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SUMMARY

The accurate simulation of linear electromagnetic scattering by diffraction gratings is
crucial in several technologies of scientific interest. In this contribution we describe a High—
Order Perturbation of Surfaces (HOPS) algorithm built upon a class of Integral Equations
due to the analysis of Fokas and collaborators, now widely known as the Unified Transform
Method. The unknowns in this formalism are boundary quantities (the electric field and
current at the layer interface) which are an order of magnitude fewer than standard volumet-
ric approaches such as Finite Differences and Finite Elements. Our numerical experiments

show the efficiency, fidelity, and high—order accuracy of our algorithm.
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CHAPTER 1

INTRODUCTION

We first introduce the setting of Fokas Integral equations and our HOPS approach built
on these equations to solve scalar Helmholtz equations satisfied by electro-magnetic waves
diffracted across a periodic structure. We later build on the framework established for the
Helmholtz equation to solve the vector Maxwell equation satisfied by electromagnetic waves

diffracted across a periodic structure.

1.1 Volumetric methods

Classical numerical algorithms such as Finite Elements (e.g., (1; 2; 3; 4)) and Finite
Differences (e.g., (5; 6; 7)) have been used to simulate these configurations. Volumetric
approaches however have prohibitively large number of unknowns for the piecewise ho-
mogeneous grating problem we consider here. In addition, for these methods an error is
introduced by enforcing an (approximately) “Non-Reflecting Boundary Condition” (e.g.,
(8) and variants, e.g., (9; 10; 11)) by restricting the unrestricted problem domain at some

finite distance from the grating structure.

1.2 Boundary Integral methods

Consequently, methods based upon Integral Equations (IEs) (12) are a better candi-
date but they face many limitations. For instance, in order to deliver high—order (spectral)
accuracy, special quadrature rules must be designed. These rules result in dense, non—
symmetric positive definite linear systems when applied to nonlocal IEs . However, these
limitations have been reasonably taken care of (by iterative solution procedures accelerated

by Fast Multipole Methods (13)) and hence Boundary Integral methods are a compelling



choice (14). But, the following three properties make them non—competitive compared with
our new method for the periodic, parametrized problems we consider. First, for periodic
problems the relevant Green function must be periodized. This periodization induces slow
convergence, a well-known problem (15). This slow convergence induced can be accel-
erated (e.g., with Ewald summation). However, these methods necessitate an additional
discretization parameter: The number of approximate terms retained in periodized Green
function.

Second, for crossed interface, parameterized by height/slope €, an IE solver must be
invoked for every €. Finally, for each simulation the dense, non—symmetric positive definite

matrices must be inverted .

1.3 New alternative

Our new method is a “High-Order Perturbation of Surfaces” (HOPS) method, more
specifically a Fokas Integral Equation (FIE) formulation appropriately generalized to the
fully three-dimensional vector Maxwell equations (16; 17). These formulations have their
beginnings to the low—order calculations of Rayleigh (18) and Rice (19). Their high—order
version has been developed into the Method of Field Expansions (FE) by Bruno & Reitich
(205 21; 22), Nicholls and Reitich (23; 24; 25), and Nicholls and Malcolm (26; 27). A closely
related algorithm, the Method of Operator Expansions, was developed in parallel by Milder
and collaborators (28; 29; 30; 31; 32; 33; 34).

These formulations not only have the advantages of classical Integral Equations formu-
lations (e.g., exact enforcement of far—field conditions and surface formulation) but also
avoid the shortcomings listed above. First, quasiperiodicity of solutions is manifested itself
and does not need to be further approximated as HOPS schemes utilize eigenfunctions of

the Laplacian (suitable complex exponentials) on a periodic domain.



Second, Once the Taylor coefficients are calculated for the scattering fields, a simple
summation for any given boundary parameter ¢ will recover the returnslinstead of starting
a new simulation) as these methods are built upon expansion in e.

Finally, we need to only invert a single, sparse operator (flat—interface approximation
operator) for every perturbation order .

As shown in (16; 17) for solving the Helmholtz equation the approach of Fokas (35)
and collaborators (see, e.g., (36; 37; 38)) allows one to state simple integral relations for
Dirichlet and Neumann data of elliptic boundary value problems which do not involve
the fundamental solution. Instead they feature quite smooth kernels related to solutions
of the relevant Helmholtz problem meaning that simple quadrature rules (e.g., Nystrom’s
Method (12)) can be brought to bear on the problem. The Fokas approach (known as
the “Unified Transform Method”) does lead to dense, poorly conditioned linear systems
to be inverted, but it was shown in (17) how this can be significantly ameliorated with
a HOPS methodology. In particular, as we shall see, one trades a single dense and ill-
conditioned matrix inversion for a sequence (one for each perturbation order retained) of
fast, well-conditioned linear solves around the base (flat—interface) geometry. This matrix
is of convolution—type which enables rapid solution by the FFT algorithm. Additionally,
we find that, for many configurations of interest, a few perturbation orders are sufficient for

a solution of high fidelity, resulting in an algorithm of remarkable speed and accuracy.



CHAPTER 2

TWO-DIMENSIONAL SCATTERING: THE HELMHOLTZ

EQUATION

We consider the problem of diffraction of electromagnetic waves across a periodic struc-
ture. More precisely, we consider two regions, Q" and Q~, that are made up of materials
with dielectric constants e and €, respectively or with dielectric constant ¢ and a perfect
conductor respectively. A grating surface y = f(x), where f is a periodic function of period
d seperate these regions. We assume the permeability of the dielectrics equal to p,, the

permeability of vaccum.

When the grating is illuminated by a plane wave

Ei _ Aeiocxfiﬁy e*iwt) (21&)

H = Beiocx—iﬁy e—iwt’ (2.1b)

If the two regions are filled with a dielectric and a perfect conductor respectively, the

total field in QT is given by

EY = E' + E™™ (2.2a)

HY = H' + H™™, (2.2b)



where as the field in Q™ vanishes. We remove the factor exp(—iwt), and also point that

the incident, reflected, and total fields satisfy the time-harmonic Maxwell equations (39)

VxE=iwyH, V-E=0, (2.3a)

VxH=iwe'E, V-H=0, (2.3b)

in Q7. And, at the interface between two regions the total field satisfies

nx EY =0 ony=f(x), (2.4)

where n is the unit vector normal to the interface. If regions Q% and Q~ are made
up of two dielectrics, the total field in Q™ satifsfies Eqs. (2.3) and holds the following

transmission conditions:

nx (E¥Y —E"") =0, on y=f(x). (2.5a)
nx (H¥ —HY") =0, on y=f(x). (2.5b)
(2.5¢)

And finally, the periodic grating surface induces quasi-periodic fields: if v is either E or

H, we have

v(x + d,y) = exp(iad)v(x,y). (2.6)



For the above situation the fields E and H are independent of z (refer (39)) and Egs.
(2.3) and (2.4) [or Egs. (2.3) and (2.5)] can be simplified to set of equations for a single
unknown. In fact u(x,y) equal to either diffracted E,(Transverse Electric - TE) or diffracted

H,(Transverse Magnetic - TM) satisfy the Helmholtz equation

Au+ (kF)Pu=0 in QF, (2.7)

where k¥ = wy/Hoe®. Succintly, the solution above is an a-quasi-periodic function
which satisifies the Helmholtz equation and one of the following boundary conditions (39).
1. TE Mode: Dielectric-Perfect Conductor Interface

Set u = EIf™ then the boundary condition is
u = —expliax —ipf(x)] on y=f(x). (2.8)

2. TM Mode: Dielectric-Perfect Conductor Interface

Set u = HI* then the boundary condition is

ou 0 . .
= an exp(iox —ify) on y = f(x). (2.9)

3. TE Mode: Interface between two Dielectrics

Set ut = EI¢fl u™ = EI*™, then the boundary conditions are
ut —u” = —expliox — iyl y = f(x), (2.10a)
out  du~ 0
oM ——exp(iox —ify) on y = f(x). (2.10b)

on on on



4. TM Mode: Interface between Two Dielectrics

Set ut = HI¢™ u™ = HI*™ then the boundary conditions are
ut —u” = —expliox — iyl y = f(x), (2.11a)
out ou~ 0
% — (1/\/%)% = —aexp(iocx —1ify) on y = f(x), (2.11b)
where v2 = £ = ()2

2.1 Rayleigh Expansion, Radiation Conditions, and Energy Balance

Lets incorporate boundary conditions at infinity to Eq. (2.7) to determine the soltuion
u: The solution should consist of outgoing waves and must be bounded at infinity.

Let

K=" an=a+nk, od+ (B = ()2 (2.12)

where B is determined by ImBi > 0 or B > 0. Assume

kT # +(x +nK), k™ # £(a+nK) (2.13)

where 1 is any integer. The case k¥ = +(a + nK) for any n are known as Woods
anomalies. (Refs. 18 and 19.). This phenomenon is not discussed here, and (2.13) will be
assumed to hold.

