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SUMMARY

Perhaps one of the most fundamental questions in oceanography is determining the shape
of the ocean floor.. Most theoretical work done in this area involves using acoustical methods.
This research takes a rather different approach. The goal of this research is to determine
the shape of the bottom of a body of water using surface measurements su_ch as surface wave
measurements. Indeed, methods for this inverse problem can be formulated through the use
of the Dirichlet-Neumann operator. As the Dirichlet-Neumann operat.or is an integral part of
the inverse methods, some of this research involves detailing those properties that are required
to justify the way it is applied. Specifically the analyticity of the Dirichlet-Neumann operator
allows for an expansion of the operator in a series which allows for a straightforward numerical
treatment of the methods that will be developed.

The method ovf proof for establishing the analyticity of the Dirichlet-Neumann operator is
motivated by viewing the geometry of the fluid as a perturbation of a system with a flat air-
surface interface and a flat bottom boundary, which suggests a double perturbation expansion
(one expansion around the top surface, one around the bottom boundary) of the operator
might be very useful. A change of variables previous to this expansion allows for the recursive
estimation of terms in the expansion. This explicit form of the Dirichelt-Neumann operator
presents the ability to design methods that will determine the shape of the bottom deformation,

as it now appears explicitly in the operator, though in a genuinely nonlinear way. The methods



SUMMARY (Continued)

developed are simple in execution, but not trivial in nature. Various different order methods
will be developed in detail.

The methods developed will be rigorously tested through numerical simulations to test
their veracity. A known topography will be given as input to the forward problem which will
output surface measurements. Those surface measurements will be used as input data for the
inverse methods, whose output will be compared with the original input data. Two different
types of representative inputs will be tested. First a small Gaussian bump-like deviation will be
introduced, followed by a sandbar type deviation. Not only will the convergence of the methods
be tested, but also their range of applicability through variation of parameters that will be used
to define the original inputs into the forward problem. Noise will also be added to the input to

test the veracity of the methods. These results will then be discussed in detail.

xi



CHAPTER 1

INTRODUCTION

Boundary value and free boundary problems arise in a wide variety of applications in the
physical and engineering sciences. From electromagnetics and acoustics (5) to fluid (20) and
solid mechanics (13), boundary value and free boundary models are indispensable as a source of
quantitative information for real-world phenomena. As important tools for scientists and engi-
neers alike, the analysis (both theoretical and numerical) of these problems is clearly of crucial
importance in understanding basic physical processes. While classical problenis focus on solving
for the field given boundary values, there recently has been much focus on inverse problems.
Generally, in an inverse problem one seeks to identify a parameter of the problem which cannot
be directly measured given some information about the field which can be measured (and in
many problems, some other boundary information as well).

One specific free boundary problem is that of water wave propagation. Surface water wave
propagation has long been a subject of study in mathematics. The classical forward problem
of wave propagation over variable depth is of great importance in coastal engineering. This
problem can be very complex due to the strong presence of shoaling, refraction, diffraction and
reflection.

Of no less importance is the ability to detect the shape of the the bottom of the ocean.
This problem is also one of oceanography’s most challenging problems for both theoretical

and practical considerations. On the theoretical side, inverse problems are ill-posed, which will



often cause a direct solution to this (and other similar problems found in a wide array of applied
sciences) unobtainable (5). Regularization schemes and filtering are just two common tools to
give approximate solutions to inverse problems. From a practical standpoint, the ability to
simply go out and take measurements can be difficult, expensive and, at times, even dangerous.

The most widely used method to find the shape of ocean bathymetry is through the detection
of acoustic waves which propagate down to the ocean floor and reflect back up to the surface.
For a brief sample of recent progress in this enormous field of “Underwater Acoustics” see
(27; 4).

This thesis presents a rather different approach to determining the shape of the bottom of
the ocean by framing the problem in the setting of a water wave inverse problem. The general
water wave inverse problem is stated most simply as trying to ascertain the bottom boundary of
a body of water from surface measurements. The methods developed will rely upon nonlinear
dynamical properties of the ocean surface to detect information about the ocean bathymetry.
This is very much in the same spirit as (24; 14) who use nonlinear properties of ocean waves
to find the bottom shape. Piotrowski and Dugan’s (24) method is one among many in the
literature which use linear variations in the dispersion relation for shoaling gravity waves as
a function of depth to deduce information about the shape of the ocean floor. Grilli (14) has
expanded upon these types of methods by taking into account nonlinear contributions to the
dispersion relation and achieved remarkable success.

Unlike the methods outlined above, the methods developed in this thesis do not rely solely

upon the dispersion relation, rather, the entire dynamic water wave problem is utilized. The



Euler equations for an ideal fluid can be reformulated at the surface (28; 10). The Dirichlet—
Neumann operator (DNO), also known as the Steklov-Poincaré operator (5), arises as a key
component of this reformulation. The DNO produces a first normal derivative (Neumann data)
from boundary measurements (Dirichlet data). The DNO plays a crucial role in the proposed
methods.

As a prerequisite to using the DNO operator in the inverse methods, certain mathematical
properties such as analyticity need to be established. The DNO has found widespread usefulness
in a wide range of classical forward problems. For a large sub-class of boundary value and free
boundary problems, a simplification and reduction in dimension can be achieved by considering
boundary quantities as fundamental variables. This is the (‘:ase’for an ideal fluid flow (20),
where the velocity potential must satisfy Laplace’s equation. Another example would be linear
time-harmonic acoustics (5) where the reduced pressure must satisfy Helmhotz’s equation. It is
usually possible in situations where the unknown function satisfies a simple differential equation
in the interior of the domain problem. In these cases, the field quantity at the surface and, when
dealing with a free boundary problem, the shape ofv the surface usually work as fundamental
variables. Ffom these, the value of the field at any point in the domain can be recovered from
a suitable integral formula.

Of course, derivatives of the field at the boundary may be of physical interest and/or neces-
sary to correctly pose the physical problem. In this case a challenge arises in producing normal
boundary derivatives as these involve, in a fundamental way, the solution of the differential

equation on the interior of the problem’s domain. For this reason, normal derivative operators



such as the DNO play a key role. Clearly, a detailed understanding of the analytical properties
of these DNO is crucial to not only the theoretical study of boundary value and free boundary
problems, but also their reliable and accurate numerical simulation.

The first half of this thesis will develop the setting and mathematical properties of the DNO
for water waves. Some previous work on the DNO in this setting can be found in (26; 15; 7). This
development will include an analyticity result for the setting of freefboundary fluid mechanics
over a non-trivial bottom boundary. The result presented will be a specific case of a very’
general result found in (23). While the proof does not give the sharpest results from a theoretical
standpoint (the boundary deformations are only assumed to be C*12), a more general theoretical
result in the case of a flat bottom and arbitrary dimensions can be found in (16). The reason
for using a method that does not give the most general results is that the method of proof sets
up a stable numerical procedure for simulating the DNO.

The second half of this thesis will detail several methods for solving the water wave inspired
inverse problem discussed earlier. These methods rely on an expansion of the DNO in a per-
turbation series around the bottom boundary. Through this expansion, surprisingly convenient,
formulas are found that involve the ocean bathymetry. While, not surprisingly, these formulas
are ill-conditioned and nonlinear, simple standard techniques from the general theory of inverse
problems allows for an accurate approximation of the bottom topography.

The methods developed will then be rigorously tested. A known bottom topography will
be used as data for the forward problem to generate wave data. This data will then be used

as input for the inverse methods, whose output can then be compared to the original known



topography. Several parameters will be varied to see how well the different methods respond
to bottom topographies of various shapes and sizes. Lastly noise of various mégnitude will be
added to the wave data, to show that the methods will work when measurement errors are

introduced.



CHAPTER 2

THE EQUATIONS OF MOTION

This chapter will focus on the theoretical foundation and the motivation for the inverse
problem that will be proposed and dealt with in later chapters. A proper starting point for any
problem that finds its motivation from fluid mechanics is the famous Navier-Stokes equations.
After outlining some assumptions, a system of equatioﬁs will be developed which describe the
movement of water waves over a non-trivial bottom boundaryl. This system of equations can be
written as Hamiltonian system that allows a surface reformulation of the evolution equations.
In this development arises the Dirichlet-Neumann operator, which forms the basis for the rest

of the thesis.

2.1 Navier-Stokes Equations

The familiar Navier-Stokes equations describe water wave movement for an incompressible

Newtonian fluid:

1
du+(u-Vju= —;Vp+1/Au+g (2.1a)

V-u=0, (2.1b)

where u is the velocity vector, p is the density of the fluid, p is the pressure, g is the gravitational
force and v is the viscosity. For the purposes of this thesis, the fluid will also be assumed to

be inviscid, so that, from this point forward, v = 0. One last assumption will be made about



the fluid itself, and that is it also be irrotational (V x u = 0). A fluid assigned these three
characteristics (incompressible, inviscid, irrotational) is typically referred to as an ideal fluid.
Irrotationality leads to the existence of a velocity potential ¢ where u = V. Substituting this
expression into Equation 2.1b, implies that the velocity potential ¢ satisfies Laplace’s equation
Ay = 0 throughout the fluid’s domain.

The Navier-Stokes equations form the backbone of most fluid dynamics. While by no means
an exhaustive list, some applications of the Navier-Stokes equation include the movement of
air around an aerofoil, the movement of a very viscous liquid, as well as surface water waves.
" Maybe the most critical aspect to specifying the intended application of Equation 2.1 is to
specify the domain that the fluid occupies. The fluid domain with a non-flat, impenetrable

bottom boundary with a free surface as its upper boundary consists of the region
Shen = L@, y)l(@,y) € R xR, —h+ ((2) <y < nlz, )}, (2.2)

where n(z,t) specifies the moving air/fluid interface, h is a fixed depth, {(x) \is the deviation
of the bottom topography from the fixed depth. To clarify, d = 2 in the case of one horizontal
variable and d = 3 in the case of 2 horizontal variables. For the theoretical aspects of this
thesis (the bulk of chapters 2-4) d = 3 (the theory can generalize to higher dimensions as well),
while the chapter on a water wave inspired inverse problem will use d = 2 for computational

purposes.



Without going through their detailed development, which can be found in any fluid me-
chanics book (20; 1), the boundary conditions used for this domain are the typical kinematic

and Bernoulli conditions on the free surface y = n(z,t):
1 2
Om = By — Van - Vaip, Op = —gn — 5|Vl (2.3)

respectively. At y = —h + ((x), the boundary condition is derived from the property of
impenetrability—that the fluid can not cross the bottom boundary. This implies that the normal
derivative of the velocity potential at the bottom boundary should be zero, i.e. Oyp—V(- Vo =
0. For simplicity there will be an additional assumption of periodic boundary conditions with
respect to the lattice I' ¢ R%™! giving period cell P(I') and wavenumbers in the conjugate
lattice I"’'. For convenience, the classical Euler equations that define the movement of an ideal

fluid are collected below.

