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SUMMARY

We take up the question of the dynamic stability of genuinely two-dimensional generalized
hexagonal traveling wave patterns on the surface of a three-dimensional ideal fluid. That is,
the stability of Generalized Short-Crested Wave (GSCW) solutions of the water wave problem.
Our study is restricted to spectral stability, which considers the linearization of the water wave
operator about one of these traveling generalized hexagonal patterns. We draw conclusions
about stability from the spectral data of the resulting linear operator.

Within the class of perturbations that we study, for a range of geometrical parameters,
we find stable traveling waveforms which eventually destabilize, with features that depend
strongly on the problem’s configuration. We find Zones of Instability for patterns shaped as
symmetric diamonds. Such zones are absent for asymmetric configurations; in these cases,
once instability sets in, it remains. Within a given geometrical configuration, as a GSCW
leading-order coefficient ratio is varied, these waves become more unstable as they become

more asymmetric.

xi



CHAPTER 1

INTRODUCTION

The study of the movement of a large body of water under the influence of gravity, known
as the water wave problem, is often accomplished by using the Euler equations of ideal fluid
mechanics. These equations are a cornerstone of fluid mechanics modeling (1). The water
wave problem lends itself to extensive use in a variety of applications, including tsunami prop-
agation (2; 3) and the transport of pollutants in the world’s oceans (4; 5). The use of linear
approximations to study various problems has a rich history reaching back over 150 years (6).

Our study will focus on deep water and be restricted to the consideration of periodic traveling
wave solutions. Such solutions are of interest because they transport energy and momentum
over immense distances in the ocean (7). It is important to distinguish dynamically stable
traveling waveforms from those that are not.

In particular, we will focus on the development of a surface evolution formulation of Euler’s
equations via the Dirichlet-Neumann operator. Moreover, we will examine numerical results
arising from a linearization of this operator applied to Generalized Short-Crested Waves, which

we take to be traveling surface shapes n(x) with leading order behavior

ni(z) = p1cos(ki - x) + pacos(ka - x) (1.0.1)



for linearly independent wave numbers ki, ko € R?, where p1, p2 € R are both non-zero and
positive.

If we let either p; = 0 or po = 0 in (Equation 1.0.1), we have a Stokes wave. If p; = pa # 0,
then we have a Short-Crested Wave. In this case, n; represents a diamond and 7 becomes

hexagonal as it becomes more nonlinear.

1.1 Established Results for Short-Crested Waves

The high-order numerical simulations of Roberts (8) and Roberts and Peregrine (9) began
the investigations into SCWs and inspired a significant amount of further work. Nicholls and
Craig contributed a rigorous theoretical analysis of their existence (10) with supporting numer-
ical results (11). Further numerical work was done by Nicholls (12) for spectral continuation
methods using parallel computing. Finally, Nicholls and Reitich developed a stable, high-order
numerical algorithm for their computation (13) and a rigorous existence theory (14) as a result.

The results in the literature on the stability of SCWs are focused on spectral stability in
the sense of the linearization of the water wave operator about one of these traveling hexagonal
waves. Conclusions about stability are derived from the spectral data of this resulting linear
operator. The definitive numerical simulations and results are found in the work of Ioualalen
and Kharif for both superharmonic (15) and subharmonic (16) perturbations. The finite-depth
work of Toualalen, Karif, and their various collaborators (17; 18; 19; 20) is also important.

The investigators for SCWs focused on resonant configurations of the wave numbers k; and
ko in the traveling wave, with the wave numbers appearing in the leading order perturbation.

For sufficiently small amplitudes, these linear resonances control the instability of the nonlinear



traveling wave forms. Moreover, the nonlinear effects determine which perturbations are the
strongest. When the amplitude is increased, other mechanisms for instability take over and
move the strongest instabilities to other points, which can be far away from the linear resonance

curves.

1.2  Owur Study of Generalized Short-Crested Waves

Our conclusions about stability for GSCWs are driven by the spectral data of the resulting
linear operator, but we focus on the role of asymmetry in terms of their geometric configuration
via their underlying period, as well as their linear character through the leading-order coefficient
ratio %. We will also examine the interplay between the two. We draw conclusions on the
question of stability, but we are not able to exhaust every possible unstable perturbation because
of computational limitations. Thus the conclusions presented regarding instability are exact,
while those for stability are sound but not complete.

In terms of geometric asymmetry, as the wave forms are skewed away from the symmetric
diamond, waves that are similar in height become more unstable. Unexpectedly, in the sym-
metric case we found bands of wave heights that are unstable (Zones of Instability), yet there
are stable wave forms of smaller and larger heights. This does not occur in the asymmetric
geometries. For these, instability settles in at a particular wave height and remains for all
greater wave heights.

p

In terms of the linear character, we found as the ratio p—; decreases, the initial onset of

instability occurs at smaller wave height values.



CHAPTER 2

EQUATIONS OF MOTION

We study the motion of the free surface of an ideal (inviscid, irrotational, incompressible)

three-dimensional (one vertical and two horizontal directions) deep fluid under the influence of

gravity. The fluid occupies the domain

Sy = {(z,y) = (v1,32,9) ER* xR | y < n(x,1)}

with free surface n = n(z,t), velocity potential ¢ = p(z,y,t) (u = V), and gravitational

constant g. The well-known equations of motion are (7)

Ap=0 in S,

Oy — 0 Yy — —00

atnzay(/?_vxn'vx(/) aty=mn
1

(9t90=—977—§v</>'vs0 at y =,

The initial conditions are

7](95,0) = U(O)(fﬂ% 4,0(1‘,7](1',0), 0) = 5(0)(1‘)7

(2.0.1a)
(2.0.1b)
(2.0.1¢)

(2.0.1d)



where by elliptic theory (21) we need to specify ¢ only at the surface.

2.1 Periodicity

Boundary conditions are required for the study of the hexagonal waves that we undertake.

Here they are periodicity with respect to some lattice

= {')/ER2 | v = mia + meag;ar,as € R%,mq,ms € Z},

generated by two linearly independent vectors aj, as. Functions periodic with respect to I'

satisfy

n(x+v,t) =n(x,t), el@+v,y,t) =¢(x,yt), Vyel

and this lattice generates the conjugate lattice of wavenumbers

I''={kcR?*|k-ve(2n)ZVyecT}

so that, for example, we can express 7 by its Fourier series

(@, t) = ik(t)e™ . (2.1.1)

kel

Using the notation of Roberts et al (22; 8; 9; 23) we focus our attention on Hexagonal or
Short—Crested Waves (SCWs). Such waves are periodic both in the direction of propagation
and the orthogonal horizontal direction. The period is set to Ly := Lo/ sin(€) in the direction

parallel to propagation, and to Ly := Lo/ cos() in the direction orthogonal to propagation.



Roberts used this to describe an Lo—periodic Stokes wave train incident upon a vertical wall
where 6 is the angle between the direction of propagation and the normal to the wall. Thus
6 = 0 corresponds to Stokes waves while § = 7/2 represents standing waves. One can also think
of SCWs as the interaction of two Lg—periodic Stokes wave trains incident upon one another
at angle p = m — 260. We choose the x1—axis as the direction of propagation, thus the lattice of

periodicity is

I'=Ty={yeR?|y=mia +maas;
Lo/ sin(0) 0

a; = , Q9 = smy,mg €Z p, (2.1.2a)
0 Lo/ cos(0)

and the conjugate lattice is given by

F,:Fg: {k’ER2 | k = miby + mobo;
27 sin(6) /Lo 0

by = ,bg = ;m1, Mg € Z 5. (2.1.2b)
0 27 cos(6) /Lo

2.2 Surface Formulation

A simplification of the formulation of (Equation 2.0.1) and a reduction in dimension (by
restricting to the surface of the water) was realized by Craig and Sulem (24) with the Dirichlet—
Neumann operator. This operator maps Dirichlet data to Neumann data. In the work of

Nicholls (12) we find this applied to spectral stability.



Definition 2.2.1. Let N, = (—=V,n,1), where n(x,t) is the free surface and p(x,y,t) is the

velocity potential. Then the Dirichlet—Neumann operator (DNO) is defined as

GM)E] = Vel Ny = =Van - Vool,_, + dypl,_, (2.2.1)

where §(:1:,t) = (,0(1', n(xvt)7t)'

Proposition 2.2.1. The water wave problem (Equation 2.0.1) can be equivalently stated as the

following surface evolution problem

o = G(n)[¢] (2.2.2a)
9§ = —gn — A(n)B(n,§), (2.2.2b)
where
1
A(n) = 5 (2.2.3a)

(1 + Van - Vzﬁ)

B(1,€) = Va€ - Vol — (G0)[E))* — 2(G()[€]) Vaf - Van

+ (Vb - Vi) (V- V) — (Ve - Van)?. (2.2.3b)

Proof. (Equation 2.2.2a) is immediate from the Kinematic condition (Equation 2.0.1c). To
demonstrate (Equation 2.2.2b), we eliminate the Bernoulli condition’s (Equation 2.0.1d) de-

pendence on .



