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SUMMARY

This thesis focuses on the well-posedness and stability of the Water Wave Equation in the
context of the Faraday wave experiment. We prove that the solutions to the viscous water wave
equation formulated by Dias, Dyachenko and Zakharov (DDZ) and supplemented with viscosity,
surface tension and small vertical forcing is well-posed. We then derive some numerical stability
results in the case of larger forcing and solve these equations numerically by using High Order
Perturbation of Surfaces (HOPS) methods. We validate our code by first testing it in the case
of traveling waves where exact solutions can be derived and by testing our approach against

methods present in the literature.
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CHAPTER 1

INTRODUCTION

(Previously published as Ngom, M. and Nicholls, D. P.: Well-posedness and analyticity of solutions to a water wave

problem with viscosity. J. Differential Equations, 265:5031-5075, 2018.)

One of the central problems in fluid mechanics is the accurate modeling of the free—surface
motion of a large body of water (e.g., a lake or an ocean) (55;(99; 1). It is not only a problem
of classical interest (97; [3; 11005 |17 [53]), but also one of present importance due to its role in a
number of applications from the formation and movement of sandbars, to the forces generated
by waves on open—ocean oil rigs, to the propagation of tsunamis and the transport of pollu-
tants. The “water wave equations” are the most faithful and successful model for this problem,
but they have a surprisingly difficult and subtle well-posedness theory (103} |104; |13; [12; 56).
We refer the interested reader to these papers, their extensive bibliographies, and the recent
collection (18) for the state of the art in the field (in particular, see the chapters by Ambrose
(11) and Wu (105))).

Due to the extremely important role of this model, we were inspired to find a new proof
of well-posedness which did not rely on the sophisticated technology required in the papers
mentioned above. While this has proven elusive, we demonstrate in this thesis that if a physi-

cally motivated viscosity is added, then a straightforward existence and uniqueness result can



be established. For this we follow the lead of (8) where such a philosophy was pursued for a
weakly nonlinear approximation of the full water wave problem.

Another motivation for this work is modeling the Faraday wave experiment (35]) which con-
siders the motion of the free air—-fluid interface of a container of fluid which is being periodically
shaken from below. As it is usually the case when studying the Faraday wave experiment, we
produced a stability diagram of growth rate versus forcing and frequency similar to the ones
provided by (102) where the governing equations were transformed into a Mathieu type equa-
tion. Here, we use a High Order Perturbation of Surfaces (HOPS) method (74) and a fourth
order Runge-Kutta method to simulate the experiment.

The rest of this thesis is organized as follows: here in Chapter 1, we present our governing
equations, then, in Chapter 2, we present our well-posedness theorem before showing in Chapter
3 our numerical results and simulations. These begin with the case of a traveling water solution
and move to the case of the Faraday wave experiment.

1.1 Governing Equations

The well-known (55; 99; |1)) equations governing the motion of two dimensional laterally

periodic gravity—capillary water waves on a fluid of depth A are

Ap =0, —h<y<mn,
ayQO = 07 Yy = _h7
Om = Oy — (0zn)0zp, y=m,

1 1
O = —gn + 002n + 00, [(0xn) H (0um)] — Q(axw)Q - 5(%90)2, y=n,



where ¢ is the velocity potential (u = V), y = n is the free air—fluid interface,

and g > 0 and o > 0 are the constants of gravity and surface tension, respectively. These are

supplemented with the boundary conditions

oz +2m,y,t) = p(x,y,t), n(x+2m,t)=n(z,t),

and initial conditions



where standard elliptic theory (32)) reveals that specifying the initial velocity potential at the
surface is sufficient. We supplement this with viscous terms first introduced by Dias, Dyachenko,

and Zakharov (30) resulting in the “water wave equations with viscosity”

Ap =0, —h<y<n, (1.1.1a)
0y = 0, y=—h, (1.1.1b)
On = Dy + 21020 — (Dem) e, y=n, (1.1.1c)

O = —gn + 0'8377 — 2,&3;@ + 00 [(Ozn) H (9:1)]

1 1

= 5(0:0)* = 5 (0y9)", y =, (1.1.1d)
90($a7770) = 5(0)(35)7 (1116)
n(@,0) =1 (), (1.1.1f)

for a surface viscosity parameter p > 0. In these we have slightly modified Dias, Dyachenko,
and Zakharov’s equations by dropping the bottom viscosity terms included in (31). We will

show that this problem is well-posed with analytic solutions.

Remark 1.1.1. We make two important observations: First, the mass

2w
M:/ n(z,t) dx,
0



is conserved by the flow. Indeed, it is well-known in the inviscid case (see, e.g., (26)) that
2 27 2m
M0 = O / sty de = [ om(a,t) de = / Oy — (0am)uce],_, = 0
0 0 0

The addition of viscosity introduces only the term f027r ud?n dx to this computation, which is

zero as it features an exact derivative and 7 is periodic.

Second, one can arrange for the mean of the surface velocity

g(xat) = 90(‘/1;’ n(xat)7t)7

to remain zero if it is initially set that way. For this one must remember that the velocity

potential is only meaningfully defined up to a time—dependent constant (55; 99; 1),

o(x,y,t) = p(z,y,t) + C(2).

With this we can consider the average surface velocity potentials

So, if we choose C'(t) = E(t)/(27) and drop the tildes we are done. Thus we restrict our function

-
==0
==0.

spaces by requiring M



1.2 Reformulation on a Fixed Domain

It was shown in (79; [81; 49)) how a simple change of variables could be used to demonstrate
the analyticity of Dirichlet—Neumann Operators (DNOs) with respect to sufficiently small and
regular surface deformations n = €f. The problem of computing DNOs for Laplace’s equation
is closely related to the water wave problem and, in fact, our equations could be equivalently
restated at the fluid surface in terms of these operators (see, e.g., (29; 28;|64)), though we do
not pursue it in this chapter, we do so in chapter 3.

To imitate this success for DNOs in the context of the water wave problem with viscosity,
we follow the lead of (79)) and perform the domain—flattening change of variables (known as

o—coordinates (95) and the C-Method (120)))

from which we define

h
u(2',y' 1) = <w’, <277> Y + n,t’> -

It is not difficult to show (93) that derivatives change as

M(z,t)0, = M(2',t)0y + N (', y, )0y,
M(z,t)0, = M (2',t')0y + P(2',y,t)0,,

M (x,t)0, = hoy,



where

M(z,t) = h+n(z,t),
N(z,y,t) = —(0zn(x,1))(y + h),

P(x,y,t) = —(0m(z,t))(y + h).

The governing equations (Equation 1.1.1f) transform, upon dropping the primes, to

Au=F, —h<y<o, (1.2.1a)
Oyu =0, y = —h, (1.2.1b)
Oim = Oyu + 2u8§n +Q, y =0, (1.2.1¢)
Ou = —gn + 00y — 2,u,8§u + R, y =0, (1.2.1d)
u(x,0,0) = O (z), (1.2.1¢)
n(z,0) =0 (x). (1.2.1f)

The form for F' can be shown (93) to be

W2F = —div [A“)(n)vu} — div [A@’) (n)vu] + (02m) B - Vu + (9,m)BY () - Vu,



where

AWzz A2y 2hn —h(y + h)0.n
AV () = = :
AWz A1)y —h(y + h)0xn 0
A@az A2y 7’ —(y + h)n(9an)
AP () = = :
Ay A(2)yy —(y+h)n(zn) (y+ h)*(0ym)?
BO)w h B n
BO — = , BY@) = =
B0y 0 B —(y +h)0xn

Therefore,

h2F = =8, [2hndyu] + 0y [h(y + 1) (8n)Byu] + 8y [h(y + 1) (8xn)Bu]
— O [Ugaxu] + 0 [(y + h)n(aw)ayu] + 0y [(y + h)n(0zn)Oxu]

— 9y [(y + h)*(9:0)*0yu] + h(9xn)0zu + n(9xn)Opu — (y + h)(0zm)*Oyu.

Furthermore, multiplying (Equation 1.1.1¢) by M and evaluating at y = 0, we find

hQ = —n(0m) + 2pum(02n) — h(9en)dpu — n(9sn)Opu + h(0z1)?0yu,

where we have used the fact that, since n is independent of y, we have

O = Opm,  Oxn = Opn.



Finally, multiplying (Equation 1.1.1d)) by M? and evaluating at y = 0, we discover

h?R = —2hndyu — n*Ou + h2(9n)dyu + hn(0m)dyu — 2ghn* — gn?
+ 20hn(92n) + on?(8%n)
+ 0h?0, [(0en) H (9xn)] + 20hndy [(8an) H (92m)) + o0 [(8xn) H (92m)
— 5 {002 + 2@’ + 7 (De)? — 22(D.m) (D) Oy

(D) (D) Dy + B2 (D)2 (Byu)?Y — %hQ(ayu)Q.

