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Abstract

An important fact in the application of model theory to algebra
is the result that quantifier elimination in a theory implies that it is
model complete. In particular, quantifier elimination (and thus, model
completeness) in the theory of algebraically closed fields has been used
to give succinct proofs of such results as Hilbert’s Nullstellensatz. This
paper is an exposition of the work of Prestel [7], Marker [6] and Dick-
mann [4] regarding real closed fields such as the real numbers. Using
methods of abstract algebra we prove that all ordered fields admit a
unique real algebraic closure, and use this to show that the theory
of real closed ordered fields admits quantifier elimination, and thus is
model complete. From this we may conclude that the theory of real
closed fields (without an ordering relation) is model complete. The
result provides us with a proof of the Positivstellensatz (a modified
version of Hilbert’s Nullstellensatz for real closed fields) and a solution
to Hilbert’s 17" problem.
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Introduction

The goal of this paper is to show that the theory of real closed fields is model
complete and use this to prove results in algebra. I have divided it into three
sections: Algebra, Logic, and Applications.

The first and most extensive section which follows Prestel’s text [7] con-
tains the algebraic preliminaries required to show the model theoretic results
about real closed fields. In particular, we focus on the relationship between
ordered fields and real closed fields. We will show that a field admits an
ordering if and only if —1 is not the sum of squares, and then that for ev-
ery ordered field F' there exists a unique real closed algebraic extension field
whose set of squares contains all of the non-negative elements of F'.

Of central importance is the theorem by Artin and Schreier [1] which
gives us the following equivalence

1. F is a real closed field.

2. F? determines and ordering of F by ¢ > 0 < ¢ € F? and every poly-
nomial of odd degree with coefficients in F' has a root in F'.

3. F(v/—1) is algebraically closed and F # F(v/—1).

In the Logic section we begin by noting that in a given language, if for
every formula ¢(Z) there exists a quantifier free formula 1)(Z) such that a the-
ory T'F Vo[p(v) < ()] (in other words, T admits quantifier elimination),
then that theory 7' is model complete. Then we provide a test (given by
Marker [6]) for quantifier elimination, which tells us that a formula ¢(z) has
a quantifier free equivalent in a theory T if and only if for every M, N =T
which have a common substructure C, M | ¢la] & N [ ¢[a] for every
aeC.

Then we turn our attention to the model theory of real closed fields. We
will first consider the theory of real closed fields (Tgror) in the language of
rings, £ = (+,-,—,0,1) with no ordering relation. We axiomatize Trcr in
this language using the second condition in the Artin-Schreier equivalence.

However, we see that Trcp as such does not admit quantifier elimina-
tion. We circumvent this problem by considering the theory of real closed
ordered fields (Trocr) in the language of ordered rings, Lor = Lr U {<}.
The theory in this language does admit quantifier elimination, and thus, is
model complete. Hence, since models of Treopr are models of Trocor, we may
conclude that Tror is model complete.
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In the applications section we provide two results in algebra whose proofs
use the model completeness of the theory of real closed fields. We show a
solution to Hilbert’s 17" problem, which states that positive semi-definite
rational functions over a real closed field can be expressed as the sum of
squares of rational functions. We also present Dickmann’s proof of the Posi-
tivstellensatz [4], a modified version of Hilbert’s Nullstellensatz for real closed

fields.

0.1 Algebra Background

Throughout this paper I assume some familiarity with abstract algebra. Here
I include some terms and facts in algebra that I will assume the reader knows
and will use without proof.

Field Theory

[ will assume the reader is familiar with the basic definitions and facts in
field theory, including fields, fields with characteristic zero, fields of fractions
of rings, quotient rings, algebraically closed fields, and the existence of a
unique (up to isomorphism) algebraic closure of any field. I will also use
rings of polynomials in n variables with coefficients in a field F', denoted by
Flzy, ..., x,].

The following facts in Galois theory and groups are used in the lemmas
leading up to and the proof of the Artin-Schreier equivalence, Theorem 21
(Section 1.3). I will use extension fields, algebraic extension fields, minimal
polynomials, Galois groups and their fixed fields, Sylow-p subgroups, and the
following facts:

1. The Primitive Element Theorem, which states that if K is a separable
extension of F' such that [K : F] is finite, there exists a single element
a such that K = F(a).

2. If g is the minimal polynomial of a over F', then F(«a) ~ % where (g)

is the ideal in F'[x] generated by g.

3. If |G| = 2* for some k, then there exists a chain of normal subgroups
1=Gy<G14...<4G, = G such that the index of GG; as a subgroup of
Gispis2for0<i<k-—1.



In the section on the uniqueness of real algebraic closures (Section 1.4.2)
I will use the following:

1. Symmetric polynomials in the roots of a polynomial can be expressed
as polynomials in that polynomial’s coefficients.

2. Given a polynomial f with roots 3y, ..., O, the Vandermonde Matrix

is )
1 6 ... B
1 B ... pyt
1 Gy . ot
and its determinant is H (B; — B;), which is non-zero if and only
1<i<j<m

if its roots are distinct.

Rings and Ideals

In the section about the Positivstellensatz (Section 3.2) I will use polynomial
rings, ideals of polynomial rings, prime ideals, and varieties as well as the
following facts:

Let J be a proper ideal of F[z1,...,x,] where F' is a field.

1. (Hilbert’s Basissatz) There are fi,..., fr € Flxy,...,z,] such that

J = <f17"'7fk> = {rlfl +...,7“kfk|?”i € F[xla"'v‘rn]al S l S k}
So to show g(aq,...,a,) = 0 for every g € J, it is sufficient to show
filag,...;a,) =0for 1 <i<k.

2. There are finitely many prime ideals Py,..., P, C Flxi,...,x,]| such

that J = ()P
i=1
3. If P is a non-empty prime ideal of F|xy,...,z,], it is maximal since
Flzy,...,x,] is a principal ideal domain, so M is a field.






1 Algebra

Before we consider the model theory of real closed fields we must first estab-
lish some algebraic facts about real closed fields.

In particular, we begin by showing that a field admits an ordering if and
only if —1 cannot be expressed as the sum of square elements of the field,
that is to say, it is formally real. We define real closed fields as formally real
fields with no proper formally real algebraic extensions.

Then we show the main theorem of Artin and Schreier regarding real
closed fields, which shows two equivalent conditions to real closed, namely

1. F(v/—1) # F is algebraically closed.

2. F? is exactly the non-negative elements of F' and every polynomial of
odd degree with coefficients in F' has a root in F'.

Finally we see that every ordered field admits a real algebraic closure which
is unique up to isomorphism.
I assume the reader is familiar with the basic facts and definitions of field
theory. There is a list of theorems and facts used included in the introduction.
Throughout this section, let F' denote a field.

1.1 Orderings and Positive Cones

Definition 1. An ordering of a field F' is a binary relation < which satisfies
the following for a,b,c € F':

1. a < a (reflexivity)

2. a <b,b<c= a<c (transitivity)

3. a<b,b<a= a=0> (antisymmetry)
4. a < borb<a (totality)

5. a<b=a+c<b+c

6. 0<a,0<b=0<ab

Definition 2. A positive cone is a subset P C F' which satisfies the following
fora,be P:



3
4

.a+beP

a-be P
PU(-P)=F
PA(-P) = {0}

One should note that “positive cone” is a slightly misleading term, as
positive cones also contain zero. A more accurate description would be “non-
negative cone”.

