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10.7 Exercise

Let M be an L-structure, A C M, and a € M™. Statements (1), (2), and (3) are equivalent:
(1) a is definable in M over A.
(2) For any N = M the only realization of tppy(a/A) in N is a.

(3) For any € > 0 there is an L(A)-formula ¢(z) and § > 0 such that ¢*(a) = 0 and the
diameter of {b € M"|¢pM(b) < §} is < e.

If N is any fixed w;-saturated elementary extension of M, then (1) is equivalent to:

(4) The only realization of tpr(a/A) in N is a.
(1)=-(2) Suppose a is definable in M over A. Let (¢x(2))r<, be L(A)-formulas such that
Ve > 03KVE > KVT € M"|¢"(Z) — d(%,a)| < e.

Let € > 0 be given and let K witness this for 5. Let N = M and let b € N" realize
tom(a/A). For k > K, |¢p'(a) — d(a,a)| < £, so ¢p'(a) < &, thus ¢p(z) < § is in

tom(a/A). Hence, N F ¢y (b) < §. M E sup|op(x) — d(z,a)| < %, so by elementarity,

N E sgp|¢k(x) —d(z,a)| < g, so in particular, N E |¢x(b) — d(b,a)] < §. Thus,
d(a,b) < |d(a,b) — ¢ (b)] + |¢Y (b)| < £+ 5 = €. Hence, since € > 0 was arbitrary,
a =b. So a is the only realization of tpy(a/A) in N = M.

(2)=(4) Clear.

(4)=-(3) We will prove the contrapositive: suppose (3) fails, then Je > 0 such that for all
L(A)-formulas ¢(z) and 6 > 0, if ¢M(a) = 0, then the set {b € M"|¢M(b) < §} has
diameter > €. Let such an € > 0 be given. Let p(z) be the following type over AU{a}:
tpmla/A) Udd(z,a) = 5}

Claim 1. p(x) is finitely satisfiable.



Proof. Let I'(x) be a finite subset of p(z), and let {¢y(z) =0,...,¢dn(x) =0,d(z,a) >
5+ D I'(x) where ¢;(z) = 0 € tpp(a/A). Then for ¢(x) = max{¢i(z),...,on(z)},
o(x) =0 € tpm(a/A), so ¢(x) =0 € p(x). Thus, it is enough to show that {¢p(x) =
0,d(x,a) > §} is satisfiable. By —(3), {b € M"|¢M(b) < 6} has diameter > € for every
§>0,s0 {be M"|pM(b) =0} = U{b € M"|¢™M(b) < 8} has diameter > ¢. So choose

>0

b such that d(b,a) > § and ¢*(b) = 0. This satisfies T'(x). O

Now, let N' = M be w;-saturated. Since p(x) is finitely satisfiable, and A (without
loss of generality, by 10.10(3)) is countable, p(z) is realized by some b € N". But
d(a,b) > 5 >0, s0 a #b. Thus, a is not the only realization of tp(a/A) in N.

Let ¢p(z) an L(A)-formula and 6; > 0 be witnesses of (3) for ¢ = ¢. Then ¢;"(a) =0

and (b)) < 6, = d(a,b) < 7 since a € {b € M"|¢'(b) < 6} and it has diameter

< 1. So by Proposition 9.19, {a} is definable.

10.8 Exercise

Let M be an L-structure, A C M, and a € M™. Statements (1), (2), (3), and (4) are
equivalent:

(1)
(2)
(3)

(4)

a is algebraic in M over A.
For any N = M, every realization of tpr(a/A) in N is in M™.

For any € > 0 there is an L(A)-forumla ¢(z) and § > 0 such that ¢*(a) = 0 and the
set {b € M"|¢™M(b) < &} has a finite e-net.

For any N = M, the set of realizations of tpy(a/A) in N is compact.

If NV is any fixed wi-saturated extension of M, then (1) is equivalent to:

(5) The set of realizations of tpr(a/A) in N is compact.

