A WEEK OF RIEMANNIAN MANIFOLDS

Marc Culler

1. Acknowledgement

These notes borrow extensively from the following three books: Morse Theory, by John
Milnor; Notes on Differential Geometry, by Noel J. Hicks; and Elementary Differential
Geometry by Barrett O'Neill.

2. Introduction

At the very least, a geometric theory of manifolds would include a notion of distance,
which could be expected to take the form of a metric that generates the topology of the
manifold’s underlying topological space. In an interesting geometric theory this metric
would be a path metric, meaning that there is a notion of the length of a path, and that
the distance between two points is the infimum of the lengths of the paths joining them.
In fact one would expect to have a notion of “straight lines” or geodesics, such that the
distance between two points is realized by a path contained in a geodesic.

As we have already seen, a natural way to define a metric in the context of differentiable
manifolds is to endow the manifold with the extra structure of a Riemannian metric.

Definition 2.1. A Riemannian metric on a smooth n-manifold M is an assignment to
each point p in M of a positive definite bilinear pairing (-, -)p on T,M which is smooth in
the sense that if X and Y are smooth vector fields on M then the function p — (X,Y),
is smooth. For any tangent vector v € T,M we will set ||v|| = ,/(v,v),. For smooth
vector fields X and Y we will denote by (X,Y’) and [|X|| the functions p — (X,Y), and
p — ||X(p)|| respectively. A Riemannian manifold is a smooth manifold endowed with a
Riemannian metric.

A Riemannian metric immediately provides a definition of the arclength of a smooth path
o:la bl = M:
b
Length(o) :/ o' (£)]|dt.
a
It is also iImmediate that a smooth path with non-vanishing velocity can be reparametrized

as a unit-speed path, i.e. one for which the velocity vector has length 1 with respect to
the Riemannian metric.
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There is a straightforward way to describe a Riemannian metric in local coordinates. If

(W, @) is a chart with coordinate functions xi, ..., x, then we express (-, «>p in terms of
the basis 22 ..., o= by specifying a a positive definite symmetric matrix. Specifically,

the metric will be described by a matrix g = [g;;] where each g;; is a smooth function on
U and where g(p) = [gi;(p)] is a positive definite symmetric matrix for each p € U.

However we will use a different approach, known as the Cartan viewpoint. Instead of
working with the basis determined by the coordinate functions of a chart (W, ¢), we will
work with a family of smooth vector fields.

Definition 2.2. A frame field on an open set W in a smooth n-manifold M is an n-tuple
of vector fields (Eq, ..., E,) such that E;(p), ..., E,(p) are defined and form a basis for
T,M for each p e W.

Now suppose M is a Riemannian manifold. An orthonormal frame field on an open set in
M is a frame field (U, . . ., U,) such that the vectors U;(p), . . ., U,(p) form an othonormal
basis of T,M.

If X and Y are arbitrary vector fields given in terms of an orthonormal frame field
(U, ..., Uy) by X =31 ,3aU and Y =X, b;U; then we have

<X, Y> = Z a,-b,-.
i=1

This is perhaps a good opportunity to adopt the Einstein summation convention: when
working with an n-manifold, unspecified summation indices will run from 1 to n, and
every sum with unspecified indices will run over all of the indices which appear twice in
the summand. For example, we will write

<X, Y> = Z a,-b,-.

Exercise 2.1. Let M be a Riemannian manifold. Use the Gramm-Schmidt process to show
that there exists a frame field on any chart neighborhood.

Exercise 2.2. Explain why it would be silly to assume that a frame field is defined on all
of M.

Now we come back to the notion of a geodesic, which involves much more subtle ideas
than that of the length of a path. Because of our experience with the geometry of R” and
with surfaces in R® we expect that geodesics will have a dual nature. On the one hand
they have a length minimizing property, namely that the distance between two points is
realized by a path which lies on a geodesic. On the other hand, we expect geodesics to be
paths which are “straight”. For a unit-speed path o in R” we can define “straightness”
to mean that the acceleration o” is 0. A similar idea works for a surface in ¥ C R3. Given
a path o which lies on X for all time, we define its acceleration relative to > to be the



orthogonal projection of ¢”(t) into the tangent space T, ()X, viewed as a subspace of
R". If o is a unit-speed path on X then it is a geodesic provided that it has acceleration
O relative to X, i.e. 0 is a geodesic if ||o’(t)|| = 1 and o”(t) is perpendicular to T,(+)>-
for all t.

