∣∣∣∣ ∂r−j
x

(r − j)!

∂t−p
z

(t− p)!
ρ0

∣∣∣∣
C0

× M̃

∣∣∣∣ ∂j−k
x

(j − k)!

∂p−q
z

(p− q)!
ρ1

∣∣∣∣
C1

∥∥∥∥∂kxk! ∂qzq! vM−1

∥∥∥∥
H2

≤
r∑

j=0

j∑
k=0

t∑
p=0

p∑
q=0

M̃Cρ
Ar−j

(r − j + 1)2
Dt−p

(t− p+ 1)2

× M̃Cρ
Aj−k

(j − k + 1)2
Dp−q

(p− q + 1)2
KBM−1 Ak

(k + 1)2
Dq

(q + 1)2
.

Continuing∥∥∥∥ ∂rx∂
t
z

(r + t)!
F

(1)
M

∥∥∥∥
H0

≤ M̃2C2
ρKB

M−1 Ar

(r + 1)2
Dt

(t+ 1)2

×
r∑

j=0

j∑
k=0

(r + 1)2

(r − j + 1)2(j − k + 1)2(k + 1)2

×
t∑

p=0

p∑
q=0

(t+ 1)2

(t− p+ 1)2(p− q + 1)2(q + 1)2

≤ M̃2C2
ρKB

M−1 Ar

(r + 1)2
Dt

(t+ 1)2
S2S2,

and we are done provided that we choose

C̃ ≥ M̃2C2
ρS

4.

We are now ready to state and establish our joint analyticity result.

Theorem 83 Given any integer ℓ ≥ 1, if (ω, χ̄, ρ0) ∈ P, and ρ0(x, z), ρ1(x, z) ∈
Cω

ℓ (Sv) so that∣∣∣∣ ∂rx∂
t
z

(r + t)!
ρ0

∣∣∣∣
Cℓ

≤ Cρ
Ar

(r + 1)2
Dt

(t+ 1)2
,

∣∣∣∣ ∂rx∂
t
z

(r + t)!
ρ1

∣∣∣∣
Cℓ

≤ Cρ
Ar

(r + 1)2
Dt

(t+ 1)2
,

for all r, t ≥ 0, for some Cρ, A,D > 0, then the series (16) converges strongly.
More precisely, ∥∥∥∥ ∂rx∂

t
z

(r + t)!
vm

∥∥∥∥
H2

≤ KBm, ∀ m, r, t ≥ 0, (20)

for some constants K,B > 0.
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Proof As before, we prove the estimate (20) by induction. Once again, from
the definitions of ϕ and ψ it is clear that τ ∈ Cω

ℓ for some Cτ > 0. For m = 0
we invoke Theorem 81 with F ≡ 0, Q = τ , and R ≡ 0 to realize∥∥∥∥ ∂rx∂

t
z

(r + t)!
v0

∥∥∥∥
H2

≤ κ(h)Cτ
Ar

(r + 1)2
Dt

(t+ 1)2
, ∀ r, t ≥ 0,

and we set K := κ(h)Cτ . We now assume that (20) is true for all m < M and
use Lemma 82 to invoke Theorem 81 with

CF := C̃KBM−1, CQ = CR = 0.

Therefore we have∥∥∥∥ ∂rx∂
t
z

(r + t)!

∥∥∥∥
H2

≤ κ(h)C̃KBM−1 Ar

(r + 1)2
Dt

(t+ 1)2
, ∀ r, t ≥ 0.

We are finished provided that we choose

B > κ(h)C̃.

9 Numerical Results

At this point we discuss how a numerical implementation of the HOPE recur-
sions we have derived can be utilized to deliver highly accurate approximations
of scattering returns in a robust and reliable manner. We begin with a brief
description of our High–Order Spectral (HOS) approach, and then move to
comparisons of our approximations to both the exact solution of triply layered
media scattering and a smoothed version of this.