Under this assumption, in the region QF, for y > ym = [fleo, any oa-quasi-periodic

solution to the Helmholtz equation is given by the Rayleigh expansion



o0 o0
ut= Y Al exp(iomx —1iBiy)+ D Byl exp(ionx +ifiy). (2.14)
n=—oo n=—oo
Similarly, in Q7, for y < ym = —Ifleo, any solution u~ to the Helmholtz equation is
given by
(o) o0
w = ) Ay expliamx —iByy)+ ) By exp(iomx +iByy). (2.15)
n=—oo n=—oo

Also solution u of Eq. (2.7) in QF satisfies the radiation condition at infinity if

Al =0, B, =0 foralln. (2.16)

n

Finally, to test the convergence for the numerical solution of diffraction problems, we
would use the relation between the Rayleigh coefficients of w given by the principle of
conservation of energy (39). For example, if Q7 is made up with a perfect conductor and

if k™ is real, this energy criterion is given by

> BilBLP =By, (2.17)
neut
Where U" ={n:p} >0 (2.18)

Equivalently

D en=1, (2.19)

where e, = B[B;f|?/BE. The coefficient e, is called the nth-order efficiency.



2.2 Theory

When the grating is shaped by y = f(x) = eg(x) and g is smooth (C2, C'*® Lipschitz)
the field u = u(x,y, ¢) is analytic with respect to the parameter €. Under the assumption
f(z) is analytic, the following results have been established (40).

1. Given a profile y = ¢,f(x), for some ¢, € R and g, above (or below) the profile,
u = u(x,y,¢) is an analytic function of x,y,and ¢ for y sufficiently close to y, and e
sufficiently close to &,.

2. The functions

ui(x) 51:(7()) 5)) (2203)

ou*

el ef)) o £ b €) (2200)

are analytic with respect to = and e.

3. For an ¢, € R, the functions u* are analytic with respect to €, 2 and y for ¢ close to
€0 and y close to the interface y = e,f(x). This property implies that functions u* can be
analytically extended across the interface.

It follows from 1 and 3, that u* can be expanded in power series of ¢,

o0
(%y,6) = ) uilx,yle (2.21)
n=0

and converge for small €. The functions u® also satisy Helmholtz equations.
From 2 and 3, differentiation of solutions with respect to € and use of the chain rule are

permissible
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ut —u = —expliox —ifef(x)] on y = ef(x), (2.22a)
ou’ ou~ 0
aia — vf, aLTLLS = “on. exp(iax —ifef(x)) on y = ef(x), (2.22b)

2.3 Fokas Integral Equations

The Dirichlet-Neumann operator (DNO) in our approach comes from the procedure of

Fokas which, in our context, particularly follows from the following identity.

Lemma 2.1. If we define
20 =0y b (AP + K*) + (Ad + K2 P)dy b
then
ZM) = div, [F] 4 9, [F¥)  FK],
where
F) = 0y b (V) + Vb (dy ),

F) .— ayd)(ayll)) — Vi - (Vi),

FK = k2.
Defining the periodic domain
Q=00+1x),i+ux):={0<x<d x{I+1x) <y<i+ux)} (2.23a)
lx+d) =1(x), ulx+d)=ux), (2.23b)

provided that ¢ and 1 solve the Helmholtz equations

Ad+K2p =0, AP +Kk*p =0, (2.24)
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then Z(Y = 0. A (trivial) consequence of the divergence theorem gives us the following
lemma.
Lemma 2.2. Suppose that G(z,y), defined on Q, is d-periodic in the z wvariable,

G(z+d,y) = G(z,y), where

G(x,y) = (G¥(x,y), Y (x,y)T, (2.25)
then
d
|, awigiav = 16 (V.1 = 6%, 1.y o
Q 3 (2.26)
+J [_G(X) : (vxu) + G(y)]y:ﬂ+u(x) dx.
0

If ¢ is a-quasiperiodic and P is (—«)-quasiperiodic, i.e.,

d)(X + d)y) = eio"dd)(xvy)) II)(X + d)y) = eiia'dw(xay)) (2'27)

then the Lemma 2.2 tells us, with G = (F*) Fy) 4 (k)T

0= J zMav = J div[GlaV
Q 00

d
_ L (FY . g1 — F9) ) o dx (2.28)

d
+ JO (F(X) : (—VXU) + F(y) + F(k))y:ﬁ-&-u(x) dX,

since, here, F®, FY and F¥) are periodic. More specifically,



or
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d
0 :L Pyb(Vith - Vil) + Vidp - (3,1 71) — 3y b(3y1)

+ Vit - (Vb)) = K2 dxly_p, 5 (2.29)

d
+ L Ry b (Vb - (—Va1t)) + Vab - (31 - (— V)

+ 3y (dyW) — Vi - (Vi) + k2w dxly—g i),

and

d
0= J By (Vil: Vid — dyb) + Vi - (Vx1dyd + Vi) — Ibkzq)]y:TH(x) dx
0 (2.30)

d
+ J [aylb(—VXU* Vi + ay(b) - Vi - (vxuayd) + Vi) + 1|)k2d>]g:a+u(x) dx.
0

If we define

Ex) =, 1+ 1Ux)), Cx) = d(x,u+ ulx)), (2.31)

then tangential derivatives are given by

ViE(x) == [V + Vildydly iy Vallx) = (Vi + Vidybly—suin)-
Normal derivatives are given by

L(x) == [=0yd + Vil - Vil 1)y U(xX) :=[Byd — Viu - Vidly—ayu(x)
which results in

d
0= J (QyW)y_ i L+ (Vib)y_tirp - VE = (0)y 1 KPEdx
0 (2.32)

d
+ 4[0 (aylb)y:ﬂ-i-u(x)u - (Vxlp)y:ﬂ-i—u(x) - Vx(+ (lp)y:ﬂ-&-u(x)kzc dx,
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(Oyb)y—rup U + (Oy)y L dx

< o

d

d
= JO (vx¢)y:ﬁ+u(x) : VXC dx — L (vxlb)yzi+1(x) - V& dx (2'33)
d

d
- L K2 () ) C X+ L K)o dx.

2.4 The Top Layer

For this problem we consider upward propagating, x-quasiperiodic solutions of
Ab+K2dp=0, 1T+1l(x)<y<i
b =&, y=1+1(x).

To begin, we note that the Rayleigh expansion (39) gives, for y > u, that upward

propagating o-quasiperiodic solutions of the Helmholtz equation can be written as

bloy) = ) Gelr ™ BT p = (pypa), pi,p2 €2, (2.34)
q=—00
where
o« + 2mp1/dy (k)2*|0(%,| pelU
op = Bp = , (2.35)
% +2mp2/d; iy/ledl — (k)> pgU

and the set of propagating modes is specified by
U = {pl o < K2,

Evaluating ¢ above at y = u delivers the (generalized) Fourier series of {(x),
() = T30 T e,

so that we can compute the DNO at y =1 as
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U=0,¢(x,u)= ) Y (iBp)Ge ™™ = (ipp)C. (2.36)

P1=—00p2=—00
Proceeding, we consider an (-)-quasiperiodic “test function”
W(x,y) = e—top x+Himp (y—1)
with m;, to be determined so that the difference between the first and the sum of the

third and fifth terms in (2.2) are zero. For this we consider the quantity

R(X) = (Qyh)y=al — (Vxh)y=a - Vil + K (b)y=a,

and define

It can be easily shown that

R(x) = (imp)e " E, (iBp) ¢ — (—iog,)e P E, - Vi + kPe ™ Ey L
- (2.37)
= Y {(imp)(iBq) — (—iap) - (i) + KA, GqeHow )

q=—00
Integrating R over the period cell, the only non-zero term features p = q so that
JSR(x)dx = Al (imy) (iBp) — (—iag) - (o) + K2JEpGp.
Choosing m;, = 3y, so that
1P(X>y) _ e—icxpx-&-iﬁp(y—l_.])

a ”conjugated solution,” we get fg R dx = 0 since

o - o+ B2 =K = (o) - (i) + (1Bp)? + K2 = 0. (2.38)

In light of these computations we now have
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d d
J (ayﬂf))yzi—&-l(x)l—dx = J (wa)y:p_l(x) - Vy&dx

’ o (2.39)
+J K2 ()10 £,

o

and, with 1V defined above,

d d
J (iBp)ePrle ™ Ldx = — J (—iog)etPrie ™. v, £ dx
0 0 (2.40)

d
+ J kZelPrle torxg dx.
0

2.5 The Bottom Layer

In a similar fashion we can consider downward propagating, x-quasiperiodic solutions

of
Ap + K2 p =0, l<y<tu+ux)
¢ = y =+ ulx),
and the “test function”
P(x,y) = e topx—iBply—u),
With this choice of 1 the second, fourth, and sixth terms in (2.34) combine to zero and
we find

d d
J (ayw)y:ﬁJru(x)UdX = J (vxd’)y:{wu(x) - VyCdx
0 3 (2.41)
- JO kz(ll))y:ﬁ+u(x)cdx-