Subtle problems arise when we try to extend these ideas to an abstract manifold. Com-
puting the acceleration of a path ¢ : [a, b] — M involves computing the rate of change
of its velocity. This requires that we be able to compute the difference of two velocity
vectors o(t) and o(t + h). But these vectors lie in two different vector spaces, ToM
and Tg(t+n. A priori we have no canonical way of subtracting two such vectors. It can be
done for a path in R” only because the identification of the tangent bundle of R” with
R™ x R"” provides a standard way to project all of the tangent spaces onto a single copy
of R". There is no standard way of doing this for a general smooth manifold. While each
chart provides its own trivialization of an open subset of the tangent bundle, it is not clear
which trivialization should be viewed as the “standard” one. Moreover, if such a stan-
dard trivialization were to be useful it would have to depend somehow on the Riemannian
metric.

3. Connections

The first step towards defining acceleration in a general manifold is to reformulate the
definition for R"” in terms of covariant derivatives. Suppose that X and Y are smooth
vector fields defined on an open set in R". The standard covariant derivative on R" is an
operation on a pair of vector fields X and Y which produces a new vector field which we
will denote Dx(Y). If we write X =Y aiz- and Y = 3 bj-a%, then Dx(Y) is defined by

0 ob; 0
Dx(Y) = ZX(bj)a = Za’a;&'
) ! J

It is easily checked that the standard covariant derivative satisfies the following properties,
where X, Y and Z are smooth vector fields and f and g are smooth functions.

® Dixigv(Z) = fDx(Z) + gDy (2);
e D,(X+Y) = Dy(X)+ Dy(X): and
e Dy (FY) = X(F)Y + fDx(Y) = df(X)Y + fDx(Y)

(In particular, Dx is not an endomorphism of the C>°(M)-module X (M), i.e. it is not a
“tensor”.)

Now if o is a smooth path in M then, for sufficently small intervals [a, b] we may view
o’ and ¢” as restrictions to o([a, b]) of vector fields defined on an open neighborhood of
o([a, b]) in M, and we then have 0”(t) = Dy +)(0”(t)).

To generalize this, we abstract the notion of a covariant derivative.



Definition 3.1. A covariant derivative on a smooth manifold M is an operation on X' (M)
that combines a pair (X, Y) of vector fields to produce a vector field Vx(Y'), such that
the following properties are satisfied for X,Y,Z € X(M) and f,g € C>*(M):

o Vixigy(Z2) =fVx(Z2) + gVy(2);
e V(X+Y)=Vz(X)+Vz(Y),; and
o Vx(fY) = X(F)Y + FVx(Y) = df (X)Y + FVx(Y)

where X(f) = df(X) denotes the directional derivative of the function f along the vector
field X.

While this would allow us to make the definition that, for a smooth path ¢ in M, ¢” =
Va)(0'(t)) we are still a long way from being able to do geometry in M. There are
two serious deficiencies in this definition of acceleration. First, it applies to any smooth
manifold, and makes no reference to a Riemannian metric. So it cannot possibly carry any
geometric information. Second, even after requiring our covariant derivative to preserve
the Riemannian structure, there will be not be a unique covariant derivative associated
to each metric. Extra conditions are required to obtain a covariant derivative which is
uniquely determined by the metric.

The following definition links a covariant derivative to the Riemannian structure on M.

Definition 3.2. Let M be a Riemannian manifold. A covariant derivative on M is com-
patible with the metric if, for any smooth vector fields X, Y and Z defined on an open
set in M, we have

Z({(X.Y)) = (Vz(X),Y) + (X, Vz(Y))

An imediate consequence of this definition is that if X is a unit vector field, and if the
covariant derivative V is compatible, then (Vz(X), X) = 0. In particular, the acceleration
of a unit speed path is perpendicular to the velocity. More generally, a vector field X is said
to be parallel along a unit speed curve o(t) if Vo/(X) = 0. The compatibility condition
guarantees that if two vector fields are parallel along a curve then the angle between them
Is constant along the curve.