Proposition 3. If P is a positive cone, then the binary relation determined
bya <b<< b—a € P isan ordering on F

Proof. Let a,b,c € F be given.

1.

2.

0€ePsince0e{0}=PN(-P)CP=a—a=0€P=a<a.

Ifa <band b < ¢, then b —a,c—b € P. Since P is closed under
addition,b—a+c—b=c—a € P,soa < c.

.Ifa<bandb<a,thena—b e Pandb—a € P. Then, sincea—b € P,

—(a—b)=b—a€—-P=b—acPN(-P)={0} =b—a=0=

a=>b.

a—beF=PU(-P)=a—-bePora—be—-P=a—-be Por
—(a=b)=b—a€eP=a<borb<a.

Ifa <b thenb—a e P=b—a+0¢€ Psince 0 € Pand P is
closed under addition == b—a+c—ce P = (b+c¢)—(a+c) € P =
at+c<b+ec

If 0 <aand 0 < b, then a,b € P = ab € P since P is closed under
multiplication = ab—0€ P = 0 < ab.

]

Proposition 4. If < is an ordering, P := {b—ala,b € F,a < b} = {c|c > 0}
18 @ positive cone.



Proof. 1. Let (b—a),(d —c) € P be given. Then a < b and ¢ < d, so
a+c<b+c Since 0 <d— ¢, we can add b+ ¢ to both sides and we
get b+c<d—c+b+c=>b+d. Hence, by transitivity, a + ¢ < b+ d,
sob+d—(a+c)=(b—a)+(d—c) € P. Thus, P is closed under
addition.

2. Suppose (b —a),(d—c) € P. Sinced—c € P,c<d,s00<d-c.
Thus, since a < b, a(d—c) < b(d—c¢), which means b(d—c¢) —a(d—c) =
(b—a)(d—c) € P,so P is closed under multiplication.

3. Let x € F' be given. Either xt < Oor 0 < z,s0x—0 =2 € P or
0—z=-x€P,soxe—P. Hence, z € PU(—P),so PU(—P) =F.

4. Letb—a € PN(—P). Thena <band —(b—a)=a—be€ P,sob < a.
Thus,a =b,s0b—a=0. 0 € PU(—P) since0 € Pand —0=0 € —P,
so PN (—P) = {0}.

O

Thus, we see that F' has an ordering if and only if F' contains a positive
cone, so we may define orderability as follows:

Definition 5. F' is orderable if there exists P C F' such that P is a positive
cone.

Since a positive cone P determines a particular ordering of a field F', we
may refer to P as the ordering of F' (as opposed to the binary relation which
P determines). We let (F, P) denote a field F' with positive cone P.

Though a positive cone determines a particular ordering of F', F' may
contain multiple positive cones which determine different orderings. In other
words, an orderable field is not necessarily uniquely orderable.

Now we consider a slightly weaker condition on subsets of F' than being
a positive cone.

Definition 6. A pre-positive cone of a field F is P C F satisfying the
following for a,b € P:

l.a+beP
2. abe P

3. —1¢P



4. > € P

Claim 7. Fvery positive cone is a pre-positive cone.

Proof. Let P be a positive cone and let = € F' be given. We know that P is
closed under addition and multiplication. Then, we know that 12 =1 € P,
which means that —1 € —P, so —1 ¢ P since P N (—P) = {0}. Since
x € F=PU(-P), either x € Porax € —P. If z € P, then since P is
closed under multiplication, vz = 22> € P. If v € —P, then —x € P, so
(—z)(—z) = 2® € P. Thus, for any x € F', 2% € P. O

We will use the following lemma in our proof of Proposition 9.

Lemma 8. If P is a pre-positive cone of a field F', then PxN(14+P) = {cx|c €
Pin{l+dlde P} =0 or —PxN(1+P) ={—cz|lce P}n{l+d|lde P} =0
for every x € F.

Proof. Let x € F be given and suppose Pz N (1+ P) and —Pxz N (1+ P) are
both non-empty. Then we may choose ¢, dy, co,ds € P such that zc; = 14d;
and —xcy = 1+ do. Multiplying the two equations gives us —cico? =
14+d+dy +didy & —1 = cic02? + dy + dy + dids. Since P is a pre-positive
cone, it contains all squares in F' and is closed under multiplication and
addition, so ¢jcex? +dy +dy +didy = —1 € P, which is a contradiction, since

—1¢P. u

Proposition 9. For every pre-positive cone Py of F', there is a positive cone
P of F such that Py C P.

Proof. By Zorn’s lemma, the set of pre-positive cones extending F, has some
maximal element under inclusion. Let P be such a pre-positive cone. We
will show that P is a positive cone.

1. P is closed under addition since it is a pre-positive cone.

2. Similarly, P is closed under multiplication because it is a pre-positive
cone.

3. Let z € F be given. First suppose PzN(1+ P) = 0. Let P = P — Pux.
Since 02 =0¢€ P, foranyp€ P,p+0-2=p € P',so P C P'. Then,
we claim that P’ is a pre-positive cone: Let (p1 — q1x), (p2 — qux) € P’
be given, where p1,q1, p2, g2 € P.



(a) Since P is a pre-positive cone it is closed under addition, so (p; +
p2), (@1 + ¢2) € P, which means that (p; — q1x) + (p2 — 1) =
(p1 +p2) — (@1 + g2)xr € P— Px = P’. Thus, P is closed under
addition.

(b) Since P is a pre-positive cone, 2% € P for every x € F, so pips +

q1q22* € P, and thus, (1 —q7)(p2— o) = (p1p2+Q1Q2$2) —(qu+
¢2)x € P — Px = P’. Thus, P’ is closed under multiplication.

(¢) Suppose —1 € P’. Then for some p,q € P, —1 = p — qx =
p+1l=qr=p+1€ Px,but p+1¢€ (14 P),so PrN(1+P) # 0.
=<«. Thus, —1 ¢ P.

(d) Since P is a pre-positive cone, F? C P, and since P C P', F?> C P'.

Thus, since P’ is a pre-positive cone, by the maximality of P, P = P’.
Then, since 02 =0 € Pand 12 =1€ P,0—-1-2 = —2 € P, so
—x € P.

Then, if we assume —Pz N (1 4+ P) = (), by the same argument we can
show that x € P. Hence, by Lemma 8, for every x € F', either x € P
or —x € P,so PU(—-P)=F.

. Let a € F be given such that a # 0. Suppose a € P N (—P). Then,
sincea € —P, —a € P,soa,—a € P. Since F is a field of characteristic
Oanda #0, 2 € F. F=PU(—P), soecither 1 € Por + € —P. If
i € P, since P is a pre-positive cone it is closed under multiplication,
so —a(t) =—1e€ P. If t € =P, then —1 € P,so a(—1) = -1 € P.
In both cases, we arrive at a contradiction. Furthermore, we know
that 0 € PN (—P) since 0> = 0 € P, and —0 = 0 € (—P). Thus,
PN (—P)=A{0}.