9.1 Implementation

The implementation we describe focuses on approximating the solution of
(13) in both LCP and RCP cases. Of course this cannot be achieved for all
0 ≤ m < ∞ and we naturally approximate solutions with the finite–order
truncation of (12),

vM (x, z; δ) :=

M∑
m=0

vm(x, z)δm, (21)

where the vm(x, z) approximately satisfy (13) for 0 ≤ m ≤ M . For this we
appeal to the highly accurate family of HOS methods [21,12,59], in particular,
a Fourier–Chebyshev approach. More specifically, we consider

vm(x, z) ≈ vNx,Nz
m (x, z) :=

Nx/2−1∑
p=−Nx/2

Nz∑
q=0

v̂m,p,qTq(z/h)e
iαpx,



22 David P. Nicholls, Liet Vo

where Tq is the q–th Chebyshev polynomial. To prescribe the Fourier–Chebyshev
coefficients, {v̂m,p,q}, we follow the collocation philosophy by demanding that
(13) be true at the gridpoints

{xj = j(d/Nx) | 0 ≤ j ≤ Nx − 1}, {zr = h cos(πr/Nz) | 0 ≤ r ≤ Nz}.

These constraints generate a sequence of linear systems of equations (at each
wavenumber p and order m) which can be rapidly formed via the fast Fourier
and Chebyshev transforms [21,12,59], and quickly solved using Gaussian elim-
ination [47].

As with all HOPE algorithms, careful thought is required for the summa-
tion which appears in (21). For instance, one must form the sum

SM (δ) = SM
p,q(δ) :=

M∑
m=0

v̂m,p,qδ
m,

which approximates the infinite Taylor sum

S(δ) =

∞∑
m=0

v̂m,p,qδ
m.

As justified by Theorem 73, this Taylor sum, S(δ), will converge for all δ in
a (perhaps small) neighborhood of the origin in the complex plane. However,
Theorem 73 also concludes that the domain of analyticity of S(δ) includes a
(perhaps smaller) neighborhood of the entire real axis. A fast and robust algo-
rithm for accessing this region of extended analyticity is Padé approximation
[8] which we have used with great success in the past [49,47,52,51]. The Padé
approximant of SM (δ) is the rational function

[P/Q](δ) :=
aP (δ)

bQ(δ)
=

∑P
p=0 apδ

p∑Q
q=0 bqδ

q
,

where

[P/Q](δ) = SM (δ) +O(δP+Q+1).

Well–known formulas exist for the recovery of these {ap, bq} [8] and the result-
ing approximants often deliver remarkably accurate approximations of S(δ),
even well outside of the disk of convergence of the original Taylor series (see,
e.g., Chapter 8 of [10]).

9.2 Scattering by Triply Layered Media

In order to demonstrate the utility of our numerical implementation of the
HOPE recursions, we consider a specific problem featuring an exact solution:
Scattering of plane electromagnetic radiation by a layered medium featuring
achiral and chiral materials with flat interfaces. In more detail, we consider
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a material with constant permittivity, ϵ0, and permeability, µ0, and layered
chirality

χ = χ(z) =


0, t < z < h,

χ′, −t < z < t,

0, −h < z < −t,
(22)

for 0 < t < h, with incident radiation τ , (10). It is not difficult to show that
the solution of this problem is

v(x, z) =


R exp(iαx+ iγz), t < z < h,

U exp(iαx+ iγ′z) +D exp(iαx− iγ′z), −t < z < t,

T exp(iαx− iγz), −h < z < −t,
(23)

where

α2 + γ2 = k20, α2 + (γ′)2 =

{
k20/(1− k0χ

′)2, LCP,

k20/(1 + k0χ
′)2, RCP,

and jump conditions at the interfaces deliver a linear system of four equa-
tions for the four unknowns, {R,U,D, T} [67]. These can be readily solved by
Gaussian elimination, and we use these as a convenient exact solution against
which to test our implementation.