1.2.1 A Boundary Perturbation Expansion

Our procedure for establishing well-posedness is to seek solutions of the form

oo oo
n=mn(x,t;e) = Z M(x,t)e”, u=u(z,y,t;e) = Z up(x,y,t)e", (1.2.2)
n=1 n=1

given initial data {7 (z),£©(z)}. We will show that if this data lies in appropriate Sobolev

spaces, then the {n,,¢,} also exist in (different) Sobolev classes satisfying estimates which



10

justify the strong convergence of the series (Equation 1.2.2)). Upon insertion of these into

(Equation 1.2.1)) we find that, at each perturbation order,

Au, = F,, —h<y<0, (1.2.3a)
Oyuy = 0, y = —h, (1.2.3b)
Oinn = Oyun + 2u8§nn + Qn, y =0, (1.2.3¢)
Oy, = —gnn, + a@inn - 2u8§un + R, y=0. (1.2.3d)
Un (,0,0) = 8,060 (), (1.2.3¢)
(2, 0) = 6,007 (), (1.2.3f)

where 9, 1, is the Kronecker delta function. In these F,,, Q,, and R,, can be shown, using the

notation [-],, from Appendix B} to be

= 0, [[?0uu] ] + 0 [(y + 1) [n(@am)Byul,, ] + By [(y + 1) [n(0am) D], )
— Oy [(y + h)2 [[(amn)2ay“]] n] + h[(92m) 0],

+ [[n(amn)amu]]n - (y + h) [[(azn)2ayu]]n ’ (1'2'43)

hQn = — [m0m)],, +2u [n(@Zm)],, —h [(0em)zul,, — [1(8zn)dul, +h [(8zn)*dyu] . (1.2.4b)
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and

h* Ry, = —2h [nou],, — [n°0wu] + h? [(8im)dyul,, + h [n(9em)Oyul,,
—2gh [n°], — g [#°], + 20k [n@20)],, + o [n*@2n)].,
+h® [0: [(en) H(Dem)]],, + 20N [10: [(9um) H (8xn)]],, + o [11°0 [(8n) H (0],
— % {p? [(82u)?], + 2R [n(8w)?], + [°(0xu)?],, — 20* [(8a) (Dru)Dyu],,

2 [(0un) @)Dy, + 1 [(Oun)* (O]}~ 54 [(00)°],,. (1.2.4¢)

Remark 1.2.1. For the expansion of H we recall that

which, upon squaring, can be written as
(H?> +2H + 1)(1 +¢%) =1,

or

H = —% {¢* + H* + 2¢*H + *H?} . (1.2.5)

If we make the expansion, c.f. (Equation 1.2.2)),

= 1/1(%75;5) = Zd}n(xvt)en:
n=1
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then it is easy to see that

H=H(x,t;e) =Y Hype"
n=2
In fact, from we have
1

and it is clear that H,, depends only on {¢1,...,¥n_1} = {0xm1,...,0eMn—1}-



CHAPTER 2

WELL-POSEDNESS

(Previously published as Ngom, M. and Nicholls, D. P.: Well-posedness and analyticity of solutions to a water wave

problem with viscosity. J. Differential Equations, 265:5031-5075, 2018.)

2.1 Introduction

In this chapter, we present our well-posedness theorem for the above system of equations.
Before proceeding, we point out that our method of proof is rather different from the standard
techniques, e.g., described in (57;8). Rather than seeking a fixed point of a contraction mapping,
we follow the approach of Friedman and Reitich to free boundary problems, more specifically in
the contexts of the classical Stefan problem (39) and the capillary drop problem (42). Friedman
and Reitich’s method is perturbative in nature, expanding the solution in a Taylor series in a
parameter which characterizes the deformation of the free interface from a simple, separable
geometry. Their proof uses, very strongly, the unique solvability of the governing equations
on a fized, trivial domain (using separation of variables) to show that higher order corrections
satisfy appropriate bounds which demonstrate the strong convergence of the Taylor series for the

solution. The difficulties here are certain algebra properties of the relevant function spaces and

13
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trace lemmas; these are different in the current context, but we show that their demonstrations
can be extended.

Additionally, we point out that due to the nature of the function spaces we introduce, the
conclusion of our theorem is not only the well-posedness of our model of viscous water waves,
but also the very strong stability of our solutions. Our function spaces demand exponential
decay in time with the rate determined by the value of the viscosity. Thus, not only do unique
solutions exist, they persist globally in time and decay exponentially fast to zero.

The rest of this chapter is organized as follows. In § we introduce the function spaces
we require to establish our well-posedness result, together with crucial lemmas on algebra
properties of functions in these spaces, and trace estimates on the same. In § and we
state and prove fundamental estimates on the elliptic and parabolic problems which arise in
the linearization of our governing equations about the trivial configuration which we analyze in
§ In § [2.6] we state and prove an inductive lemma which enables the proof of our central
well-posedness result which is established in § 2.7 We make concluding remarks in § 2.8 We
collect the proofs of the trace lemma in §[A] and a lemma on products of analytic functions in
5B}

2.2  Function Spaces

Following Friedman and Reitich (39; 42) we define, for the function g = g(t), the norm

t
[g]f ::/0 e2on |g(u)\2 du,



15

for some o > 0, and recall, for the function f = f(z), the classical Sobolev norm (54; 2} [32)),

for real s > 0,

A2 ) 9 . 1 (27 .
Bl s =1l =g [ f@e dr.

11 o2y == D ()

p=—00

With these, for the function U = U(z,t), we define, for real s > 4,

2
U5 = |:HU||?{S([O,2W]):| [HatUHHs 2([0,27)) } {H@U\ Ho—4([o, 27r]):|
:/Ooo ezau Z <p>2s Up(u)‘ d’LLJr/OOO 62au Z <p>2(s—2) ‘atUp(u)‘Q du
p=—o0 p=—00
b [T 3 e |gp0, ]
0 oo

where the second time derivative is required for the algebra property (Lemma below) to
be valid, c.f. (39;[42).
In addition, in the next section we require volumetric norms. For the function v = v(z,y),

the classical Sobolev norm is (54; 2 32), for integer s > 0,

S o0

0
[0 Es o 2mionoy =D D @)*C" /_h‘aﬁ’@p(y)r @

£=0 p=—00



Finally, for the function w = w(x,y,t), we define the following norm for integer s > 4,

2

2
llwlle 2= Il e ompu-non] _ + |19l zre-2qo 2mix o] _

2
+ [ |93

Hsf4([07271'] X [—h70]):| [oe}

= [Ty s e [ o] dy o
0 —h

{=0 p=—00
(o]

00 5—2 0
+/0 e2auz Z <p>2(sf2*f) /h‘afatwp(y,u)r dy du

{=0 p=—o00
o

0o s—4
- /0 SN Y ()Y / 1\a§a§wp(y,u)j2 dy du.

=0 p=—0c0

With these norms we define the function spaces, for real s > 0,

2m
H*([0,27]) = { f(2) € L2([0, 27]) | /O f(@) dz = 0,11 fll g1+ (0.2s)) < -

and, for real s > 4,
21
X3([0,27] x [0, 00)) := {U(m,t) e L2([0,2n] x [0,00)) ‘ / U(z,t) dz =0, |U| - < oo},
0
and, for integer s > 0,

12 ([0, 27] % [, 0)) == {v(, ) € L2(10,27)  [=h,0]) | [0l o amix oo < 20
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and, for integer s > 4,

VS([0,27] % [h, 0] X [0, 00)) = {w(x,y,t) e L2([0,27] x [h, 0] x [0,00)) | [lwlly- < oo}.

From this point we suppress the domain dependence unless there is danger of confusion.
Of fundamental importance to our proof are the following algebra properties which are

straightforward generalizations of Friedman and Reitich’s Theorem A.4 in (39).

Lemma 2.2.1. If s > 4; f,g € X%; v,w € V?; then there is a constant M > 0 such that

1f9llxs < M Fllxs Nlgllxs (2.2.1a)
fvllys < MAFllxs lollly-s (2.2.1b)
llowlllys < Mol lwlly- - (2.2.1¢)

Remark 2.2.2. While the lemma above is true for any real s > 4 by interpolation (39)), we

will only utilize (Equation 2.2.1b) and (Equation 2.2.1c) for integer s, and (Equation 2.2.1al)

for integer s or s = m + 1/2 for m integer.

In addition, we require a temporal trace theorem due to Friedman and Reitich (39)) (for the

proof, see Appendix A) suitably modified to our space X*.

Lemma 2.2.3. If s > 4 and o(z,t) € X® then there exists a constant Cy > 0 such that

max {||o(, 0)|| o1, [|0c0 (2, 0) [ go-s} < Ci o] x - (2.2.2)
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Finally, we recall two auxiliary lemmas from (81).

Lemma 2.2.4. If s > 4 and w € V* then there exists a constant Y =Y (s) such that

Ity + Rwllys <Y lwlly -

Lemma 2.2.5. There exists a universal constant > > 0 such that

N
(N +1)2
ZZ(N—m+1)2(m—€+1)2(€+1)2’

N m ¢
(N +1)2
ZZZ(N—m+1)2(m—€+1)2(£—q+1)2(q+1)2 <

2.3 A Fundamental Lemma for the Elliptic Problem

To prove our well-posedness result, Theorem we must establish the following elliptic

estimate which generalizes the results found in (79) to the spaces V* and X?*.

Theorem 2.3.1. Given an integer s > 4, if F € V5t and ¢ € X552 then there exists a

unique solution of

Aw =F, —h<y<0, (2.3.1a)
w(z,0,t) = ¢Y(x,t), (2.3.1b)

Oyw(x,—h,t) =0, (2.3.1¢)
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in V3 satisfying

max {[|lw(@, 0, 1) xsts2 s lwllyors} < Ke {[l[Flllvoss + 19l xsrs/23 5 (2.3.2)

where K, > 0 is a universal constant.

Proof. In a recent publication a similar result for the Helmholtz equation was shown and we
follow those developments here. To begin, we use the lateral periodicity of the solution to

express

oo

{w(ay,t), Fla.y, ), v} = Y {0,

p=—00

(1), plt) | €77,

and note that (Equation 2.3.1) then demands that

Oy, — |pl* by = F, ~h<y<0, (2.3.3a)
wp(0,8) = 1y (t), (2.3.3b)
Byt (—h,t) = 0. (2.3.3¢)

Existence and Uniqueness: To show the existence and uniqueness of a solution we appeal

to the classical results of Keller (52)), later extended in the “Integrated Solution Method” of
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Zhang (107; 108) (see also (21)). Using the notation of (21)) we consider, after a trivial change

of variables y — y + h, the problem

u'(y) + M(y)u(y) = f(y), 0<y<h,
Aou =TIy, Yy = O,
B1u = 81, Yy = h,

where

f(y) e C™, rypeC™, s €C™,

are vector fields (m = mj + mg). Further,

M(y) e C™*™  Age C™>*™ By e CMXM,

are full rank matrices. Let ®(y) be the fundamental matrix solution of the system

where I,,, is the m x m identity matrix. Keller shows (52|) that the two—point value problem

above has a unique solution if and only if

Ay
det # 0.

