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L ecture 3 (January 16, 2009) -

We continue by showing transitivity of homotopy (8@t it is indeed an equivalence
relation).

Assumef =~ ' ang’ =~ f” by anl .Then we can let

’ F2s,t)  sel0,1/2)
F'(s,t) = {F’(2s —Lt) se(1/2,1]

This is an explicit continuous function betwegen dfidsof =~ f” .00

Now, let's show that give: I — I with(0) =0 agdl)=1 a=aoyp
Indeed,

as(t) = a((1 — s)t + sp(t)).
Exercise. Show associativity of the fundamental group gsirdirect parametrization.

L ecture4 (January 21, 2009) -
Read pages 162-165, 1-4, 25-37, and 5-7 in Hatcher

Let (X, z() be a pointed space.

L ecture 5 (January 23, 2009) -

Lifting Theorem
Takey : R — S; withp(t) = ™ .

Lifting Theorem. If X is star shaped frofie X c R* X is compagt; X — S;
to €R, @(ty) = f(wg) = 3f: X =R st. po f=f, f(zo)) =ty. In other words,
there is a lift.

Proof. Take ¢:(—3,3) —S'—{-1} a homeomorphism with  inverseg :
St —{-1} = (-1,3). Then3§ > 0 such thatz,2’ € X |jz—2'|| <6 implies that

|f(x) — f(2')| < 2. Now choosen such thé{— <é6VzeX . Thelo),,(iz),..,
f(®=1z), f(x) form a consecutive partition of non-antipodal p®in

L ecture 6 (January 26, 2009) -

Degrees of paths

For a pathv , we define deg=&(1) (whete s a liftdor If).a ~ 3, then degy =
deg3.fH : I x 1 — S' wegef] : I x I —R withl(0,0) =0 such th&t(o t) =

a(t) (by unique lifting), H(s, 0)=0 (by unique lifting), ancH(l 0) = 5(0) dn
H(1,t) = B(t). ThenH(1,t) = 3(t) by unique lifting. Finallyd (s,1) is constant$n
Hence@(1) = 3(1) . This means indeed deg=  deg .
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Now, we want to show degr(S,1) — Z is an isomorphism. Rehalija]«[3] =
[ax 8] If &(0) =0,a(1) =m =dega, then calin + 3(t) the path iR from to
m +degs. Therivx (m + () covers* (3 ,addk (m+3) .Thenthelifbaf3  gives

Y

(ax (1)) = dega + degs .

Then ker deg=[c;] . Ifdeg =0 ,thismeaffl) =0 do is a dideptah:a(0) =0
= &(1). Then definet,(t) = sa(t) &(t) =0, &y = co, a1(t) =&, ¢ ~ & . Then we
showe; ~ o

Of courseqr;(D?*,1) =1 .Forv: I — D> C C  with(0) = (1) =1 , just take
as(t) =sa(t)+ (1 —s)- 1.
Thenay(t) = c1(t) andy (t) = a(t) .

We claim there is no retract on the abo¥e:  cotis s.t.5! % D2 5 S with
r ot = tg. This follows from the fack; is a topological imant: we would need

m(Sh,1) 2 r(02,1) & (S 1)

such tha{r o i), = rz o iz . Of course, this is impossible, sincewsald needZ — 1 —
Z. [thisr has to be continuous b/c of the stufftalked about lifting all used continuity]

If f: D? — D?thenf has a fixed point. Suppoge has no fpeidts.
r(x)=te+ (1—1t)f(z)fort > 1
Then||r(z)|| = 1 .Exercise. Check is continuous.

Todo. Read notes he gave.

L ecture 7 (January 28, 2009) -

Consider the quotient spacP”/S"! with~ y af=y ory € equivssla
{[=]} = X/A.

Definition. A mapp is a quotient maplWif ¢ X/A is opea p1(V) is opeXin

L ecture 9 (February 2, 2009) -

See handout on singular homology.

