SUPPLEMENTARY MATERIAL

A HIGH-ORDER PERTURBATION OF ENVELOPES (HOPE)
METHOD FOR VECTOR ELECTROMAGNETIC SCATTERING BY
PERIODIC INHOMOGENEOUS MEDIA: JOINT ANALYTICITY *

DAVID P. NICHOLLS T AND LIET VO #

Appendix A. Proof of the Elliptic Estimate.

In this appendix we provide the proof of the elliptic estimate which has been so
crucial to all of our developments. We restate it here for convenience.

THEOREM A.l. Given any integer s > 0, if (w,€) € P, F € H*(S,), div [F] €
H*t(S,), Q € H*TY2(T), and R € H*Y/2(T), then there exists a unique solution

(A.la) Lov =F, in Sy,
(A.1b) —0v—T,[v]=@Q at T'p,
(A.1lc) 0,v—Tylv] =R atT'_p,
(A.1d) V(x4 dy,y + dy, 2) = =T By (g g 2),

satisfying

(A.2) [0l gove < Ce (1Fl g + 1AV [Flll gor + QU provare + [ Rl grovrr2)

where C, > 0 is a constant.

We will focus on establishing this result in the case s = 0 as the case s > 0 follows
in analogous fashion. To begin, we recall that if the functions v, F, @, R from the
theorem satisfy quasiperiodic boundary conditions, then they can each be expanded
in (generalized) Fourier series, e.g.,

| 07 4(2)
(A3 am= 33 e 6,0 = ()
p=—00 q=—00 ﬁf) (Z)

In terms of these expansions we have the following restatement of the governing
equations (A.1).

LEMMA A.2. Let v be the solution of (A.1). Under the assumptions of The-
orem A.1, by, and 9 . satisfy the following systems of two point boundary value
problems

(A.da) o20% + (71(76()1) p,q = Hpq(2 ) —h<z<h,
(A.4Db) 0,0y, q(h) — z'yp q p q(h) i
(A.4c) 0,0, ,(=h) + z'yp Oy 4(=h) = R; o
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and
(A.5a) 026Y . + (7" g> = Lpq(z ) ~h<z<h,
(A.5D) 0,0y ,(h) — nypq (h) pq,
(A.5¢) 0,0y (=h) + Z'yp )5 s (=h)=RY
where
e k3 — a2 — B2, o2 + B2 < €kg,
e a2+ B2 — &2 =7y, o+ B2 > ek,
and
) VR — a2 — 52, ap + By < e™kg,
. iJoR+ B — emkd = i3, a2+ B2 > ™,
for m € {u,v}, and ﬁp’q,'?l(,?;) €R*, and
2 2
(0% ﬂ OZ — kOE A 100 .
(A.6a) H,q.(z) = ]:;2} F” R F, p(’? qu,
2 2
_ B pa ﬁ — ko€, Zﬂp,q z
(A.6b) Ly q(2):= kQ’ F R F, - peE 0, F
Furthermore, we can compute vy , from these as
1 . i i8
(A7) bpg =~ 5 P gp 2 Up,q eq = Up.q
(15)? (5:0)? (5:0)?
Proof. We begin with the observation that
curl [curl [v]] = —Av + Vdiv [v],
so that
Lo[v] = —Av + Vdiv [v] — ki€
Next we apply Lo to the expansion (A.3),
Do D0 Lolbpg()etr o),
pP=—00 q=—00
which requires
_Aﬁg;yqeiapiﬂﬂ-i/ﬁqy — {(0[}27 + 52)@;];,q _ afﬁi,q} eiapw-‘riﬂqy’ j € {z,y, 2},
and
div [bp, g€’ r* T PaY] = {(ioy, )07 | + (iBg)DY , + 007, } e*¥r™HiFay,
and

Opdiv [Op e’ r™tPav] = { a7

¢ — QpBg0y  + (iap) 0,0

~z } eiapz-‘ri,(i’qy
p,q ’
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9ydiv [@P,qempmﬂﬁqy] { apfgly 4 — qvgq (iBq)0:05 4 }empzﬂﬂqya
0.div [ip, g€’ ™ PaY] = {(i0,)0.0% , + (iB4)0:0Y , + 0207, } e’ ™ TiPay.

From these (A.la) demands that

(A.8a) — Byl + Brig . — O20% | + (i) 0,07, — kjeos , = FF
(A.8b) — B2, + a2y, — 0208, + (iBg)0: 07, — kgevy , = FY,
(A.8c) — (W05 o+ (i) 0:05 , + (iB)0.04 , = F7 .