The uniqueness issue will be dealt with in the next section. For the rest of this section
we just focus on how to describe a covariant derivative.

Even though a covariant derivative is not C*°(M)-linear, it is nonetheless determined by
its action on elements of a frame field. If we are given a frame field (Eq, . . ., E,) and two
arbitrary vector fields X = " a,E; and Y = Y b;E; then, according to the properties in



the definition, we have
Vx(Y) =Y aVe(Y)
=>_aVe/(bE))
=>_aiEi(b)Ej+ 3 aibjVe (E))
= aidbj(E)E;+ > aibVe (E))
Thus, to describe a covariant derivative in terms of the frame field (E4, .. ., E,), it suffices
to give the n? vector fields Vg (E;). In the classical description in terms of coordinate

functions on a chart neighborhood, one takes E; = 6% and defines the Christoffel symbols
[ by the formula

Ve(E) = TJEx.
These n® smooth functions determine the covariant derivative, and the Christoffel Iden-
tities characterize the collections of n® functions which determine a compatible covariant

derivative. Since we will not be working with Christoffel symbols, we refer the reader to
Milnor’'s Morse theory book for an efficient treatment.

Using differential forms makes it a bit less daunting to describe the data that determine
a covariant derivative. Starting with our frame field (Ey, ..., E,.), we may consider the
dual 1-forms 94, ..., 6, which are defined by the condition 6;(E;) = ¢;;. We then define
n® 1-forms by the formula

w,J(X) = QJ(VX(E,')), l,j =1,..., n.

These are 1-forms because Vx(Y) is linear in the variable X. Moreover, for each i =
1,..., n we have the identity

Vx(Ei) =Y wi(X)E;.

Now if we are given vector fields X and Y = )" b;E; then we have

Vx(Y) =Y Vx(bE)

(3.2.1) =) dbi(X)E; + biVx(E)
=Y di(X)Ei + > bwi(X)E;
In particular, the covariant derivative is determined by the frame field (Eq, ..., E,) and

the 1-forms wj;. We will refer to these forms as connection 1-forms and view them as the
entries of an n x n matrix 2.

The calculation above applies in an arbitrary smooth manifold. Now we consider a Rie-
mannian manifold and consider the connection 1-forms are associated to an orthonormal
frame field defined on an open set in M. The next proposition shows that, in this situa-
tion, the covariant derivative is compatible if and only if its matrix of connection forms is
anti-symmetric.



Proposition 3.3. Let M be a Riemannian n-manifold. Let Q = [wj;] be the matrix of
connection 1-forms determined by a covariant derivative V and an orthonormal frame
field (Ui, ..., U,) defined on an open subset of M. Then the covariant derivative V is is
compatible with the metric on M if and only if w;; = —wj; for all i,j € {1, ..., nt.

Proof. Assume that V is compatible. Since (U;, U;) is constant we have, for any vector
field X,

0=X-(U,Uy)=(Vx(U), Uj) + (U, Vx(U))) = wij(X) + w;i(X).

For the converse, assume that w;; = —wy; and let X = > a;U;, Y = > b;U; and Z be
vector fields. We have

Z((X,Y)) = a; dbi(Z) + b; dai(Z).
Applying 3.2.1 we have
(V2(X),Y)=> bida(Z)+>_ bjaw;(2);
and
(X, Vz(Y) =Y adbi(Z2)+ > ajbw;j(2).

Thus we must show that

Z bja,w,j(Z) -+ Z ajb,w,-j(Z) = 0.
But if we interchange the names of the indices in the second sum the left hand side
becomes

Y bawi(Z) + Y aibw;i(Z),

which is equal to 0 since we have assumed that w;i(Z) + w;j(Z) = 0. O

Remark 3.4. Assuming that an orthonormal frame field has been fixed, we have shown
that a covariant derivative is completely described by the anti-symmetric matrix Q2 of
1-forms. But the axioms of a covariant derivative are expressed without reference to any
choice of frame field. One would therefore expect that there is an invariantly defined
object which plays the same role as 2. Indeed, such an object exists and is called a
connection. Connections can be defined on arbitrary vector bundles. A connection which
is defined on the tangent bundle is called an affine connection. One way to define a
connection is as a Lie algebra valued 1-form. We have been looking at the case where
the values lie in the Lie algebra of the orthogonal group. (When the orthogonal group
is identified with the group of orthogonal matrices, its Lie algebra is identified with the
algebra of anti-symmetric matrices.)