Ap =0 in Spen (2.4a)

O’ — Oyp +Van - Ve =0 ony =n(z,t) (2.4b)
Orp + gn + %|Vc,0|2 =0 on y = n(z,t) (2.4¢)
Oy — Vz( - Vap =0 ony = —h+ {(z). (2.4d)

2.2 Zakharov’s Hamiltonian Formulation

Zakharov, in his famous paper (28), was able to write these equations in a Hamiltonian

system in the canonical variables (n(z,t),&(z,t)), where &(x,t} is defined to be the value of



the velocity potential at the surface y = n(x,t), i.e. &(x,t) = ¢(x,n(x,t),t). The evolution

equations then take the form of the Hamiltonian system

7 0 I onH
£ -1 0 deH
where H is the Hamiltonian functional

n

1 1 .
H:/ / §|V<p|2dydx+/§gn2d:r (2.6)

~h+(¢

2.3 Surface Reformulation

The Hamiltonian formulation Equation 2.6 and the solvability of Laplace’s equation on
the domain Sj, ¢, given £, leads to a reformulation of Equation 2.4 at the surface (10). The
development of these equations will be detailed in Chapter 4. Crucial to this reformulation is the
Dirichlet-Neumann operator (DNO), G(n, ()€, which also allows the Hamiltonian Equation 2.6

to be rewritten as

H— [ 56600l + [ Jois, (27)

The DNO is so named because it takes Dirichlet data, £(x), as input and outputs Neumann
data, d,p. More specifically the DNO expresses the normal derivative of ¢ at the surface n in

terms of £ and the domain Sp ¢ .
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Inspired by the geometry of the Euler equations Equation 2.4, and through the surface re-

formulation of Craig and Sulem, we study the DNO and its agsociated boundary value problem,

Av=0 in Shcn (2.8a)
By0 — Val - Vo = 0 | on y=—h+((z) (2.8b)
v(z,n(z)) = &(z) (28¢)

oz +7,y) = p(z,y) forall y e TI. (2.8d)

Given the intuitive definition of the DNO and finding a solution of Equation 2.8, the DNO

is defined as

G(n, Q)¢ = Oyv — Va1 - Vauly=p. ’ (2.9)

As the DNO is crucial to the surface reformulation, it is imperative that its mathematical
properties are properly understood. The highly implicit nature of the DNO can make this
difficult. An explicit form for the DNO helps simplify things greatly. The next chapter will

discuss this in detail.



CHAPTER 3

THE DIRICHLET-NEUMANN OPERATOR

As was described briefly in the prévious chapter, the system of equations Equation 2.8 can
be written in terms of the canonical variables £ and 7. Crucial to this process is the DNO, an
implicit operator that acts on &. Being able to accurately co;npute the DNO is very important,
not only to-the theoretical study of boundary value and free boundary problems, but also. in
forming reliable numerical models of these problems.

- One method that allows for an accurate numerical approximation of the DNO is a pertur-
bation expansion. The DNO is often exactly solvable in the case of simple geometries. If Sy, ¢ p
Is viewed as a perturbation of a geometry with flat upper and lower boundaries Sy, 00, then a
double perturbation expansion, in powers of 7 and ¢, of the DNO is appealing. While there are
several methods that develop this expansion into a numerically convenient form, only one such
method also leads to a straightforward inductive proof of analyticity. In this chapter, certain

methods for expansion will be developed, and an analyticity theorem will be detailed.
3.1 Expansion

From the definition of the DNO, Equation 2.9, one can see that it is highly implicit in
nature. For certain geometries, however, it can be explicitly found. Such is the case when the

water surface and bottom boundary are uniformly flat, i.e. when = 0 and ¢ = 0. In this case,

we can calculate the DNO:

11
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(3.1)
= 9yv(x,0).
In this case, the solution of Equation 2.8 is given by
cosh(|k|(y +h)) 2 spa
oa,y) = Y2 O W) g o (3.2)

foay? cosh(}k|h)

where ék are the Fourier coefficients of £&(x). Then by substituting Equation 3.2 into Equa-
tion 3.1, it is easily seen that applying the DNO to £(x) = v(z,0) results in

G(0,0)&(x) = Oyv(x,0) = Z k| tanh(|k|h)Eet
kel (33)

= |Ditanh(h|D])§(x),
where D = —iV,. This, of course, implies that G(0,0) = |D|tanh(h|D}).

Given that finding an explicit formula for the DNO is so simple in such a geometry, a double
perturbative approach seems to suggest itself as a plausible way to calculate the DNO. In this
approach the general surfaces y = 7 and y = —h + ( are viewed as perturbations from the
planes y = 0 and y = —h, and an explicit expression for the DNO may be found by writing
it in a double perturbation series about the unperturbed surfaces. Letting n(x) = ef(z) and
¢(z) = db(x), where ¢ and § are viewed as small parameters, we wish to write |

G006 = 33 G, B[ | (3.4)

n=0m=0
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There have been many papers that discuss such an approach in the case of a flat bottom
boundary ({(x) = 0) (3; 10; 25; 21; 8; 22) and more recently in the case of a nontrivial bottom
boundary (26; 15; 7; 23).

3.2 Field Expansion and Operator Expansion

There are several ways to derive formulas for the G, ,, in the expansion of the DNO. One

way, termed “Field Expansions” (FE), expands the field in a double perturbation series

(z,y;€,0) ZZU” m{z,y)d™e", (3.5)

n=0m=0

~where the 6 and e come from the substitutions n(x) = f(z) and ((z) = db(x). The vy m(z,y)
can be recursively solved for by solving a system of equations for each pair (n,m). Those
explicit solutions for the vy, can then can be used when Equation 3.5 is substituted into the
definition of the DNO (Equation 2.9) to solve for the Gy, (f,b).

To solve for the v, m (2, y) we will make use of two separate Taylor expansions of v(z, y; €, §).
One expansion will be about the surface y = 0: v(x,ef(x)) = };8‘41)(17 )7— , and one about
the bottom y = —h: v(x, —h +6b(z)) = le%v(x, -h)ll)—;él. Substituting Equation 3.5 into these

expansions results in

[e olENe o lNe o)

(z,ef(x ZZZ&%W z,0 f' gtngm (3.6a)
=0n=0m=0 l
xXD0 x

v(x, —h + 6b(z)) = ZZZ@I Vn,m (T, —h) £ ()Hm (3.6b)

I=0n=0m=0
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Then substituting Equation 3.5 into Equation 2.8a, and Equation 3.6a,b into their respective

boundary conditions (Equation 2.8b,c), it can be shown that the v, ,, must satisfy

Avpym =0, in Shop (3.7a)
Unm(2,0) = HEY () (3.7b)
Oyvn,m(z, —h) = H’r(127)n(x) (3.7¢)
Unm (T +7,9) = Vpm(z,y), forall ye I'. (3.7d)
where
(1) s 5 = !
H)(x) = 50,05 06(x) - J;‘—ﬁa;vn_l,m(z, 0) (38)

m—1,

. b
HB,(2) = Vab- Y 7Va |Ovnm-i1(z, )]
=0 "

m gl
= Zﬂaé+1vn,m—l<xa _h)7
=1

and SM is the Kronecker delta. This system of equations is solved by using the general spectral

representation of the solution, and solving for the coefficients using the boundary conditions.

While the form of vo g from Equation 3.2, voo(z,y) = > S%W—)ékeik“, suggests using
ker’

a spectral solution involving cosh(|k|(y + h)) and sinh(|k|(y + h)), it is most convenient, for

(n,m) # (0,0), to use the form

Vnom (T, y) = Z cosh(|k1y)snm i + sinh({E[Y)tn mk | €*%, (3.10)
ker’
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where s, 1 and t, ., are Fourier coefficients. "Then using the spectral representations in
Equation 3.7b and Equation 3.7¢, we get a system of equations in which we can solve for the
Fourier coefficients in Equation 3.10. To be exact, if H,(-szn () = > Hn m ke““” for j = 1,2,

kel
then

Snmg = (3.11a)
1 ~
tnmy = tanh(h|k])H (2) (3.11b)

—_———H .
i + B[ cosh(RJR]) " momk

These formulas can be used recursively to find formulas for the Fourier coefficients. Once
the formulas for v, ., are found, the G,, , can be calculated. Using a process similar to the one

which recovered Equation 3.7 from Equation 2.8, the DNO can be written as

G, 0)E = Zf B,y n(,0) — xfz (0. (312

To clearly illustrate this method, Gi1o and Go; will be explicitly calculated. From Equa-
tion 3.12, we see that to get the formula for Gy, the spectral solution v; o must be found.
Inserting Equation 3.10 for vy o into the boundary conditions Equation 3.7b,c, results in

Z«Slokfke = —f(x)Byvo,0(z,0)

EF’

(3.13a)
= Fa) Y IK tanb (Al e
kel
Z [|k| cosh(h|k|)t1,0% — K| sinh(h|k|)31,07k] &emT = 0. (3.13b)

kel
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This system of equations can be solved for s, and t;g%. At this point, we use the more
convenient “Fourier multiplier” notation which identifies k to D just as the operator —iV, was
written as D earlier when writing the formula for Goo. With this in mind, the spectral solution

takes the form

vnm(:r, y) = [cosh(|D|y)Sn m + sinh(|D|y) T m] £(x), (3.14)

and Equation 3.13a,b become

S106 = — f(2)] D] tanh(h| D|)¢ (3.154)

_ |D|sinh(h|D]) .,

Therefore,

S1.0 = —/|D)| tanh(h| D)), (3.16a)

Ty o = - tanh(h|DJ) f|D| tanh{h|D}). (3.16b)
This leads to the solution

vi0(z,y) = = [cosh(|Dly)f (#)| D] tanh(h| D))

+sinh(1D|y)t.anh(th|)f(x)|D|tanh(h|D|)]§(x), (3.17)



17
which can then be used to calculate Gy . From Equation 3.12,

Gio(f,b)é(z) = Oyvi0(x,0) — Vi f(x) - Vevoo(z,0)
(3.18)
= —|D{tanh(h|D|)f(z)|D|tanh(h|D})é(z) + Df(z) - D&(x).