With 1 defined in this way we determine that
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d d
J (—iBp)e Prie X Udx :J (—iog,)e Prie X . 7 Cdx
0

2.6 A Middle Layer

‘; (2.42)
o J kzefiﬁpuefiocpxCdX'
0

Finally, We consider «-quasiperiodic solutions of

A +K2d =0,
d):a)
d):C)

and the “test functions”

Defining

cop = coth(ify (1
C(u) := cosh(iBpu),

C(1) := cosh(ippl),

we can show that

+1x) <y <t+u(x)

y=14+1(x)

y — 11 + u(X),
cosh(iBp(y —p) e iopx
sinh(ifp(w—1)) (2.43)
cosh(ifp (i —y) o iopx
sinh(ifp (1 —1))

~1)), csp = csch(iBy(@— 1),
S(u) — sinh(iﬁpu), (2.44)

S(1) := sinh(iBpl),
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P (x,u+u) = (Cop Clu) + S(u))e—iocpx

P (x, L+ 1) = csp C(L)e o™

(2.45)
Px, a4+ u) = csp C(u)e torx
PH(x, T+1) = (cop C(1) — S(1))e v,
and
b (x, w4+ 1) = (—ieg)(cop C(u) + S(u))e x>
™ (x, T+1) = (—iog) csp C(L)e 0>
(2.46)
bV (x, t+ 1) = (—iay) csp Clu)e >
0, (%, T+ 1) = (—Logy)(cop C(1) — S(1))e X,
and
Ay ™ (x, i+ 1) = (iBp)(C(w) + cop S(u))e e
oy W™ (x, T+ 1) = (iByp) csp S(1)e o™
(2.47)

aylpm (x,u+u) = (iﬁp) CSp S(u) e o

oy b (%, T+1) = (—ifp) (C(1) — cop S(1))e ™.

From (2.34), with ™) we find
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d d
J (iBp) (C(w) + cop S(w))e ™" *Udx + J (iBp) csp S(1)e ™ Ldx
0 0

d d
= J (—iog)(copCu) + S(u))e . v, ldx —J (—iocp)cspC(l)e*iocpx CViEdx (2.48)
0 0

d

d
J kes, C(l)e " gdx — J K (copClu) + S(u))e **¢dx.
0 0

With vV we find

d d
J (=1Bp)(CY) = Cops(l))eiapXLdXJrJ (iBp)cspS(u)e P Udx
0 0

d d
= J (—iotp)(cop C(1) — S(1))e "X . v, Edx —i—J (—iocp)cspC(u)e*i"‘Px - Vyeldx (2.49)
0 0

d

d
— J kzcspC(u)e_i“PxCdx + J kz(copC(l) —S(1))e ™P*Edx.
0 0

2.7 Summary of Formulas and Zero-Deformation Simplifications

We point out that all of the formulas derived thus far, can be stated gererically as

AplV] = Ry [V]. (2.50)

1. (Top Layer) For (2.43), after dividing by (iBp),

d
V=G, V=& A,g)G] :J etPrIe X G (x) dx, (2.51)
0
and
Ry )[a]—jd L I T ML T (2.52)
plg —Oe e in x&(X in x) dx. .

2. (Bottom Layer) For (2.46), after dividing by (if3y)
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V=], V=¢ A9l :J eiBr9e ] () dx, (2.53)
0
and
ﬁ [C] _ d iBpg —i(xpxi(xp \VA C( ) kz C( )d 254)
p(g) —Le e @ X X‘Q‘@ X X. (

3. (Middle Layer) For (2.52) and (2.53), after dividing by (if,),

AL u vu C
v =] v = oL (255)
\% L \%% £
and
u d [ C(u) 4 copS(u) cspS(1) u )
Ap(u,l) = J e "Xdx, (2.56)
L) "\ —cspSu)  C—cops()) \L
and
C d | —S(u) —co,C(u) csp, C(1) u
ﬁp (u, 1) = J ’ '
g ° cspClu) S(1) +cop,C(1) ) \ L
(2.57)
i 2 (¢ .
G AL R P
iBp iBp £

In the case of flat interfaces (g = 0,u = 0,1 = 0) we have:



1. (Top Layer)

d
A, (0)G] = L e XG(x) dx,

>
=
=/
™
I
—
()

. i K2
x4 e ax
0 iBp By

2. (Bottom Layer)

d

A, (0)J] = L e X (x) dx,

¢ —lopx io‘P kz
Ry(0)() = L LVt

3. (Middle Layer)

u a1l o0 u )
A,(0,0) - J el gy
L ®lo 1) \L
C d|—co, cs . 2 [C .
R, (0,0) - J ' [ 0 v .k—} e X dx.
0 By iBp
& cSp  —COp &

Recognizing the Fourier transform

d
Py = Fl = J e pax,

and using the fact that (i) - (o) + K2 = —(iﬁp)z we find:

1. (Top Layer)

20
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k ey . e
Ry (0)&] = P (1ap)+@}ap=—(1ﬁp)ap.
2. (Bottom Layer)
A, (001 =T,
i . k2 o A
R, (0)(C] = fgz lio) + 1N = (i)
3. (Middle Layer)
u 1 0] ([0,
A,(0,0) = ,
L o 1)\,
_ . e
oo [Tl =1 " T e+ Xy | T
IBP lﬁp o~
& cSp —COp P
- ¢
| T e | T,
CSp —Cop ﬁp,

and discover the classical results:
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Gp = —(iBp)&p, Tp = —(iBp)Gp,

a —co cs G
Pl (iB,) P P P
fp csp,  —COp ép

2.8 A High-Order Perturbation of Surfaces (HOPS) Method.

We recognize that these FIEs depend upon the boundary perturbation (g = f(x)) in a
rather simple way. In fact, if we set g(x) = ef(x) then the integral operators Ap and ﬁp are

analytic with respect to e (sufficiently small)

Aplg) =Aplef) =D Apnlf Rp(g) =Ry(ef) = ) Ry a(fe™. (2.58)
n=0

In light of these expansions one can posit the forms

V(g) =V(ef) =) Va(fle", V(g)=V(ef) =) Va(f)e™ (2.59)
n=0 n=0

In particular, for the problem of computing a Dirichlet-Neumann Operator [28, 29, 30],
given analytic Dirichlet data (so that the first expansion in (2.58) converges strongly), we
fully anticipate that the corresponding Neumann data will also be analytic [28] so that the
second expansion is also valid.

If we insert the expansions (2.58) and (2.59) into

A, VI =R, V], peZ, (2.60)

this results in
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. (2.61)

o0
Z Vi e™
m=0

o0
Z Vie™
m=0

(i Ap,nen> _ (i ﬁp,nsn>
n=0 n=0

This, evidently regular, perturbation expansion can now be equated at successive orders

of € delivering,

—1

=

paS

n—1
Ap,O [Vn] = ﬁp,O[Vn] + Z ﬁp,nﬂn [Vinl — Ap,nfm [\N/m] (2~62)
m=0

0

3
I

This recursion describes a natural HOPS scheme for the simulation of quantities of
interest which is advantaged over (2.60) in a number of ways.

First, the solution of (2.60) requires the formation and inversion of Ap(g) which, as
we shall show, can become quite ill-conditioned as the boundary deformation g departs
significantly from zero. By contrast, in solving (2.61) one must (repeatedly) invert the op-
erator ﬁpyo = ﬂp (0) which, as we will see, is both well-conditioned and can be accomplished
rapidly using the FFT algorithm.

Second, one may perceive that a disadvantage of utilizing (2.61) is that this system
must be solved at every perturbation order n desired which would make it much more
computationally intensive that inverting (2.60) once. However, this is, in fact, a strength
as it allows one to compute the Neumann data for an entire family of profiles g(x) = ef(x)

with one simulation. That is, upon solving (2.61) for 0 <n < N we can form

N
VN(x;e) := Z Vi (x)€™, (2.63)

n=0
and approximate V corresponding to g = ef for any ¢ by a simple summation (with
linear cost). By contrast, if one wished to do the same with (2.60), the operator /A\p(g)

must be formed and inverted with every new instance of g.



24

At this point we simply require forms for the Taylor coefficients of the integral operators

(though we made no particular use of them).

Higher-Order Corrections.

Ap and ﬁp, namely the {Ap,n, ﬁp’n}. As we now show, the matter is a simple one and in

fact, in the previous section we identified the ”flat interface” operators {Ap,o, ﬁpyo} explicitly

Based on the forms for (2.55 - 2.60), it is straightforward to compute the Ap,n and ﬁp,n.