If we now multiply (A.8a) by 8, and (A.8b) by «,, and subtract them we obtain
~Ba(0205, 4 + (U 05.0) + 0 (020 + ()*0,) = Balyyy — ap Y,

Furthermore, dividing (A.8c) by ( ) and then differentiating the result with respect
to z, we obtain

1 . AL
005 = o ((i0p)0205 , + (18,020, — 0-F5, )
(p.0)
Substituting this into (A.8b) we obtain
O‘pﬂq(af qu (’7;5) 1)1) p q) (a]%*kg )(agvgq+(7( ))2ﬁ1y),q) = 7(25(1)82FZ (7;5)61)1) ,q'
If we denote
_agA;q (’Y;(a ¢)1) ;aj(p _agvgq+ (7;()62]) U2na

then we find a system of equations for U and W

—B,U + o, W = ﬂq apr o

apBU — (02 — KRO)W = —<wq>8zF;,q — (D Ly

Solving this system gives us

ﬁ a2 - k%g A ZO( .

U= 152_‘1 F’Z’/’q WFWJ k2€8 Fp,q Hp,q(z)a
apBy pe | B7 — ke i3 ;

W= ]:(2); pa qk?Fll’lq k2€a F = Lpq(2).

The proof is complete. O

LEMMA A.3. The unique solutions vy , and vy . of (A.8a) and (A.8b) are

02 (2) = Q% bn(21p,q) — RE b_n(2:p, Q)% — In[Hy 4](2) — I-n[Hp 4] (2),

D
o 2~
Up, q( z) = Q ¢h(25p7 q) — Rg,q ~n(z:p,9) ’YDP#I - Ih[Lp,q](Z) - I—h[Lp,q](Z)a
where

~ = (w) - ~(w)
+ 2 Y k) B ) —~
¢h(z;p7 q) = <W> e’Yp,q(Z-‘rh) + (W) e ’Yp,q(z+h)7
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5 = (w) - ~(u)
_ o i o
d_n(zip,q) = | 22— 0P9 ) ovoale=h) 4 [ T2a TIPG ) =y q(z=h)
2Yp.q 2Yp.q

h
In[C](2) ¢=/ On (250, @) 0—n(s;0,q)C(s) ds,

aldle) = [ Zh 61 (210, 0)n(5: Py Q)C(s) ds,

5 () u

D= (Yp.a +750) g + 7)€" = (p.a = 350) (p.a = Fie e 727"

With this we are ready to give the proof of Theorem A.1. As stated above, we
provide a detailed proof for the estimate (A.2) in the case when s = 0.
Proof. [Theorem A.1] To start we recall that

=5 S () /h opa () dz + ((p, 0))? /h 100022 d2
H Y h p,q Y h zZ¥p,q

P=—00 q=—00 -
h 2
—I—/ ‘afﬁp)q(z)’ dz).
—h

We point out that, since € € R, the indices in the double sum on (p,q) can be
divided into two sets: The propagating modes which are defined by

P:={(p,q) € Z* | af, +Bq2 <ekg},
and the evanescent modes specified by
E:={(p.q) € Z° | af,—kﬁg > ek} .

The former is of finite size and gives complex 7p 4 = 'y](,f_; /i, while the latter is un-

bounded and features ¥, , = 7,(,2 /i real and positive. From Lemma A.3 we observe
that {0, 4(2), 0.0, 4(2), 020, 4(2)} are all bounded on —h < z < h so that there exists
a constant Ky > 0 such that, among the propagating modes,

2 A
050

max {H@p,qnp N020pqll 12 5 p,qHLz} <Ko, Y (pq) € P.

As there are only a finite number of these, we can estimate all of them uniformly by

o

For this reason we restrict our subsequent developments to the evanescent modes
(where the 9, 4 are real and positive) which requires a careful asymptotic study as

|(p, q)| grows.
We begin by estimating o, ,. If we denote

Qp,q

)

’ ‘Rp’q

max_ { Hp,q‘ Lp,q‘

P L2’
(p,q)€

(u)

Up,q = Vp,q + 77;(;,1:1)7 bp,g = VYp.qa — '7;(11,1:1)7 Cp,q = Vp,qg — ’71(7?(1)7 dp,g =Vpq + 'thtqa

then,

a - b 5 (s
on(z5p,) = 2T 1 B g spen,
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_ d )
¢-n(z;p,q) = ;_ﬂe%vq(z_h) + Q_ﬂe—w,q(Z—h)7
Tp.a Tp.a

_ Wp.ah —29, 4k
D = apqdy qe bp,qCp,q€ )

and o5 ,(2) oo S;(z), where

j=1
An @ =~ A b -
$1(2) = = Qg gt CH, - Sy(2) = —Q e Tl
. ) . d )
$3(2) = g, 84(2) = R e,
P.g P.g
h
Ss(2) = _9.q%.q eTra(z+s) [ (s) ds,
2%p,gD J i P
h
S@(Z) _ _b;lhqdpﬂl e*f’yp,q(zqts)H (S) ds,
2Yp,gD J P
h
S7(2) = _a%qdznq opa(z=s+2h) f (s) ds
2;yp,qD . p.q )
b ,46p, ® 5 z—s—2h
Ss(z) = —% » real 2 )HM(S) ds,
bp,aCp.q " —p. a(z—s+2h)
S == 5 ) Hyq(s) ds,
d .
Sinfz) = — gt [ T H o (5) ds,
pa -