So

Gro(f,) = DfD — |D|tanh(h|D|) f|D| tanh(h| DI)
(3.19)

=Df-D— GoofGop.

Similarly for Gy 1, the spectral solution for vy ; needs to be found. When Equation 3.10 for

v1,0 is inserted into Equation 3.7b, this results in

Z so,1,kEe™" =0, (3.20a)
ker’

implying that, so 1% = 0. So that from Equation 3.7c (using Fourier multipliers),

| D| cosh(h|D|)Tp1& = — (Db(x)) - (Dvgo(z, —h)) — b(z)@ivgyg(a:, —~h)
— — (Db()) - (Dsech(h|D|)&) — b(z)| D|*sech(h|D|)€ (3.20b)
= —D - b(x)Dsech(h{D|)¢,

where we have used the fact that |D|?> = D? and the product rule: (Db(z)) - (X(z)) +

b(z)D*(X(x)) = D - bDX (). Therefore,

To1 = —%sech(lﬂDD - b(z)Dsech(h|D|), (3.21)
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which leads to
. D
vo(x,y) = — smh(|D[y)msech(h[D1) - b(z) Dsech(h{D])¢(x). (3.22)
And G ¢ can be calculated,

Go,1(f,b)é(x) = —Dsech(h|D|) - b(z)Dsech(h|D})(z). (3.23)

Up to this point then, the following terms of the expansion of the DNO have been calculated.

Goolf,b) = |D| tanh(h| D)) (3.24a)
Gio(f,b) =Df - D — GoofGop  (3.24b)
Go1(f,b) = —Dsech(hD) - bDsech(hD). (3.24c)

Another method for finding the &G, 5, substitutes the double sum form for the DNO from
Equation 3.4 directly into the definition of the DNO Equation 2.9. This method is termed
“Operator Expansion” (OE), as the main expansion is done on the operator and not the field.
OE will be outlined in more detail in the next chapter.

These two methods have much computational value (10; 15), but their usefulness in ana-
lyzing the mathematical properties of the DNO such as analyticity is found lacking. While the
results in (22) show that this series converges in the case of ((z) = 0, and an extension of those
results for when ((x) # O certainly is expected, there is a seeming contradiction. The process

of calculating the series makes evident a seemingly strong requirement that both profiles n and
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¢ have a high degree of regularity. On the other hand, the smoothness requirements of these
analyticity results is much less restricted (they need only be a C! perturbation of a plane) (9; 8).
This seeming contradiction can be explained through cancelations that occur in this expansion.
These cancelations and the effects that they have on numerical simulations are outlined in (21)

A third method, while not as straightforward in its derivation as FE and OE, is very
useful for proving analyticity properties of the DNO. This method is called “Transformed Field
Expansions” (TFE). In this method, the field undergoes a non-conformal transformation, and

then expanded. This method will be outlined in detail in the next section.

3.3 The Transformed Field Expansion

As mentioned above, the first step for TFE is to make a non-conformal transformation of
the field. The motivation for this transformation is to map the domain Sy ¢, into a domain

consisting of a simple, separable geometry. The change of variables is given by

hly —n)
7 =z, = ) 3.25
=z Yy h T (3.25)

Note then that y = y/(h — ( +n)/h + 1. This transformation maps our domain S, ¢, into the
domain S o or equivalently it maps y =n — ¢y’ =0and y = —h +( — 3’ = —h. This change

of variables also transforms v into

w(@,y') = v’ y'(h — C+n)/h+n). (3.26)
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With this change of variables, the system of equations Equation 2.8 also needs to trans-
formed. To simplify the transformation into the system of equations in the new coordinate

system, the following functions become very useful.

M) = (h— (') + () (3.27)
M(z'y := M(z") — h = n(z') = ¢(z") (3.28)
N(z'y') =~y + h)Van(2) + /' Va((2"). (3.29)

These functions lead to the formulas

Oy N =~V M (3.30a)
MV, = MV, + Noy (3.30b)
Mo, = hdy (3.30c)
Mdiva ] = Mdivy[] + Noy[. (3.30d)

With these preliminary calculations, we are ready to completely reformulate Equation 2.8
in the new coordinate system. To simplify the process it will be convenient to multiply both
sides of Laplace’s equation by M?2. While it is certainly possible to formulate the system of
equations in this new coordinate system without this multiplication, quotients appear on the
right hand side in ((z") and n(z’), which are not only inconvenient for the proof of analyticity,

but also not optimal for a numerical implementation of the expansion.
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M?Av = M*div,(Vqv) + M*82v
= Mdivy(MVv) — VM - (MVgv) + MOy (M0oyw)
= (Mdivy + N8y ) (MVypu + Noyu) — MV M - Vyu
— N Vo Moyu+ h*oju
= Mdivy (MVpu) + Mdivy (NOyu) + N - 3y (MVyu)
+ N8y (Nyu) — MVyM - Vyu— N -V Moyu+ h*o5u
= hdive (MV ) + Mdivy (MV yu) + divy (M N, u)
— VM - Noyu +8, (N - MV ) — 8y N - (MV yu)
+ 8y (INPPOyu) — 8y N - Noyu — MV y M - Vyu — N - Vo M8yu+ h*05u
= K2 Ay + divy (2hM + M?)V pu + NMOyu) + 9y (N - Mv;u + |N 128y u)

VM - (MV ) = N -V M.

Then, since Av = 0,

h2 A" = divy | — (812 + 2h W)V gru — NJVIGy/u] — 8y [N - MV pu + |N|?9,u]

+ [MVyM - -Vou+ N VyMoyu]. (3.31)
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Likewise, to find the bottom boundary condition, we solve Equation 2.8b for 8,v and mul-

tiply both sides by M resulting in (note that N(z', —h + {(z)) = —hV ()

Moyv(z, —h + {(z)) = MV( - Vyu(zr,—h).
=V ((z') - [MVyu(z, —h) — hV (2" 8y u(z’, —h)]
= MV (&) Vyu(a', —h) — bV (@) Poyula’, —h),

which implies that
hoyu(z, —h) = MV {(2') - Vu(z, —h) — hVC(2 ) Oyulz, —h).

The DNO is transformed to

MG(n, C)(x) = MOyv(z,n(z)) — MVen(z) - Vev(z, n(z))
= hdyu(z’,0) — Von(z') - [MVpu(a’,0) + N(z',0)0,u(z’,0)]

= h(1 + |Von(z)[*)oyu(z’,0) = MV n(z') - Veu(z',0).

(3.32)

(3.33)

(3.34)

Remark 3.3.1. To simplify the appearance of some of the expressions to follow, wn m may refer

0 Unm(2’,0), Unm(2',y) or unm(z,—h) . The context should give clarity. In the previous

ezpression Equation 5.84, it would have been clear that uy, . would be meant as Un,m(2',0) as

the DNO 1s defined on the surface y = 0. The notation will be clarified when the context might

be unclear.



23

Upon dropping the primes, our system of equations can be written in the convenient diver-

gence form
Au = div, FD (z,y) + 8,F D (z,y) + F®(z,y) (3.35a)
u(z,0) = &(x) (3.35b)
dyu(z, —h) = J(z) (3.35¢)
u(z,y) = ulz +v,y) forallye I, (3.35d)

where

R2FM = —(2hM + M?)Vyu — NM,u (3.36a)
W F® = —MN -Vu— |N[ou (3.36b)
RF® = MV,M -Vou+ N -V, Mou (3.36¢)
hJ(z) = MV ((z) - Voulz, —h) — h|V((2)[* O u(z, —h). (3.36d)

Now that Equation 2.8 have been rewritten in the new coordinate system, the field and
the DNO are expanded as was done in the previous methods. Letting n(z) = ef(z) and

¢(z) = db(x), the following expansions are formally made:

‘ oo 0
u(z,y;e,0) = ZZun,m(:r,y)éme", , (3.37)

n=0m=0
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and

G(ef, 00 =D Gnml(f, b)E5™". (3.38)

n=0m=0
The system of equations for each wy g, which can be solved recursively, now need to be
identified. Inserting Equation 3.37 into Equation 3.35, the system of equations for each w,, ,,, is

found by equating terms of like order in § and €. The system at order (n,m) = (0,0) becomes

Augp =0 (3.39a)
ug,0(x,0) = &(x) (3.39b)
Byuoo(x, ~h) =0 (3.39¢)
wo(z +7,y) =woolz,y) Vyel. (3.39d)

For n +m > 0 the system becomes

At = diva F{Y), (2,9) + 0, F ), (x,9) + 3, (2, y) (3.40a)
Up,m(2,0) =0 (3.40b)
Oytingn(z, —h) = Jnm(z) (3.40¢)

U (T + 7, Y) = Unm(z,y)  Vyel. (3.40d)
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Formulas for F,(Lf,zl(m, y) (j = 1,2,3) and Jy ;m(z,y) are derived from substituting Equation 3.37

and Equation 3.36 into Equation 3.35 and matching terms of of the same order. This leads to

the formulas

hAF), = h(2bVy — yV b8y ) unm—1
—h(2fV; = (y + W) Va fO)un-1m
= (b"Va + (4/2) Ve (b)) ) 2 (3.41a)
— (f*Va + (y + 1) /2V2 ()0 ) un—2,m
+(20f Ve — ((y+ WOV f —yfVab)Oy)tn-1,m—1,
WPF(P) = —hyVab - Vatinm-1
+h(y + ) Vef - Votin-_1m
+ (y/2Va(6?) - Vo — 1| Vb |?0y i m—2 (3.41b)
+ ((y+h)/2Va(f?) - Vo = (y + B2V f [0y un—2.m
— [((y + WbV f +yfVab) Ve — 20y + h)yVaf - VbOy] thn—1,m—1,
R2FR), = —hVob - Vatnm1 + hVaf - Vatin-1m
+(1/2V4(b%) - Vo — y[Vab?0) ) un m—2
(3.41c)

(1/2V() - Vi — (g + D)V POyt 2m

+ (*vz(fmv"r + 2y +h)Vyf- Va:bay)un—l,m—ly
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th,m =hVyb- vxun,mfl ~bV,b- va”u’n,m—2 + fVab- vrun—l,m—l
(3.41d)

— h|VIb|28yun7m,2.

Once the solutions uy ,, have been found, the DNO can be explicitly calculated. Inserting
both Equation 3.37 and Equation 3.38 into Equation 3.34 and collecting terms of the same

order the formulas for the G, ,,, can befound:

Gn,m(fa b)f = _h_lvwf : (hvmun——l,m - bv;cun—l,m—l + fvmun—2,m)

+ ayun,m + |vzflzayun—2,m =+ fGn—l,m(f, b)f + bGn,m—l(fv b)f (342)

From the above expression, it is seen that getting a bound on the Gy, ,, is connected to getting
bounds on u, ;, and some of it’s “precursors”. More technically, the analyticity of the DNO is

a direct result of the analyticity of the field.