In particular, for the upper layer, if g(x) = ef(x) then (2.54) gives

d
Ay (P)[G] :J (1BLO)Fn (x)e =G (x) dx,

and (2.55) gives

d ‘ : (0)12
Ry 10E) = | (164" Fa (x5 { g ) } £(x) dx,

where F,(x) := f(x)"/nl. In the lower layer, if g(x) = ef(x) then (2.56) gives

Pay d M .
Rpm()1]] = L (—iBM)PFy (x)e ¥ (x) dx,

and (2.57) gives

d : (M)\2
_ :n(M)yn —ilop-x 1(Xp . (k )
Ry (100 = | (160" Fa(xle {irséw v }C(X) dx.

Finally, in a middle layer, if u(x) = efy(x) and 1(x) = efi(x) then (2.59) gives

(2.64)

(2.65)

(2.66)

(2.67)
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u d [ (Cq+ Copsn)Fu,n CSpSnFl,n u .
Aol | | =] e dy, (2.68)
L 0 —cspSnFun (Cn —copSn)Fin L
and
C d [ (=Sn— COp Cn)Fu,n CSp CnFin
ﬁp,n(fu) fl) = JO
& CSp CnFu,n (Sn— COp Cn)Fl,n
(2.69)
: m)2 C .
« { 1&p SV, + (k)} e topx dx,
) )
iBp iBp £
where,
Fu,n = (fu(x))n/n!) Fl,n = (fl(x))n/n!)
and,

Coj = (iB)F, Cyp1:=0, Sz:=0, Syur:=({1BPMI™, j=0,1,...

At this point we are able to make a crucial observation which gives an unexpected
computational benefit to our approach as opposed to the one advanced in previous section.
Specifically, we note that in (2.64 - 2.69) we are able to separate the wavenumber (p)

dependence from the spatial (z) dependence in the following ways. For (2.64) we write



0
for (2.65)
. d
Ry = (B 75+ | Fal)eo sk
Pp
(0)\2 d ,
+ g rs”)) Falxle () ax
P
for (2.66)

M d i
Apm(F)]] = — (i ))“J Fa(x)e % (x) dx,

and for (2.67)

: d
, io o x
Rpn(F)IE] = —(iBp" )" — T - | Falx)e ™V L (x)dx
iBp 0
' KM)2 d ,
M [ e ) ax.
iBp 0
Finally, for (2.68 and 2.69) we get
R u (Cn 4 copSn) CSpSn d | FunU
Ap,n(fm f) = e X dx,

L —CspSn (C —copSn)
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(2.70)

(2.71)

(2.72)

(2.73)

(2.74)
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C (=S, —cop,Ch) cs, C i a FunVx(
Romlbf) | =] T o e e
& CSp Cn (Sn— COp Cn) 1[331 ° FinVi&
(=Sn— COp Cn) cspCn (k(m) )2 a | FunC
+ J e X dx.
cspCh (Sn—copCh) iy 0 Finé
(2.75)

The important observation to make about all of these is that they are convolution
operators which can be rapidly evaluated by the FFT algorithm. For instance, in using
(2.74 and 2.75) one could perform the following sequence of steps to evaluate the action of

//-in,p on the function G(x) evaluated at the Ny equally-spaced points on [0, d]:
1. Multiply G(x) by Fn(x) pointwise in ”physical space” (Cost: O(Ny)).
2. Fourier transform the product via the FFT (Cost: O(Nxlog(Ny))).
3. Multiply pointwise by the diagonal operator (iﬁéo) )™ in " Fourier space” (Cost: O(Ny)).
We point out that, at this point, it is quite natural to use inverse Fourier transform

to move back to ”physical space”. We use this convention for the rest of this contribution

which amounts to replacing (2.66) by

n—1 n—1
AO [\N/n] = RO [Vn] + Z Rnfm[vm] - Z Anfm[\?m]) (2-76)
m=0 m=0
where
T < &~ s 1 & o
An =g > Apnet™®¥ Ry = A D> Rpnetr X (2.77)



28

2.10 Exact Solutions

Unfortunately, there are no known exact solutions for plane-wave incidence for non-
trivial interface shapes for the DNO problem. To prove that our algorithm converges we

use the following principle: To build a numerical solver for

Lu=0 in Q
(2.78)

Bu=0 at 0Q),

it is often just as easy to create an algorithm for the corresponding inhomogenous prob-

lem:

Lu=R in QO

(2.79)
Bu=Q at 0Q2.
Letting w an arbitrary function, we can solve
Ry :=Lw, Qu:=Buw, (2.80)
Using which we now have an exact solution for
Lu =R in Q
(2.81)

Bu=Q, atQ,



29

namely u = w. Using this approach, we can test our homogenous solver which would
be a special case (Ry = 0) for our inhomogenous solver. We should however select w which
have the same “behavior” as solutions of u of the homogenous problem. Our exact solution
however, does not correspond to plane-wave incidence rather plane-wave reflection.

To be specific, consider the family of functions

W (x,y) = Al eilarxtBi™y) | glm)gilarx—p™y) -y ¢ 7 (2.82)

with AM = BO = 0. and m denotes the surface layer. These are outgoing, o-
quasiperiodic solutions of the Helmholtz equation, so that Ry, = 0 in the notation above.
These functions however do not satisfy the boundary conditions satisfied by an incident

plane wave. We compute the surface data with the construction of the Q in mind

We test our numerical algorithm for any choice of deformation g(x) using this family of

exact solutions.

2.11 Numerical Implementation

We utilize Nystrom’s method (12) to simulate the Integral Equations (2.64) as they
appear in MV! = Q. In this setting this amounts to enforcing these equations at N =
(N1, N3) equally spaced gridpoints, xj = (x1,j,,%2,), on the period cell [0, d;] x [0, d5], with
unknowns being the functions V™Mbt VML at these same gridpoints X;.

Using these we define,
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€Erel * = sup (283)

0<m<M—1

~(m),l v (m),L,N 1 LN

{M"‘)’ — VM ™ — v |Loo}
"~ ,L ) N .
Vi AR

2.12 Convergence Studies

For our convergence studies we follow the lead of (41) and select configurations quite
close to the ones considered there. First, we consider the two-dimensional and 2¢-periodic
profiles independent of the x,- variable. We then consider the fully three-dimensional case.

Recalling the three profiles introduced in (42): The sinusoid

fs(x) = cos(x) (2.84)

the "rough” (C* but not C°) profile

12878 } (2.85)

fr(x) = (2 x 1074 {X4(27T—X)4 ~ 35

and the Lipschitz

—2/mx+1, 0<x<m
fL(x) = (2.86)

(2/m)x — 3, n<x<2n
These profiles have approximate amplitude two, zero mean, and maximum slope of
approximately one. The Fourier series of f, and f; are listed in (42). f,p and fi p represent
the truncated P-term Fourier series.

We start with two three-layer configurations:
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1. Two Smooth Interfaces

g(”(x) = efs(x), g(z)(x) =efg(x), €=0.01, d=2m, (2.87)

N =10, ..., 30.

2. Rough and Lipschitz Interfaces

x=0.1, pO=11 pM=22 p¥=33

gV (x) = efrao(x), g?(x)=eflalx), e=003, d=2m, (289

In these three-layer configurations the wavelengths of propagation (?\(m) =2mn/ k(m)) are

2O ~ 56885, A a2.8530, A2 ~1.9031. (2.89)

In the first configuration, we show that only a small number of collocation points (N =
20) are sufficient to achieve machine precision for small, smooth profiles, (2.88), which
displays the spectral accuracy of the scheme. In sumulation (2.92) provided that N is
chosen sufficiently large, we show that the algorithm converges quickly even when smooth
interfaces are replaced by the rough, (2.89), and Lispschitz, (2.90), profiles respectively
(both truncated after P = 4F0 Fourier series terms).

Among the many multilayer configurations our algorithm can address we choose two

more, representative ones:
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1. Six-Layer
«=0.1 pM=114+m, 0<m<5
g (x) = efs(x), gP(x) = efrgo(x), 9% (x) = efLao(x),
(2.90)
g (x) = efrao(x), g (x) = efi(x),e =0.02, d=2m,
N =40, ..., 120
2. 21-Layer
x=01, pm :m%g], 0<m< 20
g™ (x) = efs(x),1 <m <20, e€=0.02 d=2m, (2.91)
N =10, ..., 30.

We again show that in all cases, provided that a sufficient number of degrees of freedom
are selected our algorithm provides highly accurate solutions in a stable and rapid manner.

We now consider (271) x (27) periodic interfaces in a three-dimensional structure. We
select the following: The sinusoid

fs(x1,%2) = cos(x1 + x2), (2.92)

the ”rough” (C? but not C3) profile

. 2 47t
fr(x1,%2) — (9 X 103) {x%(zn—m)zxg(zn—xz)z — 6225} (2.93)

and the Lipschitz boundary



33

(2/m)x1 =1, x1 <xp <2m—xq

~ 1 —(2/m)xy + 3, X2 > X1,X2 > 21M—Xq

fLlx,xg) =5+ (2.94)
3—(2/mx1,  2m—x1 <x2<xq
1+ (2/m)xy, Xy < X1,X2 < 270 —Xq.