For these notes we will always work with a frame field, so we will not try to give the
definition of a Lie Algebra valued 1-form. Look it up if you are interested.



4. Brackets

Let M be a general (i.e. non-Riemannian) smooth n-manifold. Recall that vector fields
may be viewed as differential operators on smooth functions, i.e. as directional derivatives.
As such there is a canonically defined operation defined on the C*°(M)-module of smooth
vector fields X'(M), namely the operation of composition, as differential operators. If X
and Y are two vector fields then we denote their composition as X o Y. Given a smooth
function f we have

XoY(f)=X(df(Y))=d(df(Y))(X).

Note that, as with covariant differentiation, the composition operation is not a tensor;
instead it satisfies a “Leibniz rule”. It is true, for smooth functions f and g and smooth
vector fields X, Y and Z, that

(FX+gY)oZ=FfXoZ+gYoZ

However the composition operation is not C°°(M)-linear in the second variable. In fact,
we have

X o (FY) = X(F)Y + fX oY = df(X)Y + X oY,

Definition 4.1. Let X and Y be smooth vector fields defined on the smooth manifold M.
The Lie bracket of X and Y is the smooth vector field given by

[X,Y]=XoY —-YoX.

Note that [X,Y] = —[Y, X] and [fX,Y] = f[X,Y] — Y(f)X. One can check that the
bracket also satisfies the Jacobi identity

[([X,Y], Z] +1IY. Z]. X] + [[Z, X]. Y] =0,
but we won't need that.

A key point about the bracket is that its definition does not refer to a coordinate system.
Thus any quantity whose definition can be formulated in terms of covariant derivatives
and brackets Is automatically invariant under coordinate changes.

It is not difficult to express the bracket in terms of local coordinates; and we will only
have to use this expression once.

Proposition 4.2. Let xy, ..., X, be coordinate functions determined by a chart (U, ¢) for
a smooth n-manifold M. Suppose that X = a,% andY =3 b/a%, are smooth vector
fields defined on U. Then

i 8[31 'aaj i
[X’Y]_Z(a’ax- b’ax,»)axj'
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Proof. We have for a smooth function f,

0b; 8f o°f

xov(n) =y a2 5an T

J

and 0 af o°f
a;

YOX(f) Zb - Zb,‘ajm

iOXj

When these expressions are subtracted the second order derivatives cancel and the lemma
follows. ]

The bracket enables us to give a coordinate-free formula for the differential of a 1-form.
This will allow us to make our computations directly in terms of frame fields, without
having to represent them in terms of local coordinates.

Proposition 4.3. Let w be a 1-form and X and Y smooth vector fields on an n-manifold
M. Then

dw(X,Y) = X(w(Y)) = Y(w(X)) = w(X,Y]).

(Here w(Y) and w(X) are smooth functions and X(w(Y)) and Y (w(X)) are directional
derivatives of these functions.)

Proof. Let xy, ..., X, be local coordinates given by a chart (U, ¢). Write X, Y and w in
terms of these coordinates: X = ¥ a,-a%, Y =% b,—a% and w = . zdx;.

According to Proposition 4.2 we have

ob; 0a;
w(X. YD) =D (a57- — b7z
Z JaXJ JaXJ

Expanding the other two terms, we have
X(w(Y X(>_ bizi)
= Z(db/(X)Z,' + b;dz(X))

= Zajz,db 0 + > bidz(X)

—Zajz, +Zbdz,(X)
and
Y (w(X)) sz, +Zadz,(X)
Thus
X(@(Y)) ~ Y(@(X)) ~ (X, Y]) = 3 bidz(X) — 3 a,dz(X)
= Z(dZ,‘ X)dX,(Y) — dZ,(Y)dX,(X))
= dw(X,Y)



5. Torsion

Definition 5.1. The torsion of a covariant derivative V on a smooth manifold M is the
map T : X(M) x X(M) — X (M) given by

T(X,Y) =Vx(Y) = Vy(X) = [X,Y].
Note that this definition is global, and does not require a choice of coordinates or a choice
of frame field.