3.4  Analyticity of the DNO

Before proving an analyticity property for the DNO, some norms that will be used through-
out this chapter should be introduced. If f is a function of only x, ¢ is a function of only y and

h is a function of z and y, then their respective Sobolev type norms are defined by
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10y = 2RI
ol ony = Z / 9h()Pdy
Bl prtny = D3 / a0 ) Py 20,

I=0kel""

where (k) = /1 + |k|?. There will also be repeated use of the following algebra estimates (2},

IA

b ars Cs)lules ) o

IN

shll ravare Cls +1/2)|ulesrarzsal Al gsiase,

where C? is a classical Holder space (11; 18).

The main result of this chapter is now detailed here: The DNO is. jointly analytic as a
function of the parameters ¢ and é, and the spatial variables x and y. Furthermore, the disk
of analyticity can be centered at any (fo, bo), thereby including a neighborhood of the full, real
two-plane in (g, §) space. In other words, setting n{x) = fo(z) +ef(x) and {{(x) = bo(x) + 5b(z),
and given the velocity potential at the surface, £(x), then both u and the DNO, can be written
in the form of the Taylor expansions

u(x,y;€,9) ZZunm z,y)e" o, G(z;e,0)¢ = ZZG"W V™o, (3.43)

n=0m=0 n=0m=0
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which converge strongly in the sense of the following two theorems.

Theorem 3.4.1. If f, b, fo, bo and & are real analyitic functions then

3’;351 Ak £l
: < KyB"D™ o 3.44
(& + 0! mm o (k+1)2(+1)% (3-44)

for constants Ko, B, D, A, £ > 0.

Theorem 3.4.2. If f, b, fo, by and £ are real analyitic functions then

a’;G 13 <I~<B”Dm——A—}f—— (3.45)
R ™S = 07T 2 '

for constants Ko, B, D, A, E > 0.

The proof of these general results is found in (23). The specific case of parametric analyticity
in terms of simply ¢ and 4, i.e. fo = by = 0 and when (k,l) = (0,0), will be stated with proof
below.

Theorem 3.4.3. Given s > 0, if f, b € C*T2(P(I")) and £ € H*T*2(P(I)), there exists a

unique solution

[e Sl o}
U(I,’y;E, 6) = Zzunyn(l,y)fném

n=0m=0

of Equation 8.35 satisfying

ltnmllmer2pryxino < Kollll gerarz(piry B D™ (3.46)

for any B > K{(s,h,d){flcs+2 and any D > K(s, h,d)|blcs+2 and where Ky is a universal

constant. K(s,h,d) will be defined in the following lemmas.



29

Theorem 3.4.4. Given s >0, if f, be CP2(P(I)) and € € H¥T3/2(P(I)), then

|Crnméllgerrzpry < Kollélgorarp(ry B D™ (3.47)

for any B > K(s,h,d)|f|lcs+2 and any D > K(s,h,d)|b|gs+> and where Ko is a universal

constant. f{(s, h,d) will be defined in the following lemmas.

To prove these we need the following elliptic estimates (c.f. (11; 19)).

Lemma 3.4.5. Given an integer s > 0, if & € HSP3/2(P(I"), g) € H**Y(P(I') x [—h,0]) and

J € HsTU2(P(I)), then there exists a unique solution w(x,y) of

Aw(w,y) = divg[g" (@, )] + 8ylg™ (2, 1)) + ¢ (2, 9) in Sho0 (3.48a)

w(z,0) = &(x), (3.48b)

Oyw(x, —h) = J(x), (3.48¢)

w(z +7,y) = w(z,y) forallye (3.48d)
satisfying

3
lwll zrsv2(pirysci-nony < Ko | 1€l gsrsrzpiry + > Mg g1 (pryx—nop
j=1

+ TN gsrrzpery | (3-49)
where Ko 18 a universal constant.

Proof. This lemma is an extension of the periodic analogue of a theorem found in (12), where

J(x) = 0. Therefore, to prove this lemma, let w(z,y) = wi(z,y) + wa(x,y), where wy(z,y)



30

solves Equation 3.48 with J(z) = 0 and ws(z,) solves Equation 3.48 with ¢gi)¢(z) = 0. The
theorem in (12) states that w;(z, y) must satisfy
3

sl zrer2(peryxi-non < Ko [1€lmsrarmipiy + DN g (pryxi-nol | - (3.50)
e

So then, to prove the lemma, all that is needed to still be shown is that ||wal| gs+2(p(rx(-h0))) <

Kol Tl ge+1r2(p(ryy:

The spectral representation of wo(z,y) is given by

_sinh(lkly) ”
J(k)e* =, 3.51
Z k[ cosh(]k1h) J (ke (3:51)

Then

T — hm—ZZ/w ok, )Py (k) 2542

I=0kel"”

ZZIJ )|? sinh(2|k|A) (k)21
- 4|k|3]k| 2! cosh?(|k|h)

kel =0
"~ |7 (k) |? sinh(2{k| h) (k) 2(+2)
. kezl’; 4|k[? cosh?(|k|h) (3.52)

5T (k)|? sinh(2]k| k) (k)2(s+1/2)
<ZZ&()| (2|k|h) (k)

S 0 2 cosh(2|k|h)

< ZZIJ kJ)Q s+1/2)

kel =0

S K()”j”?-]s—kl/zua(p))'
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In light of Lemma 3.4.5, if one can obtain bounds on Fr(kfzn(a:,y) (1 =1,2,3) and Jy m(z),
then we also have bounds on the functions uy, ,,, proving Theorem 3.4.3. The proof of Theorem
3.4.3 and its corollary is, not surprisingly, inductive. While it would seem as though the
induction would involve a double induction on both n and m, this need not be the case. From
the formulas for the F,(f,)n(x, y) (i =1,2,3) and Jy (), it is clear that they depend only on a
finite number of precursors of up m of the form wy,_; m—; where i + 5 < 2. (So for any (n,m),
Fr(f}n(:r,y) (1 =1,2,3) and J, m(z) depend on at most 5 precursors, namely un—1.m, Un—2,m,
Un—1,m—1, Unm—1 and Upm—2). This allows us to perform a single induction on the, as yet,
undefined index /.

Letting n 4+ m = [, the induction will need to be started by not only showing the estimate
holds in the [ = 0 case, but that it holds in the [ = 1 case as well. The case [ =0 (m =n = 0),
is a special‘ case of Lemma 3.4.5 that [[uopllgs+2 < Koll€]|gsts/2p(ry)- The next two lemmas
will show that the estimatg in Equation 3.49 holds for the [ = 1 case. The first for when
(m,n) = (1,0), and the second for when (m,n) = (0,1).

Lemma 3.4.6. Let s > 0 be an integer, f € Ct2(P(I')), and B > Ki|f|cs+2, where K, is

some constant that depends only on h, s and d. Then

Huroll asee(pryx—nop < Kolléll gs+srzpiryB- (3.53)
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Proof. From Lemma 3.4.5 (note that J; g = 0),

3
hllut oll gat2(p(ryx[-mop < KOZ“hFl(?O)HHSH(P(F)X[fh,O])
j=1

< Ko{l|2fVaeuooll gs+1p(ryx(-no)
+ [y + ~)Va fOyuoollgs+1(piryx(—no)
+ |y + h)Vaf - Vauooll gstipryx[—h0)
+ Ve f - Vauooll gser(piryxi-nont
< Ko{2C (s + DI flos1 IV zuo,0ll s +1(P(ryx[~h,00)
+ C(s + 1)|Veflosn||(y + h)Iyuooll o1 (p(ryx(—ho)
+ C(s+ )| Vaflestl(y + M) Vauooll gsr1(p(ryx(-ho)

+ C(s + DIVeflost1lVeuool s+ pryxi=nop I

where we have used the fact that || fg|lgs < C(3)|f|cs]lgllzs. Continuing with the inequality,
hHul,OllHS-(-2 g KOC{S‘f‘CS-!—Z ||U()70”Hs+2 —+ 2ka|cs+2 ||’U,07()||].Is—4-2}7

where Y is a constant such that ||p;(y)Vullgs < Y|l gs+s for any p;(y) € {y,y + h,v* y(y +

h). (y + k)?}. Now we finish the inequality using the bounds on uy from Lemma 3.4.6,

hlluspllgsva < KoC3+2Y)|flcesa fluoolime+2

IA

hKQK1 !fl(js+2 [I§11H3+3/2 .

Here K = Koh™'(3+ 2Y)C. Then by choosing B large enough,

Hlurollgsvzpmyx—no) < Kolléll gessrnp(ryB-
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|

Lemma 3.4.7. Let s > 0 be an integer, b € C*Y2(P(I')), and D > Ka|b|gs+2, where Ky is

some constant that depends only on h, s and d. Then

Huollzs+2(p(ryx=n0) < Kolillga+srzp(ry) D- (3.54)

Proof. The proof is quite similar to the previous one, so we briefly sketch it here. Again starting

from Lemma 3.4.5
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3 .
hlluollisre < Ko | S IRE lress + (B0 | pgevire
j=1

< Kof{[126V zuo0ll s+t + 1y VabOyuooll s+
+ lyVab - Vauo ol grser + | Vab - Vaugoll g
+ [|hV b - Vaugp(z, —h) || gsriz}
< Ko{2C(s + 1)}blgs+1 || Vugof gs+r
+ C(s + 1)|Vablger1[lydyuo ol s+
+ C(s 4+ 1)|Vabl s ||[yVauo ol ger
+ C(s + DIVab|gs+1 | Vauo ol gs+r
+hC(s +1/2)[Vablcsrrzial| Vatool gsrase}
< KoC{3|b|cs+2||uo,0ll gs+2
+ 2Y|bl s sz lfuo ol frs+2
+ hfblgstlluool ps+2}
< KoC(3 4 2Y + h)|blgs+2 Kol|€] gsvarz

< hKoKo|blgsva €| grs+sres

where Ky = Koh™Y(3 +2Y + h)C; so given D sufficiently large,

luoallcsrepmyx-noy <= KolléllgsesrrpiryL-
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The next lemma uses the inductive hypothesis on [. As the full formulas for FT(Ljy)n and Jp m

quite lengthy, the only estimates that will be shown are those for F,Si?n and J, ;. - The other

7

F,(Lm can be shown to be bounded in a similar manner.