B1®(h)
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In this instance we have m = 2, my = mo = 1, and

Wy 0 -1 0
u= . M(y) = . fy) = :
Dyt —lp* 0 E,

There are two cases of p to consider.

1. The case p = 0: Here we may show that

and

Ao 0 1
det = det =-1+#0.

B, ®(h) 1 h

Thus, a unique solution exists in this case.

2. The case p # 0: Here one can see that

cosh(|p|y)  sinh(|p|y)/[pl
®(y) = ’

lp|sinh(|p|y)  cosh(|p|y)
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and

Ay 0 1
det = det = —cosh(|p| h) # 0.

B, ®(h) cosh(|p| h) sinh(|p|h)/ |p|
Again, a unique solution exists in this case.

We note that existence and uniqueness of solutions can also be verified by simply (but less
elegantly) writing down the exact solution as in (79)).

Estimates: In order to accommodate Sobolev spaces with very low smoothness, we consider

the slightly generalized form of (Equation 2.3.1|)

Aw = 9, FV 4+ 9,F? + F®) —h<y<0,

w(z,0,t) = ¢Y(x,t),

Oyw(x, —h,t) =0,

which, upon Fourier transform, becomes

Oy — |p|* 1y = (ip) SV + 0, B + F¥), —h<y<o0,

ﬁ)p(O,t) = @Z)p(t)v

Byt (—h, t) = 0.
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Following the developments of (79), we set

Wy, t) = 0Oy, t) + ol (y, t) + 2P (y,1) + 0P (y, 1),

where, for j =0,1,2,3,

02w — |p|* W) = 6;1(ip) EXV) + 620, B + 6,5 F), —h<y<0, (2.3.4a)
w$(0,t) = 8;00p(t), (2.3.4b)
3y (—h,t) = 0. (2.3.4¢)

It can be shown (see Lemma A.2 of (75)) from the solution formula for w,(y,t), that the

following volumetric estimates hold for the unique solution when £ =0, 1,

O W) ) S Keld) ™ (0] (2.3.50)
aLaM (y,t) ;(dy) < Ko(p) 22 | EW (g, 1) ;(dy), (2.3.5b)
8515;2)(%& ;(dy) < K. (p)~2t% Ff)(y,t) ;(dy), (2.3.5¢)
8512;1()3)(%75) ;(dy) < Ke(p)~4+% Fé3)(y,t) ;(dy), (2.3.5d)




for some K, > 0. In addition, the subsequent boundary estimates hold for £ = 0,1

24

o200 < Ko 90| (2360)
o0, < Kelp) 2 | £ ) iQMy), (2.3.6b)
o 00| < K |FR w0, (2.3.60)
o™ (0, 1) ? ¢ Ko ()2 | E® (. 1) ;(dy), (2.3.6d)

with K. > 0 sufficiently large. Furthermore, as the governing equations (Equation 2.3.4)) treat

time as a parameter, by simply applying time derivatives one can achieve the same estimates

with {w(j p , p} replaced by {atwp ,atF,? ,atwp} and {82wp ,82F,§] ,821/1p}

Consider the H'-type norm of w

[lwlz]” /’MZZ 200 |9t (3, )|

£=0 p=—o00 L2(dy)

and the H~! analogue for F

2
W] = [y

L2(d
pe—oo i1 (dy)

du, F=08,FV +9,F® 4 O
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for some FY) € L?([~h,0]) (see Chapter 5 of Evans (32)). Using the estimates above (and

being a little wasteful in our estimate of F®)) we have

] <3 [l ]

j=0 %0
) 1 00 . 9
<[ ey <p>2<1—f>Ke{<p>—1+” ()|
0 {=0 p=—o00
o,
j=1
Rearranging this we find
2 2 > 20u - 14,7 2
ol ]” <k [ e > () ()| du
) 0 oo
%) [e%S) 3 9
20w (j
+Ke/0 e Z Z Féj)(y,u)‘y(dy) du
p=—o00 j=1

< Ke {1372 + 1F -1 }

Either by conducting the tedious manipulations to produce the higher—order analogues of

(Equation 2.3.5) and (Equation 2.3.6), or by proceeding as in Chapter 6 of Evans (32), we

can deduce

ol < 0K (1] + [1000n] b

Applying this estimate to d;w and 2w, and recalling that s > 4, we discover

[1orwtyn]” < K { (100 ]+ [10r01enne] ).
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and
legully. )", < cx{ {loprlf ]+ Il .a] .},

which, upon summation, delivers the conclusion of the theorem. ]

2.4 A Fundamental Lemma for the Parabolic Problem

To state our next result we recall the definition of an order—k Fourier multiplier.
Definition 2.4.1. Suppose that ¢ € L2([0,27]) then the equation

(e 9]

m(D)(x) == 3 mp)ie,

p=—00

defines the Fourier multiplier m(D). If, for some k € R, we have for any s real

[m(D)ll s < C N9 s

then we say that m(D) is order—k.

Remark 2.4.2. The classical derivative, 0,, is clearly an order—one Fourier multiplier with

symbol (iD). Of relevance to the current contribution are the order—one multiplier

Go := |D|tanh(h|D|),
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which is the flat—interface DNO for Laplace’s equation on a strip (29} 28; 64), the order—three—

halves (iwp) operator

o0

(iwp)p(x) = Y (iwy)hpe™™” = i i\/(g+a|p|2)‘@o,pwpem”,

p=—00 p=—00

which comes from the dispersion relation for water waves (55;/99; 1), and the order—two operator

2
(—|DI") = o2.
We require the following parabolic estimate for our inductive proof to proceed.

Theorem 2.4.3. Given a real number s > 4, if Q € X*t1, R e Xst1/2 p0 ¢ Hs+2 qnd

€0 e H53/2 then there exists a unique solution of

i = Gol€] + 2pdin + Q, n(x,0) =10 (), (24.1a)

O = —gn + 00 —2u| D€+ R, £(2,0) = €% (a), (2.4.1p)

satisfying

max {{|7{| xors s (|00l x5 €]l xcsss/2 5 106E ] 12}

(2.4.2)

< Kp {IQlxers + 1 Rlloss + 1@, +]|¢

Hs+2 Hs+3/2} ’

where K, > 0 is a universal constant.

To establish this we require the following result from Friedman and Reitich (42) (Lemma 7.1).
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Lemma 2.4.4. Consider the initial value problem

B(t) 4+ (K +iM)B(t) = F(t), t >0,

B(0) = Bo,

where K,M € R; K > 0; and F € L*(0,T) for any T > 0. If0 < a < K then the following

inequalities hold

2
[B]} < (K—2a)2 [F]} + I|(Bi|a’ (2.4.3a)
[B]j <2 <(K2_KZ)2 + 1) [FT} + ;Ii |Bol*. (2.4.3b)

To prove Theorem we establish a similar result for a decoupled version of (Equation 2.4.1J).

Theorem 2.4.5. Given a real number s > 4, if W € X%, f € H5T! then there exists a unique

solution of

AU = [—gu D2 + (iwD)] U+W, Ulz,0) = f(z), (2.4.4)

satisfying

max {[|U| xs+2, 10U | e} < Kp {IW e + 1F [l o} (2.4.5)

where K, > 0 is a universal constant.
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Proof. We focus on the case of (Equation 2.4.4)) with the minus sign in front of (iwp); the other

case is handled similarly. We expand W and f in Fourier series

W(ZL‘,t): Z Wp(t)eipac’ f(l‘): Z fpeipm’

p=—00 p=—00

where Wg(t) =0 and fo = 0 by the definitions of X* and H?®, respectively, and seek a solution

Uz, t)= > Tyt)e™™.

p=—00

Inserting these into (Equation 2.4.4)) we find

A~ A

00, (t) = =Qp)Up(t) + Wy (1), (2.4.6a)

A~ A~

7,(0) = fy. (2.4.60)
where
Q(p) == (2u > + iwp) = 0(p?), p— .

It is clear that 00(t) = 0 is the unique solution in the case p = 0 so we now concentrate on

p # 0. Using Lemma [2.4.4] we find

) < cow) [] +Cost)|f] (2.4.72)
a0,]” < cuwm ] +cwlif (2470)




30

with, since p # 0,
K=K, =2ulp|”>0, 0<a<2ull*< m;ng,
P

for some «. In these

2

Cowl)i= o = o™, p—
Co,z(p) = wlg_a) =0(p7?), p—+ 0
Ciw(p) =2 [m +1| =0(1), P — 00
Cus(p) = m = 0(p?), p — oo.