These profiles have approximate amplitude two, zero mean, and maximum slope of
approximately one. The Fourier series of f, and f, are listed in (42). f,p and fi p represent
the truncated P-term Fourier series.

We focus upon the two three-layer configurations outlined below.

1. Two Smooth Interfaces:

6 =01, =02 pO=11 pV=22 p¥=33
gV (x1,x2) = efs(x1,%2),  gP(x1,%2) = efs(x1,%2), € =0.1, (2.95)

dy :27'[, dz :27'[, N] = Nz = 6,...,32.

2. Rough and Lipschitz interfaces:

6 =01, a=02 pO=11 pW=22 p¥=33
gV (xixg) = efrao(xa,xa), 9P (x1,x0) = efLo(xix), €=001,  (2:96)

d] :27'[,(12:27'[, N] :N2:8,...,24.

Our algorithm again delivers highly accurate results. Provided that a sufficient number
of collocation points are used, our algorithm exhibits the same behavior independent of

interface shape.
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2.13 Layered Medium Simulation

Having verified the validity of our codes, we demonstrate the utility of our approach
by simulating plane-wave scattering from all of the configurations described in the pre-
vious section. Recall, in two dimensions this included two-layer (2.91) & (2.92) and two
multiple-layer problems (2.94) & (2.95); while in three dimensions this featured two two-
layer scenarios (2.99) & (2.100). For this there is no exact solution for comparison we resort

to the diagnostic of enery defect .

5=1-) e — > el (2.97)

pel® petM

We observe in Figure 7 that we achieve full double precision accuracy with our coarsest
discretization for the smooth-smooth configuration, (2.91), while in Figure 8 we show that
the same can be realized with N ~ 200 for the rough-Lipschitz problem, (2.92). The
same generic behavior is noticed for the six-layer configuration, (2.94), and the 21 layer
device, (2.95), which are displayed in Figures 9 and 10, respectively. Finally, we display
three-dimensional results corresponding to the two-layer problems, (2.99) & (2.100), and

the quantitative results are given in Figures 11 & 12, respectively.
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Relative Error versus N
10’5 T T T T T T T T T

108

107°

10»10

Relative Error

10-11

10-12

10-13

10-14

10715
10

22 24 26 28 30

Figure 1. Relative error for 2D smooth-smooth config (Eq: 2.91) for Helmholtz equation
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Relative Error versus N
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Figure 2. Relative error for 2D rough-Lipschitz config (Eq: 2.92) for Helmholtz equation



Relative Error versus N
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Figure 3. Relative error for 2D smooth- rough-Lipschitz-rough-smooth config (Eq: 2.94)

for Helmholtz equation



Relative Error versus N
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Relative Error

Figure 4. Relative error for 20 smooth interfaces (Eq: 2.95) for Helmholtz equation

38
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Relative Error versus N

107t T T T T T

Relative Error

Figure 5. Relative error for 3D smooth-smooth configuration (Eq: 2.99) for Helmholtz
equation
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Relative Error versus N

10’1 [ T T T T T T T

Relative Error

1073

Figure 6. Relative error for 3D rough-Lipschitz configuration (Eq: 2.100) for Helmholtz
equation
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Energy Defect versus N
]_0'14 T T T T T T T

8

© 10715
o

10_16 1 1 1 1 1 1 1
14 16 18 20 22 24 26 28 30
N

Figure 7. Energy defect for 2D smooth-smooth configuration (Eq: 2.91) for Helmholtz
equation
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Energy Defect versus N
T T T

10 T T
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101 E

delta
=
o
A
N
T

1018 ¢

10 E

10-15
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Figure 8. Energy defect for 2D rough-Lipschitz configuration (Eq: 2.92) for Helmholtz
equation
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Energy Defect versus N
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10712

10-13
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Figure 9. Energy defect for 2D smooth-rough-Lipschitz-rough-smooth config (Eq: 2.94)
for Helmholtz equation
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Energy Defect versus N
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10-15
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Figure 10. Energy defect for 21 layer config with 20 smooth interfaces (Eq: 2.95) for
Helmholtz equation
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Energy Defect versus N
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Figure 11. Energy defect for 3D smooth-smooth configuration (Eq: 2.99) for Helmholtz
equation
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Energy Defect versus N

delta
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Figure 12. Energy defect for 3D smooth-smooth configuration (Eq: 2.100) for Helmholtz
equation



CHAPTER 3

THREE DIMENSIONAL SCATTERING: THE MAXWELL

EQUATION

3.1 The Governing Equations

At z = g(x,y), lets consider a diffraction grating with crossed periodic interface.
Where x and y are the lateral coordinates, and z is the vertical coordinate.

The inteface delineates two layers

S* 1={Z>9(X>U)}> S” IZ{Z<9(X,U)}~

The layers are filled with materials having dielectric constants {€", €}, permeability of

each equal to pp. In this chapter we consider the crossed and periodic grating interface

g(x +di,y+dz) = g(x,y);

see Figure Figure 13. Figure 3.1: Plot of the configuration with grating interface shaped by
g(x,y) = (¢/4) (cos(2mx/d1) + cos(2my/d3)), di = d2 = d =500 nm, ¢/d = 0.01 giving ¢ =5 nm.

The plane—wave incidence is of the form

Eim(x,y,z) = eithinC(X’y’Z’t) _ Aei(cxx+[3y—yz]

Hmc(x,y,z) — eiwtﬂinc (X,y, z, t) _ Bei(ocx+[3y—v2)’

where

1
A k=0, B=—=xkxA, |Al=|B|=1,
WHo

47
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Plot of the Configuration

Figure 13. Configuration Plot for Maxwell problem

and k == (o, B, —y)".
As before dropping the factor exp(—iwt), the time-harmonic Maxwell equations (43; 39) can be

written as

V x E =iwuoH, div[E] =0, (3.1a)

V x H=—iw:eE, div[H]=0. (3.1b)

All the reduced fields satisfy the vector Helmholtz equation, e.g.,

AE + K’E =0, (3.2)

with k% = w?epo.



The total fields are decomposed into incident and scattered components by

EY +Einc in S4 Hu+Hinc in S“
E = y H= )

EY in SV Hv in SW

and each satisfy vector Helmholtz equations, e.g.,

AEY + (k%)?E%* =0, in S%

where (k%)? := w?e% o, and

o + B2 +v% = (k")

At the interface, the transmission conditions (43; 39),

N x [EY—E"] =

N x [H* —H"] =1,

where N := (—0,g,—0yg9, 17, and,

C = _N x [Einc] , .Ll) = _N x [Hinc]z

z=g =g

In light of Maxwell’s equations, (Equation 3.1), we get

where

49

(3.3a)

(3.3b)
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We point out that only four of these six boundary conditions are linearly dependent (the z—component
of each can be written as a linear combination of the x— and y—components, for instance). Clearly it
only makes sense to enforce four and we choose the x— and y—components of each. To compensate
for this “defect” we recall that the electric field is divergence free in the bulk, and must also be so

at the interface. Thus we enforce the two additional boundary conditions

div[EY] =div[EY] =0, z=g. (3.3¢)

Finally, the fields are quasiperiodic because of the periodicity of the grating interfaces

Em(X +di,y+ dz,z) = ei(“d1+BdZ)Em(X»y»Z)) m=u,w,

and we demand that E* and E" are outgoing at positive and negative infinity, respectively.

3.2 The Rayleigh Expansions, Efficiencies, and the Reflectivity Map

Rayleigh expansions (39) which are quasiperiodic, outgoing solutions of (Equation 3.2) are given

by separation of variables. The electric fields can be expanded as

[ee] (oo}

“(xy,z Z Z ap qe'YraZell®nxhay) (3.4a)

p=—00 q=—00

and

" (x%Y,z Z Z d, qe YrazetlonxtBay) (3.4b)

p=—00 q=—00

where, for p,q € Z,

Xp 1= X+ (27t/dq)p, q =B+ (2m/d2)q,

o Jum - -y g eun

Yp,q = y MmM=uw,

i/og + B3~ (k)2 (p,q) gU™




o1

and,

U™ ={p,q€Z| o +p5 < (kK™)?}, m=u,w,

which are the “propagating modes” in the upper and lower layers. (Where ap,  and dp g are

the upward and downward propagating Rayleigh amplitudes.) Efficiencies are given by

el = (¥ /) lapql*, (p,q) € U™,

ey = (YN q/Y) ldp gl (p,q) €U,

and the object of fundamental importance to the design of Surface Plasmon Resonance (SPR)

biosensors (44; 45; 46; 47; 48; 49) is the “Reflectivity Map”

Ri= ) el (3.5)

(p,q)euU™

If the lower layer is filled with a perfect electric conductor, and a lossless dielectric fills the upper
medium, we get R = 1 by conservation of energy. However in the case of a metal (such as gold)
in the lower domain, R drops in its value to a tenth or even a hundredth. This is the fundamental

phenomenon behind the utility of Surface Plasmon Resonance (SPR) sensors (50; 51; 52).