Lemma 3.4.8. Let s > 0 be an integer and let b, f € CST2(P(I')). Assume

[unmll o+ pryxi-nop < Kolléll govsrz pryB" D™ (3.55)

for any (n,m) such that n +m < L. B and D are some constants. Then for any (N, M) such

that N+ M =L,

2
||F1(\?,)M||Hs+1(P(r)x[_h,o]) < Kolléllgsrarzepiry Kors D |flieralbliora BN PDMF (3.56)
i+k=1
and
2 . .
1 Tv s s1r2ppry) < Kolléllgsvoragpimy Ko Y 1flboralblEera BY DM E (3.57)
i+k=1 .

where Koy (j =1,2,3) and K¢ are constants that depend only on h, s and d.

Proof. As prevously stated, we will only show the estimates for F](\,2 )M and Jy,ar. The other

estimates are similar.
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hQHFz(v%%v/lleH < hllyVab - Vaun sl + by + ) Ve f - Voun—i,allzen

+ Hg—zl‘vx(bQ) . VIUNJ\/[_QHHsH + ||y2|Vzb|28yuNM,2||Hs+1

y+h
2

+ 1 ((y + h)bVaf — yfVab) - Vaun 1 a1l s+

+ |l (f%) - Vaun_oni|lgser + [y + RV o f120yun —2, a1 prs+a
+ 12y(y + B) (Vo f - Vab)dyun 1,01l gsr
< BC|Vabloes [V stun ar—lloss + hCIV o floors (g + B)Vatiy—1ar ] pron
+ C?|V bl o1 bl s 1 1YV eun ar 2|l st + O Vb2t Y2 Oyun a2l grs
+ C3 Vo flos | flosn (v + ) Vaun 2 ml s
+ C Ve f1Zeii Iy + h)?Byun—a,ar | o
+ C?blgs+1| Ve flosti |y + h)Vaeun—1,ar-1 | s+
+ C?| f|gst1 | Vbl o1 |y Vpun—1 p-1 || s+
+2C?| Vo floa [Vabl o ly(y + P)Byun—1ar—1ll s
< hCY blgstzllun -1l s+ + hCY | flesvzflun 1,0l go+e
+ 2C%Y bz luar 2l grevz + 2C%Y | flgesz lun o[ gove
+4C?Y | flor2|blossz |un—1,ar-1] rs+e
< Koll€| gorsr2{hCY |b|csr2 BN DM
+ hCY | flos+2 BN 1DM 4 2C?Y |b|2.,. BY DM 2
+2C%Y | f|2s 12 BY2DM 1 AC?Y | f|gsora|blgsr2 BN TIDM 1Y

< KKKy Y [ floeealblle BN DM,
1<i+j<2 i .
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where K; = max{hCY,4C?Y}. Denoting u = u(zx, —h), we can likewise estimate:

Bl il stz < B\ Vaeb Vaun p—1ll gsirse

+ |6V - Voun, pr—2|| gs+1/2
+ 1f Vb Voun—1,p-1] gsrisz
+ (I Veb?)Byun pr-all o1

< hC|V bl gsriszral| Veunar—1 |l gsrise
+ Cztblcsﬂ/%a lvacblcsﬂ/z “VacuN,M—zzHHS-H/2
+ C%| | s s1/24a| Vbl stz | Voun—1,0-1 | asae
+ hC2|vxb|20s+1/2+a HayuN,M~2HHs+l/2

< RO govssz||un, -1l grsrsr2
+ 202 (b g sas2 ||t a1 | grovas
+ C?| flgsrasalblgorasefun 1,00 1| rovaro

< Kol|é]| grorarz{hC bl gorsr2 BN DM
+ 202 b|2, a)a BN DM
+ C?| flgarasalblosrar BY T DM1Y

< hKoléllgosss Ko Y | floesalbll 2 BY DM,
1<i+i<2

where Kg = max{C,2h 1C?Y}. O

3.5 Proof of Analyticity
The proof of Theorem 3.4.3 is an induction on [ where | = n 4+ m.

Proof. The case when [ = 0 follows directly from Lemma 3.4.5, as g(()fg =0 and J(z) =0. The

case for [ =1, i.e. (m,n) = (1,0) or (m,n) = (0,1), was shown in Lemmas 3.4.6 and 3.4.7.
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Now assume that the estimate holds for all | < L, we now show that the estimate holds for

!l = L. From Lemma 3.4.5,

3
Wun, sl gov2(peryxi-nop < Ko ZHFJ(\{)M||Hs+1(P(F)x[~h,o]) + 1INl gserrz(pery)
=1

< KoKolléll grsvarzpiryy | 3K7 Z \flesra bl BN TIDM
1<ij<2

+K6 Z |flics+21b|j(l)s+2BNviDMﬁj
1452

The second inequality follows from Lemma 3.4.8 with Ky = ‘Hl?aafs{K j}. Continuing with the
j: b

inequality,

lun,arllzsre < Kollélmsrarz(pry KoK + Ks) Y |floera bl BY DM,
1<ity<2

S0 to obtain the desired estimate we must require that

Ko(3Kr +Ks) D |floesa|bllra BY DM, < BN DY
1<i+is2

Choosing K (h,s,d) as K = max{Ko(3Ky + Ksh), [Ko(3K7 + Kg¢h)|'/?, K1, K2} and requiring

that B > £|f|cer2 and D > £[b|gsr2 we obtain

lunm | sz p(ryx-no)y < Kolléll gsvarzpery BY DM
[

We are now ready to prove the corollary of this result, Theorem 3.4.4, which establishes the

analyticity of the DNO.
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Proof. This is once again proven by induction on [ = n + m. The case where n +m = 0 is

trivial. G(),o(f, b)f = ayU(),(), S0

[1Goo(f+0)Ell zrs+1r2(p(rryy = IOyuooll gs+irz(piry)

< lluooll ms+2(p(ry)

< Kolléll govarzp(ry)

1~
< gHollélmsisrpiry
< Kollél rs+sr2(p(ry)-

Above, we set Kq < (1/6)Cy for reasons that will be evident in the inductive step. Now
assuming that the estimate holds for [ < L, and checking the estimate for any (N, M) such that

N+ M=1L:



WG (D)€ sz S I Vef - Vaun -1l gs+ise
+h 7BV f - Veun—1ar1ligetis
+ h‘lllfvxf ' vx“N-Z,]WHHS+1/2
+ 10yun,mll gosyz + (Ve f 12)Oyun—on | o2
+ 1 FG N1, 0 (f, 0)El sz + DG N -1 (f, D)€ prosar
< C|flosizlun—1a1l vz + B C2?[blesvz| flost2lun—1,ar—1 ] rs+2
+ (14 DY s lun =l sz + 10y unarll oz
+ Clflas+2 | GN=1,0 (f> D)€ grorry2
+ C|blos+2||Gn -1 (f, D)E| gysv1/2
< KOCIf|CS+2||5||Hs+3/2BN41DM
+ Koh ™ CP|blesre| floss2 (€] gorar BN 1 DM
+ Ko(1 4+ h™Y)C? f1Fsr2 €] gosare BN 2DM
+ KO||§HHs+3/zBNDM
+ KoC|flcsvell€ll yrevar BY DY
+ KoClblgs+2 €] govars BY DM
< SRolllgessr{|flcssa BN DM
+ hTICP bl sva| floar2 BN T DY
+ (L4 h)C (82 BY 2 DY
+BYDM +6C|f|cs-2BY ' DM
+ 6C|b s+ BN DM}

< Kol|€llggersr2BN DM,
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The last line is assured if we choose K is defined as K = max{1, 1+ h~1C,6C}.
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CHAPTER 4

A NON-TRADITIONAL INVERSE METHOD FOR
DETERMINING BOTTOM TOPOGRAPHY

The DNO’s usefulness extends past its application to the classical problem of water waves,
or other classical PDE problems. It has also found a usefulness in solving certain inverse
problems. The goal for this chapter is to define a specific inverse problem, the motivation of
which is to determine ocean bathometry from surface measurements. This is quite different
than the standard underwater acoustical method not only because it uses a fluid mechanics
perspective, but also because the method is fundamentally nonlinear. Using the expansion of
the DNO, and making an ansatz of standing-wave input data, methods of order one, two, and

M > 3 will be developed and tested.

4.1 A General Method

For ease of reference, the governing equations are listed again:

Ap=0" in Sh . (4.1a)

O — Oyp+ V- Vep =0 ony =n(z,t) ' (4.1b)
Oup + g + 51V =0 on y = n, 1) (410)
Oyp — V(- Vap =0 ony = —h+{(x). (4.1d)

The definition of the DNO came as a necessity of reformulating Equation 4.1 on the upper

boundary in terms of the surface variables n(x,t) and &(x,t) = p(z,n(x,t),t). Ironically, it

42
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is this upper surface reformulation that forms the basis of a method for finding the bottom
contour given surface data. In Chapter 2 it was shown that Equation 4.1 could be reformulated
on the surface as a Hamiltonian system with canonical variables € and 7. This reformulation,
however, is implicit in nature, and so we develop a more convenient and explicit one.

Recall the two boundary conditions at the surface y = 7, the kinematic condition & +
Vo - Vzn — Oy = 0 and Bernoulli’s equation 0yp + %|V4p|2 + gn = 0. These conditions are
not explicitly written in terms of the canonical variables £ and n from Zakharov’s Hamiltonian
system. For instance, Bernoulli’s equation needs to be rewritten in terms of 9,€ and V£ insvtead
of Oy and V. Also, the kinematic condition includes a term with ¢, but upon solving for d;n,

it is obvious that dyp is equal to the definition of the DNO. Therefore,

Oz, t) = G(n, (&(x, 1). (4.2)

Note that Equation 4.2 is now written explicitly in terms of ¢ and 7. To write the Bernoulli

equation in terms of 9;€, the chain rule is applied to the definition of £. Recall the definition of
(=),

£(z,t) = p(x,n(z,1),1). (4.3)

The chain rule then implies that

at‘ﬁ(xvn(mvt)vt) = atg(mvt) - ay(p(xy77(‘T7t)>t)8t7](xat)' (44)
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Substituting this expression into Bernoulli’s equation and solving for 8;£ results in

atf(l', t) = —%|V(p(x, 77(% t)v t)iz - 977(95, t) + ay‘/’(xa 77(‘737 t)v t)atn(mv t)' (45>

So all that needs to be done to write Equation 4.5 in terms of the canonical variables £ and
7 is to have a set of explicit equations for V¢ and 9, in terms of ¢ and ». To this end, we

apply V. to both sides of Equation 4.3, and recall the definition of the DNO:

Vi€ = Ve + ay(fgv:vn (46&)

G(U, C)g ==V Vap+ ay‘vo' (4.6b)

This system of equations can be viewed as a system of two equations with two unknowns—V
and dyp-which can then be solved using basic linear algebra. To accomplish this we first take

the dot product of Equation 4.6a with V7, and add the result to Equation 4.6b, which gives

00 = = [Van Vb + Gl O], (47)

where N = 1 + |V.n|?. Upon insertion of this expression into Equation 4.6a, V¢ takes the

form

G(n7 C)é +~V:r77 : V’CCV

Ve = Vi€ ~ I 21)- (4.8)
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As there are now explicit formulas for V,¢ and dy¢, they can be substituted into Equa-

tion 4.6a, and the explicit evolution equations for 7 and £ are complete (10):

dn = G(n, )¢ (4.9a)
O = —gn — m (V€7 = (G(n,¢)€)?

