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L ecture 6 (January 26, 2009) -

Rational functions
If f(2) = P(2)/Q(2) = Gatuztetaz with p — degP andn = de@) .

bo+b1z4...4b,, 2™
Fundamental Theorem of Algebra

If P(z)is a complex polynomial of degree- 0 théh haat inC Ha € C s.t.
P(a) = 0). Hence, we can factor

P(z) = (z — a)g(2),
whereg is a polynomial of degree dBg- 1 . Inductivelg,obtain a factorization

Pz)=c]][(z—«a,) (ceC).
1=1
Themultiplicity of a rootx ofP isthe number@f 's which equaln fact,
#{p~!(w)} = degP
for anyw € C ,where preimages are counted with multifpds.
Basicfact. A rational function extends continuously to adtion f : C — C where
C = CU{oo}. This extension fof = P/Q is given b¥(z)) =00 @J(z) =0 and
f(o0) =lim f(z). We defineR(z) = f(1) for # 0 , and this will be a rational ftina

ini:
zZ

. Zai(%)"’ _ Z™(poly in 2)
R(z) - Zby‘(f)j — zn(polyinz) -

Set

0 if m>n
f(o0o) = R(0) = ¢ o0 if m<mn
an /by, 1fm=n.
We can also compute the multiplicity 6f as a zera pole, or a preimage @f /b, . In

conclusion, inC f has exactly zeroes @nd polasned with multiplicity (with
d =degf = maxn,m} ).

Examples. Ifdegf =1, thenitis of the form

f(z) = fjig with a,b,c,d € C andad — bc # 0

It defines a homeomorphism &f  to itself. (for exden f(z) = 1/z rotates the Riemann
sphere around the,  axi§xercise. What dgés) = 22 do to tamBin sphere?

AhlforsCh 2. 81.4

What is the general form of a rational functipn thwif (z)| = 1 Vz with|z| = 1? What
is the relation betweefi 's set of zeroes and itsfg@les?
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Consider such a function with deégf(z) = ¢z  (rotation)fé) = 1/z. We also saw
in class we can havg(z) = =  with| # 1 Exercise. ~ Show this satighesabove
condition.

For deg> 1 , take for exampl¥  for> 1
Now, taking the product:

k
f(z) = 6192’1'[ e

we claim this isall such functions (classifying funcis that preserve the unit circle,

fRz ]zl =1}) ={z: 2] = 1}).

Partial fraction expansion

Start withf(z) = P(2)/Q(z) . Our goal is to expregs as a sumtiadmal functions,
where eachsumhas 1  pole:

f(z) = Ro(2) + 22 Ri(2)
whereP,(z) is a polynomial, anll;  are single-poled fatittions.

Examples. (1) If f(2) = %5 = +51 + ;25 with A, B € C. We then compute

A(z—2)+ B(z—1)=2z+1.
This impliesA = —3 and3 =5 (by comparing coefficients:6f nda’ = 1).
(2) Letf(z) = (2227“ (degP < deq) ). Then

with A, B,C,D € C.

If f(z) = P(z)/Q(z)when degP > degg , then the polynomial teFy{z) hageke
degP — ded? . Then

_ 22 c D

f(Z> = (Ziﬁ)Z =Az+ B+ pomr ¥ + (17

and this gives us four equations, and we can golgbow this

_ 4 4
—Z+2+E+m.

Lecture 12 (February 11, 2009) - Linear Fractional
Transfor mations
Linear Fractional Transformations

Theorem. IfaLFT f takes acirclé’, toacirale (circlere means circle or a line --
i.e. a circle on the Riemann sphere), tifen talkés pf symmetric pointsz, z*) about
C to symmetric point$f(z), f(z*)) abodt

Note: Symmetric here for a line means symmetric abbetline (image under reflection
across the line).
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The idea is forq, 29, z3 distinct points on the cir€le  entthe cross ratio

X(Zb 29, 23, Z*> - X(Zla 22, 23, Z)’
because if the points are sent td,0x then the &isglll be the lineR and sg* ==

Example. p83 #6 in Ahlfors. Suppose a linear fractiomahsformation takes a pair of
concentric circles to concentric circles. Show thatratios of the radii are the same.

Solution. The idea is to show the center is taken to tikeceand>o tax (so all we can
do is scale).

By pre-composing’ with an affine transformatiex - b wg can assume the center is
at0, the inner radius is , and the outer radiuB is 1. Similarly, we can compose the
image with some/’z + b and have cenfler , inner radiund,cater radiuss > 1 . By
further post-composing witly />  if necessary (if theyitch), we may also assume that
the inner circle is sent to the inner circle (a@roff radiusl goes to circle of radius ). We
then claim thatf(0) =0 and(oo) = co . Well, the image of the erof radiusl/R is
the circle of radiud /S . Continue reflecting circlgstting closer t@& , and they are sent
to circles with radii tending t0 . By continuity,(0) = 0 Similarly, reflecting on the
Riemann sphere yieldg(cc) = oco . Now, remembfr) = fjjf} (a LFT), aad
f(0) =0andf(co) = co willimply f(z) = 5z andf(S) =S sothat is a rotation and
SOR=2S.