Differentiating (Equation 2.4.6al) once with respect to t yields

A~ A~ A

8t(8tUp)(t) = —Q(p) ((%Up)(t) + 8th(t), (248&)

0,:U,(0) = —=Q(p) f, + W, (0), (2.4.8b)

where we have used (Equation 2.4.6a)) and (Equation 2.4.6b|) for the initial condition. Again,

appealing to Lemma [2.4.4] we find

~ 12 ~ 12 o 2
< Cow®) [0W]_+Cos@) 1902 | f| +Cos) )], (2492)

(2.4.9b)
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Differentiating (Equation 2.4.8al) once with respect to t yields

0 Up) (1) = —Qp) (D7 U)(8) + ;W (2.4.10a)

d2U,(0) = Qp)2 f, — QUp)W,(0) + 8;W,(0), (2.4.10b)

where we have used (Equation 2.4.8a)) and (Equation 2.4.8bj) for the initial condition. Appealing

to Lemma [2.4.4] as before we find

320,]" < o) [07W,) + o) 101" |7

+Cos )19 [WoO)| + Coso) 00,00 (24.11a)
0,]” < [o0w)] + o) 0|,

+Cy ) 190)F [1,0)]+ Cos ) |00, 0)] (24.11b)

If we multiply (Equation 2.4.7a)) by (p)2*T4, (Equation 2.4.9a]) by (p)?*, and (Equation 2.4.11al)

by (p)2*~* and sum over p we find

[e.9]

Olees = 3 [+ [01)

p=—00

"+ )= [a0)

o0

oo

< > [cowto) {tw i)

e [+ o))
S
+Coso) {0 | + 0@ 10w 5] + 0 it0

o0 [+ 02 0w [0 + > o[ ]
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From this we easily find that

[Ullxs+2 < Ko [IWllxs + [1f | s + W 0) | s + N0V 0)] o] - (2.4.12)

In a similar way, if we multiply (Equation 2.4.7b)) by (p)?*, (Equation 2.4.9b)) by (p)**~*, and

(Equation 2.4.11b)) by (p)*~® and sum over p we find

10U xs < Ko [[IWllxs + 1Fzzssa + W C O gro-r + 110:W (5 0 s-s] - (2.4.13)

We now appeal to Lemma (which requires s > 4) and use this and estimate (Equation 2.4.12)

to deliver

1Ul xsr2 < Kp [IWllxs + 1l o]

and (Equation 2.4.13)) to give

10Ul s < Kp [IW s + 1l e

for some IN(p > 0 and we are done. O

Proof. (Theorem [2.4.3)) To establish this result we express our initial value problem, (Equation 2.4.1)),

on the Fourier side by using

o0 [e.9]

) = 3 e, =3 &H)er,

p=—00 p=—00
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which, upon insertion into (Equation 2.4.1)), delivers

Oeilp = Go,pbp — 24 [p| fip + Qp, . (2.4.14a)
Oy = —(g+ o Ip)ip — 2ulpl* & + Ry,

(2.4.14D)

T —2u|p|® Goyp
Oy =

—(g+alpl®) —2ulp)?

If we use wy, = \/(g + o |p*)Go,p, define

. : . 2
A iw, iy [ Y tolP)
Pp = ) P 5 ’

g+olpf’ g+olp 1/(iwp)  1/(g+0pl*)

and make the change of variables
. . o . 9
Cp s e 1 [ =/ (iwp) + &/ (g + o |p[*)
= P R g 5 s
Xp &p

fip/ (iwp) + ép/(g +o |p\2)
we find

0rGy = (=20 lp +iwy) & + V)

Okp = (~2u1pl” — icop) Xp + Wy

)



where

Ap Qp 1 _Qp/(iwp) + Rp/(g +alp]?)
Wp Ry, Qp/(iwp) + Rp/(g +o |P‘2)

We note that

n = —(iwp)¢ + (iwp)x,

§=(g9—002)C+ (9— 002X,

SO

max {{|7l| xors s |00l xsv1 s (€l xstsr2 s 106N xor12 5 }

< C{lSlxsrorz + 106l xsrssz + Xl ooz + 10ex o572} -

From Theorem 2.4.5 we have

max { [ xors 5 10l xo01 1€ ]| xcors/2 106 || o172}

< CKp {HVHxs+5/z + HC(O)H + Wl xsts2 + HX(O)H

Hs+7/2 Hs+7/2} )

34
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Now, since
1. _ _
V=3 {(iwp)™'Q + (9 — 087) 'R},
1., _ _
W= 3 {(iwp)™'Q+ (9 — 092) 'R},
1., _ _
¢ = 5 {(wp) 0 + (g - 002 1O
1. _ _
X0=3 {(lwp) '@ + (g - 003) 15(0)} :
we have

max {7 xsrs 5 10l x o1 1€l ooz 1€l o122}

]

< CRpC {|Q st + [Rllyesnss + 1] )

Hs+2

and we are done if we choose Kp = C’f(pé’. L]

2.5 A Fundamental Lemma for the Linearized Water Wave Problem with Viscosity

We require the following estimate of the linearization of water wave problem (Equation 1.2.1))

in order to proceed.



36

Lemma 2.5.1. Given an integer s > 4, if F € Vs, Q € X511 R e Xst1/2 p(0) ¢ frs+2,

and £©) € H5F3/2 then there exists a unique solution of

Au = F, —h<y<0, (2.5.1a)
Oyu = 0, y = —h, (2.5.1b)
O = Oyu + 2020 + Q, y=0, (2.5.1¢)
Oyu = —gn + U@%n — 2,u8§u + R, y =0, (2.5.1d)
u(z,0,0) = O (z), (2.5.1¢)
n(z,0) = (), (2.5.1f)

satisfying

max {|7l| xora s (|00l x5 lJu(@, 0,0 xorssz s (1040, 0,8) | xeorrya s lullysss }

< K {IF s + 1QUxers + 1 Rlxerne + |0 @, + |6 (2:5.2)

Hs+2 Hs+3/2} ’

for a universal constant K > 0.



37

Proof. Using the periodicity of solutions we write

{u, F} = {u, F}(z,y,1) Z{up,F}y,)”’x,

pm—o0
{n.Q, R} = {n,Q, R} (1) Z {7p, Qp, By} (£)e™",
—
00, €0} = (40, OY ) = 3 (70,60, Jeir
—
which transforms into
024y, — |p* iy = Fp, ~h<y<O0, (2.5.3a)
By, = 0, y=—h, (2.5.3b)
Betp = Oytiy — 24 |pl* My + Qp, y=0, (2:5.3¢)
Oyiy = —gip — o |p[* iy — 200,y + Ry, y=0, (2.5.3d)
i1(0,0) = €O, (2.5.3¢)
p(0) = 70, (2.5.3f)

We now decompose the solution into two parts

{ﬁlhﬁp} = {UP7HP} + {UEvHE}’
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which essentially solve the parabolic (§ and elliptic (§ problems respectively, and we

have suppressed the p subscript for clarity. More specifically, {U¥ H"'} solves (Equation 2.5.3))

in the case Fp =0,

U —[plU” =0,

9,U" =0,
8tHP:8yUP—2/,L|p|2HP+Qp,
8tUP:—gHP—J|p|2HP—2M('3§UP+}A2p,

—

U”(0,0) = ¢©

p?

—h<y<0,
y=—h,
y=0,

y =0,

—_—

while {U”, H”} solves (Equation 2.5.3) where Q, = R, = g/(o\)p =70, =0,

O2F — b UF =
,U¥ =0,

OHE =0,UF — 21 |p|* HP

QUP = —gH” — o |p|* HF — 2u02U",
UE0,0) =0,

HP(0)=0.

—h<y<,
y = —h,
y =0,
y=0,

(2.5.4a)
(2.5.4b)
(2.5.4¢)
(2.5.4d)
(2.5.4¢)

(2.5.4f)

(2.5.5a)
(2.5.5b)
(2.5.5¢)
(2.5.5d)
(2.5.5¢)

(2.5.5f)
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It is not difficult to show that the solution of (Equation 2.5.4al) and (Equation 2.5.4b|) is

cosh([pl (y + b))

p _ P
U™ (y, 1) =U"(0,1) cosh(|p| h)

Upon insertion of this form into (Equation 2.5.4c|)—(Equation 2.5.4f) we find

OH" = |p| tanh(h [p)UT — 2ulpl> H + Qp. y=0,
wUT = —(g+op)H” —2u|p? U” + Ry, y =0,
Ur(0,0) = £0),,

HP(0) = 50,

Upon inverse Fourier transform we find that this equation is identical to that appearing in

Theorem with &,(t) = UF(0,t). From this we learn that

maxx {|[ 2| v

}atHPHXSH’

Up(xv 07 t)HXer5/2 9 {

8tUP(CU, 0; t)HX5+1/2}

< K {IQlxess + 1 Rllxesre + |1 +]€9 .} 256

Turning to (Equation 2.5.5) it is easy to see that (Equation 2.5.5¢)—(Equation 2.5.5f) de-

mand that

UE(0,t)= HE(t) =0,
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so that we are left to solve

O2UF — p|*U” = F,, —h<y<0,
9,UF =0, y=—h,
Uf =o, y=0

However, upon inverse Fourier transform, we realize that this is simply the system of equations

in Theorem with ¢ = 0. Thus, we conclude that

maxc {[[ U7, 0,0)|| cuss o+ [U7]]

Vs+3} < Ke[[F[llyssr - (2.5.7)

Combining (Equation 2.5.6) and (Equation 2.5.7) to estimate 7, = HP+HF and Uy = UP4+U¥E
we realize (Equation 2.5.2|) for some K > 0. ]

2.6 An Inductive Lemma

To complete the proof of our theorem we require the following recursive estimates.

Lemma 2.6.1. For an integer s > 4, suppose for some C, B > 0 we have

max {[|7n| xeors s (|06 xco1 s [[un (@, 0, )| stz s [10pun (@, 0, 8) | xeorrsa s llunlysrs }

Bn—l
<(C+—, Vn<N,
(n+1)2



then the functions Fi, QN and Ry satisfy

BNfZ BN73 BN74 }

max {[|FN [lys1, [QN |l xas1 s [BN || xat12} < CZ’C{(N+ 1)2 + (N +1)2 + (N +1)2

for a universal constant C; > 0.

Proof. To begin, we consider (Equation 1.2.4a)) and estimate

W2 1EN e < 20 I8zl sz + BY [[[[(0em)Oyul v |

Vs+2

+ 1Y |[(0:m)0utl oz + ||| [% 0] |

Vs+2

+Y ||| [(8:m)0yu] |

Vst2 +Y |”[[77(8x77)890u]]NH|V5+2

+ V[ 1(@en)*9yu] |

vetz T h H|[[(ax77)8mu]]1v“|vs+1

+ 1 [(8em) 0zl e + Y [|| (D) *Oyu]

Vs+1 .