Our theorems in their current form do not permit such an irregular chirality
function (merely L∞), but, while such a theory could perhaps be discovered,
the resulting numerics would certainly be of very low quality. To avoid this
in our numerics we approximate the layered chirality (22) by the smoothed
one defined in (14) (see Figure 1) with the choice w = 100. With this in hand
we can be more precise about our experiments: We selected the following
particular geometric constants

d = 0.8, h = 0.95, t = 0.5,

and electromagnetic constants

λ = 0.7, θ = 30◦.

Akin to [47] we chose two configurations: (i.) small (χ′ = 0.01) and (ii.) large
(χ′ = 0.04) deviations from the zero background chirality. For the small devi-
ation we chose

16 ≤ Nx ≤ 32, 2 ≤M ≤ 16,

and for the large perturbation case

16 ≤ Nx ≤ 64, 2 ≤M ≤ 32,

where Nz = Nx. We measured errors in the L∞ norm as

Error = ErrorNx,Nz,M :=
∣∣vNx,Nz,M − vExact

∣∣
L∞ .
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9.3 Convergence

We now present the results of our numerical experiments comparing numerical
solution of the HOPE recursions versus the flat–interface exact solution. We
begin with the small deviation case where χ′ = 0.01 and show the convergence
of our scheme as Nx = Nz (Figures 3 and 4) and M (Figures 5 and 6) are
refined. In a manner similar to our previous work [47], the results are satis-
fying in that the error appears to decay as the appropriate parameters are
increased, however, they are also disappointing as the spectral nature of our
HOPE method with respect to both the spatial (x and z) and deformation
(δ) parameters would suggest an exponential rate of convergence [21,12,59].
However, this mystery is quickly resolved by noting that solutions in both LCP
and RCP will be merely H1 in the case where χ(v) ∈ L∞. In the next section
we return to this issue.
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Fig. 3: Error versus Nx for χ′ = 0.01 compared with the exact solution: LCP.

We repeated the above experiments in the case of a large deviation χ′ =
0.04 and report the results of this in Figures 7, 8, 9, and 10 for Nx = Nz

andM refinement, respectively. Here we notice a new phenomena: Substantial
divergence of behavior based upon summation method. More specifically, while
Padé summation delivers reasonable (though not outstanding) results, Taylor
summation produces completely unreliable answers. The reason for this is that
for this choice of χ′, the value δ = −1 is outside the disk of convergence of our
solution (12) and only with numerical analytic continuation can we recover
useful answers. However, even in the Padé case, we are disappointed with
the rate of refinement which, as before, is readily explained by the lack of
smoothness in the underlying exact solution.
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Fig. 4: Error versus Nx for χ′ = 0.01 compared with the exact solution: RCP.
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Fig. 5: Error versus M for χ′ = 0.01 compared with the exact solution: LCP.

9.4 Convergence to a Smoothed Solution

As we mentioned above, our results thus far have been somewhat disappointing
in light of the spectral rate of convergence we were anticipating. To address this
concern we repeated these experiments where the exact solution is replaced
by a “smoothed” one. For this we took advantage of the fact that if ρ is
independent of x then the solution of (9) can be expanded in a (generalized)
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Fig. 6: Error versus M for χ′ = 0.01 compared with the exact solution: RCP.
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Fig. 7: Error versus Nx for χ′ = 0.04 compared with the exact solution: LCP.

Fourier series as

v(x, z) =

∞∑
p=−∞

v̂p(z)e
iαpx,
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Fig. 8: Error versus Nx for χ′ = 0.04 compared with the exact solution: RCP.
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Fig. 9: Error versus M for χ′ = 0.04 compared with the exact solution: LCP.

where the resulting v̂p(z) satisfy

ρ(z)∂z [ρ(z)∂z v̂p(z)] + (k20 − ρ(z)2α2
p)v̂p(z) = 0, − h < z < h, (24a)

− ∂z v̂p − (−iγ(u)p )v̂p = τ̂p, z = h, (24b)