By the chain rule we have

& = (Oyel,_,)(Om) + Oupl,—, ,

which yields

Oply—y = & — (Oypl,_, ) (Om). (2.2.4)

Applying the chain rule component-wise yields
Vaply—y = Va& = (Oyel,_, ) Van. (2.2.5)
A rearrangement of the definition of the DNO (Equation 2.2.1) tells us
Oyel,—, = G)El + Van - Vool . (2.2.6)
Substituting the result for V|, _, from (Equation 2.2.5) into (Equation 2.2.6) gives us

yel,—, = G)[E] + Val - Van — Oy, ) (Van - Van).

We now collect like terms and solve for 0y ¢| y—n to find

Oyel,, = !N1n|2 (G()[E] + V& - V). (2.2.7)



Returning to (Equation 2.0.1d) and substituting in the RHS of each of (Equation 2.2.4) and

(Equation 2.2.5) gives us

1
0€ = (Oyl,=,)(0m) = —gn = 5V - Vg

1 1
= —gn = 5Vap Vap = 5 (9yel, )"

1 1
= —gn— §(vr£ - (ay90|y:n)vx77) ’ (Vg,f - (ay90|y:n)vx7’) - 5(81130‘3,,:77)2

1
= —gn — 5 (vxg : V:vg - Q(ay(ﬂy:n)(vxn : V:ch) + (8yQ0|y:n)2(Vw77 : V:vﬁ))
1
~ 50l
1 1
= —gn— ivxf V€ + (ay90|y:n)(vx77 : fo) - §(ay60’y:7,)2(vxﬁ : Vaﬂ?)

_ %@W‘y:n)? (2.2.8)

Moving (dy¢|,_,)(0n) to the RHS of the (Equation 2.2.8) and using (Equation 2.2.2a) gives

us

0i& = (el ) (G()[E]) — gn — %vxf Vil + Oyl ) (Van - Vi) — %\Nw(aysoly:nf

= gy~ 5VaE Vel + (GIE + Van - Vab) (0y0l,—,) — 5INaP (B, (2:29)



Finally, substituting (Equation 2.2.7) into (Equation 2.2.9) and simplifying a bit tells us

1 1
0 = —gn = 5Val - Val ¥ gy (G()[E] + Van - V4€)?
—(V2€ - ViE)|N, 2+ (G V- Vi)?
— g+ (V& - V2E)| Ny ;]Efn‘gn)[ﬁH n- Vi)
—V, -V, &£ — (Vi€ Vi) (Vyen- -V, G 2
— —gn+ £Vl — (Vaf 26\3”('2 n - V) + (G(n)[€])
+ 2(G(77) [5])(Vz77 : V:rf) + (V:m ' vm‘S)Q
2| Ny |2
C (V€ Vi (Ve - Vi) (Van - Van) — (G)[E)?))
- 2N, 2
n (_2(G(77)[§D(vm77 : vzﬁ) - (VM : Vﬂc{)Z)
2| Ny |2 ’

which yields (Equation 2.2.2b) and the expressions for A(n) and B(n,§).

2.3 The First Variations of A(n) and B(7,§)

For our spectral stability analysis, we need the first variations of A(n) and B(n,£).

10



11

Proposition 2.3.1. Given n and & as defined in Definition 2.2.1, the first variations of A(n)

and B(n,§) are:

Ap(n){v} = - a jén;évn)g, (2.3.1)

By(n; ){v}y = =2(G)[E]) (Gu(n)[E{v}) = 2(Gn()[E]{v}) (Val - Van)

—2(G)[E]) (Va€ - Vov) +2(Val - Val) (Van - Vo)

—2(Va - Van) (Vo - Vav), (2.3.2)
Be(n, O){v} = 2Vag - Voo = 2(G()[E]) (G(n)[v]) = 2(G(n)[v]) (Vak - V)

= 2(GM)[E]) (Vv - Van) +2(Val - Viv) (Van - Van)

=2 (Vi Van) (Vv - Van), (2.3.3)

where Gy(n) 1is the first variation of G(n).

Proof. For (Equation 2.3.1): By definition

Ayl v} = timy A= A0

e—0 €
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A(n+ ev) — A(n)

€

1 1
((1 + Ve(n+ev) - Vi(n + ev)) N (1+Vun- Vxﬁ))
Van - Ven — Va(n + 6?)) - Va(n+ GU)
<(1+vz(77+ev)'vz(77+ev)) (1 +Vr77'vm77)>
—2eVn - Vzv — €2V ,v - Vv
<(1+Vx(77+€v)‘vx(77+ev)) (1 +ng-Vw)>
—Van - Vv — %evxv - Vv
(1+ Va(n+ev) - Vao(n+ev)) - (1+ Ven - Van)

1
T 2
1
T 2
1
T 2

Thus

Van - Vv

A =~ v

For (Equation 2.3.2): Using the definition, canceling out V£ - V£, and doing a little judi-

cious grouping gives us

(77+ G’U,f) — B(Tlaf)

€

(G + ev)[€])? = (G)[])*

By, ){v} = lim ©

= — lg% - (2.3.4)
9. 11_{% G(Tl + 61))[5](fo i Vx(n +66v)) — G(n)[ﬂ(vxf i Vzﬁ) (2.3'5)

(Vi€ - V&) (Va(n + ev) - Va(n + ev)) = (Vi€ - V&) (Van - Van)

+ lim
e—0 €
(2.3.6)
iy (V€ Va(n £ €0))’ = (Vab - Van)® (2.3.7)

e—0 €
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We now break down each of the above limits.

e—0 €

(Equation 2.3.4) = —lim (G(n+ ev)[&] + G(n)[€]) - (G(U + ev)[§] — G(n) [f])

= =2(G)[EN(Gy(n)[E{v}) (2.3.8)

(Equation 2_3_5) — —92.lim G(n + 67))[6](v:c£ : Vxn) + GG(T/ + ev)[f](vxf : VJ;’U) - G(Tl)[f](vxﬁ . VxT])

e—0 €

= —2(Va€ - Vo) - limy Gla+ E”)[i] —COE 57,0 lim G(n+ ev)[¢]
= =2G,(MEHVI(VLE - Van) = 2G()[E](V - Vav). (2.3.9)

(Equation 2.3.6) — lim (fo : vzg) (Vﬂ] : (ng + vav) + eV - (Vxﬁ + evxv))

e—0 €

. (fo V&) (Ven - an)

€
i (V€ -V58) (Vxn Van +2eVyn - Vv + €2V,0 - va)
= lim

e—0 €

. (Vi€ - V&) (Van - Vin)

€

= lir%(2(Vx77 V) (Ven - Vev) + €V - Vi)

€E—

= 2(vx77 ) Vﬂcn)(vwn ’ vx”) (2'3'10)
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. . 2 _ . 2
(Equation 2.3.7) = — lim (Vat - Vot & €Vl - Vov)” = (Val - Vo)

e—0 €
= —lim (me ’ Vmﬁ)2 + 2€(V:r£ : Vmﬁ)(vxﬁ : va) — (ng . an)Q

e—0 €
= =2(Val - Van)(Val - Vav). (2.3.11)

Putting together (Equation 2.3.8), (Equation 2.3.9), (Equation 2.3.10), and (Equation 2.3.11)
gives us By(n,§)[¢]{v} as in (Equation 2.3.2).

For (Equation 2.3.3): Using the definition and doing a little judicious grouping gives us

B(Tla§+ev)_B(77,f)

€

V(€4 ev) Vi(€+ev) — Vi€ - Vi€

Be(n, €){v} = lim

= lim - (2.3.12)
i (Gm)le+ eij — (Gm))? (2.3.13)
~21im (G[E + ev]) (Va (& + ev) ;W) — GO (Vat Var) (g5
i Va6t €0) - V(€ + €0)) (V- Van) = (Vo€ - Vo) (Vo Var)

. 6 (2.3.15)
iy (Val€te0) - Van)? = (Val - V) (2:3.16)

e—0 €
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We now break down the above limits to determine Bg(n,&){v}.