(4.9b)
~2[G(1, Q&IVan - Vol + Vot | Vanl? — (Vat - Va)’].
We now consider small deviations from the quiescent state (ng = 0,£y = 0) and suppose
that €(x,t) = e€(x,t) and n(z, t) = eij(z, t).
Remark 4.1.1. This € is not intended to be the same parameter used in the previous chapter,

but s used purely to emphasize the small deviation from a flat surface. Also, from this point

forward let d = 2 for computational and notational purposes. As such, V will be replaced by

0.

In theory, given full information about n{x,t) and &(z,t), one should be able to use Equa-
tion 4.9 to determine {(z). Even when the quadratic terms in Equation 4.9b are ignored, this
task is clearly unattractive as the expansion for the DNQO, as seen in earlier chapters, is quite .
involved. To simplify, keeping only terms of up to O(e), the system comprised of Equation 4.9a

and Equation 4.9b becomes:

hE = —g1, i) = G(0,¢)

!

(4.10)
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To make the notation less cumbersome, the tildes will be dropped. Taking a time derivative on

the second equation and substituting the first into the second results in a single equation for ),

9in = —gG(0,0)n, (4.11)

which forms the basis of the proposed inverse method.

Notice that while the surface quantities have been linearized, at this point the DNO retains
its full nonlinear dependance on . Also, while the DNO has, up to this point, acted solely on the
Dirichlet data £, it is now viewed formally as an operator that acts on the surface deformation
7. Equation 4.11 expresses the inverse problem, which is: given surface measurements of 7, find
¢. The difficulty in this problem lies in the fact that the DNO depends on ¢ in a truly nonlinear
way.

4.2 A Partial Expansion of the DNO—Operator Expansion

In the previous chapter, the DNO was expanded into a double perturbation series, where
the geometry of our system was viewed as a perturbation of the system with flat bottom and
top boundaries. In a slight change in theme, we see from Equation 4.11 that we may few the top
deformation as negligible. When n{x) = 0 and {(z) is arbitrary, the solution to Equation 2.8 is
given by

olay) = D Pe(a) + sinb(uD) () (o) (4.12)
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where L(¢) is an implicit operator that acts on £(x) (see (7) . Then inserting Equation 4.12

into the definition of the DNO results in

G(0,0)¢ = Oyply=0 = D tanh(hD)E + D(L()E), (4.13)

and we expand the DNO in terms of the bottom perturbation, { = §b, alone

0

G(0,0)¢ = > Grm(0,b)[€]6™. (4.14)

m=0

Remark 4.2.1. Note that the G, (0,0) corresponds to the Go m from the double series expansion
in the previous chapter. But since there won't be a double sum, the extra index is dropped to

simplify the notation. Also, as there is no n dependance, we define G (b) = G, (0,0).

In light of Equation 4.13 and Equation 4.14, the DNO can now be written as

G(OE = Go(b)e + > (Gm(b)E)5™

m=l (4.15)
= Dtanh(hD)é+ > (G (b)€)6™.
. m=1

It becomes evident from Equation 4.13 and Equation 4.15, that expanding the DNO is equivalent

to finding an expansion for the operator L. In other words, by expanding L,

L(sb)E = ) Lm(b)[€]8™ (4.16)
m=1
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it is easy to see (comparing Equation 4.15 to Equation 4.13) that for m > 0
G (b)¢ = DL (b)E. (4.17)

To demonstrate the “Operator Expansion” approach, it will be used to expand L(() in a
perturbation series. This method was used in (7) to expand the DNO in a double perturbation
series (for the case when 7 # 0). Since there is a solution (Equation 4.12) of the system

Equation 2.8 when n(zx) == 0, it can be substituted into the Neumann condition on the bottom

boundary:
Oy — Opp0z,¢ =0 at y = —h + ((z),
in preparation to expand the operator around y = —h. The Neumann condition takes the form
sinh(¢D)
_ L)
Dcosh(hD) + D cosh((¢ — h)D) (C)} £
cosh(¢D) |
—_— — L =0. (4.
+ (D¢ {cosh(hD) +sinh((¢ — A)D)L({)| D¢ =0. (4.18)

The various hyperbolic trigonometric functions can be expanded in Taylor series which will

be included here for ease of reference.

sinh(cD) = 3 (62Y. coshi(cD) = Y E2E.
=0

odd cven
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For the other functions, the sum/difference formulas for trigonometric functions will be

applied previous to the expansions:

cosh(¢D — hD) = cosh(¢D) cosh(hD) — sinh({ D) sinh(hD)

= ZEC—D')—J— cosh(hD) — Z(a?)] sinh(hD)
o i

sinh(¢ D — D} = sinh(¢ D) cosh(hD) — cosh({D) sinh(hD)

— i(—CJD'—)J cosh(hD) — i(CD)] sinh(hD).
j=t

!
J=0

odd even
These expansions can be substituted into Equation 4.18:

0= Z {(DC)% cosh(hD)DIL(¢) + D%(sech(hD)Dj - sinh(hD)DjL(C))} +

od

R

i {D% cosh(hD)DIL({) + (Dg)ii(sech(hD)Dj - sinh(hD)DjL(C))} . (4.19)
= !

In the spirit of earlier chapters, the bottom boundary is now viewed as a small perturbation

of the trivial bottom boundary. Letting {(z) = 6b(x) and inserting Equation 4.16 into Equa-



50

tion 4.19, the various L, (b) can be identified by collecting terms of the same order of §. Then

for m odd:
m—1 b7 )
Ly (b) = —sech(hD) (Z b cosh(hD)Dij_j(b)}
j=2 -

even

-2

3

{— sinh(hD)D? Ly, J(b)} + —lz—'sech(hD)Dm>, (4.20)
m!

&M

and for m even:

m—2

Ly, (b) = —sech(hD) <Z [% cosh(hD)Dij—j(b)}

j=

even

m—1 b7 )
-> {Fsinh(hD)DJLmvj(b)]) (4.21)
j=1 =

From the above formulas, one can calculate the first few terms of the expansion which will

become quite important in the next section. For instance:

Ly (b) = —sech(hD)bsech(hD)D, Ly (b) = sech(hD)bsinh(hD) DLy (b). (4.22)

From Equation 4.22, we see that the calculation of Go1 = G1 from the “Field Expansions”

section is confirmed, and Gg2 = Gy is also calculated for good measure:

G1(b) = — Dsech{hD)bsech(hD)D, G2(b) = Dsech(hD)bsinh(hD)G;(b). (4.23)
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As is evident from the above formulas, the pseudo-differential operator Dsech(hD) makes re-
peated occurences in the DNO’s expansion, so let D = Dsech(hD). Note that now G takes on
the quite simple form:

Gy = —DbGobD; (4.24)

the convenience of this compact form becomes evident when second and higher order methods

based on factoring are discussed.

4.3 Craig’s First Order Formula

Now that the DNO is partially expanded, a first order inverse method by Craig (6) can be

devised. Returning to the general inverse method,

871 = —gG(C)n, | (4.25)

one last assumption is made-the assumption that the wave forms are standing waves, i.e.

n(z,t) = 7(x)e™* with frequency w and envelope fj(x). When this expression is substituted into

Equation 4.25 and simplified, the expression becomes a basic eigenvalue problem:

w2 >
?ﬁ(w) = G()7(z) = D tanh(hD)i(x) + Y Gm(b)7i(z)8™ (4.26)
m=1

Now truncating the expansion of the DNO at O(§?), a first order equation is constructed:

w2
() = (Go(b) + Gr ()] (). (427)
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Substituting the formulas for Gg and G, into the above equation, and putting the term with

b(z) to one side, and all other terms to the other side results in:
~ ~ wz
Db(z)Dij(x) = (Go - —g—) 7(x). (4.28)

This expression can be formally solved for b(z), which then gives the formula of Craig (6)

[sinh(hD) — (w?/g)D ™! cosh(hD)] ﬁ(x)

bla) = D)

(4.29)

This expression, however, creates multiple problems. In the numerator, D~! cosh(hD) is
an operator that amplifies large wave numbers. In the denominator, whenever Dﬁ(m) = 0 the
expression is undefined. Backing up a step to see how to circumvent these problems, both sides

of Equation 4.28 are multiplied by D=1 = D! cosh(hD), to give

b(z)[Dij(x)] = [sinh(hD) — (w?/g) D7 7(x). (4.30)
We now define the following functions:
19)(2) = Dij(a), rO(z) = [sinh(hD) (W2 /g)D—l] (). (4.31)

This results in the very simple equation b(x)I{%)(z) = 7 (z). Recall that one of the problems
with Equation 4.29 is that it might be undefined at certain values of x where the denominator
is zero. It certainly would be agreeable to the situation if the bottom b(x) is assumed to

be continuous. If differentiability is assumed in addition to the continuity of {9 (x),b(z) and
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rO(x), a derivative can be taken on b(z)l(®(x) = r®(z), which defines an operator that

depends on [ (z) and acts on b(z).

Ab(z) = 8,7V () (4.32)

where 4; = 8,1 () +1{9(2)d,. Not surprisingly this operator is singular, but using a singular-
value decomposition spectral cut-off method (see Appendix A), a pseudo-inverse can be found
to get an approximate solution to b(z). The second problem of higher wave numbers being am-
plified through the operator D! cosh(hD) can be resolved using one of many filtering schemes.
In the numerical testing of this and higher order methods, we utilize a low-pass filter which

leaves low wavenumbers alone while setting high wavenumbers to zero.

