Algebraic Geometry (Intersection Theory) Seminar
Lecture 1 (January 20, 2009)

We will discuss cycles, rational equivalence, drfteorem 1.4 in
Fulton, as well as push-forward of rational equevatle. Notationwise, we
will let "scheme" mean an algebraic scheme overell,f"variety" will
mean a reduced and irreducible scheme, and a "peititmean a closed
point. Let be a scheme and a subvariety. Then erevh

is a generic point of . For avariety ,let ) be fleld of rational
functions.

Let be a variety with a subvariety of codimensmne.
Then has dimension , and ( ) () . For any
() ( ) with for . For any
» )
Definition. Let be a variety and a subvariety with codimensio
. Then there is a well-defined homomorphcoh () suah th
(for () ( ), with ):
()ord () ord() ord(),
(iord () ( ), and

Gijord () ¢ ).

Example. |If Is a veriety which is regular in codimensione, this
means for any a subvariety with codimension a discrete
valuation ring.

Cycles and rational equivalence
Definition. Let be ascheme. A -cycleon is a finite forsoah
> L]
where are -dimensional subvarieties of . Let
{d [ | area -dimensional subvarietipes , so

D

Any element > { } is called a cycle.



For ascheme,let ! . be irreducible components dfor.

each , we have geometric multiplicity ( ) . Notice bas
generic points  ( Is an Artinian ring).
Notation. We defind | > # [ | (this is a cycle).

We want to give an equivalence relation on cyclest be a
scheme andpb @ % ) -dimensional subvariety. For ($5) , we
define

[div( )] > ord ()[ .
$

COOg
Notice a -cycle is rationally equivalentto ,wen & , if there are a
finite number of % -dimensional subvarieti€s and ($)

suchthat > [ div )] .

All the cycles equivalent to are written Rat . W amow define
the cycle class,

- Rat , with
- P - P Rat

Examples. (1) * ( ) C " ( req), Since and equced  have the same
subvarieties.

(2) If ) «)M)y . then
6"9 and * GB =

(3) If dim , then® , then there are no% -dimensional
subvarieties", so there is nothing to mod out by.
(4)If and = are subschemes of ,then

R G ) T D I,

IS an exact sequence.



(5) If Is an irreducible component of , then fomyacycle class
", we define the coefficient of in to be the caméint of[ | in

any cycle which represents  (since > [ ] ).

(6) If spec , ther? (1 (ustone point).

(7) If , then™ (] and Pic -]

(8) Let bea % -dimensional variety. Assume we have a

dominant function (( ) , or other way to think abousithat. maps

a generic point of  to a generic point of , or even ( ) ). Let's

look at the fibers. () and ( ) (e, if ( ) , we have
() and ( )). Then. () and ( ) are purely -

dimensional subschemes,[so ( ) . ( )] [ iy

Push-forward of cycles

Let . / be a proper morphism of two schemes. Thenafor
unique , we want to understand / .Assume isa ecycl
with > [ ]with a -dimensional subvariety. We wanf | ?

/ to have some (covariant) functorial property et and/ . If

/ and. $ .( ) (( ) isasubvariety f ). We want

(1) dim$ dim means |

]
(2) dm$ dim means( ) ($) has degree
[ (B) ()]

Wethencal. [ | [ () (B)]0[B] (so is well-defined).
Theorem. [1.4] If . / is a proper morphism and isa -cycleon
which is rationally equivalent to , then Is ratally equivalent to

zero or/ .
Proof. We write [ diy )] for ( ) for some % -dimensional

subvariety of . Thatis,

[div( )] X2 L]

codim



For this cycle, we can assume ahd .( ) .We can assume
a variety and/ is a variety and / IS a proper stigac Now we
use the below proposition.

Proposition. [1.4] Let. / be a proper, surjective morphism and
let () .Then

@-. [div )]  if dim/  dim
(b). [div( )] [divi()]if dim/ dim

wherel ( ) is determinant of( ) () asarn(/) -linear morphism

@ac) )

Proofl. Case 1 Let/ spec for a field. Let with
spec . Since ( ) (") , and () ™" (

with ["]), we can assume [ is an irreducible polynomial

(since [div )] [diY )] [dif )], so if we prove it fof djv)] and
[div( )] (and we know and are polynomials), then weehshown it for
[div( )]). Furthermore, leR2 () be a maximal prime ideal (

is a closed point). In this case, gfd) (since ["]() ), and
ordz( ) for3 "] with3 2.

