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Abstract

We compute an explicit formula for the first Chern class of the Hodge Bundle over the space
of admissible ps-covers of n-pointed rational stable curves as a linear combination of boundary
strata. We then apply this formula to give a recursive formula for calculating certain families of
Hodge integrals containing A;. We also consider covers with a po-action for which we compute

A2 as a linear combination of codimension two boundary strata.

1 Introduction

This paper studies the intersection theory of moduli spaces of cyclic admissible covers. The first
Chern class of the Hodge bundle over spaces of degree-two admissible covers was described as a linear
combination of boundary divisors first in an unpublished undergraduate honors thesis [12], and two
years later in [2, Proposition 10.20]. In this paper we extend the computation to the case of cyclic
degree-three covers. For a positive integer T' > 3, consider the Deligne-Mumford compactification
Mo 1 of the moduli space of T-pointed curves of genus 0. Let w = (123),w = (132) € pg. The
moduli space Adm, (n.4mz) Parameterizes admissible genus g covers of (n + m)-pointed genus 0
curves which ramify over the marked points of the covered curve, such that over the first n branch

points the monodromy of the cover is w and over the last m branch points it is @w. We denote



by A; the i-th Chern class of the Hodge Bundle over Admyg (4 4mz) and by Df the sum of all
irreducible codimension one boundary strata parameterizing nodal covers with ¢ branch points of
monodromy w and j branch points with monodromy w on one component. The branch morphism
br : Admyg, (nw+mw) — Mo r realizes br : Admyg, (ne4+mw) as a Bpus-gerbe over Mo 7; intuitively, this
means that br is a bijection on the closed points of the moduli spaces, but has degree one third
due to the fact that every admissible cover has a cyclic automorphism group of order three. It
follows in particular that the intersection rings (with rational coefficients) of the two spaces agree.
From [7, Theorem 1], we know that the Chow ring A*(Mo ) is generated by its boundary strata.
The class A1, a codimension one tautological class of Admyg (ny,4mz), can therefore be expressed
as the pullback via the branch morphism of a linear combination of boundary divisors of Mg r.
The main result in this paper gives an explicit formula for computing the coefficients of this linear

combination.

Theorem 1.1. The class \1 may be expressed as Za{br*(Df), where the sum runs over all sym-

metrized boundary divisors Dlj of Mo as in Definition 3.2. The coefficients are:
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The strategy of proof is as follows. For any irreducible boundary stratum of dimension one + in
Mo 7, we compute bry (A1) -y and Y ocg Dg -~ using the formula described in Theorem 1.1 and verify
these two expressions always agree. Since dimension one boundary strata form a set of generators
for Al(ﬂo,T) and the intersection pairing is non-degenerate, the result follows.

As an application of Theorem 1.1 we give the following recursive method for calculating certain

families of Hodge integrals containing A;.
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Theorem 1.2. For anyn+m > 3, the Hodge integral fAdm 15 given by the recursive



formula:
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This theorem follows naturally from Theorem 1.1 as well as how the Hodge bundle, and conse-
quently its Chern classes, split when restricted to boundary strata.
In the case of degree two admissible covers we also study the second Chern class of the Hodge
bundle, Ao. Using Mumford’s relations and the expression for A; in [2, Proposition 10.20] we prove

the following theorem.

Theorem 1.3. Let A;, 4,,i, denote the codimension 2 symmetrized stratum in Admg with iy branch
points on the left component, io branch points on the middle component, and i branch points on

the right component. Then Xo =Y (i iy is Ni) isiz, Where
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2 The Moduli Spaces of Rational, Pointed, Stable Curves

In this section we recall some of the notions we need about moduli spaces of rational, pointed,
stable curves; a friendly introduction to this material is [9, Chapter 1]. For T' > 3, denote by Mg 1

the moduli space of T marked points on P*(C), up to the action of PGL(2,C). That is, each point



on Mo corresponds to an isomorphism class of 71" distinct marked points on P(C). The theory
of Mobius transformations tells us that there exists a unique automorphism on P!(C) that sends
any triple of points to any other triple of points: given a T-tuple p1, ..., pr, there exists a unique
Mobius transformation ® : PY(C) — PY(C) such that ®(p;) = 0,®(ps) = 1,®(p3) = oo (these
numbers are chosen by convention and could be chosen to be any other three points in P!(C)) and
the other marked points are determined uniquely as the images by ® of py, ..., pr. Since any P(C)
marked by some T-tuple is isomorphic in a unique way to a P!(C) marked with a T-tuple whose first
three coordinates are 0, 1, oo by some Mobius Transformation, we may pick the latter configuration
of points to be the representative for the isomorphism class. Having chosen these distinguished
representatives, we may parametrize isomorphism classes by the positions of the remaining 7" — 3
points. Therefore, dimc(Mor) = T — 3. For example, My 3 is a single point since all copies
of P}(C) marked with three points are isomorphic to P!(C) marked with 0,1,00. While M 1
is not a compact topological space, it admits a compactification known as the Deligne-Mumford

compactification, denoted ﬂo,T, which parameterizes stable curves.

Definition 2.1. A stable curve is a tree of projective lines, with the following properties:
e Components of the tree are copies of P(C) connected at nodes.
e FEach component has at least three special points (marked points or nodes).

The complement of Mg in Mo,T, called the boundary of ﬂg}T, is the set of points pa-
rameterizing marked stable nodal curves with at least one node. The boundary is stratified by

topological type, with each stratum being indexed by a dual graph, which we now define.

Definition 2.2. Given a nodal stable curve C, the dual graph is a connected graph with the

following properties:

e Each vertex corresponds to a copy of P*(C).
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Figure 1: Dual graphs representing the three boundary points in ﬂoA.

e Half-edges connected to a vertex correspond to marked points on the component corresponding

to that vertex.

o Fdges between vertices correspond to modes connecting the components corresponding to the

vertices.

