Turan Numbers of Hypergraph Suspensions of Even Cycles

Sayan Mukherjee*

January 17, 2021

Abstract

For fixed k > 2, determining the order of magnitude of the number of edges in an n-vertex bipartite
graph not containing C5, the cycle of length 2k, is a long-standing open problem. We consider an
extension of this problem to triple systems. In particular, we prove that the number of triples in an
n-vertex triple system which does not contain a Cs in the link of any vertex, has order of magnitude n7/3.
Additionally, we construct new families of dense Cs-free bipartite graphs with n vertices and n*/3 edges
in order of magnitude.

1 Introduction

An r-uniform hypergraph, or simply, an r-graph H on vertex set V(H) is a subset of (V(TH)). Given an
r-graph H, the hypergraph Turdn problem asks the following question: what is the largest size of an r-graph
on n vertices that does not contain a copy of H as a subgraph? This number is known as the Turan number
or the extremal number of H, and is denoted by ex,.(n, H). The case r = 2 was first introduced by Turdn
[19] in 1941, and several lower and upper bounds on ex,(n, H) have been obtained since then for different
values of r and H.

Towards analyzing the asymptotic behavior of exa(n, G) for graphs G, the seminal result of Erdés and Stone
[5] states that when the chromatic number x(G) > 3,

exs(n, G) = (1 - X(G;_l) <’;) + o(n?),

This result essentially determines exs(n, G) for graphs G which are not bipartite. The analysis of exa(n, G)
for bipartite graphs G turns out to be extremely difficult, and the reader is referred to [6] for a comprehensive
survey of the bipartite case.

One especially well-studied class of bipartite graphs G are the even cycles Cyy, for k > 2. For these graphs, the
best known upper bound is provided by Bondy and Simonovits [2], who proved that exa(n, Cai) < O(n“‘% ).
Improvements in the constant term has been obtained in [8, 17, 4].

A major open problem for even cycles is to construct Cop-free graphs on n vertices and Q(n”%) edges.
There have been several bipartite constructions based on finite geometries including [18, 3, 1, 12, 21, 11]
that have sequentially improved the bounds; however, they give the tight bound only for k € {2,3,5}. For
k ¢ {2,3,5}, the best known lower bounds are given by the bipartite graphs CD(k,q) [9, 10] for integers
k > 2 and prime powers q. These graphs arise from Lie algebraic incidence structures that approximate the
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behavior of generalized polygons, and are analyzed in detail in [22]. For a recent survey on the even cycle
problem, the reader is referred to [20].

In this paper, we are mainly concerned with three classes of lower bound constructions: the bipartite graphs
D(k,q) from [9, 10], the arc construction introduced in [13] and later generalized in [14], and Wenger’s
construction [21]. Our results can be divided into two sections: results about 3-graphs and results about
graphs.

1.1 3-Graphs

For a graph G, the suspension G is the graph obtained from G by adding a new vertex adjacent to all vertices

~

of G. In [16], the author, together with Mubayi, studied the generalized Turdn number ex(n, K3, G) for
different bipartite graphs G. Analogously, we introduce the concept of a hypergraph suspension.

Let H be a 3-graph and « € V(H) be any vertex of H. The link of z in H, denoted by L, g, is the graph
with vertex set V/(H) \ {z} and edges {uv : {z,u,v} € H}. For a graph G, the hypergraph suspension G is
a 3-graph defined as follows: add a new vertex = to V(G), and let G = {e U {z} : e € E(H)}. By definition,
L 5=0G.

z,G

Note that the numbers exs(n, (N;) and ex(n, K3, é) are closely related. In fact, given a G-free graph, we can
replace all triangles in it with hyperedges to obtain a G-free 3-graph, implying

ex(n, K3,G) < exs(n, G). (1.1)

In this paper, we study exs(n, 6'%) for K > 2. When k = 2, observe that 5% is the complete 3-partite
3-graph K 5’2)72, and its extremal number has been exactly determined to be ©(n®/?) in [15]. Thus, we focus

our attention on exs(n, 6'2k) for k > 3.

Observe that a 3-graph H does not contain 6’% iff L, g does not contain Cyy, for every vertex x € V(H),
leading us to the upper bound
~ 1 1
exz(n, Cox) < O(n-n'tx) = O(n**r) (1.2)
On the other hand, a probabilistic deletion argument lets us deduce the following result:

Proposition 1.1. For k > 2,
exs(n, Cap) > Q (nQJFTl*l) . (1.3)

Our main result is to show a construction of 52k—free 3-graphs, which asymptotically improves the bound

above for k = 3 and k = 4.

Theorem 1.2. For every integer q that is a power of 3, there exists a 3-partite 3-graph Ds(k,q) with the
following properties:

2k+1 edges,

1. D3(k,q) has 3¢* vertices and q
2. The link graph of every vertex of Ds(k,q) is isomorphic for k < 6, and

3. D3(3,q) and Ds(5,q) are 56 and ég—free, respectively.

In particular, Theorem 1.2 implies that

exs(n, Cg) > Q(n"/?) and exs(n, Cs) > Q(n''/%). (1.4)

As a corollary of (1.2) and (1.4), we determine the exact growth rate of exs(n, Cg).