If NV is any fixed s-saturated elementary extension of M, with x uncountable, then (1) is
equivalent to:

(6) The set of realizations of tpr(a/A) in N has density character < k.

(1)=(3) Let C C M™ be a compact set containing a and let (¢y)g<., be L(A)-formulas such

that Vo € M", |¢"(x) — d(z,C)| < 1. Let € > 0 be given. Choose k so that £ < £.
Let 0 = ¢ and ¢(z) = ¢p(z)—1 (where z—y = max(z — y,0)).

Then, since ¢ (a) — d(a, C)| = ¢1"(a) < ¢ because a € C, p™M(a) = ¢3"(a)—1 = 0.
Let b € M™ with ¢™(b) < 8. ¢'(b)—% < 1, so ¢ (b) < 2. Thus d(b, C) < |pp'(b) —
d(b,C)| + | (b)| < § + 2 = 2 < £. Now consider the open cover {B(c, §) : ¢ € C} of
C. Since C is compact, there are cy,...,c, € C such that B(ci, §),...,B(cm, 5) is a
finite subcover of C. Let b € {b € M"|¢(b) < 6}. Since d(b,C) < &, we can choose
x € C such that d(b, z) < §. Since {B(c;, 5)[1 <i < m} is a cover of C, there is ¢; such
that x € B(c;, 5). So d(b,c;) < d(b,z) +d(z,c;) < 5+ 5 =€ So{B(c;, )|l <i<m}
is a finite e-net of {b € M"|¢pM(b) < §}.
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(3)=

(1) Let N' = M be w;-saturated.

Claim 2. For any e > 0, there is an L(A)-formula ¢(x) and & > 0 such that ¢ (a) = 0
and {b € N"|¢N(b) < 6} has a finite e-net.

Proof. Let € > 0 be given. Choose an L(A)-formula ¢(x) and § > 0 such that there
are by, ..., b, which give a finite e-net of {b € M™|¢M(b) < §}. So
M E sup min(5—g¢(b), 1r<ni<n (d(b,b;)—¢€)) = 0. Since M <N,

b <i<m

N E supmin(6=¢(b), min (d(b,b;)—€)) = 0. So for b € {b € N"|¢V(b) < 6},

1<i<m

b
§—¢N(b) > 0, so 1r<ni<n (b,bj)—e = 0 for some i, so d(b,b;) < e. Thus, by,..., by,
give a finite e-net of_{g c N"|¢VN(b) < 6}.

O]
For k > 1, let ¢y(z) an L(A)-formula and & > 0 be witnesses of this in N for € = 1.
)
Let € = ﬂzwk(x)—f).

k<w

Claim 3. C' is compact.

Proof. Let € > 0 be given. Let k be such that + < e. Then, since C' C Z(¢x(z)— %’“) C
{b € N"|¢¥(b) < 64}, and there is a finite e- net of {b € N”](bN( ) < O}, we get a
finite e-net of C’

Let (bg)r<w be a sequence in C. We will define C; D Cy D ... subsets of C' with
diam(Cy) < 1 and (ax)p<. a subsequence of (by) such that {k € w|b, € C;} is infinite
and (ay) is Cauchy.

Let Cy =0C,a; =b. Given ay,...,a; and C; D ... D Cy, let By,..., B, be a finite
k+1 -net of C'. Then By N CY, .. B NCy is a ﬁnlte 1 ;-net of Cj. Since there are
infinitely many j such that b; € C’k, for at least one B;, B ﬂC’k is such that for infinitely
many j, b; € B; N Cy. Let C’k+1 B; N Cy and let apy1 = b; where j is the least such
that b; € Cpyq and if a; = b;,,..., a4, = bw J >0, g

So for any ¢ > 0, choose N such that N < €. Then for k,5 > N, ai,a; € Cy, so
d(ag,a;) < + = diam(Cy) < e. So (ay) is Cauchy.