. _ 2 ) B _
(Equation 2.3.12) = lim Vil - Val + 26Vl - Vv + €Vav - Vot — Vil - Vil

e—0 €

=2V€-Vev+ limeVyew - Vv
e—0

= 2V, - V. (2.3.17)

(G)[€ +ev] = GM)[E]) - (GM)[E + ev] + G(n)[€])

(Equation 2.3.13) = — lim

e—0 €

_ i (GE] + G [v] — G)[E]) - (G)[E] + eG)[v] + G(n)[€])
e—0 €

= =2(G(EN(G()[v]). (2.3.18)

G(U)[§ + EU](vxg - Van+ eVyv - Vxﬁ) - G(U) [6](vx£ ) VM)

(Equation 2.3.14) = —2lim

e—0 €
oy GO + G (Vi - Van + €Vav - Van) = GIE(Vak - Vo)
e—0 €

= ~2G)[e]) (Vo - Vo) = 2G)EN (Ve - Vi) — 2lim e G)o]) (Ve - Vo)

= =2(GM[)(Vag - Van) = 2(G)[EN) (Vv - Van). (2.3.19)

(Vi€ 4+ €Vav) - Vel + (Vi + €Vav) - Vv — Vi€ - Vi

(Equation 2.3.15) = (V1 - Vzn) lim
e—0 €

2eV € - Vv + €2V v - Vv

€

= (V:ﬂl : Vxﬁ) lim
e—0

= Q(V:ch : va)(vw : Vzﬁ)- (2'3'20)
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(Equation 2.3.16) = — lim (Vag - Van + €Vav - Van)? = (Val - Van)®
o e—0 €
i 260Va€ - Van) (Vv - Van) + (Vo - Van)®

e—0 €

= —~2(Va - Var)(Vav - Van). (2.3.21)

Putting together (Equation 2.3.17), (Equation 2.3.18), (Equation 2.3.19), (Equation 2.3.20),

and (Equation 2.3.21) gives us Be(n, §)[¢]{v} as in (Equation 2.3.3). O

2.4 The Hamiltonian

Zakharov (25) showed that the system (Equation 2.0.1) is Hamiltonian in terms of the

canonical variables n(x,t) and £(z,t) with Hamiltonian

1 n
HZ:/ (/ w-wdy>+gn2dx,
2 P(T) —00

where P(I") is the period cell associated to I'. It is natural to rewrite this in the terms of our

surface formulation.

Proposition 2.4.1. The Hamiltonian Hyz can be equivalently written as

1

Haos = [ EGonle) + o' de
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Proof. Using an identity from vector calculus to rewrite Vo - Vo, the fact Ap = div[Vy] =0

in S,), and Gauss’ theorem with n;, = (0,0, —1) and n, = ‘]]:;—Z‘ we have

/P(F) </_7; Ve Vo dy> dx:/P(F) </_7; (div [pVg] — - div [Vg]) dy) dz
= /P(F) /_7; div [pVy] dy dz

n
= lim/ / div [pV] dy dz
h—o0 P(I) J—h

= lim (Ve -np) dS+/ e(Vy-ny)dS
h=00 Jy=—n Y=

— lim -0 dx—i—/ Vol _ - N,)dz
e I P(F)é( Ply—p - Ni)

— [ «cmig s
P(T)

using the definition of £ and G(n)[¢], (Equation 2.0.1b), and dx = Uc\l,—f‘. Therefore,

2.5 Traveling Wave Evolution Equations

Our focus is upon the stability of traveling wave solutions of (Equation 2.2.2) and so we

move to a reference frame moving uniformly with velocity ¢ = (c1, o) € R2. Let & = (2, 42) =

(r1 — cit,xg — cot), Y=y, t=t, n(z,t) = n(T — ct,t), cﬁ(i‘,y,f) = (& — ct,y,t), and

g: (‘tﬁ(iat% )

Ayl
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By simple applications of the chain rule, we have

Vi=Ve (2.5.1)

and

8t == 8{ — C- Vi (2.5.2)

Applying the above by referring back to Proposition 2.2.1, and dropping the tildes and bars,

we have the governing equations for a uniformly moving reference frame:

o+ c- Van = G(n)[€] (2.5.3a)

Ot + ¢ V& = —gn— A(n)B(n,§). (2.5.3b)

2.6 Dimensionless Variables

We non-dimensionalize our variables to facilitate our computations and simulations. We

use the classical scalings of Lamb (7).

Definition 2.6.1. Let

xr1 = Lxllv T2 = L$/2, y= Ly,? n= a77/> 5 = X£/7 t= Tt,?
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where

/L L
X =ay/Lg, T=4=, L=
g 2w

Recall from § 2.1 that the traveling wave has wavelengths L1 = and Lo = in the

sm( ) cos( )

x1 and xo directions, respectively. It is clear from the scalings above and applications of the
chain rule that

1
Vo, =00 (2.6.1)

We recommend the reader peruse Chapter 3 at this point before continuing with this chapter

in order to gain an understanding of the series expansion for the DNO G(n)[¢].

a

Proposition 2.6.1. Let a := ¢ and D' := %627/. Given Definition 2.6.1, the operator expan-

sions for G(n), A(n), and B(n,§) become

Glar) = 7 3Gl (n)o" (26.2)
n=0
Afan') =D A ()" (2.6.3)
n=0
B(an/, X¢") ZB’ a”, (2.6.4)
where

Go(n') = |D'| (2.6.5)
G,(n')=D' [(”/)n D" D } Z G (7)™ [(nlfw; D", n>1 (2.6.6)
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and
AL = % (2.6.7)
g () = (=1)" Ay (Vo (n') - Vi ()" (2.6.8)
Ay () =0 (2.6.9)

and
By (&) = Ve -Vt — (Gy(n)E))? (2.6.10)
By(n, &) = =2 (Go(m)[€]) - (G1(n")[€) — 2% (Go(n)ET) (Ve - V) (2.6.11)

By &) = ~2 (Gh(n)IE) (GAIET) — (GLIED)? — 2 (GO (T - Vo
2

L
+ (Vard - Varl) (Vo - Vo) — 5 (Vi€ Ve’ (2.6.12)

B, €) ZGn A (IE) - GlNIE) 2+ LGy NENTarnl - V), m> 4. (26.13)

Proof. For (Equation 2.6.2):

By definition
= Gnlar).
n=0

Clearly D = 7D’ by (Equation 2.6.1). From (Equation 3.0.2), we have Go(an’) = |D|, thus

Go(an') = +Gj(n')a®, where G(n') = |D'|.
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Now suppose Gy, (a’) = 1 G, (7')a™ for 1 < m < n—1. By (Equation 3.0.5) with f = an/,

n—1
Gnlarf) = D [Fn D" D} " Gulan) [Fom D]
m=0
R L— 1 [l
=D D D| — — -——— 1D
1 ip) 3 gl [ D

nn a\n—m not N om Hn—m /|n—m
- % (3) P [(”n? \D’{”‘lD’] - %am (%) mz::OGm(n Ja [(ﬂ,’jlm), = }

R T e s e e I () L —
_LaD[n! (D" D~ Ja mZOGm(n)a 7(n—m)!|D‘
%G’n(n’)a”,

and (Equation 2.6.2) is established.

For (Equation 2.6.3):

We first establish some useful relationships for the series for A(n). Let ¢ > 0 be given and
suppose 1 = e€f and

A(n) =D An(f)e™. (2.6.14)
n=0

Using (Equation 2.2.3a), upon cross multiplying we have
2A4(n) +2(Van - Vo) Aln) = 1. (2.6.15)
Inserting (Equation 2.6.14) into (Equation 2.6.15) and keeping in mind that n = ef yields

2) " Au(f)e" + 2 (Vaf - Vaf) D> An(f)e" = 1. (2.6.16)
n=0

n=0
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Equating the LHS and RHS of (Equation 2.6.16) immediately yields Ay (f) = % and A;(f) =

0. Moreover, we easily deduce the relationships:

Agji1(f) = —Ag(f), 7=1 (2.6.17)

Agj(f) = (1) Ao(Va(f) - Va(f)), 520 (2.6.18)

(Equation 2.6.17) implies Azj41(f) = 0 for all j > 0. If we let e = 1, Aj; = Ay, and consider

o0
Aan') =) An(an),
n=0
then for all j > 0, by (Equation 2.6.18) and (Equation 2.6.1)

Agj(an) = (—1) Ay (Valan') - Vi(an'))?
. a2 J
e EAAURAT)
= (~1) 4 >V, () - V(o))
— (1)1 A (Vo) - Vi () 0¥

= AIQj(W,)OKQj~

This establishes (Equation 2.6.3).