Hence, P is a positive cone. O

So we have a slightly weaker condition than the existence of a positive

cone, that of a pre-positive cone, which guarantees orderability.

We will use the following facts about sums of squares in a field in our
discussion of formally real fields.

Definition 10. Sp := {Za?\n eN,aq; € F}.

i=1



Claim 11. Sy is contained in every pre-positive cone.

n
Proof. Let P be a pre-positive cone and Za? € Sr be given. Then, we

i=1
know that for each 1 < i < n, a? € F? C P, and since P is closed under
addition, their sum is in P. ]

Claim 12. S s closed under addition and the non-zero elements of Sg are
a multiplicative subgroup of F'\ {0}.

Proof. The sum of two sums of squares is clearly a sum of squares, so Sg is
closed under addition.

Let Sy := Sp\ {0}. First of all, 12 =1 € S}. If Za?, ijz € Sp, then

their product (Za?)(Zb?) = ZZafb? = ZZ(CM@]‘)Q € Si. Then,
=1 j=1 i=1 j=1 i=1 j=1
n
2
n Za'i n .
for Zaf in S, t— = = =Y (——)* € S,. Hence, S}, is a
=TS s TS
i=1 i=1 i=1
multiplicative subgroup of F. Il

1.2 Formally Real Fields

We will use formally real fields to define real closed fields in the next section.
Definition 13. A field is formally real if —1 is not the sum of squares.
Proposition 14. The following are equivalent:

(a) F is formally real
(b) F is orderable
(
(

C)Z@?zOéaizoforalllgign

i=1

d) F # Sp
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Proof. (a)=-(c) Let F' be formally real and suppose we can choose ay, ..., a,

such that a; # 0 (without loss of generality) for every 1 <i <n but Zaf =
i=1
n—1

2
n—1 n—1 § a;
0. Then E a? + a2 =0, so g a; = —a’ = (=1)a2. Then, -1 = =5 — =

an
i=1 =1

n—1

z:(&)2 € Sy =<,

i=1 "

(c) = (a) If =1 € Sp, then 124 (—1) € Sp, and 12+(—1) = 0, but 1%, —1 # 0.
(b) = (d) Since F'is orderable we can choose a positive cone P C F'. Since P
is a positive cone, P is also a pre-positive cone, so Sy C P. Since 1 € Sp C P,
—1 € —P. Then, since PN(—P) = {0}, —1 ¢ P, which means that —1 ¢ Sp.
Thus, Sp # F.

(d) = (a) If =1 € Sp, then for any a € F, a = 3¢ = “2”“*1’4(“2’2““) —
()2 4 (=1)(%*1)? which is a sum of squares, so Sp = F.

(a) = (b) If =1 ¢ Sp, then Sp is a pre-positive cone since Sp is closed under
addition and multiplication (by Claim 12), and for every a € F, a®> € Sp.

Thus, we can extend Sg to a positive cone, which orders F'.

]

The equivalence of most interest in the following sections is (a)<(b).

1.3 Real Closed Fields

Now we are ready to define real closed fields.

Definition 15. A field F' is real closed if F' is formally real, but has no
formally real proper algebraic extension field.

In a sense, we may think of real closed fields as maximal formally real
fields.

We will see two equivalent conditions for a field to be real closed in The-
orem 21, but in order to complete its proof we must first show the following
lemmas:

Let (F, P) be a field with an ordering.

11



Lemma 16. (Springer) Let Fy be an algebraic extension field of F' of odd

degree and let ay,...,a, € F, a; # 0 for 1 <1 <n be given. [fZaixf =0
i=1
has a non-trivial solution in Fy, it also has one in F.

Proof. Since F} is a finite degree extension of F', by the primitive element
theorem we may choose some « such that F; = F(a). Let g be the minimal
polynomial of o over F', and let m # 0 be such that degg = 2m + 1.

Suppose Zaix? = 0 has a non-trivial solution in F;. Then, since F} ~

i=1
% (where (g) is the ideal generated by g in F'[z]), we can choose fi1,..., f, €

F[z] with deg f; < 2m such that Zai(fi(x))z = h(z)g(x) for some h € Flx]
i=1

(note that if the f; have some common divisor d € F[z]|, we may consider

g € Flz|, so we may assume without loss of generality that they have no

common divisors). The degree of Zai( fi(z))? is even and at most 2(2m),

so since deg g is odd, the degree oflhlmust be odd and less than or equal to
2(2m) — (2m+1) =2m — 1.

Thus, h = hyhy for some hy, hy € F[z] where hy is irreducible and of odd
degree. Adjoin a root 3 of hy to F' to obtain Fy := F(3). Then fi,..., f,
is a non-trivial solution in % Since h; is irreducible, it is the minimal

polynomial of 3 over F, so Fh =~ %>

solution in Fj.
Since [F, : F] is odd and strictly less than [F) : F], we may continue this

which means there is a non-trivial

process until we have a field F’ in which ZaixQ has a non-trivial solution
i=1
and [F': F] =1, so F' = F. Hence, there is a non-trivial solution in F'. [J

The following consequence of Springer’s Lemma is presented as Theorem
1.26 by Prestel [7].

Theorem 17. If P is a positive cone of a field F' and a € P, P can be
extended to a positive cone P’ of F' in the following cases:

1. F' = F(\/a)

12



2. [F': F] is odd

Proof. 1. Let a € P be given and suppose F' := F(y/a) is not orderable.
Then by Proposition 14 we may choose a4, ...,a,, € F' such that for

each 1 <17 < m, a; # 0, and Za? = 0. Then, for each a;, there
i=1

are b;,c; € F not both equal to 0 such that a; = b; + ¢;y/a, and a? =

b? + ac? + (2b;c;)y/a which gives us

=1 =1

So we must have both be +ac? =0 and ZQbiCi = 0.

i=1 i=1
Then, since P is closed under addition and multiplication, Sp C P,
and a € P, ac? € P and b7 € Sp C P for every 1 <4 < m. Thus, we
have a sum of non-zero elements of P equal to 0. =<=.

2. Suppose we cannot choose an ordering of F’. Then by Proposition 14
we can choose aq,...,a, € F’ such that a; # 0 for 1 < i < n, but

Zaf = 0. Then Zx? = 0 has a non trivial solution in F’, and since

i=1 i=1

[F": F]is odd, by Lemma 16, there is a non-trivial solution in F'. =<=
O

This theorem will be useful in our discussion of real closed fields, as it
provides us with conditions under which we may extend the ordering of a
field, and thus, conditions under which a field is not real closed. Alternatively,
we will use this to show that roots of odd polynomials and square roots of
positive elements of a real closed field F' are contained in F.

The following facts about maximal orderings will also be useful in our
proof of Theorem 21 and in showing the existence of real algebraic closures
of ordered fields.

Definition 18. A field (F, P) is maximally ordered if there is no proper
algebraic extension field which admits an ordering P which extends P.

Theorem 19. If (F, P) is mazimally ordered, then every a € P is a square.