Since covariant differentiation and composition fail to be bilinear in exactly the same way,
we have the following

Proposition 5.2. The torsion of a covariant derivative on a smooth manifold M is an
alternating bilinear map of C*°(M)-modules.

Proof. The alternating property is clear from the definition. To verify the bilinearity we
compute:

T(X, fY) = Vx(FY) = X o (FY) + Vi (X) — FY 0 X
= X(F)Y + FVx(Y) = X(F)Y = fX oY + FVy(X) — fY 0 X

=fT(X,Y).
O
This observation invites us to express T in terms of differential forms.
To a frame field (E4, ..., E,) we associate the column vector © for which the i/t entry is

the dual 1-form 6; to E,.

We may represent the vector field T(X,Y) in terms of our frame field as a column
vector whose entries are alternating bilinear functions of X and Y. Thus the frame field
determines a representation of T as a column vector of 2-forms. We will denote this
column vector as [T].

It will be convenient to extend the usual matrix multiplication to matrices of k-forms by
replacing the usual product with the wedge product. (Of course one must be careful to
preserve the order of multiplication, since the wedge product is anti-commutative.) Given
a matrix A of k-forms we define dA to be the matrix obtained by applying the operator
d to each entry. It is easy to check that the product rule holds for matrix multiplication.
If Ais a matrix of p-forms and B is a matrix of g-forms and if the sizes of the matrices
are compatible for matrix multiplication, then

d(AAB)=dAAB+(—1)PAN dB.

It is important to note, though, that if A is a matrix of forms then it can easily happen
that ANA# Q.



Proposition 5.3. Let M be a smooth manifold with a covariant derivative V. Let
(Ey, ..., E,) be a frame field on an open subset of M with associated column vector
© of dual 1-forms. Let Q2 be the representation of V as a matrix of connection forms,
and [T] the representation of the torsion T of V as a column vector of 2-forms. Then

[T]=do-Qnr0.

Proof. We will show, for each index /, that

d@,‘(X, Y) — 9,(T(X, Y)) = Zw,-j A\ GJ'(X, Y)

We write the vector fields in terms of our frame field: X = > a,E; and Y = . b;E,.
According to Proposition 4.3 we have

doi(X,Y) —0;(T(X,Y)) = X (b)) —Y(a) — 6:([X. Y]) = 6:{(Vx(Y) — Vy(X) = [X,Y])
= dbi(X) — da;(Y) — 0:(Vx(Y)) + 0:(Vy(X))
Now, according to 3.2.1 we have
—dai(Y) + 6:(Vy(X)) = ajw;i(Y)
and
dbi(X) —0,(Vx(Y)) = —bjw;i(X).
It follows that
de;(X,Y) —0(T(X,Y)) =wji(X)a; — w;i(Y)b,
= w;(X)8;(Y) — wi;(Y)8;(X)
— wy AB(X,Y).
[

We are finally ready to describe the canonical compatible covariant derivative associated
to a Riemannian metric.

We fix an orthonormal frame field (U, ..., U,) defined on an open set in a Riemannian
n-manifold M. There is a dual 1-form 0, associated to each of the vector fields U;. In
this case we have

0i(X) = (X.U).

We will view the 1-forms 6; as the entries of a column vector ©.

Definition 5.4. A covariant derivative on a Riemannian manifold is Levi-Civita if it is
compatible with the metric and has vanishing torsion. In particular, this means that
doe =QAN0O.