Finally, consider the poing . The ()4 [5] (it
corresponds to the prime ideal generated by imitlee [=]). The way to
visualize this is that [] is for everything but , and[z] is for
everything but . Call degree 5 . Then (=) 56(:) , some poly. Fo
example, "% (=) *( % =) .Thenon ,we have

div( )] [-] 5[2 |and
SdivC)] [ 2) ] 5[ (2 ) | 5 50 ,
with (2) [
Case 2 If . / is finite, set with (/) ands () and

7. Also, assume all varieties [n diy] map to a varigt 4 / of
codimension . Let* s, (the generic point of this imaged
# #g ,. Consider the commutative diagram



Spec’/ 8/, Spec

9 9 9.
Spec Spel /
with = : 7 and dim: dim* . Finally,= has finitely many

maximal ideals# such tha## +* # . There is a one-to-one
correspondence between { ,4 .( ) $} add{ = # +
" #}1Also, from the diagram; ; - 7 andg ; - 7

Now assume - . Then computationally,

div() >ord ()0 ], and
- div()] >oord ()0 () (B)][SB]
2 (=% ) () (B)]SB]

Now we use two lemmas from the back of the booR Rand A.2.2), that
state if(# ") (zu # ) isapush-forward,

-(:# ) [:# H - #]0 (:# )
p_ord-(1())[$H] Dord(1())[B].
Alternate Definition of Rational Equivalence
Let 8 with a % -dimensional variety and
8 . Then the fibers. ()4 8{} and. ( )4

8{ |} are purely -dimensional subvarieties of . Then if( )4
8 { }, we can define

div(.) [. ()] [- ()] and

-div(.) - O - ()]
where- [. ()]  ()and[. () ().
Proposition 1.6. Acycle in Is rationally equivalent to zero ifcan
only if there ar§ % ) -dimensional subvarieties!!! . o8B chsu

that projections from to  are dominant with



Proof We have [div) ( (%) $ a% -dimensional sub-
variety of ). Then considets and we have 8

anddiy | - [div.)] [ ()] [ ( )] (where ).

Lecture 2 (January 27, 2009)

Recall from last time that for a scheme, | | is aycle, and
IS
{3 [ | are -dimensional subvarieties .
Furthermore, ) . Fotb X% -dimensional, (%) ,
[div( )] > ord ([ ].
cods
Furthermore, recall that Rat { Eldiy} & ). We defined
- Rat
with
- @ -
Theorem 1.4. For . / a proper morphism, we define
. /
by.[ ] ded B)B] & .( )).Thenfor & on , &
on/ .

We will motivate this theorem by seeing its apaiicn to Bezout's
Theorem on plane curves.

Bezout's Theorem on plane curves

For < = plane curves in® with deg) #  deg ,<f =
intersect with no common roots, then

(2 <0=) #I0 ,
the intersection multiplicity ok and 2t

Assume< s irreducible. Then for af  plane curnes (<), so

Y (2 <1=) Y (2<0=) Yord(E).



Then for all<” |5 (=),
Y R<1=) Y2 <1=) Dod(S).
Hence,

2 (2 <0=) X (2 <0=)

Given< aplane curve, (<) |,
[div( )] >ordx()[2].

We want to shovp~ oed )
Take < . Then

div( )] > ord( )5 2] in
(with 5 the degree of )and noticeofd) [ @Y ? ( ( ) )\
Alternate Definition of Rational Equivalence

Proposition 1.6. If & in if and only if
(O T )]

8 with. dominant with2 8 , satisfying
() 2< (Jand () 2< ().

Theorem 1.7. If . / is a flat morphism (of relative dimension ),
define

/ %

by. [ ] |- | ( avariety). Then for & in/ ., & in
%

Note Ramin says: "Keep in mind, for flat morphisntsessentially means

that the dimensions of fibers are constant. Thighat it means to be flat, it

makes these morphisms nice in the aforementionadese[not really a

quote, just paraphrase] Specifically, for (@) a fibéra flat morphism
/ , the dimension is given by dim dim

Lemma 1.7.1. For all subscheme#” / . [/°] [- (/)]
Proposition 1.7. Consider the fiber square with flat and proper:
A>

>

9 9.