3.3 Boundary Formulation

We will now demonstrate how the governing equations (Equation 3.2) & (Equation 3.3) can
be rewritten in terms of surface quantities, more specifically the Dirichlet and (exterior) Neumann

traces. For this we define the surface quantities

U(x,y) == E*(x,y,9(x,y)) (3.6a)
W(x,y) =E"(x,y,9(x,y)) (3.6b)
U(x,y) i= [0, E" + (0xg)dxE* + (3y,9)3, E"] (x,y, g(x,y)) (3.6¢)

W(x,y) = [0.E" — (axg)awa - (ay g)ayEw} (%Y, 9(x,9)), (3'6d)



where
ux
U=|w!|, W=
uz
S0

{U,W,fJ,vV} ‘R? - R3,

{ui,wi,ui,wi}

:R? SR,
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Wx

WY |,

J'ZX»U>Z~

As each of the components of {U, W} is an outgoing, quasiperiodic solution of the Helmholtz

equation, (Equation 3.2), the Dirichlet and Neumann traces are related by the Fokas Integral Equa-

tions (FIE) (16; 17)

AW — RMU

=0, AW —R"W =0,

The operators are defined (for j = x,y,z) by

AY[W] =

and

AV W]

RW W] :

d1 d2 p=—00 q=—00

d1 dz p=—00 q=—00
oo

didz p=—00 q=—00

(3.7)

j =X%Y,z.

1 oo oo . o
D ) AplWiettexrbay,

Y Ry,

1 0o 0o N o
D ) AWty

Y3 wg e
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In these

B d, pd2 o ) ~
Ryl W= [ [ erbastmeten Pl y) ax ay
o Jo
4 ody . 0,0y + 1B g0y + (k)2
R gl = [ [ ettt [1800 £ 1By BV s ) ey
P-4 0 0 YY$A
B dq pd2 o . ~
//-\\;an,q[\/\/} = J e Yp.a 9oyl mtleanxtBaulyy/(x ) dx dy
o Jo
& opdz . i0ty Ox + 1B g0y + (k)2
ﬁm) WV]?:J J elqug(%U]eW“vX+BqU){ p-x - 9y }VV(X{U)dXdy-
P>d 0 0 1’}/%\)7‘]

3.4 Tangential Trace

Regarding the boundary conditions, we begin with the trace of the tangential component of a

vector field. For this we have

N x U = SU;,

where

(0yg) —(0x9) 0

We further require the (x,y)-projection operator

uX
uX
PxyU=Pyluw | = ,
uv
UZ
so that
1 0 0
Pyy =
01 0
This gives
gxx  Gxy  gxz
Sxy =PxyS= ,

SYx  Syy Quyz
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where

S =0, SW=—1 S$*=_(d,g), SY*=1, S =0, SY*=(d,9). (3.8)

Thus, the two (x— and y—components of the) Dirichlet boundary conditions, (Equation 3.3a),
read

SeyU—S yW =P, (. (3.9)

3.5 Tangential Curl

We recall that the curl of E™ is given by

0yE™* —0,E™Y

VXE™=[g,gmx_g, g™z [, m=uw.

O E™Y — 9 Emx

We now change to the surface variables {U, W} with tangential derivatives {(9,U, 9, U}, (0, W, 3, W)},

and normal derivatives, {U, W}. The chain rule gives

0xU(x,y) = [0xE" + (0x9)9:E"] (x,y, g(x,y)),
ayU(Xay) = [ayEu + (ayg)azEu] (%Y, 9(%,4)),
axW(X»y) = [axEW + (axg)aZEw] (X,Eb 9(X>U))a

ayW(X»y) = [ayEW + (ay g)o.E™] (x,y,9(x,y)),
while (Equation 3.6) gives formulas for U and W. It is not difficult to see that

NP 3.E* = (INF = (3:9)*) U — (3:9)(3,9)3, U + (2,9) 0

NI 9y E* = —(:9)(0y9)3xU + (INF* = (9,9)*) 9, U + (3,90

IN[*0.E" = (0,9)0,U + (3,9)0,U — U,
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and
NI 3.E™ = (INI* = (9,9)?) 3, W — (2:9)(3, 90y W — (0:9) W
NP 9yE™ = —(2.9)(2,9)0: W + (IN — (3,9)*) 9, W — (3,9)W
INPO.E™ = (3,9)0x W + (3,9)0, W + W,

where

INI> = (3,9)% + (3y9)* + 1.

In light of this inconvenient pre—factor, regarding the tangential curl boundary condition, (Equation 3.3b),

we premultiply by |N|2 and enforce the equivalent equation

N x [INPV x [E —EW]}

z=

= |N[* ). (3.10)
g
Regarding the curl of E* we now proceed deliberately, beginning with the x—component

N (9B = 0,E*¥) = {—(39)(09):U% + (INF* — (3,9)?) 3,U* + (3, 9) U* |
—{(Bxg)2.u¥ + (3, g)o, U — ¥}

_ éu,xxﬂx + éu,xy uy + éu,xzﬂz + CWwoxx* + cCwxyyy + CU"XZUZ,



where

Cx =0,

Cwy =1,

C¥= = (9y9),

CH* =0,

C™XY = —(dxg)dx — (3y9)dy,

CW*2 = —(2,9)(dyg)dx + (|N|2 — (0y 9)2) Oy

Continuing, for the y—component,

N (2% = 3,E*) = { (3:9)3LL* + (2, 9)2, U™ — U}

where

—{ (INF = (3:9)?) 0.1 — (2:9)(3, 9)9, U + (3,9)U* }
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(3.11a)
(3.11b)
(3.11c)
(3.11d)
(3.11e)

(3.11f)

= CWYXUX 4 CWYYUY + CWYZUZ + CWYXUX 4 CHYYUY + CWYZUZ,

Cu,gx — _],
CWwyy — 0,
cu,yz = _(axg)a

C*¥% = (0xg)0x + (0yg)y,
CwuY — 0,

C¥= = — (INFP — (0x9)%) 0 + (2,0)(3y )2y

(3.12a)
(3.12b)
(3.12¢)
(3.12d)
(3.12¢)

(3.12f)



Finally, for the z—component,

o7

INF (E™Y =0, E*) = { (INF = (3x9)2) 0 1lY — (2,9)(2,9)3, UY + (3xg)UY |

where

Defining

we have

—{~(0:9)(2,9)2.U* + (INI* = (3,9)2) 3, U™ + (2, )U1* |

— éu,zxux + Cu,zyuy + éu,zzuz + CWEX ¥ +

= = —(2y9),
C™ = (2,9),
Cu,zz _ 0,

CwEx (axg)(ayg)ax _ (|N‘2 _ (ayg)z) ay)
CW2Y — (“\”2 — (axg)z) Ox — (axg)(ayg)ay’

cwz =0

Cu,xx éu,xy Cu,xz CWxx  Cw,xy
CY=|Cwyx Cwyy Cuyz |, C"=|cwyx Cuwyy
Cu,zx Cu,zy Cu,zz Cwzx  Cwzy

5 U
IN“V x EY = (Cu Cu)
U

Cway Y + Cu‘ZZUZ,

(3.13a)
(3.13b)
(3.13¢)
(3.13d)
(3.13¢)

(3.13f)

Cwxz
cwyz |,

Cwzz
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Again considering that we only wish to enforce these for the x— and y—components, we define

v g oul —CWwYx _ (ayg)cu,zx —CWwYY _ (ayg)cu,zg —Cwyz _ (ayg)cu,zz
X,y T YX%Y -
Cwxx 4 (axg)cu,zx Cwxy 4 (axg)cu,zy Cwxz 4 (axg)cu,zz
Cu s éu - _Cu,yx _ (ayg)éu,zx _Cu,yy _ (ayg)éu,zy _Cu,yz _ (ayg)éu,zz
X‘y T X’y - - - - - - -
Cuwxx (axg)cu,zx Cwxy 4 (axg)cu,zy Cwxz 4 (axg)cu,zz

In an analogous manner one can derive for the curl of E" that

|N|2 V x EY = (Cw Cw> ,
U

where
éw,xx Cw,xy cw,xz CWrXX  CW,XYy (CW,xz
CW=|¢Cwyx (Cwyy Cwuyz |, CY=|cCcwuyx Cwyy Cwyz
Cw,zx Cw‘zy Cw,zz CWszX  CW,zy  (Cw,zz