For (Equation 2.6.4):
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Suppose

f) = Z Bn(nv 5)
n=0

Using (Equation 2.2.3b), (Equation 2.6.2), (Equation 2.6.1), Property 5 of Appendix A, and

the convolution of sums for the series for (G(an’)[X¢']))? we have

Blan/,X¢') = Bu(an, X¢')
n=0
X2

= 25 (Vart’ - V) (Z (Z Gr (€T Gi(n')[é’]) a”)
=0
L L2 (Z G/ > (ern’ : vz’n/)

X2 2

a / / / / X4
+ﬁ'ﬁ(vz’€ 'vm’g)(vtc’n 'vz’n) L4( /5 Vf)

X 2
Noting 4z = o and =2

5
6

a al
T = T we have

L

B(an', X¢') =

’ﬂ\N

X
z

9. (Z G/ n+2> (vmm/ . vx/n/)

LZ
+ (V& V) (Vo) - Var') o — ﬁ(vx,g’ : vx,gf)%ﬁ] . (2.6.19)

(Vi - Varl)a (Z (ZG;_M’)[&']-G;(n'>[5'1> oﬂ“)

From (Equation 2.6.19) we first notice that there are no terms at order a”. Therefore, we

may write

B(an', X¢") Z B (0, €)a™,
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where, picking off the terms at each order we find
Bi(f &) = V€ - V' — (Gh(n)[E])”

By(n', &) = =2 (Go(m)[E) - (GL(n)[€) — 2% (GLM)IET) (V) - V)

Byl &) = ~2 (GoIE) (GHED) — (GLNED* ~ 27 (G0NIED (Tt - To)
2

L
+ (V€' - Vi) (Vo - V) = 5 (Vs - V).

For n > 4, reindexing the series in (Equation 2.6.19) helps to yield a compact formula for

each n. Thus if we now examine

_Z (ZGn - 1 Gl( )[§ )a -2 = <ZG )(Vz'ﬂ"vx/n/),

we see that for n >4

B,(n',¢) ZG% M- G - LG% 2(ENV e - V).
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We now show that (Equation 2.5.3) becomes

Oy + ¢ - Vo' = Gh(n)[€] + ZG’ o (2.6.20)

8t,§/ +c - Vx,é“/ — _77/ _ Zan (ZA Bl ’I’] f)) (2.6.21)
n=1

where we have defined the dimensionless velocity as

which in two dimensions is the Froude number.
Using Definition 2.6.1, (Equation 2.6.1), Proposition 2.6.1, and Property 1 from Appendix

A, (Equation 2.5.3a) becomes

o0
a, 4, ac . , X 1N
70 + 7V = L;Gn(n)[ﬁla-

. . Sy . . L . L o _

Multiplying both sides of this equation by % and noting % -7 = 1and ¢ = F’ establishes
(Equation 2.6.20).

Using Definition 2.6.1, (Equation 2.6.1), Proposition 2.6.1, and the convolution of sums,

(Equation 2.5.3b) becomes

X cX X & -
?at’fl + T V€ = —gan' — T Z o (Z Anl(nl)Bl<77/>f/)>
n=1

=1
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Multiplying both sides of this equation by % and noting % = and % = 1, establishes

(Equation 2.6.21).

Finally, we eliminate the explicit dependence upon the (small) dimensionless parameter «

by choosing as unknowns the dimensionless quantities

Upon dropping primes and tildes, we find the final dimensionless evolution equations in a

traveling frame

o+ c-Van=G(n)[¢] (2.6.22a)
& + ¢ Vol = —n— A(n)B(n,¢), (2.6.22b)
periodic on the lattice
27tmyq / sin(0)
Lo=q7= smi,mg €74 o,
27wmg/ cos(f)
with conjugate lattice
mq sin(6)
Iy=<k= imi,me €Z
mg cos(6)

c.f., (Equation 2.1.2a) & (Equation 2.1.2b).
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2.7 Spectral Stability Analysis

The spectral stability analysis we have in mind, fully described in (26), is summarized here.
Consider a steady traveling wave solution of (Equation 2.2.2), that is, a steady solution of

(Equation 2.6.22)

We seek solutions of the full problem (Equation 2.6.22) in the spectral stability form

n(z,t) = j(z) + 0eM((z),  &(x,t) = E(z) + deM(x),

where § < 1 measures the perturbation from the steady state, and A determines the spectral
stability. Inserting this into (Equation 2.6.22) and using the fact that (7, &, ¢) are solutions of

(Equation 2.6.22), we recover, to order O(0),

A+ V)¢ = Gy + G(M)[Y] (2.7.1a)

(At Vo) = —C = Ay(D{CEB(7, ) — A@) By(71, ){C} — A)Be (7, ){},  (2.7.1b)

where 7 and £ subscripts denote first variations as described in Propositions 2.3.1 and 3.0.1.
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2.8 Bloch Theory

We now write our spectral stability problem (Equation 2.7.1) abstractly as

A(z) =\ . (2.8.1)

The final specification is the boundary conditions that the eigenfunctions ({, ) must satisfy.
For these we use the “Generalized Principle of Reduced Instability” (27) (essentially Floquet
Theory, see, e.g., (28)), inspired by the Bloch theory of Schrodinger equations with periodic

potentials (29). This theory allows perturbations

(C. ) € Hp, (R?),

which are in the Sobolev class of uniformly local L? functions. Mielke reduces this study to the

“Bloch waves,” e.g.,

C(z) =ePZ(x), Y(z) =PV (),

where Z,Y € H?(P(T')). As we shall see, it suffices to consider p € P(I"”), the fundamental cell

of wavenumbers, and thus (Equation 2.8.1) becomes
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where

Mielke’s fundamental result (27) is that

L? —spec(A) = L?, — spec(A) = closure U spec(Ap)
peP(I)

Thus, we learn about stability with respect to all of these perturbations by simply considering
Z,Y € H?*(P(T)) and p € P(I"). This whole analysis is equivalent to requiring that the

functions ¢ and 1 satsify the “Bloch boundary conditions”:

((x+7) =ePV(x), P(z+n)=ePTP(z), Vyel.

Such functions can be expanded in the “generalized” Fourier series

C(ﬂf) _ Z ékei(k—&-p).;p’ ¢(x) _ Z d}]qei(k—l—p)-x? (2.8.2)

kel kel

c.f. (Equation 2.1.1).



CHAPTER 3

THE DIRICHLET-NEUMANN OPERATOR AND ITS FIRST

VARIATION

We choose the Method of Operator Expansions (OE) (30; 24; 12; 31) in the case of water
of infinite depth to compute the DNO and its first variation. One could choose from other
methods such as finite difference, finite element, finite volume, and integral equations.

The aspect of the OE methodology that is the crux for our approach is that for sufficiently
smooth deformations 7 = ¢ f, the DNO and its first variation depend analytically (32) upon the

height /slope parameter € € R, resulting in strongly convergent expansions of the form

Glef) =3 GulD)e", Gyle) = S G (f)e”
n=0 n=0

for € sufficiently small and positive.
The OE method yields accurate formulas for the G, and the first variations Gﬁf) in terms

of Fourier multipliers and convolutions of series. To begin our discussion, consider the function

vi(w,y) = eFTHRY e

30
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It satisfies (Equation 2.0.1a) and (Equation 2.0.1b) of the elliptic equations governing the def-

inition of the DNO since

|k|26ik-$+\k\y _

Aka(:E?y) = - - yyvk(l',y)

and

lim |k|eF@HIFly = 0,

Yy——00

Using the definition of the DNO (Equation 2.2.1) with y = n = ef we have
G(Ef) |: ik- x+|k|afi| (’k’ o 6 V f) ( ))eik-x-i-\k\af.
Expanding the DNO and exponentials on the LHS and RHS in power series yields

(Sen)

where F,(z) := L&) (I)) . At order O(£) this gives

ZF |k|™ e™ “] (|k] — e(Vaf) - (ik)) ZF k| et (3.0.1)

Go(f) [e“} — |k|ei*® = |D| [ ik: x] (3.0.2)
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which defines the order—one Fourier multiplier |D| in terms of D = (1/i)0,. Noting that any

L? function & can be written in terms of its Fourier series

Ex) =) e,

kel

we have the action of Gy on any & given by

Go(f) [§] = Go(f) [Z ékeik'x] = Z &Go(f) [eik'x] = Z x|kl e®® = |D|[€].  (3.0.3)

kel kel kel

At order O(e'), equating the LHS and RHS of (Equation 3.0.1) and solving for G1(f) [¢'**]
yields

G1(f) [e*7] = Fy (K2 — Fo(Vaf) - (i)™ = Go(f) [ [k €]

In a similar fashion, at order O(£2) we find
Galf) || = Po |k 7 — By (. f) - (68) [K]" € = Go(f) [y k]! €] = Gy (f) [Foe®].