13



Proof. Let (F, P) be a maximally ordered field and let @ € P. By Theorem 17
P extends to an ordering of F'(y/a). By the maximality of P, we must have
F(y/a) = F, so y/a € F. Thus, every element of P is a square. O

Corollary 20. If (F, P) is a mazimally ordered field, then F? is the unique
ordering of F.

Proof. Since every element of P is a square, P C Sg. Since P is a positive
cone, Sp C P, so P = Sp. Suppose P’ is an ordering of F', and suppose
P’ # P. Then, since P = Sp C P’, we may choose a’ € P\ P, and since
a ¢ Sp,a #0. Then, ' ¢ Sp and Sp is a positive cone, so —a’ € Sp C P’
==

[

From here on, let i denote v/—1 and note that for a real closed field F,
every element of F'(v/—1) is uniquely of the form a + bi for a,b € F.

Now we have Artin and Schreier’s Theorem which gives us two equivalent
conditions for a field F' to be real closed.

Theorem 21. (Artin-Schreier) For a field F, the following are equivalent
1. F' is real closed.

2. F? is a positive cone of F' and every polynomial of odd degree has a
root in F.

3. F(v/—1) is algebraically closed and F # F(/—1).

Proof. 1 = 2: Suppose F' is real closed. Then F'is formally real, so it has
some ordering P. Suppose H is a proper algebraic extension of F' with an
ordering extending P. Since H is ordered, it is formally real, but since F' is
real closed, H = F. Hence, (F, P) is maximally ordered. By Corollary 20,
F? is the unique ordering of F, so F? is a positive cone.

Let g be a polynomial of odd degree. Then we can choose h € F[z]| such
that h is an irreducible factor of g with odd degree. Consider av such that
h(c) = 0. Then h is the minimal polynomial of a over F(«), so since h is
odd, [F(«) : F] is odd. Thus, by Theorem 17, we can extend P to an order-
ing P’ in F(a). But again, since F is real closed, we must have F(«a) = F.
Hence, every odd degree polynomial has a root in F.

14



2 = 3: Suppose F? is a positive cone of F' and every polynomial of odd
degree has a root in F. Since —1 ¢ F? /=1 ¢ F, so F # F(v/=1). Let
F’ be an algebraic extension of F(y/—1), and let G be the Galois group of
F'" over F. Let G be a Sylow-2 subgroup of G and E be the fixed field of
G. Then [E : F| is odd, but since every odd degree polynomial has a root
in F, F = E. Now consider G, the Galois group of F' over F(/—1). The
order of G; must a power of 2 since [F' : F| = [F' : E][E : F], so we may
choose a subgroup H of G with index 2. Then, the fixed field F;, of H is an
extension of F(v/—1) of degree 2, so (since F' has characteristic 0) for some
be F(V-1), i, = F(V/=1)(Vb).

Let a € F be given. Then, since F? is a positive cone of F, ' = F?U
(—F?), so either a € F2 or a € —F? Ifa € F?, \Ja € F C F(v/-1).
If a € —F? then —a € F? so v/—a € F. Thus, Ja = \/—1-(—a) =
V—1y—a € F(y/-1). So every a € F is in Sp(,/ ).

Then, let a+bi € F(v/—1) be given where a,b € F. For ¢ := \/%(\/CLQ + 0%+ a)

and d := \/%(\/a2+b2 —a), ¢,d € F(y/—1), since Va?+b% € F because
a?>+ b € Sp C P=F? and 3(Va? +b?+ a) and 5(va? + b — a) are both
in F'. Then,

2ed = 24/ 3(VaZ T + a) /L (VA + 2 —a) = 2,/(3)2(a? + 82 - a?) =

2y/(3)22 =2 =)

and

A-d=H{(Va2+ 0 +a)— (Va>+ 1> —a)) =1(2a) =a

Then note that (¢ + di)?> = ¢ — d* + 2cdi = a + bi. Thus, every element
of F(v/—1) is a square.

Hence, there are no proper extensions of F'(v/—1) of degree 2, so F/(1/—1)
is algebraically closed.

8 = 1: Suppose F(y/—1) is algebraically closed and F # F(v/—1). Let
Py = F%. We will show that P, is a pre-positive cone of F. Clearly the second
and fourth conditions of Definition 6 are satisfied by F2. Since F' # F(y/—1),
~-1¢ F? =P,

Let a?,b® € F? be given. As noted above, every element of F(v/—1) is a
square, so we can choose some ¢, d € F such that a + bi = (¢ + di)* = (¢* —
d?)+(2cd)i, so a = (¢ —d?) and b = 2cd. Then, a®>+b* = (¢ —d?)?> +4c2d* =
A —22d% + d* + 4Pd* = Mt + 22d* + d* = (* + d*)? € F? = P,. Hence, B
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is closed under addition. Thus, F, is a pre-positive cone.

By Proposition 9 we may choose a positive cone P C F such that Fy C P.
This means that F' is orderable, and thus, is formally real.

Let E be a formally real algebraic extension of F'. Then take o such that
E = F(a) and let g be the minimal polynomial of o over F. Then, since
F is a subfield of F(v/—1) and F(y/—1) is algebraically closed, every root
of g, and thus, o € F(v/—1). Hence, E is a subfield of F(v/—1). Then,
2 = [F(V/-1): F] = [F(\/-1) : E]J[E : F], so if E is a proper extension,
then we must have [F(v/—1) : E] = 1. However, we have seen that F(y/—1)
is not orderable, so if E is formally real, we must have £ = F. Thus, there
are no proper formally real extensions of F', so F' is real closed.

]

We will use the second condition in our axiomatization of the theory
of real closed fields in the language of fields in the next section, and the
third condition in our proof of the existence and uniqueness of real algebraic
closures.

We need one more lemma about polynomials in real closed fields before
we discuss real algebraic closures.

Lemma 22. If F' is real closed, then for every f € Flx|, f splits into ir-
reducible factors of the type (v — a) or (x — a)® + b* for some a,b € F,
b#0.

Proof. Since F is real closed, by Theorem 21, F'(v/—1) is algebraically closed,
so f splits into irreducible factors of degree 1 or 2, which means they are of
the type (x — a) or (z? + dx + ¢) for some a,c,d € F.

Consider g := 2 + dz + c¢. Define a := —%d, then g = 2% — 2ax + ¢ =
(r —a)® + (c — a?). Since F is real closed, by Theorem 21, F? is a positive
cone, so ¢ —a? =0, c—a* € F?\ {0} or c —a* € —F*\ {0}.

If c—a® =0, then g = (v —a)? = (r—a)(x —a), so g reduces into factors
of the first type.

If c—a* € —F?*\ {0}, let b* = —(c—a®) = a* — c. Then (z — (a+b))(z —
(a—b)=2*>—-2ar+a®> -V’ =2>-2ar+a*— (a*—c)=2*+dx+c=g.
Hence, g splits into factors of the first type.