∂z v̂p − (−iγ(w)
p )v̂p = 0, z = −h, (24c)
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Fig. 10: Error versus M for χ′ = 0.04 compared with the exact solution: RCP.

and

τ̂p =
1

d

∫ d

0

τ(x)e−iαpx dx,

is the p–th Fourier coefficient of τ(x) [67]. If ρ(z) is piecewise constant then one
can express the solution in each homogeneous layer as upward– and downward–
propagating modes, c.f. (23), and jump conditions at the interfaces give rise
to the readily solved Fresnel equations. To avoid the low regularity of the
resulting solutions, we followed our HOPE approach and approximated the
piecewise constant chirality by the smoothed form (14). While this yields a
much smoother approximate solution, one must utilize a numerical algorithm
to solve (24). For this we selected the Chebyshev method [21,12,59] using the
same number of Chebyshev coefficients, specified by Nz, as the relevant HOPE
simulation.

We revisited our earlier simulations and report in Figures 11, 12, 13, and
14 results of Nx = Nz and M refinement, respectively, in the small deviation
case χ′ = 0.01. Now we notice on these log–linear plots the exponential rates
of convergence we were hoping to observe. We also notice an enhanced rate
of convergence with Padé approximation, even within the disk of convergence
which has been observed in the past.

We close with the large deviation case, χ′ = 0.04, and plot the outcomes
of our simulations in Figures 15, 16, 17, and 18 for increasing Nx = Nz and
M , respectively. As χ′ = 0.04 pushes the value δ = −1 outside the disk of
analyticity of (12) we cannot expect reliable results from Taylor summation
(which we observe), however, Padé summation delivers highly resolved answers
in a rapid and robust fashion.
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Fig. 11: Error versus Nx for χ′ = 0.01 compared with the smoothed exact
solution: LCP.
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Fig. 12: Error versus Nx for χ′ = 0.01 compared with the smoothed exact
solution: RCP.

10 Conclusion

In this work we have considered the interaction of electromagnetic waves with
a periodic chiral structure. We focused on the special case of a uniform per-
meability/permeability, y–invariant structure with incident radiation aligned
with this axis. In this case the governing equations can be decoupled into Left–
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Fig. 13: Error versus M for χ′ = 0.01 compared with the smoothed exact
solution: LCP.
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Fig. 14: Error versus M for χ′ = 0.01 compared with the smoothed exact
solution: RCP.

and Right–Circular polarizations (LCP/RCP) for scalar fields, and we have
proposed a High–Order Perturbation of Envelopes (HOPE) approach for their
solution. We established two novel results: First, that these LCP/RCP fields
are not only analytic in small envelope deformation, but also have a domain
of analyticity which includes the entire real axis. Additionally, we showed that
the fields depend jointly analytically upon the deviation parameters and the
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Fig. 15: Error versus Nx for χ′ = 0.04 compared with the smoothed exact
solution: LCP.

20 25 30 35 40 45 50 55 60

Nx

10
-15

10
-10

10
-5

10
0

10
5

E
rr
o
r

Error versus Nx

Taylor

Pade

Fig. 16: Error versus Nx for χ′ = 0.04 compared with the smoothed exact
solution: RCP.

spatial variables. Beyond this we demonstrated how a numerical implementa-
tion of this HOPE algorithm can be used to approximate solutions in a rapid,
robust, and reliable manner.
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Fig. 17: Error versus M for χ′ = 0.04 compared with the smoothed exact
solution: LCP.
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Fig. 18: Error versus M for χ′ = 0.04 compared with the smoothed exact
solution: RCP.
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trennung von thalidomid und teratogene wirkung der enantiomere [chromatographic
separation of racemic thalidomide and teratogenic activity of its enantiomers (author’s
transl)]. Arzneimittelforschung 29(10), 1640–2 (1979)