Proposition 5.5. A Riemannian n-manifold has a unique Levi-Civita covariant derivative.
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Proof. The idea is that the equation d© = Q2 A © completely determines €2, given that
Q2 is anti-symmetric. We have, for each / and each j # k,

d@,‘(Uk, UJ) = Zw,j VAN Gj(Uk, UJ)

Thus w;j(Ux) = d6;(Uk, U;) for j # k. This determines the value of wj; for all but one
of the vector fields in the frame field. For the last vector field, we use the fact that w
is anti-symmetric to see that w;;j(U;) = —w;i(U;) = d6;(U;, U;). Thus the value of wj; on
each vector field in the frame field is uniquely determined by d©. O

6. Curvature

Definition 6.1. Let M be a smooth n-manifold with a covariant derivative V. The
curvature of V is the mapping X(M) x X(M) x X(M) — X (M) given by

(XY, Z) = Rxy(Z) = Vx(Vy(Z)) = Vv(Vx(Z)) = Vixv(2).

Note that this definition is global, and does not require a choice of coordinates or a frame
field.

The next proposition says that the curvature is a tensor.

Proposition 6.2. /f M is a smooth n-manifold with a covariant derivative V then the
curvature of V is a multi-linear map of C*(M)-modules.

Proof. \We have
Vix(Vy(2)) = FVx(Vy(2));
Vy(Vex(Z2)) = Vy(fVx(2)) = Y(F)Vx(Z) + fVy(Vx(Z)); and
Viexy(Z) = Vixy-vnx(Z) = fVixy(Z) = Y (F)Vx(2).

Summing these three terms, we obtain Rrxy(Z) = fRxy(Z). The other two computa-
tions are similar. 0J

Now suppose that (Ey, ..., E,) is a frame field defined in an open subset W in M. The
multilinearity implies that Rxy(-) restricts to a linear transformation from T,M to itself
for each p € W. We will denote by Rxy the family of linear transformations obtained
in this way. We may use the frame field to write Rxy as a matrix [p;;(X,Y)] of smooth
functions on W. Clearly, Rxy(Z) = —Ry x(Z). Moreover, since Rxy(Z) is bilinear, the
rho;; are in fact 2-forms. Thus a choice of frame field determines a representation of the
curvature of V as a matrix of 2-forms, which we will denote as [R].

The next proposition relates this matrix of 2-forms to the connection 2-forms.
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Proposition 6.3. Let M be a smooth manifold with a covariant derivative V. Let
(Ey, ..., E,) be a frame field defined on an open set in M, with dual 1-forms 6y, . . ., 0,.
Let © be the column vector whose i™" entry is 0;; let Q be the matrix of connection forms
determined by the frame field; and let [R] be the matrix of 2-forms which represents the
curvature of V. Then

[R]=dQ—QAQ.

Proof. Let [R] = [p;;] where the p;; are 2-forms. We have p;; = 6;(Rx.y(E;)). Thus we
must show

0:(Rxv(E;)) = dwij(X,Y) = > wix Awii(X,Y).
We have
Rxy(Ej) = Vx(Vy(E))) = Vy(Vx(E))) = Vixy(E)
= Vx(Q_wy(Y)Ex) = Vy (Q_ wii(X)Ex) = D wii([X, Y] Ex
=2 X(wii(Y))Ei + > wii (V) Vx(Ex)
= DY (wii (X)) Ex = D wii(X) Vv (Ex)
— > wii([X, Y] Ex
We now apply 4.3 to obtain
Rxy(E) =Y dwi(X, Y)Ex + D wii(Y)Vx(Ex) — D_wig(X)Vy (Ex)
=Y dw (X, Y)Ex + Y wig(YVwi(X)E = >~ wig(X)wi(Y) E
=Y dwii(X,Y)Ex + Y wie Awii (X, Y)E;.
Finally, applying 6; yields the required identity. [

7. Surfaces

In this section we will describe the curvature of a smooth oriented Riemannian 2-manifold
Y. We will then restrict to the case of a surface embedded in R® and interpet its curvature
geometrically.

Choose a positive orthonormal frame field (Ui, Us) defined on an open set in . Let ©
be the column vector of dual 1-forms and let 2 be the matrix of connection forms for the
Levi-Civita covariant derivative V on

We observe that, even though the 1-forms 8, obviously depend on our choice of a positive
orthonormal frame field, the 2-form 6; A 6, does not. If (U, U5) is another positive
orthonormal frame field and if A, denotes the unique orthogonal linear transformation
carrying (Ui (p), U2(p)) to (Ui(p), Us(p)) then on T,* we have

0/1 AN 9/2 = (detAp)Gl AN 92 = 91 A 92.
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Since this 2-form is invariantly defined on any chart neighborhood, it is globally defined
on 2.