/7 n 7
B6C Aisflat,.’ is proper, and for all SN AL in /°

Note. Ramin says "What is a fiber square? Think alagutoduct structure.
What is a product? The product of two sets AndthasCartesian pairs
(@) such that you have two projections onto and @nithe above is
the situation when ard don't have any maps amg@mther thing. Now,
if you did have a third map, then you'd want thieotion of pairs( @)
which actually map into the same thingDin . Sebthé&cally, for a diagram
4
9 9.
A ’
the fiber product is ’ 87 given by’ {( @) A() -(@)}
Suppose you have spec Spec and 8pec Spec andpbtow
construct something Spec and Sfec  (diagram)t Finsg
you do is reverse the arrows so you get B , and tineming
you construct is ; B and > B . Then you consider the
spectrum of these rings and that is the fiber pcadlroblem is, scheme-
theoretically you have to do this locally, so yaavé to make sure the data
glues together.[]

Proof. For and/ varietieswith [ | , assume surjectierT
() /Zand.[ ] 5//].
We want.’[ °] 5[/’°] . Take Spé¢) amd Speg  with7

fields, and le’  SpdéC) with local Artinian, ard Spet with
- " ; 7.Then we are done by Lemma A.1L3.

We are now ready to prove the main theorem.

Theorem 1.7. If . / is a flat morphism (of relative dimension ),
define

. / %
by. [ ] |- ] ( avariety). Then for & in/ ., & in

Proof. Let & in /.Then [ ()] [ ( )] with

() 2?2 (),for



and? / 8 / with(. 8 ) 8 / 8 .Take

$ (.8) a subscheme. Thén $ and 8 SO
that we can construct a fiber square
. 8
8 ( )/ 8
-9 9.
/.
So

N GO O | O G | A (N O R )

and then by the previous proposition, this equals
-8 )@ O [ )

-8 ) O L ) -6 )] 6 )

and so by Theorem 1.4 it suffices to sh@f] > # [$B] Hr
U$ .Needd 6 ¢ with6 (2)] S #[6 (2) fo

1.8 An Exact Sequence
See Proposition 1.8 and Example 1.9.3.

Lecture 3 (February 3, 2009)

Recall that if is a variety and 4 Is of codimemsig then we
defined E (regular functions in the local ring), rhe

( ()
Furthermore, recall that a -cycle is a finite fafrsum)_ , 4,
It
Divisors

Definition. Let be a variety ( -dimensional). TheM\&il divisor Is an
( )-cycle on . Furthermore, abelian group of Weil doiis.

Definition. A Cartier divisor on is defined by(F . )} G , where
F IS open, and U F , and are non-zero functions in
(F ) () that satisfy (1). H onF , (20 . is a unit on

F +F (aunitis nowhere-vanishing, regular).

Definition. The. 's are called the local equation®f



Definition. If G is a Cartier divisor of , and IS a subvariety
codimension then we can define an order functiothe divisor,

ord G I ord (. ).

This is well-defined (independent of our choickoél equations) because
they differ by a unitord(. ) ordJ. ), wherd isauniting +¢

Definition. The associated Weil divisor® [5] >  ordG[ |.

codim
Note. There are only finitely many of orde®

Definition. LetDiv( ) group of Cartier divisors. Let
G (F .)K (F A). Thenwedefn&%K (F . A)

We also induce a homomorphism Div) wiEhL [G]

Definition. For any. () ,we define a Principle Cartier Divisors
div(.) by all local equations

Definition. Two Cartier divisordG and’ are linearly equivalehthere
exists an () suchth&® G% div)

Definition. Pid ) Div ) &, where & is the above linear
equivalence.

Hence, G G% diy.) G] [C]& as ( ) -cycle. This
induces Pi¢ ) -

Definition.  The support of a Cartier divisdB denotedpdG), or
|G| is the unit of all subvarieties such thaGf (F . ) nhe

IS not a unit of . Or. somewhere on some (that ishas a
zero or a pole on ).

Example. If "'is defined byo* @ , then D is a Weil
divisor, but not a Cartier divisor. This is becatisere is no way to have
local equations about the cycles define D exclugivelf

D D or@ D . No matter what local equation you

choose, you will always "get another line."
82.1 - Line bundles as pseudo-divisors

Definition. A pseudo-divisor is a triplé7 ) wherg line bundle,
closed subset of ("support”), and s nowhere vangskiection on



We say(7 ) (7 > ) if (i) ()N 7& 7 st
sends L. ’ . In other words, they are equal if on theed subsets
we have isomorphic line bundles. (Recall isomonphad line bundles!)