Since N is complete, (aj) converges to some c. Now consider ¢y(z)—%. Let € > 0
be given, and let A be the modulus of umform contlnulty for ¢p(z )—%k. Choose j
such that d(a;,c) < A(e). Then |(¢N (a;)—° %) — (¢ (c)— % %) < e. But since a; € C,
oY (a;)=0r = 0, so ¢y (c)—6), < €. Thus, since € > 0 was arbitrary, ¢} (c)=% = 0. So
since k was arbitrary, ¢ € C'. Hence, C' is sequentially compact.

Thus, since N is a metric space, C' is compact. O]
By Proposition 9.14, C' = Z(P) for some predicate P which is definable over A. So by
Proposition 10.6, C' is definable over A since N is w;-saturated.

Since ¢} (a) = 0 for all k, ¢} (a)~% =0, s0 a € C.

Thus, a € acly(A) = acly(A) by Corollary 10.5. So a is algebraic over A in M, as
required.



(3)=(4)

Let N = M and let D C N™ be the set of realizations of tpr(a/A) in N.

Claim 4. For every € > 0, there is a finite e-net of D.

Proof. Let € > 0 be given. Let ¢(x) be an L(A) formula and § > 0 be such that {b €

M™|¢p™M(b) < 6} has a finite e-net. Let ci,...,cy, be such that B(cy,€),. .., B(cp,¢€)

is that net. So M E sup(min(54¢(b),1r<r11<n (d(c;,b)—¢€))) = 0. So since M < N,
b <i<m

N E Sup(min(é;gﬁ(b),lggn (d(ci,b)—€))) = 0. Let b € D. Since ¢™(a) = 0 and
b <i<m

b E tpa(a/A), oN(b) = 0. §=¢(b) > 0, so for some 4, d(c;,b)—€ = 0, so € > d(c;,b).
Thus, B(cy,€),...,B(cn,€) is a finite e-net of D. O

Claim 5. D is sequentially compact.

Proof. Let (bg)r<w be a sequence in D. We will define C; D Cy D ... subsets of D with
diam(Cy) < 1 and (ay)p<. a subsequence of (by) such that {k € w|b, € C;} is infinite
and (ay) is Cauchy.

Let C1y = D, a; = by. Given aq,...,a, and C; D ... D Cy, let By,..., B, be a finite %—
net of D. Then BiNCy,. .., B,NCy is a finite —=-net of Cj,. Since there are infinitely

k41
many j such that b; € Cy, for at least one B;, B; N C}, is such that for infinitely many

J, bj € BiNCy. Let Cry1 = B; N Cy and let apy1 = b; where j is the least such that
bj € Ck;Jr]_ and ifal = bil,...,ak = bika ] > il,...,ik.

So for any ¢ > 0, choose N such that % < €. Then for k,5 > N, ag,a; € Cy, so
d(ag,a;) < & = diam(Cy) < e. So (ay,) is Cauchy.

Since M is complete, (ay) converges to some c. Now let ¢ be an L(A)-formula such
that ¢ = 0 € tpm(a/A). Let € > 0 be given, and let A be the modulus of uniform
continuity for ¢. Choose k such that d(ay,c) < A(e). Then |¢" (ar) — ¢V (c)| < e. But
since ar, € D, ¢ (ar) = 0, so ¢ (c) < e. Thus, since € > 0 was arbitrary, ¢ (c) = 0.
So since ¢ was arbitrary, ¢ F tpp(a/A), so ¢ € D. Hence, D is sequentially compact.

O

Thus, since N is a metric space, D is compact, as required.

Since M = M, the set of realizations of tpr(a/A) in M is compact. Let ¢ > 0 be
given. Let by,...,b, F tpp(a/A) be such that B(by,€),..., B(b,,€) is a finite e-net of
the realizations of tpy(a/A). Let ¢(z) = 11<ni<n (d(z, bl)—g) Let § = 5.