As before we define

o s o —CWYx _ (ayg)cw,zx —CWYY (ayg)cw,zy —CWz _ (ayg)cw,zz
X,y = 9%,y =
CWx (axg)cw,zx CWxY 4 (axg)cw,zy CwW»>*z 4 (axg)cw,zz
Cw s éw _CW,UX _ (ayg)éw,zx _CW,yy _ (ayg)CW,zy _éw,yz _ (ayg)éw,zz
Xy T 0%y = B 5 ~ - - - ’
Cwixx 4 (axg)cw,zx Cwxy 4 (axg)cw,zy Cw»*z 4 (axg)cw,zz

so that the (x— and y—components of the) two Neumann boundary conditions, (Equation 3.10),

read

Cr,U+CY U—Cl W —Cl W =Py INF . (3.14)
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The entries of these operators can be shown to be

Cwixx — 0, (3.15a)
CWY = 1, (3.15b)
OV = (9, g), (3.15¢)
Cwx _ 0 (3.15d)
C™7Y = —(0xg)0x — (34 g)0y, (3.15€)
CE = ~(0,9)(8y9)3x + (INF = (8,9)%) 3, (3.150)
and
Cwwx — 1, (3.16a)
CWYY = 0, (3.16b)
C™YZ = (dyg), (3.16¢)
C™Y = (0,9)dx + (3yq)dy, (3.16d)
CWYY = 0, (3.16¢)
9z = — (INP = (3y9)?) s + (2,9) (34 9)0, (3.16f)
and

C* = (dy9), (3.17a)

Cwzy — —(0x9), (3.17b)

Cwzz = 0, (3.17¢)

5 = (0x9)(2y9)0x — (INF — (949)%) 3y (3.17d)

€= = (INP = (2,9)) 3x — (3x9)(2y 93y, (3.17¢)

oWz _ o, (3.17f)
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3.6 Divergence—Free Conditions

Finally, we enforce the divergence—free condition (again premultiplied by the factor |N|2) in the

new variables

INP div [EY] = N[? (0.E™ 4+ 9, E%Y + 9,E™)
= (INF = (9:9)?) 3" — (3,9) (2,903, U + (2, ) U*
+—(0:9)(2,9)211¥ + (INF — (3y9)?) 3y UY + (9, 9)U1"
+ (0x9)0xUZ + (3, 9)d, U* — U?

_ Du,xﬂx + f)u,yuy + Du,zﬂz + DWw XU + DwyuY + Du,zuz’

where,

DY = (d,9), (3.18a)
D"V = (3,9), (3.18b)
Dwe — 1, (3.18¢)
D** = (INI* = (3x9)?) 3 — (3:9)(3, )0y, (3.184)
DY = —(3.9)(yg)x + (INF = (3,9)%) 3y, (3.18¢)
DY = (3,9)dx + (0y9)dyy. (3.18¢)

In a similar manner,

INP div [E™] = [NJ? (9. E™% + 0, E™Y + 9,E™?)

— DW,XWX + Dw,yWy + Dw,sz +DWXWX £ DV YWY 4+ DW’ZWZ,
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where
D"W* = —(dx9), (3.19a)
D™V = —(dyg), (3.19b)
Dwz — 1, (3.19¢)
D = (INF* — (9:9)) 3 — (3:9)(2,9)2y, (3.194)
D™ = ~(2,g)(0y9)0x + (INF = (949)%) 2y, (3.19)
Dw,z — (axg)ax + (ayg)ay (319f)
If we define

DY .= (Du,x Du,y Du,z) , DY .= (Du,x DWWy Du,z) ,

DW= <Dw,x Dw,y 6W‘Z) , DW= <Dw,x DWWy Dw,z> ,

then the two divergence—free conditions read

o )

3.7 Surface Equations

%%
= O, (Dw DW> =0. (320)
A\%%

el el

Summarizing all of these developments, we find that we must solve (Equation 3.7), (Equation 3.9),

(Equation 3.14), and (Equation 3.20) which we state abstractly as

Mv=Db (3.21)



where
M_ =
In these
Mgc =
and
Mgc =
and

Mgc Masc
y V=
Mpn  Mopn
0 0 0
0 0 0
Guxx  Guxy  Gupxz
Cwyx  Cwyy Cwyz
Dwx DwY Dwz
0 0 0
gxx gy gxz
Syx Sy gQuz
Cuxx  Cuxy  Cuxz
Cwyx Cwyy (Cuwyz
Dwx  DwY DW=
0 0 0
A% 0 0
0o A* 0
N 0 0o Av
MpnN =
0 0 0
0 0 0
0 0 0

o % o

o

7éw,xx

—_Cwyyx

Dw,x

SXX

—Syx

—_CWixx

7Cw?yx

0

DWsx

62

bec
, b= (3.22)
bpn
0 0
0 0
7Cw,xy 7éw,xz
, (3.23a)
—CWYYy  _(Cwyz
0 0
bw‘y Dw,z
—Sxy _§xz
Sy _Syz
_CWXY WXz
s (3.23b)
—CWyy _(CwWyyz
0 0
DwY DWWz
0 0
0 0
0 0
, (3.23¢)
0 0
AY 0
0o AV
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and
—R" 0 0 0 0 0
0 —R" 0 0 0 0
0 0 —R“ 0 0 0
Mpn = , (3.23d)
0 0 0 —RW 0 0
0 0 0 0 —RwW 0
0 0 0 0 0 —RwW
and
—CY —(0y9)C* 0
¢+ (0xg)C* 0
Y — (3, g? 0
bBC = y bDN =S . (3236)
V* + (0xg)h* 0
0 0
0 0

3.8 A High—Order Perturbation of Surfaces (HOPS) Approach

Our High—Order Perturbation of Surfaces (HOPS) methodology for solving (Equation 3.21) is
a straightforward application of regular perturbation theory. It can be shown that not only are the
(known) linear operator M = M(g) = M(ef) and inhomogeneity b = b(g) = b(ef) analytic functions
of ¢ for f sufficiently smooth (e.g., C2, C'**, or even Lipschitz), so is our unknown v = v(g) = v(ef)

(53; 54; 24). Therefore we can make the strongly convergent expansions

{M,v,b} = {M,v,b} (g) = {M, v, b} (ef) = > {Mp, vy, bp} (™. (3.24)

n=0

Insertion of these into (Equation 3.21) followed by equating at order ™ yields

n—1
Movn =bn— > Mn_ve. (3.25)
=0
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Note that at each perturbation order, while one must apply the operators M, _¢, one need only
invert the flat-interface operator My (repeatedly). Once this has been accomplished for a range of

orders 0 < n < N (delivering v;,) one can form an approximate solution

N
vN (XJJ; 5) = Z Vn(X,y)En- (326)
n=0

All that remains is to specify M, and b;,. These come from (Equation 3.22) and it is clear that

this will mandate expansions

{MBC) Mgc, Mpn, MDN>bBC»bDN} (ef)

(o)
= Z {MBC,n)MBC,n)MDNJUMDN,TubBC,n)bDN,n} (fle™.

n=0

This, in turn, requires forms for

{Srs) Cm,rs‘ Cm,rs) ﬁm,r’ Dm,r’ Au) Aw) Ru’ Rw‘ CT) I\br}

(e o)
TS (~mM,TS m,rs ym,r m,T7T uw w uw w T T n
:Z{Snvcn’ 3CTTLY )Dn))Dny)An)An)Rn)Rn) n)lbn}(f)a )
n=0

form € {u,w}and r,s € {x,y,z}. All of these are easily derived, and forms for {A%, AW RY RW Cn,Pn}
appear in (17). We presently specify the remainder.

From (Equation 3.8) we have the non—zero components
SoY =—1, SYP=—(0yf), S3* =1, S¥*=(0«f).
(Equation 3.11), (Equation 3.12), and (Equation 3.13) give the non—zero members

éu,xy

Y =1, CP=(d,f),

C;L’Xy = _(axf)ax - (ayﬂay, CB‘-»XZ _ ay, CE’XZ = _(axf)(ayﬂax + (axf)zay»
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and

Cov™=—1, G =—(a:),

CPVY = (0c)0y + (3yF)dy, CH¥5 =—0y, CHY5 =—(3,1)*dx + (3xF)(3yF)dy,

and

CP=* = —(3yf), C1™Y = (0x),
Co®* =—0y, C5 = (0xf)(0yf)0x — (axf)zaw

Co™ =0x,  CP™ = (3yf)?0x — (39:F)(3y )3y

Similarly, (Equation 3.15), (Equation 3.16), and (Equation 3.17) deliver

Cuy =1, CP= = —(9yh),

CP™Y = —(0,1)0y — (04 1Dy,  CBF =0y,  CIF = —(0,1)(3y )0y + ()70,

and

CPv* =1, CY% = (0xf),

CYY* = (0xF)dy + (3yF)dy, Cp"V% = =0y,  CYY% = —(3y1)20x + (3:F)(3yF)y,

and

CPax = (0, f), G = —(dyf),
CPP =0y, C3=* = (0:F)(dyF)dx — (9F)2Dy,

CP™Y =0y,  CY™ = (8y1)?0x — (3xF)(dyT)0y.
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Finally, from (Equation 3.18) and (Equation 3.19) we find, respectively, the non—zero contribu-

tions
DI = (3,f), DY =(d,f), Dy==-1,
DY =9, DP*= (ayf)zax — (0x1)(0yf)0y,
DYY =9, DYY = —(0,f)(dyF)dx + (3:F)%y,
D} = (0xF)0x + (3, 1)y,
and

D} = —(3xf), DY =—(3yf), Dy*=1,
DE* =0y, DY =(d,)?0x — (8xf)(dyf)0y,
Dy"Y =93y, DYV =—(8xf)(d,f)dx + (3xf)*dy,

D% = (0,f)dx + (3yF)y.