From Theorem we find, since s + 2,5 + 1 > 4,

h? I ENlys+1 < {2RC[n, Opu] + RY C[0xn, Oyul
N—2

+hY C[0un, Dyus] + hC[ym, Dyul} N1

+ {C[n,n, 0xu] + Y C[n, 0z, 0yu] + Y C[n, Oxn, Ozul
N-3

2 —
+Y2C[0en, Bz, Oyu] + Cln, Dun, Oyu] + Y C[02m, D, Oyu] } B

41
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where we have used € X**3 and u € V*3. Since we have chosen the same constant C for

the estimates above we find

BN72
(N +1)2
BN*B

(N +1)%

B2 | F|lyser < (3h + 20Y)CEMS

+ (24 3Y + Y3 C3M2S
and we are done provided

1
Ci> 3 max{(3h + 2hY)CMY, (2 + 3Y + Y?)C*M*%}.

We continue by considering (Equation 1.2.4b)) and estimate

RIQN 1 < NIyl e + 20 [ [n@ZM)] [ oir + 2 NI@em) sl || xoa

+ 1[7(02m)Oxu] y |l o1 + P H [[(Gwn)Qﬁyu]]N‘

Xs+10

From Theorem we find, since s +1 > 4,

N—-2
hl@xlxan < {Cl. ] + 2uCln. ] + hCl0um, Oo } =3

BN—S

+ {0[77, Oz, Bxu] + hc[aﬂ% Oz, 8y’LL]} m’
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where we have used 1, € X*3, 9, € X5t and w,(z,0,t) € X552 Again, as we have

chosen the same constant C for the estimates above, we find

BN73

< 2 ——
h||QNHXs+1 < (1+2,u—|—h)C MY (N+ 1)2,

BN72
m + (1 + h)C3M2Z

and we are done provided
1
Ci > 7 max{(142p+h)CMY, (1+ h)C2M?%}.

Finally, we consider Ry and for this we require the following estimate on Hy from (Equation 1.2.6)).

If

Bn—l
Imallers < O Vi< N,

n+1)2’

then

BN—2

[HN| yst2 < Cicm-
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This can be established either by an argument analogous to the one given here for { F, Qn, Ry},

or by simply appealing to the fact that the composition of two analytic functions is analytic.

With this fact we return to (Equation 1.2.4c) and estimate

B2 Rl xosse < 2 (Tn0edy L osnse + || [7200] || ornso + 52 | 1O Bytll || oo
+h|[[@emdyull || ov1r2 + 200 [ [1°] 3 | o2 + 9 1 [0°] | s e
+ 200 || [02m)] y [l 12 + 0 ([0 @Z] |l /2
+ o h® [0 [(0en) H (0am) )]y | xos1/2 + 200 | [002 [(8en) H (Oum) | v | xst1/2
+ 0 || [770: [(8em) H (0am)]] || cos1/2
T [ R 8 A A R

+ [ [n* @e)*] |

yst1/2 T 2h H [[(axn)(amu)@/u]]]v‘

Xs+1/2

+2h H [[U(amn)(awu)ayu]]NHX5+1/2 + h? H [[(83677)2(6yu)2]] NHXS+1/2}

T %hZ IT@yw)*T oo
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Once again using Theorem we find, since s+ 1/2 > 4,

W2 | R || o2 < {20C[n, Bu) + h2C 0y, Oyu] + 2ghCln, 1) + 20hCn, 87n]

BN—2

h? h?
9 n n =
+oh C[@xm H] + 2 C’[(‘)xu, 8xu] + 5 C[ayU, 8yu]} (N + 1)2

+{C[n,n, 0] + hC[n, O, 8yu] + gCln,n, ] + oCln,n, 2n]
BN—3

+20hCn, 0zn, H] + hCn, Oyu, Oyu| + hC[0yn, Oy, Oyul } m

1
+ {O’C[T], 7]7 aﬂina H] + 50[7’,7 777 aﬂiuv 8:6“’} + hc[na 8x777 aﬂiuv 81/“’]

B2 BN74
+?C[8x777 arn7 8?;“7 8yu] } m’

where we have used 7, € X**3, 9n, € X°! u,(z,0,t) € X5+5/2 and Ay (z,0,t) € xst+1/2,

Finally, as above, since we have chosen the same constant C for the estimates above we find

N—2 BN—3
2 2
PENBN sz < A+ g+ o)h+ 2+ 0)h) s + (L4 3h o 49 +200) sy
1 h2 BN—4
-4+ ht— ) —

and we are done provided

1
C; > —max{(2(1+ g+ o)h+ (2+0)h*) CMZ, (1 + 3h + o + g + 20h) C*M*%,

h2
1 h2
(a+2+h+2) C’3M3E}.



46

2.7 Well-Posedness Proof

At last we are in a position to establish our main result.

Theorem 2.7.1. Given an integer s > 4, if 77(0) € H5t2 and €O € H53/2 then there exists a

unique solution, of (Equation 1.2.1f) of the form (Equation 1.2.2|) satisfying

max {{[nal xs+s s [l xcorr s 1un (2, 0,8) [ xovssz s [Ocun (@, 0,8) | xorrsz s lunlllyors }

n—1

B
<C——— .
_C(n+1)2’ Vn >0, (2.7.1)

for universal constants C, B > 0.

Proof. We work by induction on n and begin at order n = 1 where (Equation 1.2.3|) gives us

Auy =0, —h <y <0,
Oyuy = 0, y=—h,

Oy = Oyuy + 20, y =0,

Opuy = —gm + 00n, — 2u8§u1, y =0,

’Lbl(ﬂj‘, 0, O) = 5(0) (l‘),

(e, 0) =7 (x).
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This can be solved explicitly and we set

C = maX{HT]1HX5+3 ) ||at771||X5+1 ) Hul(x707t)HXS+5/2 ) Hatul(x?O?t)HXs+1/2 ) H|u1|”VS+3} )

which, of course, depends upon Hn(o) HHS+2 and Hf(o) HHS+3/2. We now assume estimate ((Equation 2.7.1))

for all n < N, and apply Lemma [2.5.1] to (Equation 1.2.3)) at order N to realize

max {{[nn] xsrs s (100N | xsr s [[un (2, 0,0) [ xots/2 [0run (2,0, )| x a2 s lunllyors )

< K{@nIlxs+1 + BNl xst1/2 + [1EN o1}

where we have used that 77(0) =¢© =0 for n > 1. From Lemma we have

max {{|nn || xs+s s |10mN || a5 lun (@, 0,0 xorsz s [|0pun (2, 0,0) [ xorrre s llunllyorst

BN72 BNfS BN74
RE ARSI (N+1)2}’

< KCiC’{

and we are done if we choose B > max{KCj,1}/3. O

Remark 2.7.2. Before closing, we remark on a limitation of our method of proof. There is
clearly a very specific choice of function spaces for the unknowns: n, € X3, &, € X5t5/2,
up € Vo3, One can wonder if these can be changed. However, we believe that these choices

are fixed for the following reasons:
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1. Since u,, represents the field in the solution of an elliptic equation and &, is its trace, it
must be the case that

u, €V = &, e xt12

2. Our change of variables induces a relationship between the field and the surface de-

formation, namely, since Au, = F, and F,, involves the second derivative of n,, c.f.

(Equation 1.2.44)), it appears that

up €Vl = n, e X'

3. Finally, the parabolic estimate with capillarity features the balance

m € Xt — & e X2

So, if we select t = s + 3 we can satisfy all three demands. However, if we drop the capillarity

term the final balance in Point Bl becomes

m € Xt — &, e X!T2

and our argument falls apart. However, it is quite possible that a different change of variables
or a more subtle analysis could “improve” the relationship in Point [2] and allow us to consider

pure gravity waves.
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Remark 2.7.3. We mentioned that another motivation for this work is the goal of modeling the
Faraday wave experiment. We believe that the viscous water waves problem presented here will
be a reasonable model of this physical problem provided that a periodically modulated gravity
is introduced, e.g., g replaced by g+go(t), p(t+Q) = ¢(t). If the forcing is small, e.g. ¢ = O(e),
then our new theorem can be used to establish existence and uniqueness of solutions; a couple
of additional terms appear in the definition of R,, which are readily estimated. However, this
is not completely satisfying as our results conclude that solutions decay exponentially as time
evolves which is not the interesting regime of the Faraday wave experiment. To address the
situation where ¢ = (1) requires an analysis of a new linearized parabolic problem which has

the character of a Mathieu equation. We save such considerations for a future publication.

2.8 Conclusions

In this chapter we have established the existence and uniqueness of solutions to the capillary—
gravity water wave problem supplemented with physically motivated viscosity. Our method of
proof follows that of Friedman and Reitich in the contexts of the classical Stefan problem (39)
and the capillary drop problem (42)) which produces somewhat different results than those which
can be attained by more standard techniques. It should be noted that due to the nature of the
function spaces, the conclusion of the theorem is not only the well-posedness of our model, but
also the stability of our solutions. More specifically, we discover exponential decay in time with
the rate determined by the value of the viscosity. Thus, not only do unique solutions exist, they

persist globally in time and decay exponentially fast to zero.



CHAPTER 3

NUMERICAL SIMULATIONS

3.1 Introduction

In this chapter, we present our numerical results. First, we are going to rewrite our equa-
tions using the Zakharov, Craig and Sulem ((29), (106)) surface formulation and give a formal
definition of the Dirichlet-Neumann Operator (DNO). We then use Field Expansions ((74)) to
compute the DNO and a fourth order Runge-Kutta time stepping method to solve the equa-
tions. We validate our code by comparing the solutions we obtain to the ones that can be
derived in the case of traveling waves solutions. Finally, we use our solver to perform a study

on the Faraday Wave experiment.