Then ¢M(z) < § & d(z,b;)—5 < & for some 1 < i < m < d(x,b;) < e for some

5
1 <i<m. Thatis, z € {b € M"|¢p™(z) < 6} if and only if z is in one of the B(b;,€),
so this set has a finite e-net.

Let € > 0 be given. Let ¢(x) = 0 € tpa(a/A) and § > 0 be such that {b € M"|¢pM(b) <
0} has a finite e-net.

Let B(by,€),...,B(bm,€) with by,..., b, € M™ be such a net.

M E sup(min(d—g¢(c), min (d(c,b;)—¢))) =0, so since M < N,



N E sup(min(d—g(c), min (d(c,b;)—€))) = 0. So for ¢ € N™ with ¢"(c) = 0, for some
1§i§cm, d(c,bi)ge__

So let ¢ € N™ and suppose ¢ F tpp(a/A). Then for each 1, since ¢"(c) = 0 for all
¢ =0 € tpm(a/A), we can find some by € M such that d(c be) < . Thus, ¢ is the

limit of the sequence (bg)g<, in M and M is complete, so ¢ € M".

Suppose —(3). That is, 3¢ > 0 such that for every L(A)-formula ¢ and 6 > 0 such
that ¢ (a) = 0, there is no finite e-net of {b € M|¢pM(b) < §}. Let B be the set of all
realizations of tprs(a/A) in M. For b € B, let () be e—d(x,b). Let p be the following
type over AUB: {¢(z) < 1|¢is an L(A)-forumla, ™ (a) = 0,n € N}U{¢y(z) : b € B}.

Claim 6. p is finitely satisfiable.

Proof. Let I' C p be finite. Then there are by,...,b, F tppm(a/A) and ¢1,..., dp
L(A)-formulas such that ¢(a) = 0 so that T' C {¢, = 0,...,%, = 0,¢1(z) <
nil, ce Om(x) < ﬁ} Let ¢ = max(¢q,...,¢n) and 6 = min(nil, e ﬁ) We know
™ (a) = 0, so B(by,¢),...,B(by,€) is not a cover of {b € M"|¢™(b) < §}. So choose
x € {be M"|pM(b) <0} \ (B(by,e)U...UB(by,€)). Thus, z = T. O

Let N' = M be such that there is y € N™ realizing p. So y E tpay(a/A) since for all
L(A)-formulas with ¢(z) = 0 € tpp(a/A), and all n € N, ¢V (y) < L, s0 ¢V (y) = 0.
d(y,b) >e>0forallbe B,soy ¢ B. Thus, y ¢ M™.

Clear.

Let NV = M and let N7 = N be an w;-saturated elementary extension. Then {b €
N E tpp(a/A)} = {b e N'|bE tppm(a/A)} NN. {be N'|bE tpp(a/A)} is compact
by assumption and N is complete, and thus closed, so {b € N|b E tppm(a/A)} is
compact.

The set of realizations of tpy(a/A) in N is compact, and thus, separable. That is, it
has a countable dense subset, so its density character is < k, since k is is uncountable.

Suppose there is € > 0 such that there is no finite e-net of the realizations in N of
p(z) = tppm(a/A). Note: in the proof of (3)=-(4), we saw that it is enough to show
that if for every € > 0, the set of realizations of tpr((a/A) has a finite e-net, to see that
it is compact. So if we assume the set of realizations in not compact, there must be
some such € > 0.

Consider the following type in s variables:
xz 1,<I<L Up U{d xl7x])>€ Z#]}
1<K

Claim 7. ' is finitely satisfiable.