A given dual graph represents how each component is connected to the others and which marked
points are on which components. Therefore, dual graphs represent strata (loci) of points rather
than a single boundary point.

We use this combinatorial representation for calculations in this paper. As an example, consider
the three boundary points of MOA, each of which parameterizes a nodal curve consisting of two
copies of P1(C) each containing two marked points. They are represented by the dual graphs in

Figure 1.

Definition 2.3. Consider MO,n—i—m and the action of S, x S, where the element in S, permutes
the first n points and the element in Sy, permutes the last m points. Then, a (n,m)-symmetrized

stratum is the orbit of a stratum via this action.

For example, if we let n = 4,m = 0, then the three boundary points in Figure 1 all belong
to the same orbit of the Sy action. There is a single symmetrized stratum which is the union of
the three boundary points. We denote this symmetrized stratum as an unlabeled copy of the dual
graphs of the boundary points in the symmetrized stratum (see Figure 2).

If we consider the case n = 2,m = 2, then we have a copy of Sy permuting p; and ps, and
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Figure 2: The first line represents the unique (4,0) symmetrized boundary stratum in Mo 4. The

second and third lines show the two (2,2) symmetrized boundary strata in Mo 4.

another copy of Sy permuting ps and ps. The boundary of Mg 4 now consists of two orbits. The
corresponding symmetrized strata are illustrated in Figure 2. To represent an (n,m)-symmetrized
stratum we use the symbol + for any mark permuted by .S,, and — for any mark permuted by S;,.

The codimension 1 boundary strata of M(LT are called boundary divisors. These are espe-
cially important for us as br.(\1) is expressible as a linear combination of boundary divisors of
Mo . A nice combinatorial representation of the codimension of boundary strata is the number of
edges in the dual graph of the stratum. For example, a boundary divisor has one edge connecting

two vertices, each with some number of half-edges connected to it.

2.1 The Chow Ring A*(M)

The Chow ring of My r is a ring whose elements are equivalence classes of subvarieties of My r,
graded by codimension ([4]). A*(Mo 1) is then the section of the ring corresponding to codimension
i subvarieties of Mg . From Keel [7, Theorem 1], we know that A*(Mor) is generated by the
boundary strata of Mo . The binary operations on A*(Mj ) are formal addition and a multi-

plication, which corresponds to intersection of strata. Naively, we may expect this multiplication

b3

D2



to simply be set theoretic intersection, however, as we will see, this is not always the case. To see

why, note that since A*(ﬂo,gp) is a graded ring, the multiplication must be a map
-l Ai(ﬂoj) X Aj (MO,T) — AH_j (MO,T)

That is, codim(X -Y) = codim(X) + codim(Y). For an easy example of where set theoretic
intersections fail to satisfy this codimension requirement, consider a self-intersection. Obviously,
X NX = X, so the codimensions can only follow the above condition if X = Mgr. Therefore,
we must consider two types of intersections: transverse and non-transverse, where multiplication
on the Chow Ring is set theoretic intersection if and only if the intersection is transverse. If the
intersection is non-transverse, then we must algebraically deform one of the subvarieties so that

the intersection respects codimension. We discuss this in Section 2.4.

2.2 Chern Classes

Let E be a complex rank r vector bundle on a space X. The i-th Chern class, ¢;(E) is a class in
A'(X). We omit a formal definition or an extensive discussion, which may be found, for example,

in [10, §14], [4, Chapter 3]. Here we recall the properties which we use throughout this paper:
functoriality: if f:Y — X is a flat morphism, ¢;(f*(E)) = f*(c:(E)).

normalization: ¢y(E) = 1.

rank vanishing: ¢;(F) =0 for i > r.

Whitney formula: If E is a vector bundle of rank r and F' a vector bundle of rank s, then

r+s T S
Y (EaF) = (ZQ(E)> (ZQ’(D) (1)

=0 =0 =0

In particular, we will often use the degree one part of this relation, c1 (E® F) = ¢1(E) +c1(F).



2.3 1-Classes

In order to fully understand the intersection theory of My we must first introduce the idea of
y-classes (see [8] for a friendly introduction). Consider the universal family 7 : HQTH — ﬂo;r,
and the T tautological sections s; : HQT — HO,TH. There is a sheaf on the universal family
whose stalks are differential 1-forms on the curves parametrized; it is called the relative dualizing

sheaf, and denoted w,. This gives a means to define the i-th -class.

Definition 2.4. The i-th i-class, denoted 1;, is the first Chern class of the restriction of wy to

the i-th section of Mo,r, that is

i = c1(s; (wr))

There is a combinatorial description of 1 classes on M r as a linear combination of boundary
divisors. It states that ; on HQT is equal to the sum of all boundary divisors where the i-th
point is fixed on one twig and two other marked points are fixed on the other ([8, §1.5.2]). For our
work, the two important computations are that 1); on Mo 3 is zero (there is no way to distribute
three points to obtain a stable boundary divisor) and ; on Mg 4 is the class of a point (there is
only one way to distribute the last point so the dual graph is stable).

We introduce some classes related to i classes but supported on boundary strata. Consider
first a boundary divisor S of Mg 7, where T} denotes the set of marked points on one component,
and T, the set of marked points on the other component. Then, S = ﬂoﬂu{.} X MO;&U{*} with
e x the two marked points which, when glued together, form the node of the curves parametrized
by S. Then, there exist projections

S = Mo ruger X Momuey ——— Mo

/ X) (2)

MO,T&U{O} MO,TQU{*}



With a small abuse of notation we then define i-classes at the half-edges of the dual graph

corresponding to the marks e and x as follows:

Yo = ix(p1(1he)),

Y 1= 1 (p3(¥x))-

In [5] it is shown that the first Chern class of the normal bundle to the divisor S is given by

CI(NS) = —e — Py (3)

For a higher codimension stratum Sr corresponding to a dual graph I', an edge e identifies two
special marked points e, x in the isomorphism between Sr and an appropriate product of moduli

spaces. The class Sp(—1e — 1) is obtained by pull-push via a diagram analogous to (2).