12. Boyd, J.P.: Chebyshev and Fourier spectral methods, second edn. Dover Publications
Inc., Mineola, NY (2001)

13. Busch, K., König, M., Niegemann, J.: Discontinuous Galerkin methods in nanophoton-
ics. Laser & Photonics Reviews 5(6), 773–809 (2011)

14. Cossy, J. (ed.): Comprehensive Chirality (Second Edition), second edn. Academic Press,
Oxford (2024)

15. Draine, B.T., Flatau, P.J.: Discrete-dipole approximation for scattering calculations. J.
Opt. Soc. Am. A 11(4), 1491–1499 (1994)

16. Enoch, S., Bonod, N.: Plasmonics: From Basics to Advanced Topics. Springer Series in
Optical Sciences. Springer, New York (2012)

17. Evans, L.C.: Partial differential equations, second edn. American Mathematical Society,
Providence, RI (2010)



34 David P. Nicholls, Liet Vo

18. Feng, L., Wang, H., Zhang, L.: The forward and inverse problems for the scattering
of obliquely incident electromagnetic waves in a chiral medium. Journal of Differential
Equations 284, 102–125 (2021)

19. Gallinet, B., Butet, J., Martin, O.J.F.: Numerical methods for nanophotonics: Standard
problems and future challenges. Laser and Photonics Reviews 9, 577–603 (2015)

20. Gerlach, T.: The two-dimensional electromagnetic inverse scattering problem for chiral
media. Inverse Problems 15(6), 1663–1675 (1999)

21. Gottlieb, D., Orszag, S.A.: Numerical analysis of spectral methods: theory and ap-
plications. Society for Industrial and Applied Mathematics, Philadelphia, Pa. (1977).
CBMS-NSF Regional Conference Series in Applied Mathematics, No. 26

22. Grogan DP, W.N.: Thalidomide. StatPearls Publishing, Treasure Island, FL (2023)
23. Guo, J., Wang, H.: On the direct and inverse electromagnetic scattering by chiral media.

Journal of Differential Equations 317, 495–523 (2022)
24. Homola, J.: Surface plasmon resonance sensors for detection of chemical and biological

species. Chemical Reviews 108(2), 462–493 (2008)
25. Jackson, J.D.: Classical electrodynamics, second edn. John Wiley & Sons Inc., New

York (1975)
26. Jeong, H.H., Mark, A.G., Alarcón-Correa, M., Kim, I., Oswald, P., Lee, T.C., Fischer,

P.: Dispersion and shape engineered plasmonic nanosensors. Nature Communications
7(1), 11331 (2016). DOI 10.1038/ncomms11331

27. Jin, J.: The finite element method in electromagnetics, second edn. Wiley-Interscience
[John Wiley & Sons], New York (2002)

28. Johnson, S.G., Joannopoulos, J.D.: Block-iterative frequency-domain methods for
Maxwell’s equations in a planewave basis. Opt. Express 8(3), 173–190 (2001)

29. Khaliq, H.S., Nauman, A., Lee, J.W., Kim, H.R.: Recent progress on plasmonic and
dielectric chiral metasurfaces: Fundamentals, design strategies, and implementation.
Advanced Optical Materials 11(16), 2300644 (2023)

30. Kim, H., Park, J., Lee, B.: Fourier modal method and its applications in computational
nanophotonics. CRC Press, Boca Raton, FL (2012)

31. Kim, R.M., Huh, J.H., Yoo, S., Kim, T.G., Kim, C., Kim, H., Han, J.H., Cho,
N.H., Lim, Y.C., Im, S.W., Im, E., Jeong, J.R., Lee, M.H., Yoon, T.Y., Lee, H.Y.,
Park, Q.H., Lee, S., Nam, K.T.: Enantioselective sensing by collective circular dichro-
ism. Nature 612(7940), 470–476 (2022). DOI 10.1038/s41586-022-05353-1. URL
https://doi.org/10.1038/s41586-022-05353-1

32. Kress, R.: Linear integral equations, third edn. Springer-Verlag, New York (2014)
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