3.2 The Surface formulation of Zakharov, Craig and Sulem

We restate our problem in terms of Zakharov’s canonical conjugate variables

n(x,t), &(x,t) = p(x,n(x,1),t),

with the use of the Dirichlet-Neumann operator

G:§— [8y90 - (3x77)3x<ﬁ] (£777($7t)7t)7
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which maps Dirichlet data to its Neumann counterpart. In terms of these, (Equation 1.1.1c

[Equation 1.1.1f) can be written as

o = Gol€] + 2ud?n + Q(z, 1) (3.2.1a)
& = —gn + 000 + 2ud>€ + R(x,t) (3.2.1Db)
&(x,m,0) = (), (3.2.1¢c)
n(@,0) =1 (), (3.2.1d)

where we have used the fact that, by continuity Ay = 0 is true at the fluid air interface which

means that §2¢ = —92¢p = —92¢. Q and R are redefined from Chapter 1 to be

Q =Gl = Golgl,

R = An)(0:6)* = (G)E])* = 2(8:)(0um)G () €] + 00 [(Dxm) H (8z)]

and

1

AT A= S ey

(3.2.3a)

Here, G expresses the lowest order behavior of the DNO

- N F (2T = I .21
Golé] = Z Gobpe'dIrT = Z ’p|tanh(h|p’)5pez(7)px’

p=—00 p=—00
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where ép is the p-th Fourier coefficient of £(x). To simplify the computations, we suppose

% =1 in the rest of this chapter.

3.3 2D Traveling Water Waves

We seek to test our codes which simulate the evolution of water waves in the Faraday wave
experiment. For this, we use the traveling wave solutions in the absence of viscosity, surface
tension and forcing to verify the accuracy of our code. We note that these can be computed
to very high accuracy by the method outlined below. Traveling waves play an important role
in applications like the propagation of tsunamis or the transport of pollutants. M. Kakleas
and D. Nicholls (51) have simulated traveling waves solutions in the case of infinite depth for a
weakly nonlinear version of the model, where only linear and quadratic terms were considered.
Here, we present solutions to the full model for water with depth h using our Field Expansions
method to compute the Dirichlet-Neumann operator and a Runge-Kutta 4 scheme to derive

the solution.

3.3.1 Derivation of the exact solutions

With the viscosity ¢ = 0 and the surface tension o = 0, (Equation 3.2.1)) become:

8 = Gole] + Q, n(z,0) =1 (), (3.3.1a)

0§ = —gn + R, £(@,0) = €0(). (3.3.1b)



To get traveling waves, we seek solutions of the form

n
u= = f(z +ct),

§

where c is the speed of the wave. The above equation becomes:

Caﬂ? - GO& = Qa y= Oa

c0§ +gn = R, y=0.

We then use Taylor expansions and seek solutions of the form:

o o0
U= E un()e™, c=co+ g cne™,
n=1 n=1

where

Tin
Up —

&n

1 At order 1, (Equation 3.3.2)) becomes

co0zm — Go&1 =0,

c00z&1 + gm =0,

53

(3.3.2a)

(3.3.2b)
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or written in matrix form,

co0r —Go m 0

g coOy &1 0

Using bifurcation theory, we seek ¢y such that

has a non-trivial null space (otherwise, the equations only have trivial solutions).

As the solutions are spatially periodic, we apply Fourier transformations to n; and &; and

obtain
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which gives

. ipco  —|p| tanh(h|p|)
0,p —
g 1pCo

Since we are looking for nontrivial solutions, we consider parameter values where the

determinant function

A, = —p*ch + g|p| tanh(h|p|), (3.3.4)

is equal to zero. For any p € Z\{0}, we can choose ¢y = ‘/%ﬂ(hlﬁl) so that A; = 0.

Then, we pick for p € R

Mp |p| tanh(h|p)|)
=p :
&5 ipco
7717_15 7?71715

9

§1,-5 &1,



Ui 0 N
= , for p # +p.

él,p 0

2 For orders n > 1, (Equation 3.3.2) gives us the equations

n—1
c00umn + Y _ €kOutin—k — | D] tanh(h| D|)&, = Qn,
k=1
n—1
C()azgn + Z ckO0z&n—1 + g = Ry,
k=1

where, Q1 = Ry = 0 and, for n > 2 we have

Qn = G?’L7
n m—1 n m
Ry = An-m(02n—1)(02&) = D> An-m(0a&m-1)(9:81)
m=1 [=1 m=1 (=0
n m—11-1
-2 Z An—m(axgm—l)(arnl—q)(Gq)

and
Am) =) Ane", G)E] =) Gne"
n=0 n=0

Remark 3.3.1. From the definition (Equation 3.2.3al) of A, we get

2A +2(0,m)%A =1,
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(3.3.5a)

(3.3.5b)
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o8

which gives Ay = %, A1 =0, and, for n > 2,

—_

n—1 m—

Ay =— Z (8mnnfm)(az77m—l)Al'
m=1 [=0

Upon going to the Fourier side,

A~ A k=n—1 - A~ ~ . ~
R Tin,p Qnp =2 k=1 PCkTn—kp Qn.p — PCn—171,p

k=n—1 . > = . 2
fn,p Rn,p - Zk:? chkfn—k,p Rn,p - chn—lgl,p

We now consider three cases of p € Z:

a. If p #£ 0,+p, then B’o’p is invertible and the solution is easily derived.

b. If p = 0, then we obtain g7, , = Rn,p which is easily solved. We then set én,p =0
since the velocity potential is only meaningful up to a constant.

c. If p=+p, for example, if p = p, the matrix 30715 is singular but, using Gaussian
elimination, the equation is solvable if

9Qun 5 — (icop) Rnp
9(ip)i 5 — (icop)ipé1p

Cpn—1 =
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We then follow the approach of Stokes (100) to get the uniqueness of the solution by
taking 7, orthogonal to n; in L?. Since 7 is only supported by wavenumbers p = +p,
this is obtained by setting 7, +5 = 0. We then obtain

R — cn1(ip)é1p
iCQﬁ

En,ﬁ = ) En,fﬁ = gn,ﬁ-

With these, we find approximations of the traveling wave solutions with the truncated series

N
uN (z) = Z un(x)e™.
n=0

3.3.2 Solving the Water Wave Equations

We now describe our procedure for solving (Equation 3.3.2)). Following Trefethen (101), we

utilize a Fourier collocation approach where we assume

{n, &}, t)= Y {ip(t),&(t)}e™”

N,
p=—"3

and demand that (Equation 3.3.5)be true at the equally-spaced gridpoints {x; };V:zo_ L xj = %VLI]

The only novelty of our approach is the treatment of the DNO that we approximate using Field

Expansions (74)).
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Then, we use a fourth order Runge-Kutta method to approximate the solution to (Equa-
tion 3.3.2). Runge-Kutta methods are a family of iterative methods used to approximate

solutions of ordinary differential equations of the form

Ay = f(y(t), 1),  y(to) = o
For a step size h, the fourth order Runge-Kutta method is based on the following iterations

1 1 1 1
ntl = Un + =k —k —k —ky,
YUn+1 y+61+32+33+64

where

kl = hf(yn)tn)a

k1 h
ko = hf(yn + 57tn + 5);

ko h
ks =nh n 77tn 5/
3 =hf(yn + 5 +2)

ky = hf(yn + ks, tn + h).

3.3.3 Simulation of two-dimensional traveling waves

In figure (1), we show the solutions at different times ¢ with initial conditions given by the
traveling wave solution at ¢ = 0. As expected, the solution comes back to its initial position at

the final time T which corresponds to one full period.
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3.4 3D Traveling Water Waves

3.4.1 Derivation of the exact solutions

We now simulate 3D traveling waves solutions. Here x = (1, z2) and we derivate the exact

solution by following Nicholls and Reitich (85)). As before, we are looking for solutions of the

form
o
u = Z Un ()",
n=1
where
Tin
Uy =
n

We seek traveling waves with speed ¢ = (¢z;, Cay) = D peo(Cht, cF2)e™ such that

u(xy, e, t) = f(x1 + c1t, 2 + cat).

Upon going on the Fourier side to get

o) (e e}

gn p=meod=mo0 fn,p,q

We now have
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i(ci'p+ ci?q) —/p? + ¢? tanh(h/p? + ¢?)

g i(eg'p + ¢5?q)

BO,p,q =

and A, = —(c0'p + c§2q)* + g * \/p? + ¢? tanh(hy/p? + ¢%). We show below the procedure to

compute a 3D traveling wave solution:

1 At order 1 For (p,q) # (0,0), if we reason as in the 2D case, we will pick (p, ¢) such that

Aj s = 0. From that, we would get for p € R,

.5, VP? + ¢ tanh(h/p? + ¢%) M,—p,—d N5
p

i 9

15,4 i(co' P+ c°q) 1,-5,—3 1,54

7?I,p,q 0 ~ o~
= , for (p,q) # (D, q).
gl,p,q 0

However, as noted in (85)), these solutions are two dimensional waveforms in a rotated set

of coordinates (see figure(2)) .

To get true three-dimensional solutions, we follow (85) and begin by selecting two lineary

independant wavenumbers k1 = (p, ) and ka2 = (¢, —p). We then solve Ay, =0, j = 1,2

—(p+ g)\/ gém{q - (p— ‘D\/ géo’p:q

el = — — , Cy = ~ —
’ ~(* + @) ’ ~(* + )

to obtain
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FIGURE 2: ILLUSTRATION OF A NONTRULY 3D TRAVELING WAVE SOLUTION FOR (p,q) = (1,1)

Then, we pick, for p1,p2 € R

M.,5,G VP? + ¢ tanh(hv/p? + G?) M,~p,—G Mpa

= pP1 5 - 9
15,4 i(co' P+ c5*q) §1,-5,—G 15,4

M.G,—p VP? + @ tanh(h/p* + ¢2) M,—q.p M.G—p

= P2 ) = _ )
§1,4,-5 i(co'q — co°p) §1,-45 1,65
ﬁlvp,q 0 . -~
= , for (p,q) # (P, 4q), (p,q) # (4, —D).
51,10,(1 0

2 For orders n > 1, we have the equations
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B Tin,p.q Qpg — i(cp 1P + €2 1@) M pg
0,p,q = N
En.p.g Ry g —i(cyip+ 2 10)1pq

. If (p,q) # (0,0) then B)pr,q is invertible and the solution is easily derived

. If (p,q) = (0,0) then we obtain g1, ,q = ép,q which is easily solved. We then set
Enpa = 0.