Definition 7.1. The globally defined 2-form which agrees with 8; A 6, is called the area
form of X and will be denoted dA. If ® is a compact 2-dimensional manifold-with-boundary
contained in ¥ then we define the area of ® to be [, dA.

If (X,Y) is any positive frame field defined on an open set W in in L then we have
dA(X,Y) > 0 at each point of W. In particular, a compact submanifold-with-boundary
has positive area. In addition, this implies that any 2-form defined on W can be written
as f6; A 0, for some smooth function f.

For any point p in = NW let J, : T, — T,2 denote the linear transformation such
that J,(U;) = U, and J,(U,) = —U;. Thus J, is a 90° rotation in the counter-clockwise
direction. It is clear from this description (or from an easy computation) that J, commutes
with any orthogonal linear transformation from T, to T,. Thus if (U, U5) is another
positive orthonormal frame field, and if J, : T,~ — T,% denotes the linear transformation
such that J)(U;) = Uy and J,(U3) = —Uj then we have J, = J,. That is, there is a well-
defined map J : TX — TX that preserves each tangent space T,> and acts on that
oriented vector space as a counter-clockwise rotation by 90°.

Definition 7.2. The almost-complex structure on ¥ is the unique map J : TYX — TX
with the following property. If (U;, Us) is a positive orthonormal frame field defined on an
open set in ¥ then J(U;) = U, and J(U,) = —U;.

Next we consider the matrix 2. Since the covariant derivative V is compatible, Q is
anti-symmetric. Hence it can be written as

o — [ 0 wm] '
—W1i2 0

It follows immediately that 2 A €2 = 0 and therefore Proposition 6.3 implies that

0 —dwlg‘|

Rl =QAQ—-dQ =
[] A |f1(x)12 0

We have seen that there exists a smooth function k which is defined on W and satisfies
—dwis = K6; AB>. The computation above shows that R(U;, U,) = —kJ. It follows from
the fact that R(X,Y) is alternating and bilinear that the linear tranformation R(Ui, Uz)
is equal to R(U1, Uj) for any other positive orthonormal frame field (U;, U5). This implies
that the definition of k is independent of the choice of a positive orthonormal frame field,
and hence that K is a globally defined smooth function on %.

Definition 7.3. The Gauss curvature of ¥ is the unique smooth function k defined globally
on X and having the following property. Let (Uy, U>) be any positive orthonormal frame
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field defined on an open subset of 3, let © be the column vector of dual 1-forms and let
2 the matrix of connection 1-forms for the Levi-Civita covariant derivative on . Then

—d(,d12 = K,Gl A 92.

8. Surfaces in R3

We now restrict to the situation where ¥ is a 2-manifold embedded in R3. The orientation
of 2 corresponds to a choice of a normal vector field defined on >. We choose an extension
of this normal vector field to a vector field N defined in a neighborhood of %_.

We work with the standard Riemannian metric on R3, and define the Riemannian metric
on ¥ to be the restriction of the standard metric on R3 to the tangent bundle of ¥.
It is clear that the Levi-Civita covariant derivative associated to the standard metric on
., 6%3) form an
orthonormal frame field on R3 and it is easy to check in terms of this frame field that the

curvature of R3 is 0.

R3 is just the standard covariant derivative D. The vector fields (8%1, ..

Now suppose that X and Y are vector fields on 2. We define a covariant derivative on >
by Vx(Y) = Dx(Y)—(Dx(Y), N), i.e. by orthogonally projecting the standard covariant
derivative to the tangent space of . (Strictly speaking, this involves extending X and Y
to a neighborhood of ¥ and then observing that the definition does not depend on the
choice of extension.) Throughout this discussion we will need to extend or restrict vector
fields and forms to or from a neighborhood. To simplify notation we will not distinguish
a vector field or form from its extension or restriction. The choice of extension will not
affect any computation that we make on .

Fix an orthonormal frame field (U;, U,, Us) defined in an R3-neighborhood of an open
subset W of ¥, chosen so that Us = N and (Ui, Us) is a positive frame field on . As
usual, let © be the column vector of dual 1-forms and let €2 be the associated 3 x 3 matrix
of connection forms.