2.4 Intersections of Strata

The intersection theory of boundary strata in moduli spaces of curves admits a combinatorial
description, explained in great generality in [13]. In this section we present the algorithm for
intersecting strata in the generality that is needed for the later computations.

Take two strata Sr, and Sr, in ﬂo,T with dual graphs I'y and I'e, respectively. In order to
calculate the intersection of the two strata, we must find the minimal refinement of the graphs I'y
and ['s. A refinement is a graph I' such that both I'y and I's can be obtained by contracting edges.
Color the edges which are not contracted to obtain I'; red and the edges which are not contracted
to obtain I's blue. The refinement is said to be minimal if all edges are colored red, blue, or both.

This method of coloring edges gives a simple test for whether an intersection is transverse or
non-transverse. The intersection is transverse if no edge in the minimal refinement is colored both

red and blue, and the minimal refinement I' is dual to the product Sr, - Sr,. An intersection is



non-transverse if there exist edges in I' which are colored both red and blue; we call any such edge
a common edge for the two graphs.

Let the i-th bicolored edge of ' break into half-edges e;,x;. Then, it follows from (3) that

Sr, - Sty = S (H — e, — 1/%) ,

where the product ranges over the common edges for I'y and I's in I

3 The Space of Cyclic Admissible Covers

In this Section we introduce moduli spaces of admissible cyclic covers of rational curves; while the
term admissible covers was introduced in [6], we adopt the more modern perspective ([1]) that
one should call admissible pg-covers the stack of twisted stable maps to Bug. A comprehensive

treatment of this theory may be found in [2].

Definition 3.1. A degree d cyclic admissible cover is a curve C along with a map m: C — X

of degree d which satisfies the following:

e C has an action by the cyclic group pg of order d , and 7 is the quotient map.

w is Etale everywhere except at a finite set of points, called the ramification locus. That is,
except at branch points (points in the image of the ramification locus), the fiber consists of d

points. The fiber of a branch point will always consist of fewer than d points.

e C and X are nodal curves, and the image of a node in C by m is a node in X.

Over a node, locally in analytic coordinates, X, C, 7 are described as follows, for some positive

integer r not larger than d:

—thlcg:o.

10



— X 12120 =0.
—_ ‘7;1 g c’i"xz = CS‘
— Fach branch point has a mondromy representation in the cyclic group of degree d .

— the monodromies of the two inverse images of a node in its normalization are inverses

of each other.

We consider the moduli space of admissible covers of a marked rational curve, which are allowed
to ramify only over the marked points and the nodes. For this paper, we are focusing on the case
of degree two and degree three covers.

In the degree two case, the group uo acts on C, meaning that the inverse image of each branch
point is a point of full ramification (that is, each branch point has exactly one inverse image). We
say the branch points have monodromy —1 € ps. When a marked point in the base curve X is
not a branch point, we say it has monodromy 1 € puo. We denote the moduli space of genus g
admissible covers of degree two of a marked rational curve, with n-branch points and e marked
non-branch points by Admyg (,(—1)4e(1))- Since n = 2g + 2 by the Riemann-Hurwitz formula, we
may omit some part of the notation when there is no risk of confusion. There exists a natural
function br : Admy (n(—1)4e(1)) = Mo nte that forgets the cover and only remembers the marked
base. The function br is called the branch morphism, and it is a bijection on closed points. Since
Admyg (n(~1)+e(1)) 15 @ Bua gerbe over M nte, the branch morphism has degree %

In the degree three case there is a u3 action on the admissible covers. Note that ug = ((123)) <
Ss3. This is why each branch point has monodromy (123), or (132), which we denote as w and @,
respectively. Marked points that are not branch points are again said to have monodromy 1 € us.
We denote by Admy (nwtmawte(1)) the moduli space parameterizing admissible covers with n branch
points of monodromy w, m branch points of monodromy @ and e marked points above which the

cover is unramified. This moduli space has dimension n + m + ¢ — 3 and parametrizes curves of

11



genus n + m — 2. The branch morphism is defined analogously, and in the case of u3 admissible

1

covers it has degree 3.

Remark 3.1. Let A be a boundary divisor in Admy (nwimwte(1))- Then

A = 3Admy (nywrmimter (1) X AdMy (nywtmowtes(1)) (4)

for some ni,n9, mi, mo,e1,e2. It is clear that the closed points of A are in bijection with the
cartesian product in (4). The multiplicity of 3, called the gluing factor, arises from the fact that
the boundary divisor is a fiber product over the inertia stack of Bug, as explained in [3, Section
1.6].

In our computations, we will be comparing strata on spaces of admissible covers and on ﬂo,T

via the branch morphism. There is a natural action of S,, X S,,, where the first factor permutes the

points of monodromy w and the second factor the points of monodromy @.

Definition 3.2. We denote by Df the symmetrized boundary divisor in MQT whose pullback via
br is a sum of irreducible divisors parameterizing admissible covers with i w-points and j wW-points

on one component.