Corollary 1.3. For large n, the Turdn number of 6‘6 grows as,

exs(n, Cg) = ©(n/3). (1.5)

Corollary 1.3 further implies that the bound in (1.1) is not always sharp, since we demonstrated in [16] that
ex(n, K3,Cs) = o(n™/3).

Remark. Our proof of Theorem 1.2 heavily relies on the bipartite graphs D(k, ¢) introduced by Lazebnik,
Ustimenko and Woldar in [9], and Ds(k,q) can be viewed as an extension of D(k,q) to 3-graphs. Ds(k,q)
has the property that for every k& > 2 and prime power 3 | ¢, the link graph of any of its vertex is isomorphic
to either D(k,q) or another graph which we call D'(k,q) (Proposition 2.5). We also make a conjecture
(Conjecture 2.9) about the girth of D'(k, q), which, if true, would give a bound of exs(n, Cay) > Q(anFﬁ)
for all k > 3, an asymptotic improvement on (1.3).

1.2 Graphs

We also compare two well-known constructions of Coi-free graphs: the arc construction [13, 14] and Wenger’s
construction [21]. Let ¢ > 2, and let ¢ be a prime power. An arc in a projective t-space PG(t, ) is a collection
of points such that no (¢ — 1) of them lie in a hyperplane. The arc construction is defined as follows.

The bipartite graphs G.,.(k,q,«). Let ¥ = PG(t,q), and ¥y C ¥ be the hyperplane consisting of points
with first homogeneous coordinate 0. Note that ¥ = PG(t — 1,q). Let « be any arc in Xg. Then, the
bipartite graph Garc(k, ¢, @) with parts P and L is defined as follows. Let P = ¥\ X, and L be the set of
all projective lines £ of % such that £ N Xy € a. Vertices p € P and £ € L are adjacent if and only if p € £.

It was shown in [14] that Garc(k, ¢, ap) is Cox-free for k = 2,3,5 but contains Cg for k = 4, where «y is the
normal rational curve in ¥, given by

a={0:1:z:2%: 2" :2eFJU{0:0:---:0:1]}.

In contrast, let H(k,q) be the bipartite graph with parts A = B = IF’; such that (aq,...,ax) is adjacent to
(b1,...,b) iff '
a; +b; = alb’fl forall 2 <i<k.

It was shown by Wenger in [21] that H(k,q) is Cax-free for k = 2,3, 5.

We prove that these two constructions are in fact, isomorphic, and our proof uses the Pliicker embedding [7],
a tool from algebraic geometry that lets us parametrize the set of projective lines L.

Proposition 1.4. Let o be the normal rational curve in PG(2,k), and ag = g \ {[0:---:0:1]}. Then,
Garc(ka q, Oéa) = H<k7 q)

As Garc(4, ¢, ap) is shown to contain Cy’s in [14], Proposition 1.4 also provides a geometric explanation for

why Wenger’s bound is tight for ¥ = 3 and £ = 5 but not k£ = 4.

For 1 < s < r with (s,7) = 1, it is known that a = {[1 : = : 2] : € Fy+} is an arc in the projective space
PG(2,27). Using the proof method of Proposition 1.4 on this arc «, we are able to construct a new family
of Cg-free graphs with Q(n*/3) edges, given as follows.

Theorem 1.5. Let ¢ =2" and 1 < s <71 be such that (s,r) = 1. Let G(2", s) denote the bipartite graph with
parts A= B = IFg such that (a1,a2,a3) € A is adjacent to (by,ba,b3) € B iff

bg + a9 = a1b1 and b3 + az = alb%‘s.

Then, G(2",s) is Cg-free.



~

Note that the graphs G(27,s) extend Wenger’s Cg-free construction in even characteristic, as G(2",1) =
H(3,2).

This paper is organized as follows. In Section 2, we prove Proposition 1.1, recapitulate on the graphs D(k, q),
extend them to the 3-graphs Ds(k, ¢), and investigate its link graphs, finally proving Theorem 1.2. Section
3 is devoted to proving Proposition 1.4 and Theorem 1.5.