Look upSchwartz Reflection Principle.

Example. p83 #7 in Ahlfors. Find a LFT which carripg =1 dad- 1| = 1 to a pair
of concentric circles. What is the ratio of theivs@®

Solution. We can assume the inner circle has raéius . &Ve to find an LFT sending
our circles tof|z| = 1} U {|z| = R} and compufe

Note X(—1,0,3,1) = X(—R,—1,1, R) because the cross product is an invariangérund
LFT's. So, find LFT such that
—1—0,0—1,1/2 — o0, 1 — crossproduct,
and one such that
—R—0,—-1~ 1,1+ oo, R — crossproduct.
The answer iR =2+ /3 .
Example. f(z)=z+1= 227“ Where is it conformal? What does it do? Wesdtice
flz)=1-5=0&2=+1

We defined conformal as derivative does not vanh. this one is not. We can easily
seethatit = ¢ ,then+1 =242z (since=1 92 Re=2 dos .Ingeneral,

l=r=z=r=1=2 = f)=z2+3=(c+ %) +i(y— 2).

This is an ellipse!
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Hence,f take®\{0} dt\D by conformal homeomorphism @\[—-2, 2]
L ecture 16 (February 20, 2009) -

Let~ be a closed curve (@ . The winding number is

d
n(v,2) = 7 Lo ELforz ¢y,

We now look at Ahlfors's proof tha(, z) is constantcmmnected components Gfy
(as a function ot ). It suffices to show thaty, 2) @nstant along straight paths in
C\y. Consider the linear fractional transformation

Z—Z
z—z"

ThenL(z) = log =) is well-defined and analytic for alkt [z, 2] . Fhet,
L’(z) 1 _ 1

Z—20 zZ—z

so that

L5 -25) =0

If vis a closed loop on a domain bf , then

2min(vy, 20) = [, rdz= , 5 dz = 2min(y, 21).

Lemma. If z liesin the unbounded connected component of C\~, then n(y, z) = 0.

Proof. Choose a disk containing . Then if you takg & D, then the functionz_l—%
is analytic onD , and hence by Cauchy's Theorem,

- 0.

Y ET%

This is the same as sayingy, zp) =0 . By the previous lemyna,z) = 0 for all z in
the unbounded componeail.

Then the goal is to show Cauchy's Integral FormifilAis analytic on a diskD and
v is a closed curve ob  withh ¢ v , then

77(77 ZO)f(ZO) = ﬁ f7 % dz.

Theorem 5. [Ahlfors] Let f be analytic on a disk, except possibly at finitely many points
Cla C27 ceey Cn € D. Assume

lim (= — ¢))f(2) = 0.

Z*?C]'
Then fq/f = 0 for any closed loop v in D\{(1, ..., (. }-

Proof. (sketch) It suffices to consider integralsrogetangles. Becaugng f=0 (ff
has no singularities oR  (a rectangle), we canidenshe following special case. L&t
be a square centered at one of¢he 's (singuBritiée have

F(z)= [ f
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with z € D\{(i, ..., G, }. O

For z € OR, |f(Z)‘ < m, note‘faRZdTZC < f(‘*)R |d2|‘ < % -4.2¢ <8 . Hence,

we can make the integral arbitrarily small,
|Jor f(2)dz| < [y |f(2)]|dz] <e-8.
Thus, [,,, f = 0 for any rectange with boundary avoiding

Cauchy Integral Formula

Fix~ in the diskD andg € y . Considé#(z) = L2=L5)  gn  Then s yiital
in D\{2}, and

lim (z — 29)F(z) = 0.

z—2)

By Theorem 5,

J,Fdz= [ TS qz = [ 18 qz — f(z) [, 2
Thenf(z) n(y120) = 2mf7 p— ) dz .0
Example. Exercise 2.2 #2 is to compute
S #51-
We write 1 = % + B =12 4 2 Hence,
f\ |=2 22+1 = 2f |2|= 22+z 2f |2|=2 £ = 5(2mi) - §(2m) = 0.

Theorem. If Fisanalytic on a disk D centered at z,, and suppose v is a circle around
2o. Then all derivatives £ are analytic on D, and satisfy

£ = 2, e

for any z inside v (notice n(~, z) = 1).

Lemma. Let ¢ bea continuous function defined on some curve . Then
()
=/ = dz

isanalytic.