To estimate H@;QH - one must address each of these ten terms individually and use

10
0r ol <D Ty Ty= IS e -

Jj=1

(A.9)

For brevity we provide details on two of these, T7 and T5. For the former we begin

1/2
~ a 2 h _
7, < Qg ([ [ et a:
—h
- 1/2
—|@; ’mze%“l
p,q D 2'7p,q

e
V 2"71),(1 |dP7Q|

(64ip,qh _ 1)1/2

e2Vp.ah — bp.qCp.q e—2%p,qh

ap,qdp.q
Since
) (e4fyp,qh _ 1)1/2 ) (1 _ e—4ffyp,qh)1/2
im = lim =1,
[(p,q)| =00 ‘GQﬁp,qh _ bpapa e—27p.qh [(p,q)|—=o0 ‘1 _ bpacpa e—4p.qh
ap,qdp.q ap,qdp,q

there exists a constant C > 0 such that

(64fyp,qh _ 1)1/2

2

- . - <C V(pq) €Z,

‘eQ'yp,qh — 2p.9%.a =27 qh
ap,qdp,q
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therefore,

@,
V 2/7177‘1 |dp7q| .

For the latter, by using Holder’s inequality, we obtain
h| ph
Qp oC -
Ty = 1174 P59 / / e'yp,q(z+s)H , (S) ds

2%p,q D —h|J=h P
Qp,qCp,q g " 25, 4 (z+5) " 2 v
] X1 alZT8) g / |Hp,q(s)|” ds | dz
2%p,qD /—h [h —h P

_ _ 1/2
Up,qCp,q h 627qu(z+h) — 62'71),(1(27}7') /
=525 dz | [[Hpgllpe

n<C

1/2

dz

IN

2;7p7qD —h 2’7p,q
_ | %p.apa el 4 o=4Vp.ah _ 9 1/2 IH, |
2’7p,qD 4,712)’11 P,qll[2
— (eViral 4 e=Mmah — )12 e, | | Hpgll 2
62'7p,qh _ bpapag 6_2’7%(1’7‘ 4’7% q |dP,Q|
ap,qdp.q ’
1+ e 8l — 2674%"1’1)1/2 |cp,ql ||Hp,q||L2 HHp,q”m
- 4l <o pare
1-— bpapa e—4p.qh 4r}/p,q |dP7Q| 4r}/p,q |dP7Q|
ap,qdp,q
where the last inequality was obtained by using the fact that
1 —8Yp.qh _ 9—4Vp.qh 1/2
m  Ate c IS
|(p,q)| =00 1 — bpualpg o—4%, 4h

ap,qdp,q

Substituting the estimates of T1,. .., T into (A.9) we obtain

(A.11)

; R; |Hpalle
" p.q p,q s 2 p,q||L2
(A.10) b <C— +C— + OB L 02
p’qu Vrq ldp.q] Vpq [ap,ql Y2 4 1dp,ql Y24
AfL’ Ax
<C P.4q +C vaq ||Hp,q||L2
T VA ldpdl Vg ap.q] '712)41
Similarly, we obtain
Yy ‘Ry I

— +C— + -
VA ldp.gl Vpa lap.q] ’Yg,q

Next, we estimate 07 , and from (A.7) we obtain

oF :iﬁ*z _ Mg 4 _ﬁaﬁy
Pa T 52 Tpa T 32 UETpa T mp T
p,q p,q p,q
1 -, 10

AT DT 2/7 5
— z2 “pa 72 |7 p,qazcz)h - Rp,qazqs—h 5 L= 0.1, [Hp,q) — 0:1-p[Hp,q]
Tp.q Tp.q
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) A .
- % —Qp 4000 — Ry ,0:0— h — 0:-In[Lpq] — az[h[Lp-,q}]
D,q
Zaz(bh 2262(15 h > »
:7}72 Qr, +BQ ———— (apRy , + B,RY,
qu pﬂ(p a ) Ap.qD (ppq qpq)
Xe 26
== (8 Ih[ pq] + 0.1 [ p,q]) = ((9 Ih[ pq} + azlfh[Lp,q])'
qu o
Therefore,
N , 1/2 )
S VR e A +Z
—h ’qu
where

ap QL , + B,QY h 12
I = ‘ Pe pq’ / 0.6n% dz |,
—h

2
Tp.a

aPRZ gt ﬁq}?g,q

) h , 1/2
I = — / D.0_nl° dz ,
Sl ( 28l

1/2
I3:Z|—a2p|</ |0:1n [Hp,q] + 011 [Hp ”2 dz) )
Tp.q

1Bl [ (" -
Iy = % </ |02 1n[Lyp,q] + 8zI—h[Lp,q]|2 dZ)
Yp,q —h

All four of these I; must be estimated, but we focus on I; and I3 to streamline our
presentation. To start,