3.1 The Hodge Bundle

The Hodge bundle E? is a complex rank g vector bundle over Admg (g, mw+e(1)), Where the fiber
of a moduli point [f : C — P(C)] is the vector space of holomorphic one-forms on C. We denote
Ai = ¢;(E9). Along with the properties of Chern classes given earlier, the Chern classes of the

Hodge bundle also satisfy Mumford’s relation [11], which states that
(1+)\1—i—)\g—l-)\g)(l—)\l-l-)\g—...:l:)\g):1. (5)

Another important concept which is important for our result is the projection formula ([4]). Given

the branch morphism br : Admg (nwt+mwte(1)) — M 1, the projection formula states that for any

12



curve C' in MQT,

/bT’*()\l) = / )\1.
C br=(C)

Let Ag be a boundary divisor in Admg (nw4ma)- Then, Ag is a sum of irreducible components
each isomorphic to a (gerbe over a) product of two moduli spaces of admissible covers of genus ¢;
and g2. Then, from [11] we have the behavior of the Hodge bundle restricted to Ag . If the node is
a branch point:

Eg|AJf ~ E9 p [E92 (6)
If the node is not a branch point:
EY| s = B @ B @ 0%? (7)

where O denotes the trivial line bundle.

In either case, the following relation between Chern classes of the Hodge bundle and Chern
classes of the Hodge bundle restricted to a divisor can be derived. Let A Af* denote A\; pulled
back from the left and right factors in the product of moduli spaces isomorphic to the divisor A.

Then, from the relations above together with the Whitney decomposition formula (1), we have:

LA+ Aot + A= LA+ A7+ + AL AT+ AT+ AT (8)

This is used to compute A; of the Hodge bundle restricted to a boundary divisor. Namely,

A=A 4L (9)

This result generalizes to the Hodge bundle restricted to boundary strata of higher codimension. In

this case, A1 is equal to the sum of A1 pulled back from each component of the boundary stratum.

13



Figure 3: Graph dual to a one-dimensional stratum in Admg(, (o4+mw)); 4, B, C, D represent either

trivalent trees or legs.

4 The Class \; on Spaces of u3 Covers

In this Section we compute an expression for the class A\; on moduli spaces of us-admissible covers
as a linear combination of boundary divisors. Our main technique of proof consists of intersecting
divisors with boundary curves. We now introduce the relevant concepts and notation.

Let C be a boundary curve in Admg (no4mw)- Then C is a gerbe over the product

Admgl,(n1w+m1§+el(1)) X ..o X Admgk,(nkarmkarek(l))v

where k = dimc(Admy (ny4mz)) —1 = n+m—4. Since C is a curve, there is a single factor, denoted
Cy4, for which n; + m; + e; = 4; for all other moduli spaces in this product, this sum equals three.
The component C4 is represented by a four-valent vertex in the dual graph identifying C, as shown
in Figure 3. Let p : C — C4 be the projection function, which is a bijection on closed points.
Denote by M; the monodromies of the four marked points of elements of C4. To simplify the
exposition in the proof of the main theorem, we refer to these monodromies as decorating the
edges of the dual graph corresponding to the node connecting the marked point on the four-valent
component to either A, B, C, or D; for example, in Figure 3 we would say the monodromy M is

the monodromy at the edge connecting A to the four-valent component.

Remark 4.1. We adopt a mild abuse of notation and talk about monodromies decorating edges of

14



a dual graph for more general graphs: in this case the notion is not well-defined, as each edge of
a dual graph corresponds to two inverse images in the normalization of a node, which come with
inverse monodromies. So it would be more appropriate to talk about monodromies at the half-edges
of a graph. However, we will only be interested in whether the two monodromies are equal to the

identity or not, hence we can get away with associating such notion with the edge.

A stratum in My dual to a trivalent tree has the highest possible codimension and so is of
dimension zero. Making a single node 4-valent decreases the codimension by one and thus creates
a curve. Given a curve in ﬂO,T, we pull it back via the branch morphism to obtain a curve
in the space of admissible covers. The monodromy of each node on the four-valent component
is determined by the congruence of the number of w points minus the number of W points on
the trivalent tree or single leg attached to the four-valent component at that node. That is, let
i4,18,%tc,1p denote the number of w points on A, B, C, D, respectively and j4, jB, jc, jp the number
of @ points on A, B, C, D, respectively. Then, the edge on the four-valent vertex connected to A
will have monodromy (1) ifig —j4a =0mod 3, wifig—js = —1mod 3 and wif iy —ja = 1 mod 3,
and likewise for B, C, D.

We group boundary curves in spaces of admissible covers based on the monodromies at the edges
of the four-valent vertex of the dual graph. We will see later that the intersection of a boundary

curve with A\; depends only on such monodromies.

Lemma 4.1. Every 1 dimensional boundary stratum in Mo pulls back via the branch morphism

to one of the five types in Figure 4.

Proof. Since the product of the monodromies at all branch points must equal 1, the sum 74 — j4 +
ip — jB +ic — jo + ip — jp must be congruent to 0 mod 3. It is a simple problem of modular
arithmetic to verify that there are only five possible ways to add four (unordered) integers modulo

3 to be congruent to 0, which correspond to the five families depicted in Figure 4. O
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Figure 4: Pullbacks of boundary strata in Mg 7 via the branch morphism

The next Lemma studies how certain powers of the class A1 vanish on moduli spaces of admissible

covers with a positive number of marked points with monodromy (1).
Lemma 4.2. Xf+m_2+k = 0 over Admy (nwtmite(1)) for any e,k € Zxo

Proof. Consider the forgetful morphism ¢ : Admg (nwtmwte1)) — AdMy (nwimem), which forgets

each unramified marked point. Then,

[Al]Admg,(nw+mw+e(l>) = qb*([)‘l]Admg,(anrmg))

Thus, (] adm, marey)” " = 6" (Ml Admg, (rumz) "7

Since dimc(Admyg (ny4mz)) = n + m — 3 and the codimension of ([Al]Admngmm)"+m_2+k =
n+m—2+k>n+m—3for any k € Z>o,
([Al]Admg’(nw+mE))n+m72+k =0
And SO, ([Al]Admgﬂ(anrmere(l)))n+m_2+k = qb* (O) =0
O

Next, we investigate how A; restricts to boundary strata of moduli spaces of admissible covers.