4.4 A Few Second Order Algorithms

Several second order algorithms can arise from Equation 4.11. It is here that the highly
nonlinear nature of the DNO really starts to create some problems. Unlike in the Craig formula,
b(z) can not be easily identiﬁed in higher order methods. To get around this problem, an
iterative approach must be taken, which uses the Craig formula as an initial seed value for the
algorithm. While there is the obvious second order method of adding Ga(b) to the right side
of Equation 4.27 and using a Picard iteration, there are multiple ways to factor the operator
Gy + G2 which lead to slightly different recursive equations, some of which result in formulas

with better behaved operators.
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4.4.1 Picard Iteration

A natural attempt for a second order algorithm would be to add the second order term to

the right hand side of Equation 4.27

WiH(x) = g[Go(b) + G1(b) + Ga(b)] 7(z). (4.33)
The terms can be rearranged so that the equation is in a similar form to Equation 4.28

" 2

- w
D)D) = (Go = =) ate) + Caloyn(o) (434
Craig’s formula Equation 4.29 is used to find bg(z), and the following iteration is set up:

wQ
D) Do) = (G = 2 ) (o) + Galty (o) (435)

This iteration is then solved using the same methods developed for Craig’s formula. That

is, it is simplified first by multiplying both sides by D! resulting in

b;Dﬁ = (Sinh(hD) - %Dil) 77— bj_lGij_lDﬁ. (436)

The equation now has a similar form to that seen in Equation 4.30. Indeed Equation 4.36

takes the form

bi(@)1 () = riP(2), (4.37)
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where rc()l)(a:) = r(0(z), and for j # 0,
() = [sinh<hD> - <w2/g)f7*1] () — bj-1(2)Go(bj-1)7(z)- (4.38)

So at j = 0, Equation 4.37 is Craig’s formula which gives by. Once by is found, the successive
b;’s can be found using the same spectral cut-off /filtering method used in Craig’s formula. This

second order Picard method will be referred to as “2P”.

4.4.2 Second Order Methods Derived From Factoring

There are two other second order algorithms based on Equation 4.11 that will be discussed.
These two other methods are based on factoring G; + G3. How this factoring helps find b(x)

becomes more obvious when Equation 4.33 is slightly rearranged into

[G1(b) + Go ()] () = (Go — (w*/9)) 7i(=). (4.39)

The left hand side of Equation 4.39 can be factored to the right and to the left:

G1(b) + Go(b) = —Db(z)D — Db(z)Gob(z)D
(4.40)

= —D[b(z) + b(x)Gob(z)] D.
At this point, a choice can be made in how to further factor G1 + Go. This choice leads to
what will be denoted the “Second Order, Right Factorization” [b+ bGob] = [I + bGo|b, and the
“Second Order, Left Factorization” [b 4+ bGob] = b[I + Ggb], which will be referred to as “2R”

and “2L” respectively.



Factoring b(x) to the right in order to derive 2R results in the recursion
bj(2)l(z) = 1P (),
where 'r(()z)(;v) = ’r(o)(m), and for j #0
r (@) = [T+ bj-1(x)Go] ' rO(x).
Factoring b(z) to the left in order to derive 2L results in the recursion
bi(2)l) (@) = 7O (x),
where lél)(x) =1 (x), and for j #0

(@) = [T+ Goby—1(2)] 19 (z).

4.5 Higher Order Methods

56

(4.41)

(4.42)

(4.43)

(4.44)

Of course, higher order methods can be developed in the same spirit as the second order

methods. Naturally, an M*™ order Picard method can be set up. Also, the existence of the

second order methods derived from factoring Gy + G, suggests that a similar factoring might

be possible for Gy + Ga + - - + G,,. Indeed, it is possible to factor the DNO in a similar fashion

as 2L, but it is not possible to factor in the same way as 2R. The reason for not being able to

“factor to the right” has to do with the “extra” term ﬂsech(hD)Dm in L,, with m odd.

ml
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The higher order methods are easier to develop if a factored form of the DNO expansion is

used. Noting again that Gy, = DLy, it is evident from Equation 4.20 and Equation 4.21 that

Db(z) is on the left of every term in the expansion of G,,, and also, through simple inductive
reasoning, that D is on the right of every term in G,,. Therefore, it is possible to write each

term of the DNO expansion G, (m > 1) in the form
Gm(b) = DbG (D) D. (4.45)

Using this form for the DNO and the fact that G,, = DL,, in Equation 4.20 and Equation 4.21

results in, for m odd,

. g o
EMOEDS [Ttanh(hD)Djb(:r)Gm_j(b)}
J

odd

m—1 bj_l , - bn_l
=2 ! !

even

and for m even,

Gn(b) = s {bj_l

= tanh(hD)Djbém_j(b)} — ;Djb(x)ém_j(b)} : (4.46b)

j=

odd

2
0,
||

It is also interesting to note that there is now an absence of the ill-conditioned operators

cosh(hD) and sinh(hD).
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4.5.1 M Order Picard

Of course, an M*" order Picard iteration can also be set up. Extending the idea from

Equation 4.35,

D@@ﬂm&»:(aof%)mmz%ﬁmm23a4@ﬂ>ﬁw» (4.47)
m=2
After applying D" to both sides, we set up the recursion:
by ()0 () = iV (), (4.48)
where ré?’)(:c) = r(0(z), and for j # 0,
, ) M 3
rP() = rO(2) — Dbj_1(2) Y Gumlbj—1) Di(). (4.49)
m=2

This method will be referred to as “MP”.

4.5.2 M Order Left Factorization

From the factorization Equation 4.46 an M order method can be developed which will be

referred to as “ML”. First, an M th order generalization of Equation 4.39 is made.

(@) = (Go — (&*/9)) (). (4.50)

[
©
3
C
=
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From Equation 4.45, the left-hand side of the above equation can be written as

M
Db(z) | Y Gm(b) | Dii(z) = (Go ~ (w?/g)) (). (4.51)

m=1

After multiplying both sides of the above equation by D!, we see the familiar recursion
2
b (@)1 (z) = r(a), (452)

where 182)(3:) =1O(x), and for j #0

As in the second order methods. Once by is identified using Craig’s formula, the successive b;’s

are found using the spectral cut-off/filtering methods used in Craig’s formula.



CHAPTER 5

NUMERICAL RESULTS

As the inverse methods proposed in the previous chapter are highly ill-conditioned, nu-
merical validation of these methods is necessary not only to confirm their validity, but also to
explore what types of bottom contours can be recovered. This chapter will detail the numerical
tests that the Varioﬁs methods will undergo. The general method for testing involves inputting
a given bottom contour into the forward problem Equation 4.26 to find a wave/frequency pair

(77,w), and then use this data in the algorithms to reconstruct the original input.

5.1 Method for Numerical Testing

To test our results, we chose various representative bottom contours, solved the forward
eigenvalue problem Y~ G, (b)n(z) = (w?/g)n(x) (from this point forward g = 1), and then chose
one of the resulting eigenfunctions, eigenvalue pairs (1, w) of lower frequency w to fepresent a
wave we would expect to find in the physical world. We then took that eigenfunction, and used
it as the initial data for the inverse methods. The two representative contour families that will

be tested tested are of the form

¢1(x) = asech(br), 0<a<h/2, 5658 and 256 Sh .85 (5.1a)
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G2(x) = aftanh(b(z + ¢)) — tanh(b(z — ¢))],

0<alh/4, 55058 n/4SceS4n/5 and 25 Sh < .85 (5.1b)

The purpose for these choices is so that ¢4 might represent a typical single deviation of the
bottom; like a Gaussian, and (s might represent a typical small symmetrical sandbar.

The methods that will be tested are all of the second order methods (2P, 2L and 2R),
together with the fifth order Picard method “5P”, and the fifth order, left factored method
“5L”. The testing will be divided up into six groups. The first group will show that the method
does, in fact, work. Figures from these test will show the rate of convergence as a method
and convergence to the original input. The second group will give two representative examples
comparing the first (Craig’s formula), second and fifth order approximations against the original
bottom contour. The third and fourth groups graph the errors of the second and fifth order
approximations respectively as the parameters from each family of functions ¢V and ¢ are
varied. The fifth group will show how well the methods perform when noise is added to the
input of the inverse methods. The noise will be added to 77 as well as to the frequency w. The
sixth group will show some approximations to a few other representative bottom contours in
order to test the proposed algorithms in other situations that might be of interest. The error
in each graph represents the L™ error.

Remark 5.1.1. These parameter values will be used throughout the numerical testing. T{ze

only exception is when indwidual parameters are varied. The other parameters will be held

constant at the above values.
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5.2 Convergence

Figure la, Figure 2a and Figure 3a display the convergence properties of the various methods
for ¢V, while Figure 1b, Figure 2b and Figure 3b display the convergence properties of the
various methods for ¢). Figure 1a and Figure 1b show the rate of convergence of each method
as the method converges to itself. Figure 2a and Figure 2b show the error (compared to the
exact solution) of the method versus the iteration number. Lastly, Figure 3a and Figure 3b
detail the error of each method as the number of grid points N, is varied. As the domain in .
question is periodic, the implementation of these methods makes use of the efficient fast Fourier
transform, and as such the values chosen for N, were restricted to 8, 16, 32, 64 and 96. While
8, 16, 32 and 64 would be typical choices to use with the fast Fourier transform, 96 (not 128) is
the next and last value tested as a means of displaying one common aspect of inverse problems.
As the number of gridpoints increases, the accuracy increases but the stability decreases (5).
This means that there is some optimum choice for N,. The error generally decreases as N, is
increased to 64, but several methods fail to converge at N, = 128, therefore, Nx = 96 was the
last value tested.

5.3 Representative Results

The next figures Figure 4 and Figure 5, will graphically'compare the outputs of the methods
(including Craig’s formula) for ¢ (1) and ¢® with the given parameters in Remark 5.1.1. There
are a few things of note in these representative results. Not surprisingly, the methods of the
same order perform comparably. In Figure 4a and Figure ba, it is easy to distinguish Craig’s

formula from the second and fifth order algorithms, however the second order methods are not
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easily distinguishable from the fifth order methods. The differences between all of the methods
are most profound at the crest of the deformation. Therefore, to see the difference between the
second and fifth order methods, in Figure 4b and Figure 5b we zoom in around the crests to
show the differences between the second order and fifth order methods.

For both bottom profiles, the first order approximation (Craig’s formula) reasonably recon-
structs the general shape of the input data, but over-exaggerates the amplitude of the bottom
deformation. The second order approximations improve on the accuracy of the magnitude of
the amplitude, and the fifth order methods improve the accuracy even more. Both of these
examples are meant to be representative as to how Wéll the algorithms can work, and while the
set parameters are all of moderate value, they by no means represent the smallest error that

the algorithms produce for the families of functions ¢; and (s.