_ b A i
8.6n(2:p, q) = awgp,q eTra(z+h) _ 2p.apag e~ TralzHh)

so, by the Holder Inequality, we have, cancelling a factor of 4, 4,

bog
D

I (z+h) ’

Hejy(zm)‘

I; <
L2

’o‘PQ;q + 54@1%«1‘ (‘ am‘ H
ﬁp,q D

-)

The discrete Cauchy—Schwartz inequality tells us that

‘O&pQ;q + /6ng7(1 - 1/0412) + 53 ‘Qp,q’ -0
’S/p’q N ’Vp,q N

where the final inequality comes from

\J i+ B2

[(p,q)|—00 Vp,q

64’7p,qh_1 1/2
— ) +
( 2.4 )

p,qi»

So, we continue,

bp;q

D

Qp,q

D

Il S C ‘Qp,q

{

1— 6—4’717,(1 1/2
(57)



8 DAVID P. NICHOLLS AND LIET VO

— _4’7P,qh 1/2
<C 1 (1—e )

> /2'7]0#1 |dp7q| ‘1 _ Zp,qZP,q e—4p,qh

P,q7P,q

|bp.4] (1— e Mmah)l/2
+ - ‘

25 ) -
|ap,qdp,q| €779 |1 _ braCpg o—a5, 4h

ap,qdp,q

Since

1 — e—4p.gh)1/2

lim ,
[(p,q)|—00 ‘1 bp.aCp.q o—45, 4k
ap,qdp,q

’ ‘

<C—m—.
V2p.q |dp,ql

we have that

Continuing, we have

0.1 [H, o) (=) = 0.0 (2 / b 1(5)Hy g(s) ds — Sn(2)6_n(2) Hpg(2),
BT n[Hyq)(2) = 026 1(2) / 9n(5) () ds -+ (20 () Hy (2)

so that

(A12)  O.In[Hp,q)(2) + 01 _p[Hp g](2)

/ 0.6(2)6_n(5) Hy gs) ds + / 01 (2)6(5) Hygs) ds
h

_ Qp,q%pq Fp.q(z+s) qa4p,q
= era H,, ()ds+7
o 2D

5D e a2 (5) ds

z z

bp,aCp.q " Yp.q(s—2z—2h) bp,qlp.q " —Ap.q(245)
~ =% e H,,(s) ds — oD e " H,,(s) ds

Qp,qCp, * z+s b : - s—z+2h
+% 7he%’q( +9) B b als) ds + p2quq 7he Vp.q(s—2+2 )Hpﬂ(s) ds
a,d, 7 s—z+2h b’d’ Z_7 ZTS
_ % 5 oTpals—z+ )Hp,q(S) ds — % B e~ Tp.a(z+ )prq(s) ds
n h
A C _ ot b R d R —5 z+s
_ % » eTp.a(z+ )Hp,q(s) ds — % 7he Yp.q(z+ )prq(s) ds
h z
+ m e—f’yp)q(s—z—2h)H ( ) ds + bp#] p,q e—ﬁp,q(s_z+2h)H (S) ds
o | v oD ), P.q
b aCp. h B s—z_9h Qp, d , z s—z+2h
_ % Z =22 g (s) ds — % B eTralsm= T2 (s) ds.
From this we see that the estimates of T5, ..., Tio can be used to estimate /3. In fact,

by using the triangle inequality, we obtain

N 1/2
13::5.;pl</ 0. In[Hypq] + 01 n[Hp ]|2dz>

Tp.a —h
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Q.
<l (Ts + Ts + Ty + T + To + Tio) < o1 pall 2 q””,
Tp.q Voa
where
Ll
[(p,q)| =00 Vp,q

was used to obtain the last inequality above. From all of this we find

(A.13) < |85, + ¢ % e vl
| Toa P =T Apgldpal 7 VApalapa
L
v Ml | onalle
Tp.a Tp.a
From the estimates (A.10), (A.11), and (A.13) we find
L2
”Up,q”Lz =
L2
2 2 z
]%J L] +CCWMUHJ%MB>+WML2
3 ~4 ~4 4
Vg Vr.a Tp.q Tp.q Tp.q

In addition, from (A.6a) and (A.Gb), we have

Hyq4(2) = k2 (Zap x,q + wqﬁ;?,q + 8213‘;, ) - Fz?tﬁ
B _iﬁ fe e Al oz Y
Lpq(2) = k2 (Zap pa T Z5L1Fp,q + aZFp, ) = Fp q
so that
2 2
2 @p.q Ry q |Olp|2 S o, .
ltpall2e <€ | 5 +C:fk%&@ﬂm&g+@%q
Tp.q Tp.q Tpq
xr
+C‘Fp7q +‘ p.q L2+’ p.q
Vo.q