2 Lower bounds on ex(n, 5’%)

Our goal in this section is to extend the graphs D(k,q) to a family of 3-graphs, and build up the tools

required to prove Theorem 1.2. We start with a proof of Proposition 1.1. Recall that we wish to show
~ 1

eX3(n, Cgk) > Q(n2+2k—1 )

Proof of Proposition 1.1. Let H ~ G3(n,p) be the Erdés-Rényi 3-graph, where each edge of the complete
3-graph on n vertices is selected with probability p = %k‘loon_%. Then, E(|H|) = p(}). For every Cor
in H, we remove one edge from it. Let H' C H be the new 3-graph obtained via the deletion of edges. Note
that the probability that any 2k + 1 vertices forms a Cop, is (2k + 1)p?*, and therefore, the expected number
of them is at most (2k + 1)n?**1p?*. Now, E(H') = p(}) — (2k + 1)n**T1p?*. As

p2h k=1 _ 2k+1 (= (2k=1),—100(2k—1) = (2k=2) < 10—(2k—1)n:sk—1oo(2k—1)7

n . 1 2k+1 pn®
Ok 4+ Dn2E 2k ) > 3 [ S o
P ((3) @k+Dn™ ™ ) 2 en” | 15 ~ 11 ) = Too°

This implies that E(|H'|) > ﬁkiloong_%. Thus, there exists a 3-graph H' with Q(n®~%-1) edges with

no copy of Csi. This completes our proof.

p

and

O

Since probabilistic lower bounds for 3-graphs tend to be weak, we try to strengthen this result via a look at
the graphs D(k, q). Here we present a summary of the properties of D(k, q); for more details, the reader is
referred to [9, 10, 22].

Definition 2.1 (The bipartite graphs D(q)). For a prime power ¢, let A and B be two copies of the countably
infinite dimensional vector space V' over F,. Use the following coordinate representations for elements a € A
and b € B:

/ !
a = (auan,alz,a21,11227a22,az3, sy Qs gy Qg it 15 At 14 - - -),
/ /
b= (b1,b11,b12,b21, baa, b3y, baz, . .., by, Uiy, by i1, big 14y - - ).

Let AU B be the vertex set of D(g), and join a € A to b € B if the following coordinate relations hold (i > 2):

(2.1)

a1 +bi1+a1by =0
a12 + b1z +a1bi1 =0
a1 + b1 +ayby =0

aii +bi; +ai—1:01 =0
al; + by +arbii—1 =0
@iit1 + biiv1 +arby; =0
@iv1,i+ biv1i +ai;by = 0.



Define D(k, q) to be the graph obtained by truncation of A and B to the first k coordinates in (2.1) and, the
first k& — 1 relations in (2.2).
The key properties of the graphs D(k, g) are summarized in the following proposition.

Proposition 2.2. For any prime power q and k > 2, the following holds:

1. D(k,q) is a q-regular bipartite graph of order 2q";
2. The girth of D(k,q) is at least k + 4 if k is even, and k + 5 if k is odd.

Further, it is known that for k¥ > 6 the graphs D(k,q) start to get disconnected into pairwise isomorphic
components at regular intervals. These connected components are called CD(k, ¢). The graphs CD(2k—3,q)
give the currently best known asymptotic lower bounds on ex(n,Csy) for k& > 3. We omit the proof of
Proposition 2.2 here.

In the following subsection, we extend D(k,q) to the 3-graph case.

2.1 The 3-graphs Ds(k, q)

Definition 2.3 (The 3-partite 3-graphs D3(q)). For a prime power ¢, let A, B, and C be three copies of the
countably infinite dimensional vector space V over F,. We use the following coordinate representations for
a€A, beB,ceC:

A /
a = (a17a11; a12, @21, 22, a/227a237 ceey Qg aii7ai,i+17ai+1,i7 . ')7
/ /
b= (b1,b11,b12,b21, b2z, b5y, ba3, . .., big, Uy, bii1, bigriy - ),
/ /
c= (017611,C127021,622,0227C23, c oy Ciiy Ciis Ciit 15 Ci 1,45 - - )

Let AU B U C be the vertex set of D(q), and say that {a,b,c} is a hyperedge if the following coordinate
relations (call them T) hold (i > 2):

a11 +bi1 + e +aiby +bici +crap =0
a2 + bz +ci2 + arbiy +bici1 +cran =0
as1 + b1 + ca1 + a11by + biicr +cria1 =0

2.3
ag; + by + cig +a;_1,:b1 +bi_1 501 +ci_15a1 =0 %)
aj; + b5+ ¢+ arbi i1 + bici i1 + a1 =0
@i i+1 + biit1 + Ciit1 + a1bi; +bicii +cra =0
Qiy1i 4 biv1i + cipri + ajby + b + cjan =0

Define D3(k, ¢) to be the 3-graph obtained by truncation of A, B, and C to the first k& coordinates and I to
the first k£ — 1 relations.

The graphs Ds(q) are designed in such a way that the link of the vertex 0 from any part is isomorphic to
D(q). In fact, note that D3(q) has the natural cyclic automorphism a, +— by, by — ¢, and ¢, — a., under
which all the defining equations of D3(¢) remain invariant. Hence, for any vertex v € V, the links of v in
Ds(q) taken from either of the three parts are all isomorphic, and it is enough to consider the link graphs
from a fixed part, say, A.

One would hope that the link graphs of other vertices in D3(k, ¢) also have similar high girth properties as
D(k,q). This inspires us to analyze the links of every vertex in Ds(k, g). To that end, we analyze Aut(Ds(q)).