If c—a® € F? let b = ¢ — a®. Then let v = a + bi and 7 = a — bi. Note
that 7,5 ¢ F since F' # F(y/—1). Then (z—~)(z—7%) = 22 —2azx+a*>—b?*® =
2? —2ax+a*+b* = 2 —2ax+a®*+c—a® = 2’ +dv+c = g. Hence, the roots
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of g are v and 7 (since g is of degree 2 it cannot have more than two roots)
neither of which are in F, and thus, g is irreducible, and g = (z — a)? + b%.
O

So, since every polynomial with coefficients from a real closed field F
splits into factors of the type (z — a) or (z — a)? + b%, b # 0, its roots are
either in F' or come in pairs of the form a + b and a — bi for a,b € F, b # 0.

Also, since every element of F'(v/—1) is of the form a + bi, we may define
conjugation for v € F(7) (as in the complex numbers). If v = a + bi for some
a,b € F, then ¥ = a — bt is the conjugate of ~.

1.4 Real Algebraic Closures

The existence and uniqueness of real algebraic closures of ordered fields is
essential to showing that the theory of real closed ordered fields admits quan-
tifier elimination in the language of ordered rings.

Definition 23. R is a real algebraic closure of an ordered field (F, P) if
1. R is real closed
2. R is algebraic over F

3. PCR?

1.4.1 Existence of Real Algebraic Closures

Theorem 24. FEvery ordered field admits a real algebraic closure.

Proof. Let K be some fixed algebraic closure of F' and consider the set of
pairs (F’, P') such that F' C F’" C K and P’ extends P. By Zorn’s lemma, we
can choose a maximal (under inclusion) extension field, F’ with an ordering
P’ such that P C P’. We will show that F” is a real algebraic closure of F.

1. First note that F’ is maximally ordered, since any algebraic extension
of F" extending P’ is also an algebraic extension of F' extending P. So,
by Corollary 20, P’ = (F')? is the unique ordering of F.

Then, let E be a formally real extension of I’ and () be an ordering of
E. Then, P' = (F')*> C E* C @ since @ is a positive cone, and thus,
a pre-positive cone by Claim 7. So @) extends P’, and thus, P. Hence,
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by the maximality of (F’, P'), F' = E, and by the uniqueness of P’,
Q=Pr.

Hence, I’ has no proper formally real algebraic extensions, and thus,
is real closed.

2. F" is algebraic over F' by selection.
3. P/ = (F")? and since P’ extends P, P C (F")%.

Thus, F” is a real algebraic closure of F'.

1.4.2 Uniqueness of Real Algebraic Closures

Artin and Schreier’s proof of the uniqueness of real algebraic closure [1] uses
Sturm’s Theorem, which is a symbolic procedure to determine the number of
real roots of a polynomial. Knebusch [5] gave a new proof using a particular
quadratic form over F' and the fact that the signature of two equivalent
quadratic forms is equal. Becker and Spitzlay [2] showed the connection with
this an Sturm’s theorem. Here we will present the proof given by Prestel [7],
which follows the proof by Becker and Spitzlay.

First we must recall some facts and definitions about quadratic forms.
One should note that many of these rely on the fact that we were working
in a field with characteristic 0. For a more detailed explanation of quadratic
forms, see Chapter 2 in Prestel’s book [7].

Definition 25. A quadratic form over a field F' is a polynomial of degree
two of the form

p(T1, ..., Tn) = Z AijT;T 5

1<i,j<n

where a;; = a;;.

We call n the dimension. We may think of the quadratic form as an n xn
symmetric matrix with entries a;;. Then we have

aip ... QAip T

p(xl,...,xn):[xl xn}
ap1 ... QApp Tn
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Definition 26. Two quadratic forms (a;;) and (b;j) are equivalent if there
is an X n invertible matriz M such that (a;;) = M (bi;)M (where MT is the
transpose of M ).

Thus, for any change of variables by some invertible matrix M such that
r = My yields an equivalent quadratic form, since 27 pxr = (My)TpMy =
yt (M* pM)y.

Lemma 27. If p(xy,...,2,) is an n-dimensional quadratic form with some
c#0andvy,...,v, € F such that p(vy,...,v,) = ¢, then for someay, ..., a, €
F, p is equivalent to

a2

0 an,

This is analogous to the fact in linear algebra that any real-valued sym-
metric matrix (such as a quadratic form over the reals) can be diagonalized
by a real orthogonal matrix. More explicitly, for every symmetric real matrix
A there is an orthogonal real matrix @) such that D = QT AQ where D is a
diagonal real matrix.

For ease of notation, from now on we will use (ay,...,a,) to denote the
matrix
aq 0
0 Qp

Definition 28. If p is an n-dimensional quadratic form over a field F with
an ordering P, and p ~ (ay,...,a,) for some a; € F, 1 < i < n, then the
signature of p with respect to p is

sgnpp := number of a; € P\ {0} - number of a; € (—P) \ {0}

Theorem 29. If (ay,...,a,) >~ (b1,...,b,), then their signatures are equal.

Again, the proof of this is analogous to the proof of the same fact for real
valued matrices (see the second chapter of Prestel’s book [7]).

Now we can define the quadratic form which we will use in our proof of
uniqueness of real algebraic closures.

19



Let (F, P) be an ordered field and f € F[x] an irreducible non-constant
polynomial. Let K be an algebraic closure of F' and let ay,...,a, € K be
the roots of f. Define

o; = En:ozfq (1 € N)
r=1

These are symmetric polynomials in the roots of f, and thus can be
expressed as rational functions of the coefficients of f. Since f € F|[z], its
coefficients are in F', and thus, o; € F for every ¢ € N.

Define

pr(T1, ..., 2y) = Z Opiys_ 2T Xy
1<r,s<n

Since each 0,459 € F', and 0,45 9 = 04,9, this is a quadratic form over
F.

Theorem 30. For every real algebraic closure R of (F, P) in K,
sgnppy = number of a; € R

Proof. Let R be areal algebraic closure of (F, P) in K. By Lemma 22 we may
choose some (,...,03, and ay,by,a9,be,...,a;,b;in F, b; #0 for 1 <i <1
(where m+2l = n), such that f = (x—01) ... (x—Gn)(x—ay)?*+0b3) ... ((z—
a;)?+0b?). Thus, the roots of f in R are 3, ..., 3, and the roots of f in K\ R
are ay + byi,a; — byi, ..., a;+ by, a; — byt (these are not in R since R # R(i)).
Let v; = a; + bj1 and 7; = a; — bji. Thus, we have

pr(T1,...,2,) = Z Orts_2T Ty

1<r,s<n

_ r—1+s—1
= E Qy TrLg

1<r,s,t<n
n

:Z( Z a:_HS—le:ES)

t=1 1<r,s<n

= (( Z a; . )( Z a; )

t=1 1<r<n 1<s<n
= Z(Za:_l$r)2
t:11 Tzl l n n
= 2 S e+ () w)?)
t=1 r=1 s=1 r=1 r=1
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I N N s L

=D A 2Wias 1 — Yonyas) = 0
t=1 s=1
using the substitution

Yy = Zﬁ[‘lxr for 1 <t <m,
r=1

n r=1 4 ~r—1
+
Ym42s—1 = Z(—% 5 s )2, and
7" 1

r—1

e
Ym+2s = Z(%)l’r for 1 <s< l.
r=1

Note that p; can be represented by the matrix N := (1,...,1,2,...,2,-2,...

with m entries with 1, [ entries with 2 and [ entries with —2. '
Then, let the matrix M be such that for 1 < k < m, M, = 8], and