Proof. Suppose not. Let n be such that p(z,) U...Up(z,) U {d(x;, x;) > €|i,j < n}is
realized by some ay, ..., a, but p(x;)U...Up(z,) Up(xnﬂ)u{d(xl, xj) > €li,j <n+1}
is not satisfiable. Then, for every b F p(z), d(a;,b) < € for some 1 < i < n. So these
give a finite e-net of the set of realizations. =<«. O
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Thus, by compactness, I'((z;);<x) is satisfiable.

Fact 1. If M is w-saturated and (infé(Z,y))™ = 0, then there is y € M such that
y

¢(T,y) = 0.

Proof. Let q(y) be the type over T {¢(T,y) < £|k < w}. This is finitely satisfiable,
since for any k < w, there is y such that ¢(7,y) < % Thus, by w-saturation, since 7 is
finite, there is y realizing ¢, and for such a y, we must have ¢(z,y) = 0. O]

Lemma 2. If ¢((x;)i<x), a type over A with |A| < k, is finitely satisfiable and M is
k-saturated, then q is realized in M

Proof. Let p((x;)i<x) be a completion of ¢q. For v < &, let ¢((z;)i<,) denote a formula
whose variables are among (z;);<,. Let p|?((z;)i<,) be the set of formulas from p who
variables are among (z;);<~.

We will inductively build a sequence (a;);<, which realizes p. By k-saturation, since
|A| < K, we can find ag F p|°(xo).

Then, suppose we have (a;)i<y. Let ¢((2;)i<y,2,) = 0 be from p|”((x;)i<y). Then,
since p is complete, infe((z;)i<y,y) = 0 is in p, and thus, in p|’ for some B < 7.
Yy

Thus, infé((a;)i<y,y) = 0. So by the previous fact, there is some a, € M such that
y
&((a;)i<y, ay) = 0. Hence, p|?((ai)i<y, ) is finitely satisfiable.

So, if we consider p|”((a;)i<~, x,) as a 1-type over AU{a;|i < 7}, since vy < &, |[AU{a;]i <
v} < K, so by k-saturation, there is a., realizing it.

Thus, we get (ai>i<n realizing p((xi)i<n>7 and hence, Q<('Ti>i<n)'
O

So by k-saturation, since A is, without loss of generality, countable by 10.11(3),
[((;)i<x) is realized by some (a;)i<, in N.

Now suppose the set of realizations of p in N has density character A < k. Let S be a
size A dense subset of the set of realizations.

We know from I' that there are at least x many distinct realizations and that for every
a; there is s € S such that d(a;,s) < 5. So since |S| < &, there must be some s € S

with ¢ # j such that d(a;, s) < § and d(a;,s) < § (or else there could only be at most

A many a;’s). But then d(a;,a;) < d(a;, s) +d(aj,s) < 5§+ 5 =€ =><«.
Thus, the set of realizations of tpr(a/A) in N has density character > &.

10.11 Exercise

Let M be an L-structure and A, B be subsets of M. We write dcl instead of dclg.
Properties of dcl:

(1) ACdcl(A).
Proof. Let a € A. Then d(z,a) is an L(A)-formula, so a € dcl(A). O
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(2) If A C del(B) then dcl(A) C dcl(B).

Proof.
Lemma 3. For X C M, if o € Aut(M/X), then o(x) =z for all x € del(X).

Proof. Let x € dcl(X). By 10.7(2), x is the only realization of tpy(z/X). Let o €
Aut(M/X). Then o(zx) F tppm(x/X), so o(z) = x. O

Let a € dcl(A). By 10.7(2), it is enough to show that the only realization of tpr(a/B)
is a. Let b F tpm(a/B). Let 0 € Aut(M/B) be such that o(a) = b. Since o
fixes B point wise, by the lemma, it fixes dcl(B) point wise, and thus, A point wise.
o € Aut(M/A), so by the lemma, o(a) = a. Thus, b = a.

Hence, a € dcl(B). O
(3) If a € dcl(A) then there exists a countable set Ay C A such that a € dcl(Ay).