3.9 Numerical Results

We now point out that a numerical implementation of this algorithm is immediate. Indeed,
we consider a HOPS approach to the solution of (Equation 3.21) which amounts to a numerical

approximation of solutions to (Equation 3.25),

n—1
Vi = Ma] [bn — Z MneVe] .
=0

We approximate the members of the truncated Taylor series (Equation 3.26),

ﬁn(X>U)

Wa(x,y)
vn(x,y) = »

Un(x,y)

Wa(x,y)
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by

A

Unvpvq (X’y)

2

Ny/2—1 Ny/2-1 Wopa(%,y)

N,,N i i
IS U(X,y) — § E elocpx+1[3qy'

p=—Nx/2q=—Ny/2 Un,p,q(x)y)

v

Wip,a(xy)
The unknown coefficients are recovered upon demanding that (Equation 3.25) be true for these forms.
Convolution products are computed using the FFT algorithm (55) and the only “discretization” is
that we restrict to —N,/2 <p < Ny/2—1and —Ny/2<q<Ny/2-1.

Of great importance is how the Taylor series in ¢, (Equation 3.26), is to be summed. To be

specific, to approximate v we have just considered the truncation

n lxpx+ifqy
Vp,qn€ >e i 7
0

WM NGy = Yy

p=—Nx/2 quNy/z n=

Ny/2—1 Ny/2-1 <N

which generates the Taylor polynomials

Oyyq(s) = Z VUp,qne™.

The Padé approximation (56) has been successfully used with HOPS methods on many occasions

(see, e.g., (21; 54)), and we recommend its use here. Padé approximation simulate the truncated

Taylor series “\)pN’ q(€) by

_ate) T gae! (3.27)
bMe) 14y M pem

(L/M](e)

where L + M = N and

[L/Mi(e) = 0N 4 (&) + O(e-M+);

well-known formulas for the coefficients {a¢, by} can be found in (56). This approximant has re-

markable properties of enhanced convergence, which can be found in § 2.2 of Baker & Graves—Morris

(56) and § 8.3 of Bender & Orszag (57).
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3.10 Validation

For the problem of plane—wave scattering by a (non—flat) diffraction grating there are, of course,
no exact solutions. Therefore, in order to validate our code, we compare results of our simulations
with those generated from Field Expansions (FE) simulations described and previously verified in
(27). Among the myriad choices of quantities to measure we have selected the zeroth (“specular”)
reflected efficiency, €p,0, as it is the precipitous drop in this quantity which signals the onset of a
Surface Plasmon Resonance (50; 51; 52).

With this in mind we chose a particular physical configuration which is motivated by the seminal
work of Bruno & Reitich (22) on the FE scheme for simulating the vector Maxwell equations for a

doubly layered medium. We consider the sinusoidal biperiodic grating shape specified by

f(x,y) = % {cos (27(';() + cos <2:;y>} , (3.28a)

so that d; = d, = d. We chose their wavelength—to—period ratio A/d = 0.83, but did not restrict to

normally incident radiation. Indeed, if we express

« = (2t/A)v*sin(0) cos(db), P = (2t/A)v*sin(0) sin(P), (3.28b)
k" = 2r/A) v, kY = 2n/A)vY, (3.28¢)
Y= (2 — o2 — B2,y = /(e)2 — a2 — B2, (3.284)

where v™ is the index of refraction of layer m, then we chose

0 = 10(27/360), & =5(2m/360), V4 =1, V¥ =2. (3.28¢)

To conclude the specification of the configuration, we selected

g/d = 0.003,0.01,0.03,0.1, d = 0.500. (3.28¢)
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For numerical parameters we chose
Ny =Ny =16, N =10,

and computed the relative error between our new approach (denoted “FIE”) and the FE algorithm:

e5EE — efe|

|eyd®

In Figure 3.2 we study the convergence of our new methodology for various perturbation orders N

utilizing Padé approximation as the profile height ¢ is varied.
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Relative Error versus e

-
o
=
- ——N =2
4 D
= —a—N =38
<
o)
~

107 10

Figure 14. Relative error for 3-D two layer Maxwell problem

Figure 3.2: Relative error versus perturbation parameter ¢ for various perturbation orders N

(with [N/2,N/2] Padé approximation). Results for the (Equation 3.28), with Ny, = Ny = 16.

In Figure 3.3 we display results of our convergence study for different values of the height

¢ as N is refined.
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Relative Error versus N

—o—: — (0.003

——=c=0.01
—A—c=0.03

—a—c = 0.1

Relative L™ Error

Figure 3.3: Relative error versus perturbation order N (with [N/2,N/2] Padé approximation)

for various perturbation parameters e. Results for the (Equation 3.28), with Ny, = Ny = 16.
In each of these figures we note the rapid and robust convergence of our new approach
to the results of the validated, high—order accurate FE methodology (27).

3.11  Simulation of Reflectivity Maps

To conclude, we considered configurations inspired by the simulations of the laboratory
of S.—H. Oh (Minnesota), particularly the Surface Plasmon Resonance (SPR) sensing devices

studied in (46; 49). In these a two—dimensional sensor was studied featuring a corrugated
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insulator /conductor interface. While we are unable at present to study the third insulator
layer featured there, we are able to add three—dimensional effects and, with very little
trouble, change the types of the insulator and/or conductor.

We retained the grating interface shape f defined in (Equation 3.28a), chose vacuum as
the insulator above the interface so that v* = 1, and filled the lower layer with either gold
or silver. The indices of refraction of these metals are the subject of current research, and
for these we selected Lorentz models

6 A°
)

o o

€ =€ +E -

= —afw? —ibw + ¢
J:

o € {Au, Ag},

where w = 2m/A, and the parameters €2, Af, a]ff, bf, c]?f can be found in (58). For physical

and numerical parameters we chose

=
|
o
|
o
o
N
o
vO
&
|
o,
N
|
o
oN
(@2
S

In Figure 3.4 we display the Reflectivity Map, R(A, h), (Equation 3.5), for this configuration

which shows a strong resonance around A = 670 nm and h = 90 nm.

Figure 3.4: Reflectivity Map for the two—layer vacuum/gold configuration, R(A, h), versus inci-
dent wavelength, A, and deformation height h = ¢. Results for the sinusoidal shape (Equation 3.28a)
with Ny = Ny = 12, [4/4] Padé approximant.

By contrast, in Figure 3.5 we display R, (Equation 3.5), where we have replaced gold

with silver. This shows a much more sensitive (narrower in A) resonance at the new values
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Reflectivity Map (Pade)
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Figure 15. Reflectivity Map for two-layer vaccum/gold configuration for Maxwell problem

A =665 nm and h = 60 nm.

Figure 3.5: Reflectivity Map for the two-layer vacuum/silver configuration, R(A, h), versus inci-
dent wavelength, A, and deformation height h = €. Results for the sinusoidal shape (Equation 3.28a)

with Ny = Ny = 12, [4/4] Padé approximant.
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CHAPTER 4

CONCLUSION

We first implemented the HOPS algorithm designed by Nicholls for “T'wo Dimensional
Helmholtz equation” by inverting the flat interface operator for every wavenumber there by
reducing the size of the linear system involved. This new approach resulted in a linear system
with better condition number and lower dimensions. Using this approach, we successfully
reproduced the Resonance phenomenon achieved by Bruno and Reitich for two layers and
by Nicholls and Maxwell for multiple layer(21 layers). The performance improvement is
significant for the 21-layers case. Encouraged by our results, we successfully built on the
framework developed for the scalar Helmholtz equation to solve the 3D vector Maxwell
equations for single interface separating two layers. Our results confirmed our assertions

about the benefits of this method compared to others.
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CHAPTER 5

FUTURE DIRECTION

Going forward, we want to reduce the number of unknowns for three dimensional scatter-
ing in the two layer case by writing the lower layer Dirichlet and Neumann trace parameters
in terms of the upper layer Dirichlet and Neumann trace parameters as done in the case
of two dimensional scattering. This would reduce the size of our linear system by a factor
6. We later wish to extend our three dimensional scattering algorithm to handle multiple

layers (greater than 2).
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