-1 j—1_ =1
for 1 <s <1, Mjmios-1 = R +7“ and Mj 42, = —5—. We see that

Let K denote the n x n matrix with diagonal entries of 1 for the first m
rows and for 1 < s <[, Ky 19,-1,26-1 = Kinqos2s—1 = 1, Kppyos_125 = 4, and

Kpyi2s2s = —% with 0 everywhere else. In other words, K is the matrix
-1 .
0
1
1
1 —
0 1 2

L I —u

detK = (—2i)!, which is never 0. Then, we see that KM is the Vander-
monde matrix of f whose determinant is non-zero since the roots of f are dis-

tinct. Thus, det(KM) # 0 so det(K)det(M) # 0 which means det(M) # 0.
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Thus, M is invertible.
2T (015 2)r = y' Ny = (Mz)"N(Mz) = 2T (MTNM)x s0 (0,45 2) =
MTNM. Thus, they are equivalent.
Hence, since the ordering of R extends P, the signature of p';, and thus,
of py with respect to Pis m+1—1=m.
[

Lemma 31. Let Ry, Ry be real algebraic closures of the ordered field (F, P)
and (F, Py C (Fy, P\) C (R1, R?) such that [Fy : F] is finite. Then there is
an embedding of (Fy, Py) into (Ry, R3) which is the identity on F.

Proof. Without loss of generality let Ry, Ry be contained in some algebraic
closure K of F. Then, since [F} : F] is finite we may chose some a € R;
such that F(a) = Fy. Let f € F[z] be the minimal polynomial of . By
Theorem 30, since R; contains at least one root of f, sgnppy # 0. Then,
since Ry is also a real algebraic closure of F', f must also have a root 3 in
Ry since sgnppy # 0. Thus, there is an embedding which is the identity on
F of F} into Ry (in which « is mapped to ().

Let o1,...,0, be all such embeddings of F; into Ry, and suppose they
all do not preserve order. Then we can choose aq,...,a, € P; such that
oi(a;) ¢ R3. Consider Fy := Fi(y/ai,...,\/a,) C Ry since a; € P, for
1 <i<mn. Since [Fy: F| = [Fy: Fi][F, : F] is finite, by the same argument
as above, there is an embedding o which is the identity on F' of F5 into Rs.

Then note that o [p= o; for some 1 < i < n. But oy(a;) = o(a;) =
o(\/a;)* € R3, which is a contradiction.

Thus, for some 1 < i < n, 0; embeds (Fy, P;) into (Ry, R3).

O

Corollary 32. Suppose o is an order-isomorphism from (Fy, Py) to (Fy, P,)
and Ry, Ry are real algebraic closures of (Fy, Py) and (Fy, P2) respectively. If
there is some (Fy, P\) C (F{, P{) C (Ry, R?) such that [F} : F1] is finite, then
there is an extension of o to an embedding from (Fy, P]) into (Ry, R3).

Theorem 33. (Artin-Schreier) Any ordered field (F, P) has a unique (up to
isomorphism) real algebraic closure.

Proof. We have already shown that a real algebraic closure exists in Theorem
24. Let Ry, Ry be two real algebraic closures of (F, P).

Now consider the set of quintuples (Fy, Py, Fy, P»,0) where F C F; C R;
and P C P, C R? for i = 1,2 and o is an order isomorphism from F; to F5.
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Then we may establish a partial ordering <p define by (F}, P, F», Py, 0) <p
(FI,P{,Fy,P;,0")if F; C F/, P, C P/ fori=1,2and o' [p,=0.

Then by Zorn’s lemma we may choose a maximal element with respect
to this ordering, (Fi, Pi, Fa, Py, 0). Suppose F; # R;. Then we may choose
a € Ry \ Fy, so Fi(a) C Ris a finite extension of F. Let P| := F{N R?. Note
that this is in fact a positive cone and since R? extends P, P, C F{ N R2.

From Lemma 31 we may choose ¢’ which extends o and is an embedding
of F| into Ry. Thus, if we let F} be the range of ¢’ (which is a superfield
of Fy since o' restricted to Fj is o, whose range is Fy) and let Pj denote
its corresponding ordering (¢’(a) < o'(b) in Fj < a < b in F]), we have
(F|, P/, F}, P}, 0"y >p (Fy, Py, F3, P,,0), which contradicts its maximality.

Hence, F} must be equal to R;.

Using the same argument on (Fy, Py, Fy, Py, 071) we see that Fy = Ry.

Thus, we have an order isomorphism from R; to Rs.

O
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2 Logic

Now that we have established the necessary algebraic preliminaries, we may
turn our attention to the model theoretic aspects of real closed fields. We will
use the fact that quantifier elimination in a theory implies that it is model
complete.

Our goal here is to show that the theory of real closed fields (Tror)
is model complete. However, without a symbol for ordering, there is no
quantifier free formula equivalent to 3z(2?+x = y), which defines the ordering
for a real closed field. So instead we show quantifier elimination in the theory
of real closed ordered fields (Trocr) in the language of ordered rings.

Then, since models of Tror are models of Troor and there is a formula in
L equivalent to the ordering symbol, we may conclude that Trep is model
complete.

2.1 Model Theory Background

I will be begin with a few key definitions and facts in model theory. For
further background, see Chang and Keisler’s book [3].

We will begin by considering a stronger notion than submodel, that is,
elementary submodel.

Definition 34. If M, N are structures in some language L, M is an ele-
mentary submodel of N, denoted by M < N, if M C N and for every ¢(z)
in the language L and every a € M,

M = ¢la] if and only if N = ¢la].

Equivalently, if M, N are models in some language £, M is an elementary
submodel of N if for every ¢(Z,7) in the language, if there is @ € |M| and
b € |N| such that N = ¢[a, b], then there is & € |M| such that M = ¢[a, b'].

This shows us that if M < N and N contains a witness of some formula,
one must also exist in M. Thus, any existentially quantified formula which
is modeled by N is also necessarily modeled by M.

Definition 35. A theory T is model complete if for every M, N =T,
MCN= M<=<N.

A stronger condition than model completeness is quantifier elimination.
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Definition 36. A theory T admits quantifier elimination if for any for-
mula ¢(v1,...,0,) in the language of T, there is a quantifier free formula
Y(v1,...,0n) in the language such that T |= Yo[¢(v) < ¥ (v)].

If a theory admits quantifier elimination, it is necessarily model complete,
since quantifier free formulas are preserved under substructure and extension.

The following, presented by Marker as Theorem 1.4 [6], gives us a test
for quantifier elimination (and thus, model completeness).

Theorem 37. Let L be a language containing at least one constant sym-
bol. Let T be an L-theory and let ¢(x1,...,xy) be an L-formula (with free
variables xy, ..., Ty, m may be 0).