Therefore, we obtain

Z Z (p,q)* )" |op, q||L2 <C <||QH1/2 + ||R||H1/2 + Z Z (p,q

p=—00gq=—00 p=—00 g=—00

00 [ R . N 2
(A.14) + Y > <(p,q)>2HiOépFiqﬂﬁqFKﬁazFiq L2>'

p=—00 g=—00

o],

qu

Next, we estimate

o0 o0

Z Z ((p,0))? 102 ”pq||L2~

Pp=—00 g=—00
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j ~J Qp,q Yp,q(2+h 'bp7q —p,q(z+h
6J¢h_737;( e ( )—I—(—l)]—e a )>,

i =i [P paeh) 4 1y Dpa (b
0l-n = T (2L 4 (1) o

and, from the Helmholtz equation,
D2h =7; yOny 020—n =5 yh—n-
From Lemma A.2, we also notice that, for j > 0,

2Yp.q
D

ag@;,q('z) = _qu z¢h(z b, q ) Rg,q‘%(b (Z b, q )
— 0L(In[Hp,q)(2) + I-n[Hpq)(2))-

Therefore, from (A.12), we obtain

A _ A a _
azvx = Yp.q |:_ ;q gq erp. q(2+h) + Qp,q gq Yp.q(z+h)

d -
_Rm Cp,q P4 Ay, q(z—h) + Rw P,q e—ﬂ/pyq(z—h):|
D pap
h

h
Qp qC 5 24+s bp.qd —7 z+s

— gt | T g (s) ds IR [ eI o (5) ds
ap.qd e bpaCra [°

4 a0 [C e g (5) ds—f—%/_h T I H, o (5) ds
b767 " -5 z—s+2h a1d1 - —p,q(2—5—2h

B % P eI BT o(s) ds % _he T ETTEH o (s) ds.

We observe that the explicit form of 0,9y , is quite similar to that of 9 , so we can

use the estimates for 17, ..., T to estimate 0,0y 4 In particular we find

10:05.4]l 12 < Ap,a( +T10)

p,q p,q L | Hp.q '

VVp.q V'qu %q

\ /\

Similarly, we also obtain

|0-0%

p,qHLz < ﬁpyq(Tl + ...+ Ti)

\ i
ary \/'71711 Vp.a

<C

Next, by using (A.4a) and (A.5a), we have

(A'15) a?zg;q 7pq pq+Hp,q( )7 agvgq_%?q pq+LP"I( )
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Therefore,

1 . i 5,
~Z z R YN P a2~y
Q05 4 = 2 by — =5 0205, — 72 =z 90,
p.q p.q D.q

1 X o B

_ ~ D RPN q

= - azF[fq zapv;”q - —,72 Hyq(z)— zﬂqvgq — Ly .(2).
P.q P.q P.q

Thus, we obtain

Haz@p,q”m - ’7 ‘ Dy |O‘P| Hf’quLz + |6‘1 {)gv‘IHLQ
P:q
Ia | 14|
= || pallze + 5 1 Lpallge -
pq

So, recalling the estimates of o , and 95, in (A.10) and (A.11), we obtain

7 P [ Hpgll> | I Lpgllpe
D0 < - +co— ‘+ O( DALE 4 SRR
” : pﬂHLz ; e Vp.q vV Vp.q Yp.q Yp.q

Combining the estimates of 9,9y ., 0,07 ,, and 0,07 , gives

p,q’° PQ’
19:0.al72 = 10:05.4lI 2 + 10:0% e+ 110:55 o
~ 2
\QM L2 WA AT
Vp.a Vp.a Vo.q Voa
1 (2
=y o2z, -

which results in

o0 oo

Z Z (p, 0))?110- Up,q

P=—00 g=—00

22 < € (IQNn /2 + RISz )

2 2
+C Y > (Hpgl gz + 1 Lpal72)

p=—00g=—00

0 Y > () ?

p=—00g=—00

so<||Q|im+||R||iw+ > Y wa’|E

Pyq
p=—00 g=—00

4|12

L2

oo oo

£ Y () oy, s, +0.F |

L2
p=—00 g=—00

(A.16) + > <(p,Q)>’2‘8ZF;q ;)

p=—00g=—00
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We conclude with the estimate of the final sum