Proposition 2.4. Suppose Fy has characteristic 3, and consider D3(q) with parts A, B, C. Leta € A be fized,
and suppose s > 1. Then there is an automorphism ¢ € Aut(Ds3(q)) such that p(a) = (a1,0,...,0,%,%,...) €
A, where the second through the (s + 1)’th coordinates are mapped to 0.

The proof of Proposition 2.4 is technical. Before looking at the proof, we note an important consequence: it
is sufficient to analyze the girths of the link graphs of the vertices (aq,0,...,0) € A for a; € F,. In fact, it is
seen that the truncated 3-graphs Ds(k, q) have exactly two kinds of links.

Proposition 2.5. If 3 | q, then the 3-graph Ds(k,q) admits exactly two classes of link graphs, one of which
is D(k,q).

Now, we present the proofs of Propositions 2.4 and 2.5.

2.1.1 Proof of Proposition 2.4

Recall that 3 | ¢, and we wish to construct an automorphism ¢ of D(g) sending any vertex a € A to
(a1,0,...,0,%,%,...) € A, where the coordinates have s zeros followed by a;.

We construct ¢ via a product of automorphisms of D3(gq). First, we may rewrite the system of equations
(2.3) into the following form:

@i + bii + cii + ai—1,ib1 +bi—1,c1 +ci—1,a1 =0
ay; + b 4+ ¢ + arbiio1 +bici i1+ cra i1 =0
@i i+1 + biit1 + Ciiv1 + a1bi + bicii +cra;; =0 izl (2.4)
Qit1,i + big1,i + Cig1 + ajby 4 bjer + cjar =0

where we set the convention ag; = a1,bg1 = b1, co1 = ¢1; aj; = a1,b); = bi1,¢1; = c11; and a1 = a1,b19 =
b1, c10 = c1, with the implication that the first and second equations coincide for ¢ = 1. Further, for the sake of
ease in defining the automorphisms, we give meaningful interpretations for the equations in (2.4) when i = 0.
We set a60 = b60 = 060 = app = boo = Cpo = —1; and ap,—1 = bo,,l = Cy,—1 = G-1,0 = b,1)0 =C-10 = 0.
Notice that the first and the second equations reduce to —3 = 0 for ¢ = 0, which is true in characteristic 3.

Now, we define five different automorphisms of D(q) in Table 1 below, by noting where each coordinate is sent
to. For example, for fixed © € F,;, we denote ¢1,1() to be the automorphism that sends a1 — a14+a_1,0x = a1,
a1 — a11 + agoxr = ay1 — x, and so on. A “-” as a table entry denotes a coordinate fixed by that map, e.g

tnt1,m(@ii) = a4

Claim 2.6. The maps defined in Table 1 are Automorphisms of D(q).

Proof of Claim 2.6. Observe that each of the maps defined have inverses given by x replaced with —zx,
respectively, once we check that they are homomorphisms.

o t11(x): We observe that the map t1 1(z) keeps a1,b1,¢1 fixed as a1 = ap,1 — ao,1 + a—1,0 = ap 1, etc.
And, for ¢ > 1, we need to check that the equations (2.4) are preserved after the transformation given
by t1,1. Suppose the equations (2.4) hold, then note that we also have for ¢ > 1,

Qi + bi + cis + ai—1 b1 + bi—1 501 + cim15a1 =0,
(@i—1i—1 + bi—1,i—1 + Cim1,i—1 + @i—2,i—1b1 + bi_2i_1¢1 + ¢i—2i—1a1)x =0,

and adding these up verifies that the first equation is preserved under the image of ¢; 1(z). Similarly,
the other three equations can be verified for each 7 > 1.



Coordinates t1,1(z) trymt1(2),m > | tmgim(z),m > | tmm(z), m > 2 trm (), m > 2
(i >0) lr=i—m lr=i—-m r=i—m r=i—m
Qi +a;_1;-1T +arr-17, - +arrz, 720 -
r>1
@ it1 Fai—1,T +al,.x,r>0 - +ar 12, -
r>0
i1, +a; ;17 - +arrz, 7 >0 - +ary1,0,
r>0
al; +a;_17,¢_1m - +ar_1,, - +al,.x, 7 >0
r>1
bii +bi_1i1T +by 17, - +bppz, 7 >0 -
r>1
biit1 +bi 1T +0,.z, r >0 - +b 1, -
r>0
bi+1,i +bi,i71x - +br7’xa T 2 0 - +br+1,r$7
r>0
bl +bi_q 17 - +by_1 2, - +bl,x, 7 >0
r>1
Cig +Ci—1,i-17 +erro1, - +epz, 720 -
r>1
Ciit+1 +Cio1,iT +cx, >0 - +Cr 41T, -
r>0
Cit1,i +¢ii—12 - +erz, v 20 - +Cr1,,T,
r>0
c; +ei i - +ero1.07, - +c,z, r >0
r>1
Table 1: Automorphisms of D(q)
(aho = bho = cho = aoo = boo = coo = —1, ap,—1 = bo,—1 = co,—1 =a—1,0 =b_1,0=c—_1,0 =0)