Lemma 4.3. Let A be a boundary stratum in Admg (nw+ma)- The stratum A is a gerbe over a prod-

uct Admyg, (nywtmiwre, (1) X+ - - X AdMg, (o) oimiwtep (1)) Denoting by Ay the class on Admyg, (ny4ma)

16



by [Al]Admgi,(niw-FmiU-Fei(1)) the class on the i-th factor, and by p; the projection function to the i-th

factor, we have that
)\1 A= Z p:([Al]Admgi7(niw+miW+E¢(1>)).

We say \1 splits additively over the components of A.
Proof. This follows from (6), (7) and (1). O

As a corollary we obtain the vanishing of A1 when restricted to all boundary curves except for

those of type I.

Lemma 4.4. Let vy be a boundary curve in Mor. Then, bro(\1)-v =0 for curves which pull back

to Families II, T1, III and IV.

Proof. The boundary curve br* () is a gerbe over a product of admissible cover spaces. All but one
of the factors have exactly three marked points, and are therefore zero-dimensional. By dimension
reasons, A1 = 0 on such factors.

Denote the four-valent component as C4. If br*(7y) is a curve of types I1, I, I1I or IV, C4 has
at least one marked point with monodromy (1). Then Lemma 4.2 implies that A\; = 0 on Cy.

Finally, by Lemma 4.3,

AL-bri(y) = Z p’?([Al]Admgi,(niw+miw+ci(1))) = Z pi (0) = 0.

7

Next we compute the intersection of A\; with boundary curves of type I.

Lemma 4.5. Let v be a boundary curve in Mo such that br*(v) is of type I. Then,

2
br*()\l) Y= §
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Proof. Consider again the boundary curve br*(vy) as a (gerbe over a) product of moduli spaces of
admissible covers. As before the class \; is zero on the three-pointed moduli spaces, and therefore

with notation as in the previous lemma,

AL-br(y) = Z p’);([/\1]Admgi,(niw+miw+ei(1))) = p*([Aea)-

To evaluate that intersection number we must now analyze the multiplicities coming from the stacky
structure of br*(y). All three-pointed factors are isomorphic to Bus, since the unique admissible
cover parameterized has group of automorphisms equal to us. For each edge, we must also multiply
by the gluing factor of 3, as explained in Remark 3.1. Let V be the set of tri-valent vertices in the

graph dual to v and E be the set of edges in the dual graph. We have:
M- br(y) = (/ Al) 10311 5
C4 E 4 3

C4

since |E| = |V| for a one-dimensional stratum.

We must therefore compute f Adm, (2)\142:I)‘his evaluation may be extracted from the computation

3
of equivariant Gromov-Witten invariants of the orbifold [(C /Zg] contained in [3]: the table of
invariants in Section 6 gives (w? w?) = —%. Section 1.2 describes the relationship between the

orbifold invariants and Hodge integrals on spaces of admissible covers. In particular, one obtains:

3

2 —2

(w*,w?) = —2/ Al
Admz,(2w+2w)

Solving this linear equation completes the proof of this lemma. O
Let us restate the main technical result of this article.

Theorem 1.1. The class A1 on Admg (ny4maz) can be expressed as Zongr*(DZ); the sum is over
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all symmetrized boundary divisors Dg of Mo and the coefficients ag are defined as follows:

2(i+j)(T—i—j)

5(T=T) i—7=0mod 3

BN

2(i+3>91()T(ZI)H*1> i—j=+1mod3

Proof. Note that the coefficient in front of each symmetrized boundary divisor depends only on the
sum of the numbers of w and @ points on one component. Therefore, we can denote az as (4,
and if we let ¢ = ¢ + j denote the number of marked points on one component and to =71 —¢ — j

the number of marked points on the other component, we can denote

9(2;1?1) monodromy at node: (1)
at1 =
% monodromy at node: w,w

We use this notation in the proof for simplicity.

Since br is a bijection on closed points but has degree %, the statement of this theorem is
equivalent to saying that bry\ = %Zaf Df . This together with the fact that My r is a smooth
projective variety and its Chow group of curve classes is generated by boundary curves, imply that
to prove this theorem, it is sufficient to show that for every one-dimensional boundary stratum
v C Mo,

v brod = %'y-Zang (10)

The dual graph of a one-dimensional boundary stratum contains a single four-valent vertex with

each edge connected to either a trivalent tree or to a single leg (that is, it is a half-edge representing
a marked point). We denote this as in Figure 5.

Let v be a curve in MO,T and let t4,tp, te, tg be the total number of marked points in A, B, C, D,

respectively, where A, B, C, D are all either trivalent trees or single half-edges (if t4,tp,tc,tp = 1,

respectively). For this proof, we calculate
> aijv- D] (11)
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Figure 5: Arbitrary irreducible boundary curve in Mo .

1 U1
Y2

Yt1—1
xtz yt1

where x; are the marked points in AU B and y; are the marked points in C U D

Figure 6: The graph dual to the divisor Dayp

and show that (10) holds. By Lemma 4.3, since A; vanishes on components with three special
points, the intersection number of A\; with br*(y) is determined uniquely by the evaluation of A\;
on the four-valent component, so we only need to prove the cases where + pulls back to each
of the five types described in Lemma 4.1. It is easy to see that the only non-zero intersections
between v and the sum of symmetrized boundary divisors are the non-transverse intersections with
Dy,Dp, D¢, and Dp and the transverse intersections with D ayug, Dauc, and Dayp, where Dx
represents the boundary divisor with all the points in X on one component and all other points
on the other component. For example, D 4,5 would be represented by the dual graph in Figure 6.
The intersections with the divisors D aup, Dauc, and D 4u¢ are supported on the zero-dimensional
boundary stratum which adds a single edge separating the points on AU B, AUC, or AU D from
all other points, respectively. For example, the intersection between v and the divisor Dayp is
supported by the dual graph in Figure 7. Therefore, v - Dayp is the class of a point and thus

contributes 1 to the sum in the right hand side of (10). The intersections with D4, Dp, D¢, and
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Figure 7: The transverse intersection v - D 4y p.