S ol

p=—00 g=—00

From (A.15) we have

02054l 12 < + [ Hypqll 2 »
[020y ]l . < Az,qu + 1 Lpgll 2

and the estimates of 9, , and 0 , give the following

q
)+ C Il

o)+ C Lyl

10265 4ll 2 < OVma (| Q5] + |2
10208 ]|« < O/ (|Q0] + | B2

and, by using (A.15) again, we have

To conclude, we require an estimate of 9297

Up,q>
io ZB
202 272 _ P 93aT a4 a3~y
g = ~2 8sz,q 2 =5 O:0pq — 950y 4
pq p.q pq

. . . " (1eY 8
8§szq (0,005 | — 1g0:08 , — 50 Hp ¢(2) — 550 Lp 4(2).
7p,q Tp.q P.g

From the estimates of 9.9} , and 9,0 , we can bound 0%07 . More specifically,

qu

+C (Vi [ @] + Vi [ B

19-Hpqll 2 ||3sz,q||Lz) '

Vp,q Yp.q

2 1z
8szq

Joze;

zpqum |

»

C (1Hpall 2 + | Lpall2) + C (

From this we obtain

o 2 C’ y o |12 U T
||5ZU;D,QHL2 =z ‘aszq ’LQ"‘C 'Vp»q‘prq‘ ""Ypyq‘Rp-,q’
10:Hyp.gllz2 | 119:Lpgllze
+C (Hpallze + 1 LpalZ2) + O | =g 4+ =2
Tp.a Tp.a
C 2 a2 a2
= 7;‘; ’L2 +C <7P7<1‘Q107q‘ JF’Yp,q‘Rp,q’ >
+Clayl’ Hmpﬁpﬁq +ibgFyy + 0:Ff, |
2 - 112
+C<HF”‘1 ‘LZ e q’L2>
+C iy, + i8,0.F o | y

o

p,q

L2>’
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which produces

Yo > a9 < C (IIQII?IW IR+ Y Y

p=—00 ¢=—00 p=—00g=—00

+ _i _fj (0| B,

L2
pvq‘ 12

2 e
’LQ * HFP"]‘ L2

+ 3N |fiep0u B, + 8,0 ,+oriz |

L2
p=—00 g=—00
o0 o0
£33 e,
p=—00 q=—00
(A.17) + YY) () ]33175«1 L)-
p=—00 qg=—00
Moreover,
(o) (o) ) )
d1v Z Z ZOép —&—i,@quyﬂ+82F;q)empx+zﬁqy’
p=—00 g=—00
0
. . 2
[|div [F ”Hl: Z Z ((p,q HiO‘PF;q+Zﬂngq+azF;»q
p=—00 q=—00
. . 2
ST 0O [0 tap iy, + 8., + 0.57,)||
p=—00 qg=—00
Finally, we combine all the estimates from (A.14), (A.16), and (A.17) to obtain
loll3e < € (1QN5 /2 + 1Rl )
C( S S 0 i, +is, Y, + 0.5
p=—00 g=—00
. . 2
+ 5 S [z sz odi,), )
p=—00 gq=—00
alla 112 ) . 2
+C Z Z ((p,q ((p»Q)> Fpq L2+<(pvQ)> 0P| [ - Fpq L2>

P=—00 q=—00
2 2 . 2 2
< C (1@ + IR /2 + v [P + 1FI3 )

With this the proof is complete. O

Appendix B. Numerical Analysis.
At this point we can conduct a numerical analysis for our HOPE scheme. We
recall the recursions

(B.1a) curl [curl [Ey]] — ék2E, = —ek2EF, 1, in S,,
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(B.1b) — 0By — Tu[Ee] = 00,09, at I'p,
(B.lc) 0 Eg [Eg] = 0 at F_h,
(B.1d) Ey(z + dy,y + dy, 2) = expliady, + i8dy)Ee(x,y, 2),

and note that when ¢ = 0 we can solve this system explicitly via separation of vari-
ables. Therefore, in our analysis we simply focus on numerical approximations of
solutions of (B.1) when ¢ > 1. First, we consider the (generalized) Fourier series
representation of the solution of (B.1)

(E Y, 2 Z Z Ef,p, zapa:-‘riﬂqy.

Pp=—00 g=—00

Inserting these forms into (B.1) it is not difficult to see that the three components of
Eip.g;

EZ,qu = ‘?Z,p,q
EZ’P#I
satisfy
(B.2a) OPE] 0 —r Bt pa = Hipa —h<z<h,
(B.2b) 0.E7, ,—\WE;, , =0, z=h,
(B.2¢) 8ZE ol T z'yz(, q)E@p =0, z = —h,
and
(B.3a) 2B}, —WpoEY e = Lipa —h<z<h,
(B.3b) 0.EY,  —in\WEY =0, z=h,
(B.3¢) 0.EY  ,+ i WEY, =0, z=—h,
and
R 1 . i iB
(B.4) Ef = —FF —L0.E —L9,EY .
4,p,q '7127,q Lp,q 'qu f,p,q 'qu ,p,q

where Hy, o, and Ly 4 are defined in (A.6a) and (A.6b) in terms of

R Flfypq
Fopq=|Fy

4,p,q
F&zxq

As (B.2) and (B.3) are effectively identical, we focus our numerical analysis upon
the former. For simplicity, we suppress all superscript, z, and subscripts, (¢, p, ¢), and
consider the following weak formulation of (B.2):

Find E € H*(—h,h) such that
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where

B(E,¢) := —ir{")E(h)p(h) — ir{") E(~h)p(—h)

p,q

+/h(a E)@.9) dz+'ypq/ B dz,

/ —Hopdz.