. If (p,q) = £(p, §) or £(G, —p), then, as for the 2D case, we use Gaussian elimination

to get

~—

9@Qnp.q — ()P + cf2q

~ T1 ~ T2 n,p,q
R " — - = rhs,
! T g(ipg — (g P+ cg?@) (6 + D)érpa
I — (G — 22P)Rng 5
q~ci1_1 _ﬁcff—l _ 9Qn.g,—p ( 0 9 0 P)Rng,—p = rhso,

9(im g—p — (i(cg' ¢ — ")) (i(q — P))€1.g.—5
Which, upon solving gives us

—rhsy X p—1rhss X ¢
TP

rhse X p—rhs1 X ¢
TP

ct

X
mn )

c

X
n
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Then, following Stokes again, set 9, 5.5 = n,—p,—G = Tn,g,—p = Nn,—g,p = 0 and obtain

Enii v P _
n,p,q ’L(Cglp + ngq) 9 n,—p,—q n,p,q
o Ragp—ilGLid-GiiD)&as 7
n,q,—p Z(Cglq" _ CgZP) ’ n,—q,p n,q,—p

In the same spirit as before, we now approximate the exact traveling wave solutions with the

truncated series

N
uN (21, 20) = Z Un (21, 22)e™.
n=0

3.4.2 Simulation of three-dimensional traveling waves

Here we adapt the scheme given above to approximate a two-dimensional traveling wave to

the three- dimensional case. We assume that u,(x1,z2) is approximated with

N, Ny
T
_ ~ 1(pr1+qTa
up (21, x2,t) = E E Un,p,q€ (
Ny Ny

and demand that (Equation 3.3.2)) be true at the equally-spaced gridpoints

Ny—1 Ny—1 2my 2myj
(fon 5" (o) = (525

We make sure to pick (p,§) such that (¢, —p) is in the truncated wavenumbers domain. As in

the two-dimensional case, we approximate the DNO using Field Expansions and use a Runge-
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Kutta method to approximate the solutions of (Equation 3.3.2)).

Figure (3) shows the solutions obtained by our method and those obtained by truncating the
exact solutions for (p,§) = (1,1). The figure shows that our method fits the truncated exact
solution satisfactorily. Also, as expected, the solution come back to its initial position at the
final time 7" which corresponds to one full period. Figure (4) shows an approximated traveling

wave solution at different times for (p, ) = (2, 2).

Given the satisfactory results we obtain in the case of traveling wave solutions, we feel

justified in beginning our study of the Faraday Wave Experiment.

3.5 The Faraday Wave Experiment

Faraday waves are obtained when a vessel containing two immiscible fluids is vertically
forced into motion. The shaking induces a pattern of standing waves at the interface of the
two fluids. They were first noticed by Faraday in 1831, and Miles and Henderson provided
an extensive review on Faraday waves in 1990. The patterns can have differents shapes from
simple squares to eight-fold patterns (Christiansen, Alstrom and Levinsen (1992)), twelve-fold
quasipatterns (Edwards and Fauve, 1994), triangles (Muller, 1993), and even spatiotemporal
chaos (Kudrolli and Gollub, 1996). Benjamin and Ursell (14) studied the stability of the free
surface between inviscid fluids theoretically by showing that the equations of the system are
equivalent to a Mathieu equation. However, they observed large discrepancies between their

results in the case of ideal fluids and the experimental results for viscous fluids. For this reason,
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FIGURE 4: NUMERICAL APPROXIMATION OF A 3D TRAVELING WAVE SOLUTION FOR € = ﬁ

AT t =0, t = %, t =T USING N = 4 TAYLOR ORDERS IN THE APPROXIMATION OF THE

DNO AND (p,q) = (2,2)
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Tuckerman and Kumar (102)) extended the work of Benjamin and Ursell to viscous fluids in
1994.

Here we consider a vessel containing a layer of (viscous) water of height hA and air above,
and are interested in the stability of the free surface of the water. We simulate the Faraday

wave experiment (35) by supplementing our equations with a periodically varying gravity in

the form of a single frequency sinusoid so that [Equation 3.2.1] become:

o = Gof + 2ud%n + Q, (3.5.1a)

€ = —g(1 — 2F cos(Qt))n + 00?n + 2ud>€ + R, (3.5.1b)

where Gy = |D|tanh(h|D|).
First we derive a Mathieu equation and compare its solutions to the one obtained by using our
algorithm to validate it. Then, we use our solver to derive stability results similar to the ones

obtained by Tuckermann and Kumar.

3.5.1 Derivation of a Mathieu type Equation

Following Benjamin and Ursell, we linearize (Equation 3.5.1) and show how a Mathieu

equation can be obtained. First, we make the change of variables

Q
=271 = T:§t,
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which transforms (Equation 3.5.1)) into

2 4p o 2
orn = —QGof + o oin + —QQ, (3.5.2a)
0 = gQ(l 2F cos(Qt))n + q oin + q 0:¢ + QR' (3.5.2b)

3.5.1.1 Linear Solutions and Spatial Periodicity

If we consider {n, &} = O(e), then, at leading order, the governing equations (Equation 3.5.2))

become (recall that @ and R contain the nonlinear terms)

_ 2 Goe+ e
2 20 4p o

We seek spatially d-periodic solutions. Defining the spatial frequency & := 27” we have

{nz,7).&(@,m)} = Y {ile,7), (7)),

p=—00

and find

4 A ~
Tlp _ﬁu‘pP %GO,I) Mp

&p —2[1 —2F cos(27)] — alp* —¥[p1?] \ &



To simplify things, we factor out the time-decay with the change of variables

SYATE:
u(a,7) = T, 1), v(z,T)=TE(r,T), a:= Mg)”
resulting in
Up 0 %Go,p "
Or =
) \-%-2Fcos2r)] ol 0 | \35

Taking the time derivative of the first equation and using the second equation, we find

2\* . Qlp|?
%4, + <Q> 9Gop (1 - J2|p| —2F cos(27')> Uy =0,

or defining

w§ = wi(p; g, h, k) = gGop,

this becomes

2wo '\ Qlp|?
%4, + (;;O> (1 - 0'2|p| —2F cos(27')> Uy = 0.

Upon defining

[ 2wo 2 aQ|p|? B
a = <Q> <1 — B , q= CLF,
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(3.5.4)
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FIGURE 5: A COMPARISION BETWEEN THE SOLUTIONS OBTAINED BY SOLVING A MATHIEU
EQUATION AND THE SOLUTIONS OBTAINED USING OUR ALGORITHM FOR N = 16 TAYLOR

ORDERS, N, = 16 FOURIER TERMS, € = 1t5 AND F = 0.

we discover that (Equation 3.5.4) is the canonical Mathieu equation

9%y, + (a — 2q cos(27))i, = 0. (3.5.5)
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-3 Mathieu solution
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FIGURE 6: A COMPARISION BETWEEN THE SOLUTIONS OBTAINED BY SOLVING A MATHIEU
EQUATION AND THE SOLUTIONS OBTAINED USING OUR ALGORITHM FOR N = 16 TAYLOR

ORDERS, N, = 16 FOURIER TERMS, € = 1455 AND F = 0.23.
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FIGURE 7: A COMPARISION BETWEEN THE SOLUTIONS OBTAINED BY SOLVING A MATHIEU
EQUATION AND THE SOLUTIONS OBTAINED USING OUR ALGORITHM FOR N = 16 TAYLOR

ORDERS, N, = 16 FOURIER TERMS, € = t&s AND F = 0.39.

3.5.1.2 Comparison with HOPS methods

We compare the solutions obtained by solving the above Mathieu equation to the one obtain
by using Field Expansions to simulate the DNO and a fourth order Runge-Kutta method. The
following figures (5, 6, 7, 8) show the two solutions at the final time 7" of our experiment which
corresponds to one full period.

Our method replicates the behavior of the solution obtained by solving the Mathieu equa-
tion. One advantage of our method is that it is faster and more flexible than the one proposed

by Tuckermann et al. In fact, in the literature, people have used Floquet analysis to obtain a
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FIGURE 8: A COMPARISION BETWEEN THE SOLUTIONS OBTAINED BY SOLVING A MATHIEU
EQUATION AND THE SOLUTIONS OBTAINED USING OUR ALGORITHM FOR N = 16 TAYLOR

ORDERS, N, = 16 FOURIER TERMS, € = 1455 AND F = 1.30
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FIGURE 9: RELATIVE ERROR BETWEEN THE MATHIEU EQUATION SOLUTION AND OUR AL-
GORITHM SOLUTION FOR DIFFERENT N, FOURIER TERMS, N = 16 TAYLOR ORDERS, € = ﬁ

AND F = 1.30

very computationally expensive eigenvalue problem that they then solved to derive the solutions
to their equations (102).

In figure (9), we show the log; of the relative errors (using the supremum norm) with respect
to the number of Fourier terms (N,). As expected, the errors decrease when N, increases except

at a few isolated values of N, where the error slightly goes up.



F | Error in | Error in £

0 2.94¢7° 9.53¢°
0.23 | 2.82¢73 1.54e=3
0.39 | 7.96¢73 4.90e3
1.30 | 3.11le73 2.80e3
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TABLE I: RELATIVE ERRORS FOR DIFFERENT VALUES OF THE AMPLITUDE F OF THE FORC-

ING FOR N = 16 TAYLOR ORDERS, N, = 16 FOURIER TERMS AND & = —

1
100
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Stability Tongues
T

S 900

FIGURE 10: STABILITY TONGUES FOR WATER AND AIR, F' 1S THE AMPLITUDE OF THE VER-

TICAL FORCING AND k IS THE WAVENUMBER.

3.5.2 Numerical Stability

In this section, we reproduce in figure (10) the tongue-like stability zones obtained by Tuck-
ermann and Kumar (1994) by using our algorithm as opposed to solving a Mathieu equation.
We consider a vessel containing water at 20 degres Celsius up to a height h = 29mm and the
rest of the vessel is filled with air. The frequency of the forcing is 100H z.