Definition. For an algebraic schemé&, a Cartier divisor, a don G
determines a line bundle(G) by the sheaf of secoonthe  -subsheaf
generatedby . oR (with | F ).

Definition. A cartier divisorG iseffective if the c g forg ,
where ¢ is the canonical section (i.e.Gf has aaacal section that is
regular, it is effective).

Definition. A canonical divisor G determines a pseudo-divisor
( (G) |G| o). If(7 ) if |G| and (G) (7.
Lemma. If is a variety, any pseudo-divisOr ) IS represenby a
cartier divisorG such that

Q) If , the operation is unique.

(2) If , the operation is unique up to linear equivate.

Definition. If G is a pseudo-divisor on an -dimensional varigtith
support|G| , then th&Veil divisor class ] = (|G])

Definition. If = (7 yand = (70 ° ) are pseudo-divisors,
then

"%: (7;7 ) ’ ;5 7),and

(7 ),
where the tensor product is taken over the tritaahdle,
(7 ;7 - ).
Definition. Let. ~ withG (7 ) . Then
.G (.7 . (D). ).
Notice

- (GRG) - (7:7 > ) (@37 () ) (3

C@s:- @) ())- ()-0)s- ()

Intersecting with divisors



Definition. If G is a pseudo-divisor on a scheme and s a -
dimensional sub- variety of , defig® | @rl m (|G|+ ) to
be

0 G, a pseudo-divisor on  with suppd@| +
ThenG (0 is the Weil divisor class®iG [0 G]

Note If G is a Cartier divisor, and 4 |G| ,th&h retragisllback) to a
Cartier divisor by G .

Definition. Let > [ | bea -cycle. Then the support of| | is
the union of subvarieties with non-zero coeffigent.

Definition. EachG([ ] is a class in" (|G|+]| |) . We define the
intersection class

G0 > GO ]
Proposition. If G is a pseudo-divisoron and isa -cyden
DG % °) GO %GO °,
) (GHG)I Gl %G
(3) If . > is a morphism, then there is
A . (GI+] ) 6+ )

WithA (. G0 ) GO. ().
(4) Same as above but other direction.
(5) If G is a pseudo-divisor with (G) s trivial, thé&h0

Lecture 4 (February 10, 2009)

Theorem 2.4 LetG G’ be Cartier divisors on an -dimensionaletgr
. Then

GI[G] GI[G] In®" «(|G|+|GC)),
where[G’] > [ ] ().

codim

Proof. ~AssumeG andG’ are effective Cartier divisors thdersect
properly (that is, there is no codimension  sulatgriof in their
intersection|G| + |G’| ). Recall the following fact:



Let " be a local domain of dimensich . Take’ . Define

C-( = ’%)asfollows:
ker = °®* % °%  coker

Then letC-( = %) -( coker -( ker (length of cokernel
minus length of kernel).

Next, we will need the lemmas:

Lemma A.27. e-( * %) htz (7 "0 - (7 % 7).

- Spec”
Lemma A28. e-( = %) C(~ " 7).
Note For the above lemma, we warG([G] > # [P] to be

GG S#[P]

Case 1 AssumeG and>® are effective that intersect pigp&alculate
the coefficient ofs InG(0[G’] , with dinT  * . Then all primeswith ht
correspond to a subvariety of codimension . Hgnce

G > [ 1%
ht
- Spec”
Here, ord ( ’) . Since - we further have
- (* 7 ). To continue, we first must compute

GI[G] > GO |,

with
Gi[ | > #I[$B]

$4
codim$

Well, the coefficientofs irG0[ | is
> - (T (7 (%)) C-( 7 TF)
by the lemma.

Case 2 AssumeG an’ are effective. We wil reduce tocdmee of proper
intersection.



~

Lemma. If GandG’ are Cartier divisorson and IS a
proper birational morphism, with

G QR G QR [:])IR|4 (]G]
7D R4 (IG)).

We have four pairson (; z°) (: R’) (R 2°) an® R’) .Ifthe
theorem holds true for each pair, then it is troegeneral.

Definition. LetG G’ be effective divisors on . Define
(G G) maqord G0 ordG> codim } .

Note that G G intersect properly if and only if(G G’) o f
(G G)S ,thenweblowup along|+|G’| .We get

with exception divisoK so G R %K andG R %K .Then
@QR+R> T
(b)if (G G)S ,then (R K) (G @) and(R’ K) (G G) .