Proof. Let a € dcl(A). Let ¢y(x,7) and @i € A be such that |d(z, a) — ¢ (z, a)| < %
Let Ag = Ua_k. Ay is countable, since each |y| is finite. Thus, d(z,a) is definable over

k<w

Ay, so a € dcl(Ap). O
(4) If A is a dense subset of B, then dcl(A) = del(B).

Proof. AC B= A Cdcl(B) by (1), so dcl(A) C del(B) by (2).

Let b € dcl(B). By 10.7(2), it is enough to show that b is the only realization of
tpm(b/A).

Claim 8. For A C B dense, if ¢ E tpp(b/A) then ¢ E tpp(b/B).

Proof. Let ¢(x,by,...,by) = m(b/B) with by,...,b, € B. Let € > 0 be
given. We will show that ¢ ( ...,bm) < ¢, and thus, since € > 0 was arbitrary,

é(c,br, ... by) = 0.

Let § be such that max(d(ay, by1), ..., d(am,bm)) < = |o(x, b1, ..., by)—@(z,a1, ... ,a0,) <
€ (0 = A(e) where A is the modulus of uniform continuity for ¢). We can choose such an
ai,...,a, € Asince A C B is dense. So since ¢(b,by,...,b,) =0, ¢(b,a1,...,an,) < e
Thus, since ¢ F tpap(b/A), ¢(c, aq, ..., an) < €, as required.

Hence ¢ F tpp(b/B).
O

So suppose a F tpr(b/A). Then by the claim, a F tpr(b/B). So since b € dcl(B), by
10.7(2), we must have b = a.

Hence, b is the only realization of tpr(b/A), so b € dcl(A).



10.12 Exercise

Let M be an L-structure and A, B be subsets of M. We write acl instead of acl.
Properties of acl:

(1)

(4)

A C acl(A).

Proof. Let a € A. Then {a} is definable by d(z, a), an L(A)-formula, and it is compact,
so a € acl(A).

[
If AC acl(B) then acl(A) C acl(B).

Proof.
Lemma 4. For any X C M, if o € Aut(M/X) and x € acl(X), then o(x) € acl(X).

Proof. Let x € acl(X) and o0 € Aut(M/X). Then tpm(o(z)/X) = tpm(z/X). So
by 10.8(2), since = € acl(X), the only realizations of this type are in M. Thus, by
10.8(2), o(z) € acl(X). O

Let a € acl(A). Let N'>= M and b € N be such that b F tpr(a/B). So, by 10.8(2), it
is enough to show that b € M to see that a € acl(B).

Let o € Aut(N/B) be such that o(a) = b. o fixes B, so it fixes acl(B) set wise. So
o(A) C acl(B) C M.

Claim 9. o(a) € acly(o(A))

Proof. Let C' € N be compact with a € C' which is definable over A (in fact, since
a € acl(A), there is such a C' in M). o(C) is compact since o is an isometry, and
definable over o(A), so since o(a) € o(C), o(a) € acly(o(A)).

]

Since o(A) C M, by Proposition 10.5, acly(c(A)) = aclp(o(A)), so o(a) € M, and
thus, b € M as required.

[l
If a € acl(A) then there exists a countable set Ay C A such that a € acl(Ay).

Proof. Let C' be a compact set definable over A with a € C.
Let ¢p(x,7) and @, € A be such that |d(z, C) — ¢p(z,ar)| < L Let Ay = U@' A,

k<w
is countable, since each |y| is finite. Thus, C' is definable over Ay, so a € acl(Ay).

If A is a dense subset of B, then acl(A) = acl(B).



Proof. AC B = ACacl(B) by (1) = acl(A) C acl(B) by (2).

So let b € acl(B). Consider tpp(b/A). By Claim 8, if a F tpyp(b/A), then a F
tppm(b/B), so since b € acl(B), by 10.8(2), a € M. Thus, by 10.8(2), b € acl(A).

Hence, acl(A) = acl(B).