Dp are non-transverse intersections. These each have a common node with v, connecting the
four-valent component to a trivalent component. Therefore, intersecting these two strata reduces

to computing
_wnl - wnz

where n1, ny are the two marks labeling the inverse images of the node dual to the edge in the nor-
malization of the curve. Since the common node is between an ﬂo’g and an H{)A, the intersection

is computed by
_W}m]ﬂoﬁ - [wm]ﬂOA =0-1=-1L

This means that each intersection of the curve v with a divisor D4, Dp, D¢, Dp contributes —1 to

the sum on the right hand side of (10). Therefore, verifying (10) reduces to showing that

v-bri(M) =7 (0aDa+apDp+acDc + apDp + aaupDaus + cavcDauc + cauvpDaup)

= —o4 —ap —ac —ap + aauB + aauc + @auD (12)

Note: if any of A, B, C, D are single half-edges rather than trivalent trees, the divisor D4, Dpg, D¢,
or Dp is not a valid boundary divisor given our compactification of Mg r as its dual graph would
not be stable. However, this problem resolves itself combinatorially as the coefficient in front of
these divisors becomes zero since 1 — 0 = 1 mod 3 so ax = (tx —1)(...) = (1 —=1)(...) = 0 for
whichever set X is a single half-edge.

We now verify (10) for each of the cases described in Lemma 4.1.
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First, we determine which of the two cases each coefficient a4, ap, ac,ap, asuB, @auc, and
aaup fall into. We do this by analyzing the monodromy at the edge of each of the above divisors,
see Remark 4.1. For example, the monodromy at the node of the four valent vertex connected to A
is of type w. It follows that a general cover in the divisor D4 is fully ramified over the unique node
of the base, which is equivalent to i4 — j4 # 0 mod 3. We collect this information for all relevant

divisors in the following table:

Divisor Dy Dp D¢ Dp Dass Dasc Daup

£1 #1 #1 #1  #1 1 1

Monodromy at node

From Lemma 4.5 we have

2
bridy-C = 3,

so we are left to show that

= (-t = Dt + e+ tp = 1) = (15 = Dita+tc+ tp ~ 1)

—(tc—1)({ta+tp+tp—1)—(tp—1)(ta+tp+tc—1)+ (ta+tp—1)(tc +tp — 1)
+(ta+to)tp+tp)+ (ta+tp)(ts +tc))
This equality is easily verifiable. Therefore, all curves which pull back to type I intersect correctly
with briAq.

For both of these types, the ramification data at the node of the general covers of the divisors

that intersect the curve C are collected in the following table:
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Types 11, IT @

Divisor Dy Dp Dc Dp Dausp Dausc Daup

#1 #1 1 #1 #1 #1 #1

Monodromy at node

From Lemma 4.4, we have
br*)\l -C=0.
Hence, verifying (10) for curves of this type reduces to showing that

2
0= m(—(m —ltpttc+tp—1)—(tp—1)(tattc+ip—1)—tc(ta+tp+tp)

—(p—1Dat+tp+ttc—1)+{ta+tpg—1(tc+tp—1)+{a+tc—1)(tp+1ip—1))

+(ta+tp—1)(tp+tc —1)

Again, it is easy to verify this equality.

A curve of type III intersects seven boundary divisors parameterizing covers with the following
monodormies at the node:

Divisor Dy Dp D¢ Dp Dasp Dasc Daup

#1 #1 1 1 1 #1 #1

Monodromy at node

By Lemma 4.4, we have

bri(A) -7 =0.
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Therefore the compatibility condition imposed by (10) is:

2
0= m(—(tA —O(tp+tc+tp—1)—(tp—1)(ta+tc+tp—1) —tc(ta+ts +1tp)

—tp(ta+tp+te)+ (ta+tp)(tc+tp)+ (ta+tc—D)(tp+tp—1)

+(ta+tp—1)(tp +tc—1))

Again, this equality is easily verifiable.

In this case every node has monodromy 1, and therefore every coefficient is in the case of

equivalence to 0 mod 3. From Lemma 4.4, we know that

bridi - C =0,

so the equality which needs to be verified in this case is

2
0= ———(—1talt t tp) —tp(t t tp) —to(t t t
27(T—1)( At +tc +tp) —tp(ta+tc+tp) —to(ta+tp+1tp)

—tp(ta+tp+tc)+ (ta+tp)(tc +tp) + (ta+tc)(ts +tp)

+(ta +1tp)(ts +1c)) (13)

Again, it is a simple matter to check that this equality holds.
We have shown that for any one-dimensional boundary stratum in Mg 7 (10) holds, thus proving

Theorem 1.1. O
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/Admg

5 Hodge Integrals

In this Section we use Theorem 1.1 to derive a recursive structure among certain Hodge integrals

on spaces of cyclic degree three covers.