We regard (Uy, U>) as an orthonormal frame field on £. The associated column vector
©’ of dual 1-forms thus consists of the first two entries of ©. The definition of V implies
that the 2 x 2 matrix 2 of connection forms for this frame field on X consists of the first
two rows and columns of €2.

Differentiating both sides of the equation U, - U; = 1 shows that, for any vector field X
we have Dx(U;) - U; = 0. It follows that if X is a vector field which is tangent to ¥ then
Dx(Us) is another vector field tangent to ¥.

Definition 8.1. The shape operator of the oriented embedded surface ¥ C R3 is the the
map S : X(X) — X(X) given by

5(X) = =Dx(N)
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where N is the unit normal vector field to > determined by its orientation. The restriction
of S to a tangent plane T,% is a linear endomorphism of 7,3 and will be denoted S,

The link between the shape operator and the geometry of the surface S is provided by the
next proposition. Given a point p € > and a unit tangent vector v € T,, the intersection
of L with the plane spanned by N(p) and v will be called the normal section through v.

Proposition 8.2. Let p € X and let v € T,X. Then the curvature at p of the normal
section through the unit tangent vector v is given by S,(v) - v.

Proof. Let o(s) be a unit speed parametrization of the normal section, with o(0) = p
and 0’(0) = v. The unit normal vector to the section is N(co(t)). Thus the curvature of
the section is ¢” - N. Since ¢’ - N = 0, taking covariant derivatives gives

Vo (o) N+ Vg (N)=0.
The left hand side of this equation is the curvature of the section, while the right hand

side is equal to S(v) - v. O

We may consider the matrix representation of S, with respect to the orthonormal basis
(Ur(p), Ua(p)). Letting p vary we obtain a matrix of smooth functions which we compute
in terms of the connection forms as:

—Vu,(Us) - Ui —=Vy,(Us) - Ul} _ [—UJB(Ul) —Wls(Uz)] _ lwal(ul) Wsl(Uz)]

[5] - _VUI(U?)) . U2 _VUQ(U3) . U2 —w23(U1) _w23(U2) w32(U1) w32(U2)

The next proposition shows that S,(v) - v is a quadratic form.
Proposition 8.3. The linear transformation S, is symmetric.

Proof. It suffices to show that the matrix [S] is symmetric, i.e. that wz;(U>) = wsa(Us).
Looking at the bottom row of the equation d© = Q2 A © we see that
d93 = W31 N\ 91 + Wz A 92.

Thus we have
d93(91, 92) = —LL)31(U2) — W32(U1).
Therefore it suffices to show that df5(0;,6,) = 0. We may use 4.3 to compute

d63(6:,62) = U1(05(U2)) — Ua(83(Ur)) — 05([U1, Us]).

Since 65 vanished on each tangent space to ¥, the right hand side is 0. This completes
the proof. O

Finally we connect the shape operator to the Gauss curvature.

Proposition 8.4. The determinant of S, is the Gauss curvature of © at p.
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Proof. Taking the determinant of [S] we obtain
w31 (Ur)ws2(Us) — w31 (Uz)wso(Ur) = war A wsa(Us, Us).

Next we observe that, since the curvature of R3 is 0, we have dQ2 = Q A Q. Expanding
the 12-entry of both sides we see

dwis = Wiz A W3 = —Ws1 N W3p.

Since kK = —dws», the result follows. OJ

Since S, is symmetric, it has an orthonormal basis of eigenvectors. The function S,(v)-v
on the circle of unit vectors in T,% attains its extreme values at the unit vectors in the
eigenspaces. Consequently the two eigendirections of S, in T,X, which are called the
principal directions, are the directions in which the curvature of the normal section is
maximized or minimized. The curvatures in these two directions are called the principal
curvatures. Gauss originally defined the curvature of ¥ at a point p to be the product
of the principal curvatures at p. Gauss' Theorema Egregium states that the curvature is
determined by the intrinsic metric on >. We have just verified this: the product of the
principal curvatures is determined by the 1-form wi>, which in turn depends only on the
Riemannian metric of .
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