The following are equivalent:

1. There is a quantifier free L-formula ¥(z1, ..., xy) such that
T FVI(o(z) < ¢(T))

2. If M and N are L-structures such that M, N = T, and C is an L-
structure such that C C M and C C N, then M = ¢(a) if and only if
N = ¢(a) for all a € |C.
Proof.
(1= 2]
Let a € |C] be given.
M = ¢(a)
& M E(a) since M = Yo(o(v) < ¥(v))
& C = 9Y(a) since C C M and ¢(Z) is quantifier free
< N = ¢(a) since C C N and ¢(7) is quantifier free
)

& N E ¢(a) since N = Vi(p(v) < ¥(0))

[2 = 1]: (by contradiction)

Suppose ¢(Z) is not consistent with 7. Then T = —¢(Z), so if ¢ is a
constant in the langauge, T' |= V0[p(0) <> ¢ # ¢], and hence we have an
equivalent quantifier free formula to ¢. Similarly, if —¢(Z) is not consistent
with T, T = ¢(Z), so T |= Vo[¢(v) < ¢ = ¢|. Thus, we may assume that
¢(z) and —¢(Z) are each consistent with 7.

Define I'(z) := {¢(2z)|¢)(Z) is quantifier free and T+ VZ(¢(z) — ¥(Z))},
the set of quantifier free consequences of ¢(7).

We will begin by proving a lemma.
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Lemma 38. TUT(d) - ¢(d)

Proof. (by contradiction)

Suppose not. Then T U T'(d) U {=¢(d)} is consistent, so there exists an
L-structure M such that M =T UT(d) U {—¢(d)}.

Let C be the substructure of M generated by d. This is the smallest
L-structure with d in the universe which is closed under the functions and
contains the constants of the language. So C' is exactly the terms of the
language with parameters in d.

Note that since C C M, M |= I'(d), and every formula in I'(d) is quantifier
free, C' |=T'(d).

Let Diag(C) be the set of atomic or negated atomic formulas with pa-
rameters in C' which are true in C' in a language £; with constants for each
element of d.

Let ¥ = T U Diag(C) U {¢(d)}.

Claim 39. Y is consistent.
Suppose X is not consistent. Since T'U Diag(C') is consistent,

T U Diag(C) = —¢(d). By compactness, we may choose
U1(d), ..., (d) € Diag(C) such that

Tk v?7(./\%-(77) — —¢(0))

which is equivalent to
T F VU \/ﬁ'@bz

For each 1 < i < n, v¢;(v) is atomic or negated atomic, which

means that v,;(0) is quantifier free, so \/ﬂwi(ﬁ) € I'. Thus,
i=1

CE \/—4/1Z , which means that for at least one 1 < i < n,

CkE _‘1/’1( ) but ;(d ) € Diag(C), so C |= Q/}z(cz) ==
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Since ¥ is consistent, there exists an L-structure N such that N |= 3. Since

#(d) € ¥, N | ¢(d). Since Diag(C) C X, every quantifier free formula
with parameters from C' which is true in C' is true in N, so (without loss of
generality) C' C N.

By 2., since M |= =¢(d), d € |C| and C € M, C C N, we must have

N E —¢(d). =<

[
Since T UT(d) - ¢(d), by compactness there are
1, ., € T such that T - Vo( \¢(0) — ¢(v)).
i=1
Thus, T = V@(/\wi(z’)) — ¢(v)) and /\%(17) is quantifier free.
i=1 i=1
O]

2.2 Model Theory of Real Closed Fields

The language of rings (and fields), Lr := (+,+,—,0,1) consists of no rela-
tions, two binary operators, +, -, one unary operator, —, and two constants
0,1.

The theory of real closed fields in this language consists of the following
axioms:

L. VaVyVz[z - (y+2) =2 -y+x- 2]
2. VaVyVzlz + (y + 2) = (x + y) + 2]
3. VaVyVz[z - (y-2) = (z - y) - 2]

4. VaVylx +y =y + x

5. VaVylz -y =y - 7]

6. Ve[xr+ 0=z Ax+ (—x) =0

7. Va[r -1 = 1]

8. Va[r #£0 — Fy(z -y =1)]
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9. Vedyly-y=axVy -y=—1
10. g, =Vaq...Va,3x[a, #0ANag+ ...+ a,x" = 0] for odd n € N

The first eight axioms are true of all fields. 9 and 10 are the conditions
in the second part of Theorem 21 in the language of fields.

As it turns out, the theory of real closed fields in this language does not
admit quantifier elimination. We will use the following ordering in our proof
of this.

If F'is an ordered field, the following defines an ordering on F(x) (the
field of fractions of Fx]):

e For f,g € Flx] if f = g then f < g. For f # g € Flx] such that
flx)=2"4+a, 12" '+ ... +ap and g(z) = 2™ + bp_12™ + ... + by,
if n > m, then f > g. Otherwise, let k := max{l|a; # b;}. If ar > by,
then f > ¢ and if a; < by, then g > f (note that since they are not
equal, such a k exists).

e Then, for £, % € F(z) where p,q,r,s € Flx], q,s # 0, £ < ifand only
if ps < gr.

With simple calculations one may easily verify that < defined as such does
indeed satisfy the conditions of Definition 1.

Theorem 40. The theory of real closed fields does not admit quantifier elim-
mation.

Proof. Let ¢(x,y) be a formula in L which is true when = < y, in particular,
in real closed fields, this is equivalent to 3z[z +z? = y] since the non-negative
elements are exactly the squares.

Let F' := Q and z,y be two transcendental numbers over F' such that
z,y ¢ F, o ¢ Fy) and y & F(x).

Now consider F(z) with the ordering described above, call it <;. Thus,
we may view this as an ordered field. Then consider (F(x))(y) with the
ordering as above. These are rational functions of y with coefficients from
F(z). Then, z,y € (F(x))(y), and as polynomials of y, x has degree 0 and y
has degree 1, so © <; y and = # y.

Then, by applying the same ordering to (F'(y))(z), call it <5, y <5 = and

Let R; be the real algebraic closure of (F(x,y),<;) and Ry be the real
algebraic closure of (F'(z,y), <3) (which uniquely exist since these are ordered
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fields). R;, Ry E Trer and have a common substructure, F(x,y). But
xz,y € F(x,y) and Ry | ¢(x,y) ANz # y while Ry = ¢(y, ), which means
Ry = ¢(y,x) Vo =y, so Ry |E —(¢(x,y) ANx # y). Thus, the negation of the
second condition in Theorem 37 holds, so there is no quantifier free formula
¥(z,y) in L for which Tror F Va,bl¢(a,b) < 1(a,b)].

Hence, Tror does not admit quantifier elimination.

]

Instead, we will consider the theory of real closed ordered fields, Trocr, in
the language of ordered rings, Log = LgU{<}, which does admit quantifier
elimination.

Here we present a variation of Marker’s proof [6]. We will use a < b as
shorthand for a < bAa #b.

Theorem 41. The theory of real closed ordered fields admits quantifier elim-
mation.

Proof. Let Fy, F» be models of Trocr and let (K, <) be a common substruc-
ture of I and F,. Let K’ denote the field of fractions of K. This is an ordered
field, and thus, there is a real algebraic closure R of K’. By Theorem 33, R
is unique, so we must have R C F} and R C F5.

Let ¢(v,w) be a quantifier free formula in Log, a € K and b € F; and
suppose F} | ¢lb,a] (so F; E Jve(v,a)). We want to show that Fy |=
Fvgp(v,a). It will suffice to show that R = Jve(v, a).