Theorem 5.1. The family of Hodge integrals [ )\71‘+m_3 can be computed using the recursive for-

mula:
n m

e 24+5j-1DT—i—j—1) (n+m—=3\[(n\[m 2 M2
=33 D 9(T —1) i+j—2)\i)\j A A
i=0 j=0 J J 7 Admy

(et m@) i+Dwtj@) AdMg (n—i)wt(m—j+1)@)

Proof. From Theorem 1.1, we can replace one \; with its boundary expression, so the Hodge

integral becomes

n m

/ AT =33 "N "ol / A=A (D7), (14)
Admyg ( i=0 j=0 Adm

nw+mw) g,(nw+mw)

Now for a given Df we must evaluate [,, )\?+m_4br*(Dg ). When we restrict A; to the

g,(nw+mw)

pull back of D{ we use the Whitney formula and notation as in (9): /\l\br*(Dj) = M 4+ AR We raise

this to the n + m — 4 power using the binomial expansion theorem and have

n+m—4
—4
)\ln+m—4 _ Z <n +m ) (AlL)k()\ll‘%)n+m—4—k'

by (D7) P
First, note that if ¢ — j is divisible by 3 the above expression is zero. This follows from the splitting
formula and the fact that A?+m_4|br* (D) = 0, which was shown in Lemma 4.2. Furthermore, by
dimension count, we can see that the only non-zero term in this sum is when k =i+ j — 2. If we
account for the fact that there are (?) (73”) irreducible boundary divisors in a given Dg , then we can

see that

_ ; n+m-—3\/n\/m i i
/ A=y (DY) = < L 2><>< >/ AT 2/ A,
Ading, (ne+m) vy = NI ) S Admg (i1)wrgm) ) Admg (niyot (m—j+ 1))

Placing this and the expression for ag when ¢ — j is not divisible by 3 (as terms where we would

need the other coefficient vanish anyways) into (14) completes the proof. O
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Remark 5.1. Observe that many of the terms in the summation on the right hand side of the
statement of Theorem 5.1 vanish. In order for given values of i, j to define stable admissible cover

spaces in the terms in Theorem 5.1, they must satisfy the following properties:
1l.i—j5=2mod3
2.14+732>22

That is, any terms in which ¢, 7 do not satisfy the above conditions must vanish. It is also easy to

note that from the combinatorial factor, the term when ¢ = n — 1, j = m must also always vanish.

The formula from Theorem 5.1 allows us to compute

m.‘] (

,(nw+mw)

for some values of n, m in the following table.

n|m| [AFTmT3
310 3

2| 2 2
411 =

6 0 287
33 12
512 3392
I s

Note that we do not include symmetric cases (where the values of n and m are switched) as the

Hodge integrals are equal due to the symmetry of boundary divisors.
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6 The Class A\, on Spaces of Hyperelliptic Covers.

In this Section we study the second Chern class of the Hodge bundle over spaces of degree two
cyclic admissible covers. We first set up notation.

We denote the space of admissible covers with m branch points and k identity points Adm ,,(—1)1x(1));
where we omit the g from the notation as it can be recovered via Riemann-Hurwitz formula.

Our notation of boundary divisors in the space of admissible covers will vary as well in places.
We let A; denote the boundary divisor with ¢ branch points on the left component. Some proofs
necessitate that we denote a divisor by its number of branch points on the left component and by
the space it resides in. In these cases we let A? denote that the divisor is in the space of admissible

covers with n marked points of monodromy —1. If an identity point is also present, the divisor is

denoted A;

Lemma 6.1. [2, Proposition 10.20] Let A\; be the first Chern class of the Hodge bundle over Adm,.
Furthermore, let A; denote the codimenesion 1 symmetrized stratum parameterizing nodal covers
with @ branch points on the left twig. Let n = 2g + 2 denote the total number of branch points.

Then, A1 can be expressed as Y a;\; over all symmetrized boundary divisors A; of Admyg

éEZ:il)) 1 = 0mod 2

where a; = (15)

(i—1)(n—i—1)
8(n—1)

1 =1mod 2
Our main goal in this Section is to extend these results to the second Chern class. The key tool

is that A9 is related to A1 as follows.

Lemma 6.2. The equality:
1, 1
Ap=gAI =3 Zai)\lAi
holds.
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Proof. The first equality follows from Mumford’s relations [11], the second from Lemma 6.1 O

Similarly to the interchangeable notation A; and A%

1, also a; will be denoted o} to emphasize

the n marked points. Following notation from Section (3.1), (9) we have:

Lemma 6.3.

AP MA? = a2 (11X [\]F @ [1]F[A))
o (U Adm 1) 200 Pl Adm iy 1y 410y @ Al Adimn 1y a0y Ul Admgn oy 1y0yy) 8= 0 mod 2.

it (U Admm 1y -1y Pl Adim oy 1y @ I Adim oy ) L Adimg iy o)) 8 =1 mod 2,
The next Lemma sets up notation and clarifies what the coefficients of the boundary expression

for A\; are for moduli spaces of covers with one marked point of trivial monodromy.

Lemma 6.4.

n—m n m
Ml adm gy 1ysic) = Z ag AT

[/\IHAdm(m( 1)+1(1)) Z 04

:E :an m—l—lAn m+1.

[M] ’Adm((nme)(fl)) J+1 J+1

_ +1 +1
Al Adm 1)1y = Zaﬁl AT

Proof. For the case with with no identity point simply apply Lemma 6.1. For the case with an

identity point note that [A1]|Adm = > ajyATy. Now consider the forgetful morphism

(m(=1)+1(1))

¢ : Adm((m)(_1)+1(1)) — Adm(m( 1))- Then Oé A}nl = (l)*(Ot]A}n) so that 051 = Q. O
We can now state the main result in this Section.

Theorem 6.1. Let A;, 4, i, denote the codimension 2 symmetrized stratum in Admg with iy branch

points on the left component, io branch points on the middle component, and i3 branch points on
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the right component. Then Ao = 2 Q) iy is Niy i,i Where

;

111213 (2i1’i2 +2i1134+2i2i3—11—2i9 —ig)

32(i1+i2+i3—1) (41 iz —1)(ia+iz—1) i1,12,13 = 0 mod 2

(i1—1)(i2) (i3—1) ((i2+iz—1) (i1 442)+ (31 +i2—1) (i2+143))
32(i1+1i2+13—1)(i1+42) (i2+i3)

Qiy yin,iz = 11,93 =1, 12 =0 mod 2

(i1=1)(ia+iz—1)(i2+1)(i3) (i1 +ia—1)+(i3) (d1 +i2) (i2—1) (41 — 1) (ia+i3)

3201+ i0-Fis—1)(aia) (i1 Ti2 = 1) i1, =1, i3 =0 mod 2

The strategy of the proof for Theorem 6.1 is to fix a stratum A;, ;, i, in the boundary expression
for Ao and track when it appears in the expression of Lemma 6.3. This allows us write the coefficient

Qi iy iz 10 terms of the coefficients «a;, the latter of which we have an explicit formula for.