tmm+1(z),m > 1: Again, note that this map fixes a1 = ag,1, b1 = bo,1 and ¢; = ¢p1 as for ¢ = 0 and
m>1,r=i—m < 0. It also fixes all a;;, i < m and all a;;41, i < m. Therefore, all of (2.4) are
satisfied for i < m. When i = m, the first equation is still preserved as @, a;%Lm are fixed. For the
third equation, we observe that am m+1 — Gmm+1 + 44T = Gmom+1 — T, bmom+1 — bmomt1 — @ and

Cm,m+1 F* Cm,m+1 — . Thus, the third equation becomes
(am,m+1 - l‘) + (bm,m+1 - .’l?) + (cm7m+l - x) + albmm + blcmm + C1Omm = 07

which is still true as 3z = 0 in F,. Finally, for i > m, we need to check the validity of the first and
third equations from (2.4). However, note that for i > m and r =4 —m > 1,

i + by + ¢y + a;—1,b1 + bi—1:¢1 + i1 501 =0,
/ / / —
(G‘Tﬂ”*l + bTyT’*l + Cror—1 + ar—l,r—lbl + br—l,r—lcl + Cr—l,r—lal)x - 07

and adding these up verifies the first equation, since ¢ y41(2)(ai—1,) = @1, +ay._; ,_1z. In a similar
fashion, we verify the third equation by adding up:

i1+ bi i1+ Ciip1 +arby +bicy 4+ cray =0,
(a;r + b;T + C;«r + albr,r—l + blcr,r—l + clar,r—l)x = 07

for ¢ > m and r =i —m > 1. The second and fourth equations are unchanged by t,, ;1.



® tmi1m(x),m > 1: Similar to ¢, m1, this map fixes a;; and a; ;41 for every 4, and hence does not
change the first and third set of equations of (2.4). It changes am+1,m > m+1,m — &, yet fixes al,..,
hence satisfies

(@mt1,m = @) + (bna1,m — @) + (Cmatm — @) + Gy b1 + U1 + a1 = 0.

Finally, when ¢ > m, the following four equations vouch for the validity of the second and fourth
equations of (2.4):

H @it1,i + big1,i + Cig1,i + a;ib1 + bgiq + cgial =0 H

(arr + brr + ¢ + ar—l,rbl + br—l,rcl + Cr—l,ral)x =0

H aj;, + b5, + ¢, +arb; i1 +bici i1 +c1a,,-1 =0 H
(arfl,r + brfl,'r +Cr—1,r + albrfl,rfl + blcrfl,r + Clarfl,r)x =0

® tm.m(x),m > 2: Same as before, we start by observing that ¢y, m(amm) = Gmm — T, tmm(@m—1,m) =
@m—1,m, preserving the first equation of (2.4) for i = m. On the other hand, as am mt+1 — Gmmt1 +
@0,1T = Qm,m+1 + G1Z, We can rewrite the third equation into:

(a7rL,m+1 + alx) + (bm,m-i-l + blx) + (Cm,m+1 + Clx) + al(bmm - :E) + bl(cmm - l’) + Cl(amm - l’) = 0.

For ¢ > m and r =7 —m > 1, we only add the first and third equations to themselves for i = ¢ and
T=7.

® ty, m(7),m > 2: For this map, t,, ,,.(a7,,) = @ — 25 Uy 1 (@mm—1) = @m m—1, verifying the second

equation of (2.4) for i = m. And, as t;mm (@m+1.m) = Gmt1,m + 01,0 = Amy1,m + a1, We again have
(@mt1,m +@12) + (bmt1,m + 012) + (Cmtt,m + €12) + (A — 2)01 + (W, — T)1 + (Cpp, — T)a1 = 0.

For i > m and r = i — m > 1, adding the first and third equations to themselves for i =i and i = r
completes the verification.

This calculation shows that the maps defined in Table 1 are all homomorphisms. Since replacing = by —x
doesn’t change the verification of the equations, and since f(z) o f(—x) is the identity map for f = ¢ 1,
tm,m+1s tm+t1,m> tm,m and t;mm, this implies that all these maps are automorphisms. This finishes the proof
of Claim 2.6. |

We now return to the proof of Proposition 2.4. In the proof of Claim 2.6, we checked that t1 1 (z) keeps a1
fixed, and moves a11 — ai1 + agox = a1 — x. Therefore, given an edge {a,b,c} of D(q), we can perform
t1,1(a11) to map ag; to 0. After applying this map, an application of ¢1 2(a12) sends a2 to 0. Therefore, the
map ¢ given by

o ="-0tiy1,i(ait1,) 0 tiit1(aiv,i) o tiz(ay;) o tii(az) ooty a(are) oty 1(a),
where ¢ is truncated to s compositions, sends the second through (s + 1)’th coordinates of a to 0. It also

preserves all edges through a, being an automorphism of D(g). This completes the proof. O