Thus at order O(e™) for n > 0 in (Equation 3.0.1) we deduce the general formula for
Gn(f) [€™7] and then use the definition of |D|, the fact |D|? = D, and the product rule for D

to write it in a compact form:



33

Gn(f) [e“] = F |k[" T e — By 1 (Vo f) - (ik) [k e ZG [ o R m}
= (Ba|DI"™ 4 (Df) Py D) [ 2] ZGm ) | [ 2]
= (FalDP + (DN FoeaD) (1D [e7]] - }j«gm ) [Fucn (DI 7]

n—1

-D [Fn D™D {e“”” =3 Gulf) [Fn_m D™ [eZkIH . (3.0.4)

m=0

Using the Fourier representation of £ and (Equation 3.0.4) we find

Gal£) €] = Z&w1
kel
= Y 4Gu(f) [¢*]
kel
n—1
=Z&<ﬂﬂwwﬂﬂwﬂ—zy%mp%ﬁquwﬂ>
kel m—0
= D[R DI DIg]] - Z Gn(f) [P [ D" ™ [€] - (3.05)
m=0

With (Equation 3.0.3) for Gy and (Equation 3.0.5) for GG,, we derive the first variation of
the DNO and its perturbation expansion (12; 33; 34). For this derivation it is helpful to think

of the expansion of the DNO (equivalently) as
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(G and G, are given in (Equation 3.0.3) & (Equation 3.0.5), respectively, with f replaced by

7n). Taking the variation with respect to 1 we find

o0

Gy} = (8,G) (I} =D (8,Gn) (){CY,

n=1

where the n = 0 term disappears since Go(n) [¢] is independent of n. The first variation of G is

an important component of our spectral stability analysis.

Proposition 3.0.1. Forn >0,n €N

a6 =D [¢ () b gl - :;)wnam(n)) () 1011 1)
-5 Gt o (2 Y iorg]. 200

m=0

Proof. Given n > 0, by definition

(3G [€1{C} = tim G0 €] = CaG) ],

e—0 €

(3.0.7)
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Noting the definition of F;, from (Equation 3.0.1), using (Equation 3.0.5), and properties of the

DNO in Appendix A, we first work out the numerator:

—_

Gl + <) 18]~ G 6= D [T D D 6] = 3 Gt + o) [T g
m=0
-p|% b pig] +Z;Gm<n> o]

We break this down by first noting

n!

D % D" 'D¢]| + D

(")”k ek \D|"—1D[s]]
k] n!

2 A " et D 1D[§1]

n—1

n
(n—1)!

+ Z D [k‘ g’“ D" ' D [g]] (3.0.9)

3 M:

_p|Tppipig] +
.

= [T prtpig] +en [ DI Dl
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Next, we see that

_ € ( EC) n—m = ntm n—m
ZG <0 | M P8 + 3 e [ 1o
n-l n—m n—m—k
_ € n—m _ € n—mj\mn ek k n—m
. [ P8 - Gt k:1< L [g]]
- 0w
# 32 Gnla) |y 101 6
n—1 n—m nem
_ € n—m . U n—m
— mz:O{Gm(nJr ¢) [( I |D| (€]l — Gm(n) [(n - |D| [g]]}
n-l n—m n—m—k
— Y G+« me’%k D] [,5]]
m=0 k=1
n—1 n—m nem
_ c Ui n—m . n n—m
== 3 {Gntn 0 | 1P 18] Gt |y 1ol
n-1 nn—m—l
— € m € I S— ) 5 il
3 Gl +<0) [ D1 )
n—1 n—m n—rn—k
- Gm(n + €Q) [mck |D|"™ [f]:| e~ (3.0.10)
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Inserting (Equation 3.0.9) and (Equation 3.0.10) into (Equation 3.0.8) and applying the

result to (Equation 3.0.7) yields

(8,Gn(n)) [E1{C} = timm (D [” prpig)] + 3D [”"_kck pI - plg &
nGn Al ey 7 [kl — !

k
> {G w0+ Q) [y DI ’"HE}—Gmm) [MD"W[&]}}

m=0
_:iGm(nJreC) [%CD\”‘"‘ [6]] —:i;jc;m 1+eC) [mck 23 ]} 1)
=pfo (2 oroig] - m: 6 | (2 ) 1016 46

n—1 n—m—1

_mz:OGm(n) [C <(nn_m_1),> |D|"™ [g]}

as claimed in (Equation 3.0.6). O
In an expansion in powers of ¢ with = £f, clearly the nth order term is only O(e"1),
where
GD(NIEHC) =D [an LD D]
—ZGl [Fn—m [DI" ™ [€]]{C}
(3.0.11)

- Z Gm(f) [Canmfl |D|n_m KH :



CHAPTER 4
LINEAR STABILITY THEORY

To properly frame our discussion of the spectral stability theory of nonlinear traveling water
waves, we must first discuss the linear theory. The traveling waves we study bifurcate from the

trivial state

(777 57 E) = (O’ 07 CO)v

for values of the velocity ¢ = ¢y discussed below.
The order zero stability result involves the study of these forms in the spectral stability
problem (Equation 2.7.1). We now find the order zero form of this problem.

For e < 1, we expand

((z) = Cal@)e", p(a) =) vn(x)e™ (4.0.1)
n=0 n=0

For the LHS of (Equation 2.7.1a), clearly the only term of order zero that contributes is (p.

For the RHS of (Equation 2.7.1a), from Proposition 3.0.1 we know that G,(7)[£]{¢} contains

no terms at order zero, while if we use the series expansion for G(7)[¢], we pick up Go(7)[].
For the LHS of (Equation 2.7.1b), clearly the only order zero contribution is . For the

RHS of (Equation 2.7.1b), we first pick off -(p. None of the remaining terms make a contribution

given the expressions for A, ({){n} and A(7) from Propositions 2.3.1 and 2.2.1, respectively.

38
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Replacing ¢ with ¢p, we now have the order zero form of (Equation 2.7.1):

(A+co - Vz)Go = Goltho]

(A+co - Va)ho = —Co,

Ao+ co- Vg -G o
1 X +co- Vg Yo

Expressing (o and v in terms of their generalized Fourier series

Go(x) = Y Cope P gho(a) = Y o e’ HH,

kel kel

and recalling that Go = |D|, this reduces to

Ao + co - (i(k +p)) — |k +pl Cok

1 Ao+ co- (i(k+p)) io,k

Given a velocity c¢g, and the quasiperiodicity parameter p, we find nontrivial solutions for all

k € T" for two choices of the eigenvalue \g which make the determinant function

A(>\07607kap) = ()\0 + iCO ' (k +p))2 + |k +p|
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equal to zero. Using the quadratic formula to solve for \g, and a little algebra yield

No(k,p) = i (—co - (k+p) +sv/Tk+I) =i (=0 (k+ D) + 5/&p) (40.2)

where s = £1 and wy, := \/m is the dispersion relation. These eigenvalues are purely imaginary,
which indicates that the trivial, flat water state is weakly stable: Small perturbations will not
grow, but neither will they decay.

Our primary interest is in what happens as we move from trivial (zero—amplitude) traveling
waves to non—trivial (finite-amplitude) waves. The spectrum will “move” as the wave amplitude,
for instance, is varied from zero and the natural question arises: Does one or more of the
eigenvalues move into the complex right half-plane, that is, do we get Re{A§(k,p)} > 0 for any
eigenvalue?

The results of MacKay & Saffman (35), which extend well-known results for finite dimen-
sional Hamiltonian systems to the water wave problem, give us a necessary but not sufficient
(36) condition for such an excursion for an eigenvalue: This may only occur after “collision”
with another eigenvalue. More precisely, only after an eigenvalue increases its multiplicity larger
than one.

To detect the onset of instability, meaning the smallest amplitude traveling wave for which
we achieve Re{A§(k,p)} > 0, it is natural to focus upon eigenvalues of higher multiplicity among
the trivial wave spectrum of (Equation 4.0.2). If these eigenvalues are distinct (multiplicity

one) for a particular configuration (e.g., a fixed value of p € P(I"”)), then there is guaranteed
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a small “window of stability” for small enough amplitudes (26; 31). However, if one of these
is multiplicity two or higher, there may be “immediate” instability, which means instability for
all amplitudes larger than zero.

The work of Toualalen & Kharif (15; 16) focuses precisely on these “resonant configurations,”
i.e., values of p € P(I') where eigenvalues of multiplicity two or higher exist. These values of p

can be characterized by the condition

A(S)l (k17p) - )\82 (k27p)7 kl 7é k27

and it can be shown that so must be the opposite of s7.