Proof. Case 1: iy,1i9,i3 even
Let i1 + 42 + i3 = n. Since 41,12,93 are even, all nodes of A;, ;, s, are unramified. Thus the

stratum A;, ;, i, only appears in the case ¢ even of Lemma 6.3. Using this, we have that

Zo‘ilvi%%Ailvi%ﬁ = Za?([l]f‘dmm—lwlu)) X Z TR @ [Hadm oy X ZO‘ Aj1)-
(16)

Now we fix a given A;,;,;, and compute its coefficient in (16). The expression [1] adm )., ¥
A?Ii gives the divisor A; ., when ¢ = ¢; and j = 42, or ¢« = i3 and j = 2. The expression

[1]Adm((n7i)(71)+1(1)) X A;'.’l gives the divisor A; ;,i, when i = ig + i3 and j = ig, or when ¢ = 47 + i9

and j = ip. Combining the above lemmas we have the following for the coefficient of a fixed A;,;,i, :

12-+1. i1+1 i9+1 i1+1
a2+ o el + a2 g 00T = gy

11 ig+i3

. . n_ n .
Using the expressions o) = o ;. and oy = o7’ ., we have the expression

1
i2+13 i1+i2 L
oz“ozl2 + a 3 Qi 504“12,3.

(17)
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which holds when i1, 9,43 are even. Plugging in the formula for each « from Lemma 6.1 into (17)

we get the coefficient 2(g (2 +i)is by 4 liatis) Lot

8(i1+iz+iz—1) 8(i1+ia—1) 8(i1+iztiz—1) 8(1’2+i371)) for the divisor Aq, ;-

Upon simplification we arrive at the expression:

iligig(z’ilig + 24123 + 21913 — 11 — 219 — ’ig)
32(iy 4+ dg +i3 — 1) (i1 + 2 — 1) (ig + i3 — 1)

Case 2: i1,i3 odd, io even
Since 41,43 are odd, all nodes of A;, ;, s, are ramified. Thus, the divisor A;, ;,, only appears

in the case 7 odd of Lemma 6.3. We have

_ +1 i+1 i+1 +1
Zo‘ilvi%iBAihi%iB = Za?([l]f“dm«m)(fl)) XZO‘?J Aj @M adm iy XZ A A

(18)
Again we fix a given A ;,;, and compute its coefficient in (18). The expression [1]adm ;1)) X
A?ﬁ“ gives the divisor A;, ;, i, when ¢ = ¢; and j = i3 or when ¢ = i3 and j = i2. The expression

[1]Adm(n—i+1\0) A’H gives the divisor A, 4,.i; When ¢ =i + i3 and j =io + 1 or when ¢ = i; + iy

and j = 3. Combining these gives the following coefficient for a fixed A, i, .5 ¢

i1+ig+1

zl—i-zg—l—l — ..
+ a 11+7,2azg+1 = Qyigig-

ig+iz+1
i2+13 0412_,'_1 + «

which can be regrouped into

i2+i3+1 l1+22+1 1
auazg—l—l + 0423 i9+1 2a111223

Here, i1 is odd, i + 1 is odd and i3 is odd. Using this we plug in the expressions from Lemma 6.1.

o fla =iy —1) (2)(i3 —1) (i3 —1)(n—ig—1) (i2)(i1 — 1)
Uiy i = 2 ( 8(n—1) S(ia+i3) 8(n—1) 8(i1 + i2) >

or

a1 = 1)) (s = 1)((i2 +d5 = 1)(i1 +42) + (ia +d2 — 1) (i + i3))
11,22,23 32(“ + ig + 2.3 — 1)(21 + 22)(12 T 13) .

Case 3: i1 odd i3 odd i3 even
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In this case the left node is ramified and the other is unramified. Thus the divisor A;, 4, i,

appears in Lemma 6.3 as follows.

o L n ((n—i+1)( n—i+1 i+1 Ait+1
ZO‘“’ZN?)AW%B_ZO%‘( Admy((it1)(~ 1>>XZ Aj+1 AJ'H @[1]Adm<<n—i+1)<—1>>xz aji1A)

t At t At
+ > P (Wadm o 1yany X D @585 ® Wi 1y paay X D @5A5)- (19)

Now we fix the divisor A;, ;, i, and see when it appears in (19). The divisor is given when i = 7;
and j =19, n—1t =11 and j = io or when t =iy + 9 and j = io, n —t = i3 and j = i9. This gives
the following equation for the fixed coefficient a;, ;, 4,:

t2+iz+1

. t1+12
a11712713 - 2(a11a12+1 + algaZQ )

Here, i1 is odd, io + 1 is even, i3 is even and i is odd. Using this and the formulas from Lemma

6.1 we have

Cirinis =2 ((“ —D(n—i1=1) (iz+1)(ia) , (i5)(n = is) (i = 11 - 1>>

8(n—1) 8(ia + i3) 8(n—1) 8(i1 +ip— 1)
or
o (i = Dia +ig = 1)(ia + 1)(i) (i +d2 — 1) + (i) (ia + i2) (i = 1)(ia = 1)(i2 +i5)
B 32(iy + dp + i3 — 1) (i +43) (11 +i2 — 1)
O
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