Next, we set the finite-dimensional function space for our approximate solution,
VM to be PM, the space of all complex—valued polynomials of degree less than or
equal to M. With this, the Legendre-Galerkin approximation of (B.5) is

Find EM € VM such that
(B.6) B(EM, ) =R(p), YpeVM

To prove our main result of this section we quote the following lemma from which
defines a projection operator PM from H'(—h,h) to VM.

LEMMA B.1. There exists a projection operator PM : H'(—h,h) — VM satisfying
PMuy(—h) = u(—h) and PMu(h) = u(h) such that

1= (u = Paru)ll g S M ] v

where 0 < s <1< r.
We can now establish the following result.
THEOREM B.2. Let E and E™ be the solutions of (B.5) and (B.6), respectively.
Then, for any 1 <r < M +1,
B7) 0B = B 2 + % [ E = BY| o S M7 (IBl g + g

~

1Bl ggr1)-
Proof. To begin we denote
=E-EM=(E-PYE)+ (PME - EM) =M + M

Subtracting (B.5) from (B.6) we obtain the following error equation

h h
| een@a i, [ e
h

—h
= inWeM (h)p(h) + iv(WeM (~h)B(~h), Ve VM,

Taking ¢ = éM € VM in this equation, we obtain

h h
B8) |06 |[5, + 32, |1€™]5. = —/ (0.6M)(0.6M) dz — 77, [ EMeM dz
—h —h

+ iy eM (h)eM (h) + in() eM (—h)eM (—h)
J— h BR—
:_/ (0,eM)(0.eM) dz—”y;q/ eMeM
—h

i 1EM ()P + ing) e (=)
+iySEM (h)eM () + iy eM (—h)eM (—h).
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Now, we recall that

R — a2 — B2, a2+ 52 < (W02,
iJoR+ 8 — ()2, a2+ B2 > (k)2

First we consider af) + 53 < (E(™)2 50 that 7,(:2) is real and nonegative. Taking
the imaginary part of (B.8), we obtain

>+ s |eM (=h)* = Tm { (9.6, 0.¢M)} + 77 ;Im { (8™, &™)}
—Im{w},",} M(h)éM(h)}

)

We estimate I; and Iy as follows. Using the Cauchy-Schwarz inequality, for some
01,02 > 0, we have

I =Im {(azéM,aZéM)} +72 dm { (&, eM)}

<4 ||aZéMH2L? ||3 M|} + 0272, [|eM 7 + qu ||~M||L2 ;
I, = —Im {wsz‘) M(h)éM(h)} “Im {w;wg M(fh)éM(fh)}
(w) (w) (w) (w)
< %T,q éM(h)’2+7pT,q |éM | 4 e ’Yp,q AM(ih)} %,q |~M h)]Q

Combining the estimates of I; and Iy we obtain

()] + 5%

(B.9) ~{|eM

2 A2 1 N2
M < 28 .07 + o 0.6

M (|2 ’7p7q ~M
Iz + 55, lle [

w,q ()| + A8 [ (~h)|”

In addition, taking the real part of (B.8), we obtain
(B.10)  [|0-6™[[3, + 42, [[eM |7, = Re {—(0.6™,8.6™)} + 42 Re {—(™,&M)}
+ Re {z’yz(,“q) M (h)eM (h )} + Re {pr) M (— h)éw(—h)}

= 13 + I4.
Using the Cauchy-Schwarz inequality, we estimate I3, I, as follows.

I :Re{—(a M, 0.eM)} + 72 Re{—(eM M)}

=2
Lo + o ~MHL2 Jbg

AMHL2 +7 ,q HeMHL2 )

4
I, = Re {z'yl()“q) M (h)eM } + Re{ Wp“j]) eM( M(—h)}
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(u) | sM 2 ’Yz(:fq) M 2 (w) | sM 2 ’Yz()%) ~M 2
< [N+ T @I+ M (=) + S (e (=R
Substituting the estimates of I3, I into (B.10) and then using (B.9) we obtain
. M2
[e2 €M||L27L queMHL2 = Ha 6MHL2Jr queMHL2)

(w) (w)
+%—’q]éM(h)| +%—’q|éM(—h)|2

A0 M WP 42 e -

< (08 7, + 72, HeMuLz
%guq)’ ) +%()q | (=)’
+ 52806V + ||azéM||L2

A2 4 i~
+ 207 0 ¥ Ie + 552 18 o
|2

+’Y ]e )| +7p7q) eM(—h) ),

which implies that

o-6¥17.