2.1.2 Proof of Proposition 2.5

Our goal in this section is to prove that Ds(k, q) admits two different link graphs. We shall consider the link
graphs of a = (a1,0,...,0) € A for a; € F,. Let L, denote the link graph of a. We see that bc € E(L,) if



and only if the following equations hold (i > 2):
bi1 +c11 +a1by +bicy +cra; =0
bio + ci2 +ai1bir +bic1p =0
bo1 + co1 + b11c1 +c11a1 =0

bii + cii + bi—101 + ¢im1501 =0
by 4 i +arbiio1 +bicii1 =0
biit1 + Cijit1 + a1by; +bicy; =0
bit1, +Citr + b;icl + c;ial =0.

Here we consider two different cases.

e Case 1: a; = 0. In this case, we note that the relations (2.5) reduce to the relations (2.2) defining
D(k,q), implying L, = D(k,q).

e Case 2: a; # 0. In this case, let us define another automorphism 1 on L, as follows:

V(b)) =2 Wle) =&,

P(bii) 22%’%, Y(ci) = o,

V) =g Land { v =%,
Y(biiv1) :%7 Y(Ciiv1) :Z%’Zii,
Wlbivr) = e Wlenrs) = .

By dividing the equations in (2.5) by appropriate powers of a1, it can be seen that v is an automorphism.
Therefore, this implies L, = L1 ,... 0), completing the proof.

O

Proposition 2.5 naturally leads us to investigate the links of the vertex (1,0,...0) in D3(q). The defining
equations for the link of ¢ = (1,0,...,0) € C'is
a1 +bi1+ar+aiby+b6=0
aiz + b2 + a1 +ab; =0
a1 + ba1 +a11by +b11 =0

(2.6)
@i + by +a;—1,:b1 +bi—1,; =0

aj; + 0+ a; i1+ arbii—1 =0
@i it1 + biiv1 + ay +arb; =0
Qi1+ bi+1,i + a;ibl + b;i =0.
We can reduce this further by replacing a; with a; + 1 and by with by + 1. Noting that (a1 + 1) + (a1 +

1)(b1 +1)+ (b + 1) = a1by — a1 — by in characteristic 3, we get a new set of equations, namely (2.8). We call
this new series of graphs D’(k, q), and take a closer look at them in the next subsection.

2.2 The bipartite graphs D'(k, q)

We now take a detour into the series of graphs D’(k, q). It is worth clarifying that in this subsection, we look
at IFy of general characteristic.



Definition 2.7 (The bipartite graphs D’(q)). For a prime power ¢, let A and B be two copies of the
countably infinite dimensional vector space V over F,. We use the following coordinate representations for
a€ A be B:
a = (a1,a11, 012, G21, 22, Ay, A23; - - - iy iy Qi it 15 Qi 1y - - ),
b= (bl7 blla b127 b217 b223 b/227 b23a ey biiv b;w bi,i+1; bi+1,ia .. ')a

Let D’(q) consist of vertex set AU B, and let us join a € A to b € B iff the following equations hold (i > 2):

(2.7)

a1 —ap+byy — b +aby =0
a12 + a1 + b2 +b11 +a1bi; =0
a1 + a1 + b2 + b1 +anby =0

(2.8)
@i + i1, + by +bi—1;+a;—1:01 =0
a4 aii—1 + by + b1+ arbi i1 =0
Qiji+1 + @i + biip1 + by + arbi; =0
Qi1+ a;, + bi+1,i + b;i + a;ibl =0
Define D’(k,q) to be the graph obtained by truncation of A and B to the first k coordinates in (2.7) and,
the first k£ — 1 relations in (2.8).

It is natural to inquire whether D’(k,q) and D(k,q) are related in any way, in particular, whether they’re
the same graph. The answer turns out to be yes for small values of k, but no for larger k:

Theorem 2.8. (a) For 2 <k <6, D'(k,q) 2 D(k,q).
(b) D'(11,3) 2 D(11, 3).

Proof. First, we prove part (a).

The main idea of the proof is as follows. Observe that it is enough to show that D’(6,q) = D(6,q), as
an isomorphism D’(6,q) — D(6,q) can be restricted to fewer coordinates to give isomorphisms D’(k,q) —
D(k,q) for k < 10. To demonstrate that D’(6,q) = D(6,q), we shall define a map = — T sending a,b €
V(D'(6,q)) to vectors a,b € FS, such that ab € E(D'(6,q)) implies ab € E(D(6,q)). By construction, this
map will be linear and invertible, which would then complete the proof.