Since ¢ is quantifier free, there are polynomials fi,..., f,,91,...,9m €
K[z] such that ¢(v,a) is equivalent to

/\fl(v) =0A /\gi(v) >0

Then, if f; is not zero, since Fy = ¢[b,al, fi(b) = 0, which means that b
is algebraic over K, and thus, contained in R C F,. Hence, we only need to
consider ¢(v,a) of the form

/\gi(v) >0

Since R is real closed, by Lemma 22 we can factor each g; into a product
of factors of the form (z — a) and (x — a)? + b* where a,b € R, b # 0. Note
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that since R? is the positive cone of R, (z — a)* + b* > 0 for all a,b, z, so
if (x —cy,),...,(x — ¢p,) for some cy,,...,c, € R are the linear terms of
gi, then in order for g;(z) > 0, an even number of them must be strictly
negative and the rest strictly positive. Without loss of generality, suppose
¢, <, for 1 < j <k < p;. Then, if p; is even, their product is positive
when ¢,, < T 0Or ¢(p,—2), < T < Cp;—1),5- -+ OF T < ¢y, or if p; is odd, when
Cp, < T, OF Cpm2). < T < C(p—1),5--+ O €1, < T < ¢y, Thus, gi(x) > 0

pi—1

i’

2
if and only if \/ [cj—1), < T AT < ¢, Ve < o when p; is odd or

j=1 Z
pi=2
2
x < ¢, V \/ [cp), < T Nx < cpjyn,] Ve < o when p; is even. Let
j=1
¥;(z) denote this formula for g; where 1 < ¢ < m. Then, in the language
LorU{c;|1 <i<m,1<j<p;} this is equivalent to the formula

N\ V()

Alternatively, we may think of this now as a formula with m - p,, + 1 param-
eters, 0(x,cy,,...,Cp,, ) in the language Lor.

Now let C' = max{c,,|1 <i <m}+ 1. Note that C' € R, and thus in F},
and for each 1 <i <m, C > ¢, so¢;(C) holds. Thus, R |= 6(C,c1,,...,¢p,,),
so R = ¢[C,a]. Hence, since R C Fy, and R |= Fvg(v,a), Fy = Jvp(v, a).

Thus, condition 2 in Theorem 37 is satisfied, so there is a quantifier free
formula in Log, ¢'(v), such that Trocr F V0[(Fzo(x,v) < ¢'(0)].

Given any formula in the language we may inductively elimination quan-
tifiers to obtain a formula of the form Jvg(v,a) where ¢(z,a) is quantifier
free. Thus, we see that Trocr admits quantifier elimination.

O

Corollary 42. Trocr is model complete.

Now, consider F, K |= Tgep such that F© C K. We may view these as
Logr structures since Lgr C Log and F' is still a substructure of K. So by
the model completeness of Trocr, F' < K in Logr, and since we may replace
any instance of @ < b in an Log-formula with 3z(a + 2? = b) to obtain a
Lr-formula, F' < K in Lz. Hence, Tror is model complete.
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3 Applications

Here we have two applications of the model completeness result for the theory
of real closed fields. In each of these we construct an extension field which is
real closed and show the claim is true there, then use the model completeness
to conclude that the claim is true in the given field.

3.1 Hilbert’s 17" Problem

The first application of the model completeness result will be in Robinson’s
version of Artin’s solution to Hilbert’s 17" problem, as presented by Marker
6].

The problem is regarding positive semi-definite rational functions, which
are defined as follows:

Definition 43. Let f(x1,...,x,) be a rational function over a real closed
field R. f is positive semi-definite if f(a) > 0 for all a € R.

Theorem 44. If [ is a positive semi-definite rational function over a real
closed field R, then f is a sum of squares of rational functions over R.

Proof. Let f(x1,...,x,) be a positive semi-definite rational function which
is not a sum of squares of rational functions. Then, we know that for any
positive cone P of R(Z), the sums of squares of R(Z) is contained in P. Let
K be the real algebraic closure of (R(z), P). Then since K is real closed, its
non-negative elements are exactly the squares, so since f(Z) is not the sum
of squares, K |= 3vf(v) < 0. By model completeness, R |= Fvf(v) < 0, but
this contradicts the fact that f is positive semi-definite.
Hence, if f is a positive semi-definite rational function it can be expressed
as as a sum of squares of rational functions.
O

3.2 Positivstellensatz

The following is a modified version of Hilbert’s Nullstellensatz for real closed
fields. We will present the proof given by Dickmann [4]
We will begin with a few definitions and lemmas. Let R denote a real

closed field.
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Definition 45. If J is an ideal in Rlxy,...,x,], V(J) := {a € R|Vf €
J, f(a) = 0} is the variety generated by J.

Definition 46. IfV is a set of points in R", [(V) := {f € R[x1,...,x,]|Vv €
V, f(v) = 0} is the ideal generated by V.

Definition 47. If Jis an ideal in R[xq,...,x,] J is real over R if for every
Zpiff € J with f; € R[zy,...,z,] and p; € R*\ {0}, then f1,..., f, € J.

=1

Lemma 48. If J is a proper ideal of R[x,...,x,], then J is real over R if
and only if J is radical and is the intersection of finitely many prime ideals
which are real over R.

Lemma 49. For S C F", I(S) C R|xy,...,x,)] is real over R.

Theorem 50. Let R be a real closed field and let J be an ideal in R[xq, . .., x,).
J =1(V(J)) if and only if J is real over R.

Proof. First note that if J = R[xq,...,x,], [(V(J)) = I({ ):R[ , Tp)| =
J and J is real over R. Also, 1fJ—®,I( (J)=I1(F")=0= ndJis
real over R.

Assume now that J is a proper ideal of R[xq, ..., z,].

=: Clearly J C I(V(J)), so we only need to prove the reverse in-
clusion, I(V(J)) C J. Let g1,...,9m € R[z1,...,2,] be given such that
(91, -, gm) = J. So, if f € J then

R =90l [\g;(v) = 0 = f(v) = 0]

Let f € I(V(J)) be given. We need to show that f € J.

By Lemma 48 we can find prime ideals Py, ..., P, which are real over R
!

such that J = ()P;. Then, f € J if and only if f € P; for each 1 < j <1,

j=1
which by model completeness is true when

R[ﬁlv"'axn]/Pj ):f(xl/Pjv"wa/Pj):O

Since for every Pj, R[xy,...,x,]/P; is a field (since P; is prime, and thus,
maximal since F is a field) and has an ordering extending that of R, there
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is a real algebraic closure, call it L;, of each of these. In particular, R C L;
for each 1 < j < m.
Then, since ¢1,...,9m € J,

L; = /\gk<I1/Pj7 T vxn/PJ) =0
k=1

Since R C L;, L; = V@[/\gj(@) =0 — f(v) = 0], soif we let v =
j=1
(x1/Pj,...,x,/P;) we can conclude

L; ):f(xl/Pm?lﬁ/PJ):O

Thus, f € P;. Hence, since this is true for each 1 < 7 <[, f is in their
intersection, so f € J.
<: Let S = V(J) and apply Lemma 49.
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