AM ~M ~M
172 S 102172 + 720 1M1
2 - 2
+ 5 1M (R)]” + A5 €M (=h)|” .
Finally, using the Gagliardo—Nirenberg interpolation inequality,
. 2 - - 112 - 2
EEDI S el 2 el g S el S MPE B

and using Lemma B.1, we obtain the desired estimate (B.7).

Next, if a§+6q2 > (k(m)) then ’y( ™) i purely complex and we define its imaginary
part

’y(m) = Im{\/ozf7 + 82 — (kj(m))Q} .

Since i7" =~ we rewrite (B.8) as

w) | g

)

h h
= / (0.6M)(0.eM) dz — 77, / eMeM
—h —h

(B11) [0 [ +35, €Y I2 + 752 1M [ 505 eV (=)

~(u) =M 5 w) sM 2
— LIEM (R (h) — 5 EM (—h)E (~h).

Now, applying the Cauchy-Schwarz inequality to the right hand side of (B.11) we

obtain

2

o-6¥I7.

M (=h)]

MHL2 +7pq
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1 NV 1 A2 WQ, . ’72, M2
< Do) + Lo, + 2t e + 2o v,

) - M-
4 1;‘1 é]V[(h)| + Z;q |éM(h)’ + p.q

M 2 ’_Yz(;:lt}z) M 2
L (g ()| + T2 [ ()|,

which implies that

2

10:6M17s + 77,0 162 1 + 75 [ (] + 52 [ (=)
SHazeMHLsz,quMHLz g [N [+ M )

The proof is completed by using the Gagliardo—Nirenberg interpolation inequality and
Lemma B.1. O

REMARK B.1. In ezactly analogous fashion we obtain the estimate found in
Theorem B.2 for Ezp,q, Furthermore, due to (B 4) the error estimate for EZp,q 1

achieved by the error estimates of EX™ and EY'M

0 pq 0 Namely, we have

o 1Bl

|ap|

. x, M Y Y,
’E&p,q Eepq = 5,57(1 (E&pq B Equ)‘ L 32, (Equ B Eepq)) L2
which infers that
- - max{|ap|, 5]} - -
z z,M P> q 1—r x Y
O e VR A W
+’7p7q( Eé,p,q ot HEZpquHT_l)}
ler .
5t Eip,qH + [y
Tp.q e

- % Y
. (HEZp,qHHT,I + HEE,p,qHHPl)} '

Next, we recall the expansion

o0

(Blz) E((E,y72) = ZE@(LC,ZI/,Z)(SZ,
£=0

and consider the following Fourier—Legendre approximation of the solution Ey, from
(B.12)

By M@y, z) = Y Bl (e)eten i,
(r.9)€l'p,q

where

Tpo={(p,9) €2’ | |p| < Plql <Q}.

Then, we have the following error estimate.
THEOREM B.3. Let E; be the solution of the {—th correction from the Mazwell
system and let r > 2. Then

B BP9 S P @ A
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Proof. We have

Eé(x’ Y, Z) o EfyM(a% Y, Z) = Z <E€7P7‘1 B EA‘%&) eiapz+iﬁqy
(p,9)€TP,@

+ E By p,qe'®rtihay,
(p,9)€Z>\I'pP,q
Therefore,

2

. 2
T Z HEZ’p’q

n€Z\I'p

HEf - Ef’Q’M =: X1 + Xo.

7 (M
)E&lﬁq - Eﬁ,p,q

2
<
L2 ~ Z
(p,9)€lP,Q
From Theorem B.2 and Remark B.1 we obtain

_ i ., M
X1 = Z (HE&p,q - Eé,p#l
(p,.a)ETP,Q

2(1—r i all
S 5 (B, B

(p,a)€TP,@

2

L B3

2
Y _ y,M
+ HE E ell,p,q 0,p,q

12 ell,p,q £,p,q

w)

2
L2

In addition,

R 2
X S (PO +Q0T) Y (a0 B
(p,9)€EZ*\I'p,q

L2
< (P2(17T) + QQG*T)) ||EZHH-

The proof is complete by combining the estimates for X; and X5. O
Finally, we consider the full HOPE-Fourier-Legendre—Galerkin approximation
ENPM of the solution E of the full Maxwell system,

L

§ : P,Q,M
EL7P7Q7M(x7y7’Z) = Ee @ (x,y,z)ée.

£=0

We can estimate the full error by combining all the error estimates from Theorems B.2
and B.3 in the following result.

THEOREM B.4. Let E be the solution of the full Maxwell system and let r > 2,
then

|E = ERPOM|| S (BO) ! + (P QU+ M) 9]l erae s
for any constant

B> C.k2eM |E

cs >

giving convergence for § < 1/B.