Following McLean’s work on the three-dimensional stability of Stokes waves (37; 38; 39),
Toualalen & Kharif define assorted classes of resonances based upon the parity of the components
of the difference k; — ko, and then plot the resulting curves in p—space for these classes. For
SCWs they then indicate, for specified values of the traveling wave amplitude, which values of
p give rise to spectrum with positive real part. While the results are not detailed, for example
they do not give quantitative information on the magnitude of the largest real part, they do
show that the lowest—order (k1 — ko small) resonances are dominant for small amplitudes. We

will replicate this analysis for GSCWs.



CHAPTER 5

GENERALIZED SHORT CRESTED WAVES

Having discussed the stability of flat water, we now narrow down to our primary focus. To
begin, we will define these GSCWs by recalling the governing equations for water waves in a
reference frame traveling with velocity ¢ (Equation 2.6.22), and focus on steady, linear solutions

which satisfy

¢ - Vi = Go[&1] (5.0.1a)

o Vil = 1. (5.0.1Db)

In light of (Equation 5.0.1), we have

co-Ve —Go M 0 (502)

1 o vm gl

Since 77 and ¢; are not time-dependent, we expand them in Fourier series of the form:

42
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We must therefore solve

co - (ik)  —1kl dy
=0, (5.0.3)
1 co - (’Lk‘) ag

at every wavenumber k € I”. Non-trivial solutions exist only when a wavenumber k; and

velocity ¢y render the matrix singular:

0=—(Co- k1) + |ki| = —(o - k1)* + Wi,

This represents one equation for two unknown values of ¢, € R?, so we may specify a second,

linearly independent, wavenumber ks € IV and demand

0=—(Co-k2)® + |ko| = —(C0 - k2)* + W}%Q'

Solving for wy, and wy,, we have the linear system

0 @) (@) () (a0 "
= , €= , kj=
OESTCN R N R O o® e

for j =1,2.
In this present study we select k1 = (sin(),cos(6))” and ko = (sin(f), — cos())T to yield
1/ sin(6)

Cco =
0
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With this choice of velocity ¢, we find solutions to (Equation 5.0.3) at k = ki, ko of the form

dj, K| 1
—A —A :

ag icy - k 7

for any A = (p/2)e® € C, where p € R, together with those of the form

For our choices of wave number, we have

771(1') = dklezkl.z + deezk‘z'm + dl_ﬂe—zkl-x + d]—Qe_ZkQ'I

_ %emleikl.x + @eizﬁgeikgm i ﬂe—iqsle—ikl.x T @e—i@e—ikz.x

= prcos(ky - x + ¢1) + pacos(ky - x + ¢2)

and
51 (x) = aklezer + akQGZkQ-x + a}}le—zkl.x + CL;’Qe_ZkQ'm

= L ign gikix . YP2 i ko Zgl o b1 p—ik1T _ 222 o2 —ik2w

= —p1 Sin(kl - T+ Qf)l) — P2 Sin(kg - X+ @2)
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We now have the quadruply parameterized family of solutions to (Equation 5.0.1)

M (z) = p1cos(ky - + ¢1) + pa cos(ks - x + P2)

&1(z) = —pysin(ky - + ¢1) — pasin(ka - = + ¢2)

for any choices of pj;, ¢;.
We lose no generality by setting ¢; = 0 as this simply sets the maximum for 7; at the origin,

and if we express the amplitudes (p1, p2) in polar coordinates (7, 0) via
p1 =T1cos(o), p2=Tsin(o),

then we may set 7 = 1 by varying . However, we are free to vary the “skewness ratio” o
away from 7 /4, which is the linearization of the classical SCWs, to any value 0 < o < 7/2,
which is the linear part of a GSCW. (Note that o = 0, £7/2 constitute Stokes waves in rotated
coordinates.)

The procedure we employ for computing the base traveling waves is due to Nicholls and
Reitich (13) and is perturbative in nature. Refer to Chapter 6 for more details. In short this

approach is based upon the strongly convergent perturbation expansions (40)
o

c=cle)=co+) ", N=1i(we) =m@)e+ Y ", &=Ewie) =&iw)e+ ) &
n=1 n=2

n=2
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The corrections {¢,}, n > 1, and {7, .}, n > 2, provide the “nonlinearization” of the traveling
profiles, and help further distinguish our GSCWs from the classical SCWs considered by other

authors. Surface and contour plots of GSCWs are available in Chapter 7.



CHAPTER 6

NUMERICAL METHOD AND PARALLEL APPROACH

6.1 Numerical Method

The goal is to complete a numerical simulation of the spectral data {\, {(z), % (x)} from the
stability eigenproblem (Equation 2.7.1). The first task is to produce high—order approximations
of traveling wave solutions {¢,7, £} to feed into our spectral stability code, of which there are a
variety of methods (41). With our reduction in dimension, we could choose among the boundary
integral /element methods (BIM/BEM) (42) or high-order (HOS) spectral methods (43). The
common theme among both is the premise of unknown surface quantities. It is the reduction
in dimension to the surface that makes them preferable to volumetric methods.

The work on HOS methods that is closely related to our HOS method of choice is that
of Roberts (8), Roberts and Peregrine (9), and Marchant and Roberts (22). These Field Ex-
pansions (FE) methods, which work under the premise that the potential, surface, and speed
can be expanded in convergent Taylor series in €, suffer from severe limitations. For one, their
computational complexity does not scale well in relation to their discretization parameters. For
two-dimensional surfaces, if NV orders are approximated with N, x N,, discretization points,
the execution time is O(N3N2 N2) (14). Secondly, these algorithms, like many boundary
perturbation methods, experience instability at high orders. This ill-conditioning is due to the

need to estimate the spatial derivatives of the velocity potential at increasingly higher orders,
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based upon the explicit recursions (14) that define the coefficients in the FE method, and ap-
plying the triangle inequality (in an appropriate function space). However, these bounds can
not yield a finite rate of growth under any norm for the solutions precisely because they destroy
cancellations which which underly the FE recursions (13).

To resolve these issues, we use the stable HOS boundary perturbation method of Nicholls
and Reitich (13). It uses the method of Transformed Field Expansions. A very brief summary
of the rationale behind this method is now given.

For infinite depth, this method begins with the traveling wave equations for waves translat-
ing uniformly with speed ¢ € R2. Tt then uses a transparent boundary condition and augmented

velocity potential to derive the equivalent form in a truncated problem domain:

Ap =0 —a <y <n(x) (6.1.1a)
dye(x, —a) — [Dlp(z, —a) = 0 (6.1.1b)
c-Van+Ven-Vaep —0yp =0 aty=rn (6.1.1¢)
c~Vzg0+%V<p-Vap+gv7:0 at y =, (6.1.1d)

where ||n||r~ < a < co. This restatement yields a uniform statement of the water wave problem

for any depth.
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The next step is to transform the problem domain by flattening the surface n with the

change of variables (Equation 6.1.2)

;o ; (y_77>
r=z, yY=a|——],
y+n
1 (a+n)y’

set u(z’,y') == p(a’, = Jm ), and upon completion drop the primes to get equations of the form

Au = F(z,y) —a<y<0 (6.1.2a)
Oyu(z, —a) — |Dlu(z, —a) = J(z) (6.1.2b)
co - Van — 0yu = Q(x) at y =0 (6.1.2¢)
co - Vau+ gn = R(x) at y =0, (6.1.2d)

where ¢g is carefully chosen by analyzing a linearization of (Equation 6.1.2) about the trivial
state ¢ = n = 0 for any velocity ¢ and searching for solution branches via bifurcation theory.
The definitions of F'(z,y), J(x), Q(z), and R(x) can be found in (13).

In order to solve (Equation 6.1.2), the following are posited for ¢ > 0 and inserted into

(Equation 6.1.2)

cle) = Z cne”, n(wie) = Znn(x)en,
n=0 n=1

oo
w(z,yie) = tn(z,y)e",
n=1



resulting in a problem for each n > 0:

where the ¢,,_; are chosen for solvability. The definitions of F,(z,y), J,

Aun = Fn(x7 y)

Oytun (z, —a) — |D|up(z

co - Vi — Oyun = Qn(z) —

,—a)

= Jn(x)

Cpn—1- vxnl

co - Van + gin = Rn(v) — cn1 - Vaug

can be found in (13).