5.4  Variation of Parameters in (;(x)

The various bottom topographies defined by the family of functions ¢(*) have three param-
eters; a defines the amplitude of the Gaussian bump, b defines the slope of the sides of the
bump, and h is the reference depth. The following figures will show how well the various meth-
ods perform while these parameters are varied. While each individual parameter is varied the
others will be held constant at their previous yalues (see Remark 5.1.1). Figure 6a, Figure 6b
and Figure 6¢ profile the errors of the various methods while varying the parameters a,b and ‘h
respectively.

We notice in Figure 6a that the errors of all the methods while varying a increase nearly

linearly (on the log plot) and then shoot upward and vary wildly when the value of a becomes
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too great for the individual methods, with the lone exception of 2R. At this point it might be
interesting to note that 2R, while not as accurate as the fifth order methods, converges quite a
bit faster than any of the other second order or higher methods, and it seems to have a wider
range of applicability. Again, in what will become a recurring theme, different methods of the
same order, perform virtually identically within their respective range of applicability. Picard
iteration, however, typically has a smaller range of applicability than the factored methods,
and while 2R has a much larger range of applicability.

Figure 6b shows a very interesting characteristic in the fifth order methods for the parameter
b. It appears that there is some sort of “best case steepness” in which the fifth order methods
perform almost an entire order of magnitude better than the second order methods. Outside
of this range (b > 5), all of the higher order methods are comparable in accuracy.

In Figure 6¢, it can be seen that when & is varied, again the same order methods perform
comparably. For each method there is some maximum depth h where the method can no longer
be applied. This is the only apparent difference between methods of comparable order. The left
factored methods outperform the equivalent methods of similar order. It is interesting to note
that the Picard iterations have the same blow up value for 4, and the 2R slightly outperforms

the second order Picard method.

5.5  Variation of Parameters in (3(x)

In Figure 7a-Figure 7d the parameters a,b,¢, and h in the family of functions (2 are var-
ried. For a, b and h, the plot of the errors are, not surprisingly, quantitatively similar to the

corresponding graphs for ¢V, One major difference between varying a in (@) as opposed to
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¢ should be pointed out. Since (@ adds two hyperbolic tangent functions together, it will

have an amplitude of almost twice the value of a specified. For example, if a is given the value

025 for ¢(2), ¢'? will have an amplitude of .05.

One observation of note for the parameter a is that the range where the fifth order methods
outperform the second order methods is much smaller than the range of a for ¢M, even when
the fact that a given value of a for (V) is twice that of the corresponding value for @ in ¢ @),

Also, the method 5P simply fails to converge when ¢ is larger than the quite moderate value
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of .03. The 5L method losses its superiority over the second order methods at the same value
of a where 5P fails, but it still does converge to something. Continuing a theme seen in earlier
pictures, the 2R method outperforms the other second order methods by far in terms of range
of applicability. Along these lines, 2L also outperforms 2P.

Figure 7b yields nearly identical properties to Figure 6b as far as how the different methods
compare when b is varied. One interesting point is that as b — oo, the sandbar is transformed
into a flat “table top” type figure. If Figure 7b was exténded further, it would appear that
the errors do level out. This implies that the various methods might be able to reasonably
reconstruct bottom contours that have points and edges to them. The case of a flat table top
will be an example used in a later section that will showcase some representative results for
other curious examples of bottom contours.

Figure 7c shows some very peculiar results. Not surprisingly, the comparable order methods
all perform similarly, and perform fairly well. There is not, however, the nice smooth, gradual
changes in error as seen when other parameters are varied. As c is increased past a certain
value (approximately 2), the function ¢ 3 forms a corner at © = +, so it is not surprising that
as ¢ increases the error does go up.

When h is varied, the only qualitative difference between Figure 7d and Figure 6c is that,
for a very small neighborhood, the second order algorithms actually outperform the fifth order
algorithms. While the error for the second order algorithms are fairly constant in Figure 6¢, in
Figure 7d the error decreases at first as h increases, and then gradually increases until h is too

large and the methods become unreliable.
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5.6 Noise

Noise will first be added to 7, and then it will be added to w. The noise will be uniform, and
generated in the following manner. A random number generator is used to generate a vector
the length of 7 (in the case of adding noise to w, the noise will be a scalar) with values ranging
from zero to one. That vector (scalar) is then scaled so that the values of the noise vector
fell between 1 — p and 1 + p, where p = {.0001,.001,.01,.1}. The first twd figures, Figure 8a
and Figure 8b detail the error as the noise applied to §(1) and C(Q) is increased from .01% to
10%. The next two figures; Figure 9a and Figure 9b, detail‘the error as noise is applied to the

frequency w, in a similar manner as it was added to 7j (but now the noise is just a scalar).

- 5.7 Representative Results—Miscellaneous Bottom Contours

The following few figures are some extra curious examples in attempts to see how far these
methods can stretch. Included in these (Figure 10a), is the limiting case of the ¢ 2 family when
¢ — oo. Also highlighted is the case of ¢ with a sharp crest (Figure 10b), and an antisymmetrical

example (Figure 10c).
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CHAPTER 6

CONCLUSIONS

6.1 The Expansion of the DNO

The analyticity of the DNO is a necessary property to justify the expansion of the DNO
into a double perturbation series. This series allows a straightforward and stable recursive
method for calculating the DNO. While the Operator Expansions and Field Expansions methods
might be straightforward and easy to implement, the Transformed Field Expansions yield a
straightforward, if a bit involved, method for explicitly calculating the DNO that allows for an
inductive estimation of the tgrms of the expansion, leading to the analyticity result.

The explicit nature of the expansions makes possible the inverse methods proposed in this
thesis. Although Operator Expansions and not ’I‘ransfofmed Field Expansions were used in the
solution to the inverse problem, since so few terms of the expansion were used, the expansion
has not reached the point where OE or FE methods might diverge. The OFE methods form the
basis of simple methods for the inverse problem of detecting ocean bathymetry from surface
measurements, which is easy to implement through a Fourier collocation method, extremely

fast in execution and superior to Craig’s method in terms of accuracy.

6.2 Comparison of Various Methods

While the result that higher order methods are more accurate is not shocking, it is interesting
to note that the higher order methods converge slower than lower order methods. While the

higher order methods can achieve a higher order of accuracy than lower order methods, their

80



81

range of applicability is typically more limited than methods of lower order. Given the relatively
high degree of accuracy, faster rate of convergence, and wider range of applicability of lower
order methods (especially that of the second order) right factored method, they might often
prove more beneficial in practice than higher order methods.

. While straightforward and obvious, Picard iteration proves to be an inferior method. It’s
rate of convergence is slower, its range of applicability is smaller, and as it generalizes to higher
order methods breaks down quickly compared to other methods of comparable order. The left
factored method shows great promise, especially when use of a higher order method is desirable,
as it is vastly superior to a higher order Picard method, both in range and in convergence. It
a]sp will allow for more collocation points and a larger reference depth than any of the other
methods before the methods become unstable. While the second order, right factored method
does not generalize to higher order methods, it is vastly superior in terms of rate of convergence,
and is stable for larger magnitudes of deformations than any other method—-arguably the most

important parameter to be detected.

6.3 Future Directions

One obvious drawback to the general inverse method proposed is the requirement for stand-
ing waves. The relaxing of this requirement is necessary for the eventual application of this
method to near shore environments. Before this is done, however, these methods need to be
tested in three dimensions. Once these issues have been resolved, verifiable laboratory tests

should be done on the methods that are developed.



APPENDICES

82



83

Appendix A

SOME NOTES ON SINGULAR-VALUE DECOMPOSITION

This appendix is intended to give some background theory of the methods used in approx-
imating b(z) in the equations of the form b(x)l(z) = r(x) seen in Chapter 4. This is a much
abridged version of Chapter 4 in (5). For a more detailed discussion, see Chapter 4 of (5) or
Chapter 15 of (17). First a few definitions.

Deﬁni;cion A.0.1. Let X be a Hilbert Space and let A: X — Y be a compact linear operator,
and let A* 1 Y — X be its adjoint (which is then also compact). The nonnegative square roots of

the cigenvalues of the nonnegative self adjoint operator A*A : X — X are called the singular

values of A.

Theorem A.0.1. Let (u,,) denote the sequence of nonzero singular values of the compact linear

operator A (with A # 0) ordered such that *
Py = pho 2> p3 2

and repeated according to their multiplicity. Then there exist orthonormal sequences (gy)

in X and (gn) in'Y such that

Ap, = tngn, A*gn = HnPn, (Al)

for all n € N. For each ¢ € X we have the singular value decomposition
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P = (#on)n +Qp (A.2)

n=1

with the orthogonal projection operator Q : X — N(A) and

Ap = {0, 9n)n. (A.3)
n=1

Definition A.0.2. Each system (iin,on,gn), n € N, defined in the theorem above is called a

singular system of A.

Theorem A.0.2. (Picard) Let A:x — Y be a compact linear operator with singular system

(s ©ns gn). Then
Ap = f
is solvable for if and only if f belongs to the orthogonal complement N(A*): and satisfies

o0

>l < oo (A.4)

n=1""

In this case the solution to Ap = [ is given by
1

Y= Z_(f’ 9n)Pn- (A.5)
nlen

The restrictions on f, specifically that the series ilu_lﬁi(f’ gn)|? is bounded , often prevent

n—=
a direct application of Picard’s Theorem (which would theoretically give us an exact solution of
). When the series is on the left hand side of Equation A.5 is unbounded, it would seem that
by truncating the infinite sum, that an approximation to ¢ can be made. This concept leads to

the regularization scheme called spectral cut-off. The reason for this being that u,, approaches
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0 as n — oo, making the expression Equation A.5 blow up as n — oco. Before this concept is

stated as a theorem, one last definition needs to be made.

Definition A.0.3. Let X and Y be normed spaces and let A X — 'Y be an injective bounded
linear operator. Then a family of bounded linear operators Ry, 'Y — X, o > 0, with the

property of pointwise convergence

liH%)RaAip = (A.6)

for all p € X is called a regularization scheme for the operator A. The parameter o is called

the regularization parameter.

With that definition, a spectral cut-off scheme can be rigorously stated. .

Theorem A.0.3. Let A be an injective compact linear operator with singular system (tin, ¥n, gn),
n € N. Then the spectral cut-off
1
Ronf =Y —(f,9n)¢n (A7)

n
n=1

is a regularization scheme with regularization parameter m - 0o and | Byl = 1/tm.
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