Inside the tongues (yellow) the solutions are unstable (growing or blowing up) and they sta-
ble outside of them (blue). The amplitude of the forcing at the interface of these regions is
called the critical forcing. This is consistent with the stability tongues obtained by Tuckermann

et al. We can see that the equations are stable for small forcing amplitude regardless of the
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wavenumber k. As in Tuckermann et al., we also see that the critical forcing increases with the

wavenumber k£ which is expected since the viscous dissipation increases with k.

As it is usual when studying the Faraday wave experiment, we have produced an instability
diagram with respect to the parameters of the model. Our method is not a standard one as we
use Field Expansions to compute the DNO and a fourth order Runge-Kutta method to study
the stability of our model instead of solving a Mathieu like equation. In the future, we would

like to numerically simulate patterns at the water/air interface.



CHAPTER 4

CONCLUSION

In this thesis, we have provided a novel approach to prove the well-posedness of a water
wave equation with viscosity and surface tension. Our goal was to extend this proof to the case
of the Faraday wave experiment where the liquid is subject to a vertical forcing. We were able
to do so in the case of small forcing but not in the case of large forcing which we expect to
achieve in the future.

We then solved the equations numerically by using Field Expansions and a fourth order
Runge-Kutta method. First we studied traveling waves solutions when the viscosity and the
surface tension are set to zero. In this case, we can derive the exact solutions by hand. We built
a model for the full problem and provided satisfactory approximations to the exact solutions in
the two dimensional and the three dimensional cases. Finally, we looked at the Faraday wave
experiment by adding vertical forcing to our equations. First, we transformed our equations
into the traditional Mathieu equation which allowed us to use classical methods to solve this
equation. We used the solutions obtained from the Mathieu equation and compared them to
the ones obtained using our new method. We then computed an instability diagram for the
equations with respect to the parameters F' (forcing) and k (wavenumber). This is important
as it tells us how to pick our parameters when we perform the Faraday wave experiment which

is a goal for us.
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Appendix A
PROOF OF THE TRACE INEQUALITY

(Previously published as Ngom, M. and Nicholls, D. P.: Well-posedness and analyticity of solutions to a water wave

problem with viscosity. J. Differential Equations, 265:5031-5075, 2018.)

The goal in this appendix is the proof of Lemma

Proof. [Lemma [2.2.3] We begin by showing that
lo@,0) s < Ci oy (A0.1)

Following (39) we specify a function p(z,t), defined for 0 < x < 27 and —oo < t < oo, which

agrees with o for 0 < ¢ < 1 and vanishes for ¢t < —1 and ¢t > 2, such that

/ Z P 1pp() + () D1 () + () |05y ()] du

/ Z B oy () + B> Aupy(w) + () [0y w)[] du

/ S {0 + P25+ )Y (R dr

p_—OO

2
<Cllolxs



83
Appendix A (Continued)

where pp(7) is the space-time Fourier transform of p, and the penultimate equality comes from

Parseval’s relation. Since ||o(x,0)| ys—1 = ||p(x,0)|| gs-1, to prove (Equation A.0.1)) it suffices

to show that

(2, 0)|| grs—1 < CiM.
Now, by interpolation (2), we have

oG, 0) 1301 < € {llp(e. 0) 172 + |03 p(,0) |72 }

and, from the classical trace theorem (2)), we can bound the right hand side to deliver

2 2 -1 I2
||P(3370)HH8—1 <C {”PHHI/?(dx,dt) + Hai 1pHH1/2(dm,dt)}

<o [T5 (et () B e (a02)

Next, since V1 + 22 < 1+ z for any = > 0, we have

1/2
1/2 1/2
L+l + 17 <1+ [P+ 1P =14 1o

()]

<1+ |p| [1+!M] =1+ |p|+|7|.
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Thus we can conclude that

o0l <€ [~ 3 @ lpl+1el) (14 6P) 13, dr

p=—00
0o o0

=0 [T (1 b P e ) ()
Sy

Now, all of the terms on the right hand side will be bounded by M? provided, for |p|, |7| > 1,

1<C |P’28 requires s > 0
>~ < C'[p|** requires s > 0
Ip| < C |p[25 requires s > 1/2
pl*~! < Cp** requires s > 0
7l < Clrf? |pl* ! requires s > 2,

and

[l pl* ™ < O [,

which requires more analysis. We note that

e (I 1ol + o)

N

[l pl** =% = Il pl® [p]” <



85
Appendix A (Continued)

where a +b = 2s — 2. For our estimate we set 2a = 2s — 4 which demands that b =2s -2 —a =

2s — 2 —2s 4+ 4 = 2. In light of this we have the estimate

#72 <= (P P bl

N | —

7l 1P|

and we are done provided that 2s > 4, or s > 2.

We now move to establishing
1010 (2,0 o5 < Ci [l . (A.0.3)

The proof is identical to that presented above save that we must bound

(14192 + 1712) " (14 1P I,

c.f., (Equation A.0.2). All of the terms on the right hand side will be bounded by M provided

’T‘Q <C ’T‘Q \P’25_4 requires s > 2
I [p** 7% < O || |p|** requires s > 0

71 p| < C|7|*|p**~*

requires s > 5/2
1712 [p**~° < o7 p)** requires s > 0

2 < Clr)t[p/*® requires s > 4,
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and

171 [p|** 7% < C'|r[* > 8,

which requires more analysis. We note that, from Hoélder’s Inequality,

3 4/3 1 1
3 25—6 3 4 3 4b
12 = ol ol < 5 (1P i) + 5 (0l*) = St 1ol + 1o

where a +b = 2s — 6. For our estimate we set 4a/3 = 25— 8, or a = (3/2)s — 6, which demands
that b =2s —6 —a =2s—6 — (3/2)s +6 = (1/2)s, or 4b = 2s. In light of this we have the

estimate

25s—6 < 25—8 1|p‘23

Il S+

3
7" Ipl

and we are done provided that s > 4. O
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PRODUCTS OF ANALYTIC FUNCTIONS
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(Previously published as Ngom, M. and Nicholls, D. P.: Well-posedness and analyticity of solutions to a water wave

problem with viscosity. J. Differential Equations, 265:5031-5075, 2018.)

In this section we collect some identities involving the products of analytic functions in terms

of their Taylor series. To begin let suppose that A, B,C, D are analytic functions of € so that

the following Taylor series are convergent

o0 [o¢]
D=D(c) =) Dpe", E=E(e)=)» En",
n=1 n=1

F=F()= ZFnS”, G=G(e) = ZGnsn.
n=1 n=1

It is not difficult to see that

D(¢)E(e) = Y [DE],<", [DEl, = DnmEm,
n=2 m=1
and
oo n—1 m—1
D(e)E(e)F(e) = Y [DEF],e", [DEF], := Dy—mEnm—_iFy,

n=3 m=2 (=1

(B.0.1a)

(B.0.1b)

(B.0.2a)

(B.0.2b)
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and

N

[oe) n—1 m—14¢-1
D(e)E(e)F(e)G(e) = Y [DEFG],e", [DEFG], Dy EmiFy_ Gy
m=3 (=1 q=1

(B.0.2c)
For the results above to be true, the quantities {D, E, F, G} need not be scalars and may
be members of any normed linear space, Z. From these expansions we can prove the following

fundamental result provided that the norm, |||, satisfies the algebra property

IDE|; <MDz |Ellz, (B.0.3)

for some M > 0, e.g., the spaces H®, X* and V* provided that s is large large enough (s > 4

is certainly sufficient), c.f. Lemma [2.2.1]

Theorem B.0.1. Suppose that D, E,F,G € Z, a normed linear space with norm satisfying

the algebra property (Equation B.0.3). If D, E, F,G are all analytic in € with Taylor series

expansions (Equation B.0.1|) such that

Bn—l Bn—l
D, ——3 |En ——5s
I1Dallz < Cop I1Bnllz < Co gy
Bn—l n—1
Fn 3
” HZ <Cp (7’L+ 1)2 HG ”Z < CG( ¥ 1)
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for constants Cp,Cg,Cr,Cq,B > 0. Then DE,DEF,DEFG € Z are all analytic in € as

well, satisfying

Bn72 an?)
IIDELI, < CID. El gy IDEFL,, < CID. B.Fl o7 (B.0.4a)
Bn74
II[DEFG], ||, < CID,E,F, G]m, (B.0.4b)

where

C[D,E) = CpCgMY, C|[D,E,F]=CpCgCrM?*%,

C|D,E,F,G] = CpCpCrCaM3%,

c.f. Lemma|2.2.9,
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Proof. The proof is straightforward and we only present it for the final estimate (Equation B.0.4b)).

From (Equation B.0.2c|) we have

I[DEFG], |, < 1D BntFry Gl
m=3 /=1 g=1
n—1 m—14¢—1
<Y YD M IDucll g |1 Bt 5 | Fogll 1Gll
m=3 (=1 ¢q=1
n—1 m—14—1
Bn—m—l Bm—(—l
= MEC 12 P (m -+ 1)2
m=3 (=1 q=1 (n—m+1) (m—£+1)
o Blqul qul
X
T—q+127%(g+1)?
3 Bn—4
< CpCrCprCoM?®°—
< CpCEeCFrClg CESIE
n—1 m—14¢-1 (’I’L + 1)2

(n—=m+1)*(m—L+1)*(L —q+1)*(¢+1)?

Bn74

< M3y——
< CpCeCfrCq 1)

from Lemma m The estimates (Equation B.0.4)) can readily used in an inductive proof of

the analyticity of all of the products DE, DEF, and DEFG. O
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Appendix C

PERMISSIONS FOR THE INCLUSION OF PUBLISHED WORKS

The paper used in Chapters 1 and 2 of this thesis was published by Elsevier, which allows
authors to use their articles in their thesis. Their policy states “Authors can include their articles
in full or in part in a thesis or dissertation for non-commercial purposes.” and is available at

https://www.elsevier.com/about/policies/copyright/permissions!
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