Case 3 AssumeG’ is effective. Lét be the denominatathefideal sheaf
of G. Then we can have a blow-up

) Z oA with- G R K

with K an exceptional divisor. Then we can just ¢desthe paifR G’)
and(K G’) and apply these to case 2.

Case 4LetG andG’ be arbitrary divisors. Lt  be the damator of the
ideal sheaf o5 . We can have

o, with G R K.

Consider the pairsR G’) anK G’) . We can apply case 3iso th
and we're dondll (of theorem)

Corollary 2.4.1. Let G be a pseudodivisor on . Let and
& .ThenG( in®  (|G]) * (|G|+] |) .

Corollary 2.4.2. LetG andG’ be pseudo-divisors on . Then
GI(G ) G(GI )

for any ().

As cyclesG(0[G’] G’(0[G] , but as classes, they are equal.



Example 2.4.1. Consider * . Consider the situation.

PEAN ¢

t. pa
Zz\i\ < E
r ‘K C,;|

First, we have
G R R % K (principal), and
G’ R« R« %K (principal),

where by principal we mean~ ( -(G) and- C -~(G) respect-
ively. We have

GI[G] GI(RJ%IK]) GO[R] %GO[K],

where - is just a point-( (G| +[R«]) ) and (|G[)- , . Notice
G ( [R+] (|G| +|R+|) (-). W ecan also think ofG 0 [R+]
" (|R«|) and in that case , becauRe . THB$,[R+] - . On
the other handG 0 [K] . Why? Becayie 4 |G| ifK) . Hence,
GI[R+] % GO[K] - (K).
H_/_/
Notice that sinc&k , the other one turns out t@ bidence, they are
non-equal as cycles, but are as cladsks.
Definition. LetG ! G be pseudodivisors on . For any :
define

G oG 0 G 0(G«0MIG 0 ) = (G|+M+|G |+]| ].
More generally, for any homogeneous polynomialefrees |,
2(B N B)
with integer coefficients. Then
2(G MG )0 " (G IDMI)I|G |+ ).



If / |G|+ +|G |+| |is complete, define the intersection #
to be

(G omoG 0 ) Y [[2(G MG)I
Note The "integral" meansif > [2] with over then
S X (0]
If isapure -dimensional subscheme of ,then
2(G MG Y2(G maG) |
Chern classes of line bundles
Let 7 be a line bundle on a scheme . We can defim@omorphism

R(7)+ _ - with > [ JLR(7)+

as follows. For any -dimensional subvariety 7 (R)  wherss
a cartier divisor on V. Then

RO+ ] R ()
Note that if7 (G) for a pseudo-divisor on , then

R (7)+ G0
Proposition 2.5(@)If & on ,themR (7)+ . So we have
R7»H+_ ") = ().
(b) If 7 7’ are line bundles on , then
R(7)+R ™)+ ) R@)+R @)+ ).

(o) If . ’ Is a proper morphism/ is aline bundleon sai -
cycle on ’ , then

.R(.7)+ ) R(7)+.

(d)If . ’ is flat of relative dimension , and is a libandle on
, with - a -cycleon ,then
R(.7)+. . (R(7)+ ).
(e)If 7 7 are line bundles with then
R(7;7)
Definition. If 7 ! 7 are line bundles on " () ,andwe have

a homogeneous polynoma(B !"' B ) of degbee , then



In particular,
R(T7)P+ = s( )

Definition. LetG be an effective divisor on and letG
inclusion. Define the Gysin homomorphism

" G
L () G
Proposition 2.6. (a)lf & on ,then . So we have
- " G
(b) If Z ,then
R( (G)+
(c) If G , then
R((1)+ ,
wherel (G) .
(d) If is purely -dimensional, then
[ ] (Gl

(e)If 7 is aline bundle on , then
R@)+ ) R@+ ()
for any I<J "6C
C@T)+R ™)+ ) R(T)+R(7)+ ).
Lecture 5 (February 16, 2009)
(1) 2 is projective if and only 2 is proper.

(2) k() proj=[ M .
2(K)2 Lwith " ().
So (K)+ 1 _+2 .
. - - K+ ) (K) +.

@ @) (K) fif
) (K)+

be the



(G)) deg( %G)( = )) -

v ( )Y ( )
(K) deg %G% = G)( *
deg( =G %:G % ~=( “~%Rv)
"

% —*( "% R*))
deQ;G(G )) %