—a<y<O0
aty=20
at y =0,
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(6.1.3a)
(6.1.3b)
(6.1.3¢)

(6.1.3d)

n (), Qn(z), and Ry (z)

The equations in (Equation 6.1.3) almost completely prescribes the TFE algorithm. In

order to code this, an approximation to the full solution is necessary. This is done by inserting

N
= E cne™,
n=0

W NN

N (z,y;e)

NNZ Z Z Tp szn

n=0|p|< 2z

Z Z Zun,p,lelpx,-rl ) »

n= 0|p\<1\§” =0

into (Equation 6.1.3) and using the Fourier collocation-Chebyshev-Tau method (44) to yield a

linear system of equations at each order n and wavenumber p, which the u,,; and 7, , must

satisfy, to produce the coeflicients {c,, mpn,Upin}. 11 is the [-th Chebyshev polynomial, p €

P(I"), and {N, N, N, } are the perturbation, horizontal, and vertical discretization parameters,

respectively.
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For our purposes, an approximation to the surface velocity potential is more relevant and
can be recovered from

SN,NZ( .

xy€) = uN’NI’Ny(

z,0;¢),

since the transformation maps y = n to v’ = 0.

The execution time of the method of Nicholls and Reitich, for a grid with N, x N,
discretization points is only O(N Ny, Ny, log(N, )Ny, + N?N,, N,,, N,). This algorithm is stable
and eliminates the effects of ill-conditioning experienced by the FE approach. It is therefore
a more reliable estimator of quantities relevant to traveling waves such as shape, energy, and
frequency.

The second task is to approximate solutions of the spectral stability problem (Equation 2.7.1).

For this we simply use a Fourier collocation approach and simulate {(x) and ¢ (z) with

Ne= 3 Gl e N7 il

N N,
Ikl <=5" kl<=2

respectively. These expansions are inserted into (Equation 2.7.1) and enforced at the equally

spaced grid points P(I'). This is also straightforward for A(7), B(1,£), A,(7), By(7,£), and
Be (1, €). The derivatives are simulated spectrally and the nonlinearities are evaluated with fast
convolutions.

For the computation of G(77) and G, (7), we use the algorithms developed by Nicholls and

Fazioli (33; 34). The essence of these algorithms is to evaluate the terms G,, and G4 from



52

Chapter 3 via spectral Fourier multipliers and fast convolutions, followed by a summation of

truncated Taylor series. For our simulations, we truncated the series for these at N = 8.

6.2 Parallel Approach

Embarrassingly parallel (45) C++ code was developed to read in the traveling wave infor-
mation as described in Chapter 6 and then compute the matrix representation of the linearized
water wave operator A(z) about the traveling wave solutions for each quasi period p. Once the
matrix representation of the linear operator A has been formed for each p, we use the LAPACK
routine zgeevx to find the spectrum for each choice of a. For each value of «, we compute the
real part of the eigenvalue with the largest real part

Tmaz(Q) = pg)z%%g){Re {A\} | X\ € spec(A)}.

These values are plotted in Chapter 7 for a sampling of o and a particular subset of the p € P(I")
determined by the computational resources available, an iMac running Snow Leopard with 2
quad-core 2.26 GHz Intel Xeon processors and 16 GB of memory. The jobs were run using
OpenMPI version 1.2.8.

More precisely, within each configuration (p1, p2,#), for each a, one parallel job was exe-
cuted. Once the quasi periods and traveling wave information were read in, within this job,
an embarrassingly parallel approach via MPI was used to divide up each execution among the
p = (p1,p2). The traveling wave and quasi period information were scattered and broadcast to

the child processes. Since we used the same 10 x 10 grid of quasi periods for all simulations,



93

20 values of p were handled in each of 5 child processes. The rationale behind this approach
was simply to speed up processing time to allow as much data as possible to be collected and
analyzed.

What makes the values of p a natural choice for dividing up the processing is the com-
putations involving one particular pair (pi,p2) do not affect the computations involving other
choices for p. Thus there is no need for interprocess communication or the need for one child
process to wait for another child to reach a particular state to perform its work. At the end, we
simply collated all of the output data, which consists of the eigenvalues for each p and a file con-
taining the maximum real part of the eigenvalues obtained for each p. For example, the parallel
version for Z—; = i and 0 = 60° for a = .02 completed execution across all five child processes

in 7h 14m 3.16s, while the serial version for the same configuration took 20h 02m 18.9s.

For all of our simulations, we used the following common values:



Variable Value Meaning
N, 32 Discretization points in the z; direction.
N, 32 Discretization points in the x5 direction.
N, 24 Discretization points in the y direction
N 10 Perturbation order.
h 10000 Simulation of infinite depth.

NDNO 8 Order for truncated series for G and its first variation.

Nump 100 Number of quasi periods p.

p=(p1,p2) | 0<p; <05

Ranges for quasiperiods.

TABLE 1

COMMON VALUES ACROSS ALL SIMULATIONS
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CHAPTER 7

NUMERICAL RESULTS

7.1 GSCW Surface and Contour Plots

Figures 1 through 6 display surface and contour plots of traveling GSCW forms for the

; — 450 - : (Ll 1 (1 1
underlying geometry 6 = 45° of the square period cell, with ky = (\/5, \@) and ko = (\f’ ﬁ)’
and “skewness” values % = cot(o) =1, %, and %. It is clear how asymmetric these wave forms
can become, even with 0 = 45°. Figures 1 and 2 depict a classical SCW, while the Figures 3
through 6 depict GSCWs that tend toward the physical form of the Stokes wave cos(kz - ),

shown in Figures 7 and 8.
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Figure 1. Surface plot of a Generalized Short-Crested Wave for 5—2 =1.
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Figure 2. Contour plot of a Generalized Short-Crested Wave for /’j—; =1.
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Figure 3. S
urface plot of a Generalized Short-Crested Wave for 28 = 1
or &L = 3
P2 2"



Figure 4. Contour plot of a Generalized Short-Crested Wave for Z—;
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Figure 5. Surface plot of a Generalized Short-Crested Wave for Z—; =
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Figure 7. Stokes

wave surface, .04 cos(kz - z)
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Figure 8. Stokes wave contours, .04 cos(ks - ).

7.2 Numerical Simulations: Overview

Numerical simulations were completed for three geometric configurations:

1. Square period cell: 6 = 45°.

2. Moderately skewed rectangular period cell: § = 60°.

3. Extremely skewed rectangular period cell: 8 = 75°.

Within each of the geometric configurations, three classes of GSCWs were simulated:
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1. SCW: 28 =1.
p2
2. Moderately skewed GSCW: % = %

3. Extremely skewed GSCW: Z—; = %.

For each of the nine possible combinations of the above, the base traveling waves were
computed for a sampling of « using the method of Nicholls and Reitich described in Chapter
6. For each «, the quantity 7,4, (0, p1, p2; @) was determined for a 10 x 10 sampling of equally-
spaced quasi-periods p = (p1,p2), 0 < p; < 0.5, on the conjugate period cell P(I').

The rmaz (0, p1, p2; &) quantities for a given configuration represent the strength of the in-

stabilities. To leading order, the surface perturbation will grow like

Ce'ma=t( (),

plus more slowly growing contributions. We now provide some detailed results for each geo-
metric configuration.

7.3 6 = 45°: Symmetric

In Figures 9 through 11, we display 7,4 (45°, p1, p2; @) versus « for % =1, %, and %. What’s
striking is for the range of quasiperiods p chosen, there is a Zone of Instability for each of our
choices of %’ for which waves of smaller and larger amplitude are stable. (10~7 was chosen to
be equivalent to 0 for all of our simulations.) As the ratio 'Z—; is decreased from 1, the traveling

waves become more unstable in that the instability arises for smaller values of « (less nonlinear

waves). See Table IT below.



£ Interval
P2

1| 0.01 <a<0.028

0.008 < a < 0.02

N[

0.006 < a < 0.016

ST

TABLE 1T

ZONES OF INSTABILITY FOR 6 = 45°
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Maximum Real Part

Maximum magnitude of real part of eigenvalues versus o
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Figure 9. ry,42(45°, p1, p2; ) versus wave height /slope « for Z—; =1.
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Maximum magnitude of real part of eigenvalues versus o

L

p1=1,p2=2,6=45

Maximum Real Part

7

| | | | | |
0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

Figure 10. 7,,42(45°, p1, p2; ) versus wave height /slope « for % = %



Maximum Real Part

Maximum magnitude of real part of eigenvalues versus o
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_4

—7.

L

0 0.005 0.01 0.015 0.02 0.025 0.03

Figure 11. 7,,42(45°, p1, p2; @) versus wave height /slope « for % =
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In Figures 12 through 14, we display plots of 7,4, (45°, p1, p2, @) versus (p1, p2) to illustrate

where the dominant instability occurs with respect to the quasiperiod for some chosen values

of a. See Table III below.

p1

D2

Max Level

1 |0.015

0.111111

0.222222 | 1.602882619805372 x 107>

0.015

D=

0.111111

0.222222 | 2.120396833598851 x 10~°

0.01

W=

0.111111

0.222222 | 1.763374966930082 x 10~°

DOMINANT INSTABILITY FOR SOME CHOSEN VALUES OF «a FOR 6 = 45°.