We define the map x +— T as described in Table 2.

| aeV(D(kq) | aeFLo | be V(D(k,q)) | beFL0
a a by b1
ain ain —ay b1 bi1 — b
a12 a2 + a1 bi2 b2 + by
a1 as + ap b21 b1 + by
a22 a2z +ai2 +ai — a1 b2 boa + b1z +b11 — by
Ao a4y + ag1 +ain —ax o by + b1 + b11 — by

Table 2: The isomorphism D’(6,q) — D(6,q)
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Suppose a,b € V(D' (k,q)) with ab € E(D'(k,q)). This implies:

a1 — a1 +byy — by +aby =0
a1z +aiy + b1z + b1y +aiby; =0
az1 +ar1 +ba1 + 011 + 1161 =0
a2 + a2 + bz + b1z + ajeby =0
@y + a1 + bhy + bay + arba; = 0.

Now observe that, @1 = a; and b; = by. Further,

a1 + b1 +a1by = ay; —ay +biy — by + arby
= 0’
@12 + biz + a1biy = a12 + a1 + biz + by + ay(byr — by)
= a1z + a1 + bia + by + arbiy + (a1 — ay + b1y — by)
= a12 + a11 + bia + b11 + a1bis
=0,
21 + bo1 4 @11b1 = a1 + a1 + bar + by + (a11 — a1)by
a1 + a1 + ba1 + b1 + a11by + (@11 — ay + by — by)

° (2.9)
= a1 + a1 + ba1 +b11 +anbr
= 0’
@22 + bog + G12b1 = a2 + a12 + a1 — ay + bao + bia + by — by + (a12 + a1)by
. = a2 + a12 + bag + b12 + a12b;
= 0’
Gy + bhy + G1bo1 = ahy + a21 + a11 — a1 + bhy + b1 + bi1 — b1 + a1 (a1 + by)
L = aby + ag1 + by + b1 + arbay
=0.
Therefore the map z — T is an isomorphism from D’(6, q) to D(6,q), as desired. [ |

Our proof of part (b) is purely computational. In summary, it has been computed that the diameter of the
component of D(11,3) containing 0 is 22 whereas the same number for D’(11,3) is 20, implying they’re not
isomorphic (as it is known that D(11,3) is edge-transitive). Further, D(11,3) has 112 cycles through the
edge {0,0} whereas D'(11,3) has only 4. This also implies D(11,3) 3¢ D'(11,3).

The github repository https://github.com/Potlal995/hypergraphSuspension/ contains further details
on how to reproduce these results. O

Remark. Computer calculations for small values of ¢ suggest that D’(k,q) and D(k,q) are isomorphic for
7 < k < 10. However, the proof method used for k£ < 6 does not extend to this range.

Note that proving that D’(k,q) has high girth is synonymous to proving lower bounds on ex(n, 52k) by the
machinery we’ve built so far in this section, and we believe there is enough evidence, computational, and
otherwise, to make the following conjecture, analogous to D(k, q).

Conjecture 2.9. D'(k,q) has girth at least k + 4 if k is even, and k + 5 if k is odd.

2.3 Proof of Theorem 1.2

We have now built all the machinery required to complete our proof of Theorem 1.2, and will delve into the
proof.
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Proof of Theorem 1.2. Recall that we have to check three properties of D3(k,q), and that ¢ is a power of 3.

1. First, we check that D3(k,q) has 3¢" vertices and ¢***! edges. It is clear that every part of D3(k,q)
has ¢* vertices. Since there is exactly one free variable when we fix a and b for a hyperedge {a, b, c},
this gives us a total of ¢* - ¢F - ¢ = ¢***! edges.

2. Next, we shall prove that the link graphs of every vertex of D3(k,q) is isomorphic, in fact, to D(k, q)
for k < 6. By Proposition 2.5, the link of every vertex of D3(k,q) is isomorphic to D(k,q) or D'(k,q)
as 3 | . However, D(k,q) = D'(k,q) for k < 6, implying the required assertion.

3. Finally, it remains to show that Ds3(3,¢) is Ce-free and Dy (5,q) is Cs-free. From the previous point,
and since D(3,¢) and D(5,q) are known to have girths 8 and 10 respectively (Proposition 2.2 pt. 2),
this completes the proof.

3 The arc construction and Wenger’s construction

In this section, we relate the arc construction and Wenger’s construction via Proposition 1.4, and provide a
new set of Cg-free graphs with n vertices and ©(n*/3) edges via proving Theorem 1.5.

3.1 Proof of Proposition 1.4

Our main goal is to algebraically parametrize the constructions Gare(k, ¢, o) for k > 2, prime powers g and
the normal rational curve ag, which would lead us to Wenger’s construction H (k, ¢). To this end, we would
require the use of the Pliicker embedding [7], an algebraic geometric tool that allows us to parametrize the
set L.

Lemma 3.1 (Plicker Embedding). Fvery line £ passing through points [ay : -+ : ary1] and [by @ -+ @ begq]

in PG(t,q) can be parametrized using (Hgl) coordinates {w;; : 1 <1 < j <t+ 1}, where w;; is given by the

i, 7 ’th minor of the matriz

ay az - Gl
by b -0 by

For further details on the Pliicker embedding, the reader is referred to [7], p.211.