TABLE III
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o =0.015and 6 = 45

0.5
0.45

0.4

0.35

0.3

0.2

0.15

0.1

0.05

% 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
p1
Figure 12. ry,4.(45°, p1, p2;0.015) versus quasi period (p1,p2) for 28 = 1.

p2
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a=0.015and 0 = 45

Figure 13. 7r42(45°, p1, p2;0.015) versus quasi period (pi, p2) for Z—; = %
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o =0.01and 0 =45

0.5
0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1
0.05
% 0.05 0.1 0.15 0.2 0.25 03 0.35 0.4 0.45
p1
Figure 14. 7r,42(45°, p1, p2;0.010) versus quasi period (pi,p2) for % = i.
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7.4 6 = 60°: Moderately Skewed

In Figures 15 through 17, we see stability behavior that is quite different from the 6 = 45°
case. There are no Zones of Instability. Instead, there are critical values of «, displayed in
Table IV, beyond which all waves of greater amplitude are unstable. As with § = 45°, the onset

of instability occurs for smaller values of « as Z—; decreases.

% Critical value of «

1 0.015

1 0.013

% 0.0125
TABLE IV

CRITICAL VALUES OF a FOR 6 = 60°.



Maximum Real Part

Maximum magnitude of real part of eigenvalues versus a
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Figure 15. 7p42(60°, p1, p2; @) versus wave height/slope o for 2 = 1.
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Maximum Real Part

-6

Maximum magnitude of real part of eigenvalues versus a

p1=1,p2=2,6=60

|
0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

Figure 16. 7,42 (60°, p1, p2; ) versus wave height /slope « for Z—; = %
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Maximum magnitude of real part of eigenvalues versus a
10 " T T T T T 1

p1=1,p2=4,6=60

Maximum Real Part

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04

Figure 17. 7,,42(60°, p1, p2; ) versus wave height /slope « for Z—; = %.

In Figures 18 through 20, we display plots of 7,4,(60°, p1, p2, ) versus (p1, p2) to illustrate
where the dominant instability occurs with respect to the quasiperiod for a chosen value of «.

See Table V below.



s « P1 D2 Max Level

1 | 0.020 | 0.0555556 | 0.5 | 8.596479720424639 x 10~°

0.020 | 0.0555556 | 0.5 | 9.986534811635988 x 10~5

N[ =

0.020 | 0.0555556 | 0O 0.0001234101514083296

N

TABLE V

DOMINANT INSTABILITY FOR A CHOSEN VALUE OF « FOR 6 = 60°.
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a=0.02and 0 =60

0.5
0.45

0.4

0.35

0.3

0.2

0.15

0.1

0.05

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

Figure 18. 7,44(60°, p1, p2; 0.020) versus quasi period (p1,p2) for Z—; =1.
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a=0.02and 0 =60

0.5
0.45

0.4

0.35

0.3

0.2

0.15

0.1

0.05

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
p1
Figure 19. 7,42 (60°, p1, p2;0.020) versus quasi period (p1,p2) for % = %
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a=0.02and 6 =60

N

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
p1
Figure 20. 7,,,44(60°, p1, p2;0.020) versus quasi period (pi, p2) for % = %.
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7.5 6 = 75° Strongly Asymmmetric

In Figures 21 through 23, we again see stability behavior that is quite different from the
0 = 45° case. There are no Zones of Instability. Instead, as is the case with § = 60°, there
are critical values of «, displayed in Table VI, beyond which all waves of greater amplitude are
unstable. As with 8 = 45° and 6 = 60°, the onset of instability occurs for smaller values of «
as ﬁ—; decreases. Overall, in examining all of the plots for a versus ry,q., we deduce a greater

degree of instability as @ is increased from 45°.

% Critical value of «

1 0.012

% 0.008

% 0.0075
TABLE VI

CRITICAL VALUES OF a FOR 6 = 75°.



Maximum Real Part

Maximum magnitude of real part of eigenvalues versus a
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(0

Figure 21. 7ry,42(75°, p1, p2; ) versus wave height/slope « for 2 = 1.

P2
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Maximum Real Part

Maximum magnitude of real part of eigenvalues versus o
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Figure 22. 7,42 (75°, p1, p2; ) versus wave height /slope « for %
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Maximum Real Part

10

10

10

10

p1 = 1a p2 = 4, 0=75 %*%**%%%7%7
%** |
/ %
* =
¥
|
|
k.
| | | | ‘ ‘ ‘
0.005 0.01 0.015 0.02 0.025 L -
(0
Figure 23. 7mas(75°, p1, pa; @) versus wave height/slope « for £ = y

Maximum magnitude of real part of eigenvalues versus o
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In Figures 24 through 26, we display plots of 7,4, (75°, p1, p2, @) versus (p1, p2) to illustrate

where the dominant instability occurs with respect to the quasiperiod for a chosen value of «.

See Table VII below.

0 « Y41

D2

Max Level

1 | 0.015 | 0.0555556

0.277778 | 2.672937205848093 x 1075

0.015 | 0.0555556

N[

0.277778 | 4.389679638458264 x 10~°

0.015 | 0.0555556

N

0.277778 | 5.603078904439473 x 10~°

DOMINANT INSTABILITY FOR A CHOSEN VALUE OF « FOR 6 = 75°.

TABLE VII
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a=0.015and 0 =75

Figure 24. 7r,44(75°, p1, p2;0.015) versus quasi period (p1,p2) for Z—; =1.
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a=0.015and 6 = 75

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45

Figure 25. 71,42 (75°, p1, p2;0.015) versus quasi period (p1,p2) for % = %
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a=0015and 0 =75

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45
p'l
Figure 26. 71,42(75°, p1, p2;0.015) versus quasi period (py,p2) for % = i.



CHAPTER 8

CONCLUSION

There is more work that can be done for the numerical simulation of GSCWs. For example,
with more computing resources, finer meshes of coordinates could be explored for the traveling
wave forms as well as the quasi periods. The number of iterations for the DNO and its first
variation could also be increased. By exploring a finer mesh of quasi periods, the issue of
stability versus instability could be resolved for a greater number of points.

What we have demonstrated within our resources, however, is surprising instability behavior
even for the case of a symmetric underlying geometry for a classical SCW (/% = 1 and 6 = 45°).
Overall, for GSCWs we have found stable traveling waveforms which eventually destabilize,
with features that depend strongly on the problem’s configuration. We saw that within a given
geometrical configuration, as a GSCW leading-order coefficient ratio is varied, these waves
become more unstable as they become more asymmetric.

Our conclusions about stability for GSCWs were also driven by the spectral data of the
resulting linear operator as was that of the investigations into SCWs in the existing literature,
but our focus on the role of asymmetry in terms of their geometric configuration via their

underlying period, as well as their linear character through the leading-order coefficient ratio

P1

L sheds new light on the stability behavior of a broader class of short-crested waves.
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Appendix A

PROPERTIES OF THE DNO

Given Definition 2.2.1, we have the following properties of the DNO:

1. Given 8 € R, G(n)[p¢] = BG(n)[E].

B¢ has potential By, thus

G)IBE] = —Vum - Va(B)l,_y + 0B, .
= 5(—Vz77 : vm@’y:n + 6y<,0\y:n)

= BG(n)[¢]-

2. G)E+v] =G + G

If ¢ = ¢'(z,n(x,t),t), then

GM)E+ 4] = —Van- Valp + )|, + Oylo + )] _,

= G)lgl+ Glyl.

3. Gn+7)[El # Gl + GM)[el-

This is clear from the definition of the DNO.



Appendix A (Continued)

GIf(E) - €] = =Van - Va(f(t) - 0)],—, + 9y (f(1) - )],
= f(t) ' (_vwn : vx@’y:n + 8y(p‘y:n)

= f(t)-G)¢l-

5. Given 8 € R, G, (n)[5¢] = BGr(n)[¢] for all n > 0.
Let f=n.

For n = 0, using (Equation 3.0.3) we have

Go(n)[B¢] = |D[[BE] = BIDI[E] = BGo(n)[E]-

For n > 1, using (Equation 3.0.5), we have

n—1

Gun)15€] = D [F (DI D3]] = 3 G) [Facsn D" [56]
m=0

-1
= B (D |:Fn ‘D|n_1 D [f]:| - Gm(”]) [anm |D|n—m [ﬂ])

m=0

= BGn(n)[&]-
6. From the definition of the DNO, we have

lim G (1 + ev)[¢] = G(n)[€].
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