We are now well-equipped to prove Proposition 1.4, which asserts that Garc(k, ¢, ) = H(k, ).

Proof of Proposition 1.4. Recall that in the Garc(k, ¢, g ) construction, P = X\ 3¢ and
L = {projective lines £ : £ N %y € g }

Therefore, |P| = ¢* and |Q| = ¢" !ag | = ¢~

Observe that the lines in L pass through the points [L :a; :---:ax] € Pand [0:1:2:---: 281 € ap. Let
{w;j : 1 <i < j <k+ 1} parametrize lines in L. Then, for 2 < j <k+1,
o 1 aj_l _ -2
wy; = det ] (3.1)
and for 2 <1 < j,
Ai—1  Aj—1 i— j—i
w;; = det Li2 xéQ} =2 (a;_127 7" — aj_1). (3.2)
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This set of relations imply

j—2 . i—2 . .
T =wig;wi; = wls ,2 < j; and wi; = wiz (wej —we j_1wis),2<i<j<k+1 (3.3)

As wy; are all dependent on wi3 and {w;; : ¢ > 3} are all dependent on {ws; : j > 3} by (3.3), we may reduce
our variables to only the set {wi3}U{wy; :3<j <k+1}. Let by ;= =wyz and bj_1 = wq;,3 < j < k+1.
Then, the equation (3.2) for ¢ = 2 reduces to

by =amb] P —a; 1, 3<j<k+1,

Which is exactly the defining set of equations for the graph H(k,q). As P consists of ¢* points parametrized
by {wis} U{ws; : 3 < j < k+ 1}, this implies Garc(k, ¢, 0 ) = H(k, q). O

3.2 Proof of Theorem 1.5

We remark that Theorem 1.5 can be proved completely analogously to the proof of Proposition 1.4 via using
the arc o of PG(2,2") given by a = {[1:t:t*"]: t € F,}. However, for the sake of simplicity, we provide an
alternative and more direct proof following Wenger’s proof in [21]. Recall that ¢ = 2", (s,7) = 1, and G(2", s)
is the bipartite graph with parts A = B = Fg such that (a1,as,a3) € A and (by,bs,b3) € B are adjacent iff

b2 + ag = a1b1 and b3 + a3z = alb%S.
Proof of Theorem 1.5. Let a = (a1, az2,a3),b = (b1,b2,b3),...,f = (f1, f2, f3) form a Cg in G(2",s) where
a,c,e € A are distinct, and b, d, f € B are distinct.

Then, as ab and bc are edges, we have as + by = a1b1, c2 + by = ¢1b1 implying as + ¢ = b1(a1 + ¢1) (due to
characteristic 2). Similarly, as + ¢z = b (a1 + ¢1). We can write these equations as,

a1 + 1 1 1
as+co| = | b1 | (a1 +c1).
as + c3 b%s_
As similarly
C1 + €1 1 €1 + ap 1
catex| = |di|-(c1+er)and |ex+az| = | f1|-(e1+a1)
c3 + e3 _d%s €3 + a3 fl :

Adding these up and using characteristic 2, we have

0 1 1 1
of = b1. '((11 +01)+ dl' '(Cl+61)+ fl' ~(€1+a1)
0 e @ 2
- . (3.4)
1 1 1 a1 +
=|b di fi||ate
_b% i ft e1+ax
1 1 1
Let M(xz,y,2)= | x Yy z |. We shall now show that if z,y,z € F, are all distinct, then M (z,y, 2) is

IL'2 y2 22
a2 4y # y* 422

invertible, i.e. p Py

. To prove this, it is enough to check that for a fixed ¢t € Fy,

(z+1)% +t¥
X

::Z:E]Fq\{t}}‘:q—l.
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Comi : 2% _9s (a+)” 48"
Observe that, by the binomial theorem and using the fact that ( ; ) is even for every 0 <i < 2%, “———— =

z2"~1. Hence, it suffices to show that the map z — 22 ~! is a permutation of F,. However, as the multi-
plicative group Fy has order ¢ — 1, this happens only when (2° — 1,9 — 1) = 1, which is true since

(2°—1,2" —1) =267 —1=1
by assumption.
Further, note that if b = dy, then, as

by +ca = bicy = c1dy = o + da

and , ,
b3 4+ c3 = b%bcl = Cld%b = c3 + dg,

we would obtain b = d, a contradiction. Thus, b1, d;, f1 are pairwise distinct, and therefore M (b1, dq, f1) is
invertible. Hence, (3.4) implies
a1 +ci=c1+e =e+a; =0,

i.e., a; = ¢; = e;. However, as
az + by = a1by = c1by = by + 2

and . ‘
as + by = alb%b = Clb% = bg + c3,

this would imply a = ¢, a contradiction. O
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