L ecture 13 (February 11, 2009) - §
There is an identity mag : A" — A" withh,(A") — A,(X) where we send
1 — 0. Then we can have the boundary operatQfA™) 9, A, (A™) . Welaise
A, (X) Q A, (X), with A, (A™) — A,,_1(X) (this gives us a square diagram).
For X a set, define

Ax ={f: X — Z| f(z) # 0 for only finitely manyz} .
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Let
(f +9)(2) = f(z) + g(2).

ThenAx forms an abelian group.

L ecture 15 (February 16, 2009) - Reduced homology
Supposed C X with4 L XD A withoi=1, . Thed is a retractdf and |
said to be a retraction.

L ecture 17 (February 20, 2009) -

and t(r) = -z, t:R"" - R given

if ¢:5°— S0
(=21, %9, ..y Tni1), thenS™ = {x € R"™ : |z| = 1} . Further,
Dt'={zeR"™ 2, =0, || <7}

bY(.fl, cees xn-i—l) =

Now, we havef : D" — S™ . We want
flz) = —(cos|z|)ent1 + S'mflx x#0
—€nt1 z=0.

Thenfot; =t 0 f,and is equivariant.
fOD") ={en1} =pC 9"

Furthermore,
i1,(5%) Bl (s0)
L Ho(S°) . Finally,

o)

R|

oy ~
with Hy (D', 5°) % 1,(S°) andH, (D', 5)
Hy(SY,p) S H (D, S andH, (SY, p) & Hy (D', S,

with H,(D', 5% % (D', ') and H,1(S",p) &5 f1(S',p), wheret, is simply

~

multiplication by—1 . Finally, we have
ﬁl(Sl) = Hy (S, p) andl:ll(Sl) = ﬁll(Sl,P) ,

andH,(SY) L H1(SY) . (this has to be re-diagrammized...)
Given a mapf : S* — S of : (D", S"') — (D", 5""!) , we can define a degree
degf byf.(a) = ( dedf)a . Then generatds(S™) . The degree hapruoperties,

namely
(1) dedgl = 1.
(2) degf o g = (ded)( deg)

() f =2 g= degf = deg .
(4) If f is a homotopy equivalence, then geg +Hd
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G)If f: (D", 8" 1) — (D", S" 1), then degf = degf |S™!)
Then

tj(.’El, ...,.TZITL_H) = (.Tl, vy Ljm1y = Ljy Tjgly ooy .]37L+1), and
8(331, e $n+1) - (33333327 vy Lj—15 L1y Lj1y o0y anrl)'

Clearly,sos =1 and; = sot;os ,sothatdeg) = dag=—1
Antipodal map

a(zy,...,Tpy1) = (=21, ..., —Tp—1), and a(¥) = -2 . Thena =a|S™ , and deg =
(—1)"". Supposef(z) # « foralt , withf : S” — S . That is, each goea fwint
different fromz . If degf # (—1)""" | therf has a pixed polfit.

Lf =1+ —1 b
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If X =U UV whereU and/ are open, then the Mayer-Vietepuence

Baounvyiaw e LX) R HLUNY) S ...

is exact wheré(a) = (., ig. ) anfls,y) = j1.8 — joxy  and where
uvnv & u
i | L
V—UuV.
J2
The boundary maph is defined to be the composition

H(UUV) = H,U UV,0) = H,V,U0nv) % H, (V)

where the middle map is excision. Excision and dékact sequence of a pair give the
diagram
Hy(U V) 2 1,(v) — 1,0 0v) 2 b, vy 2

7:1* l jQ* l = l 7:1* l
Hq(U)THq(UUV)%Hq(UUV,U)? q_l(U)j—>
1% *

1x

The proof from here is algebra. In simpler notatithre Barrett-Whitehead lemma states
that given a commutative diagram with exact rond &herec is an isomorphism,

Aq L Bq i Cq Q Aq—l i Bq—l

al bl cl = la Lb

A, =B, =-C,— A, 1 = B,
q ? q 5) 7 3 q-1 ? q—1
there is a long exact sequence
A J A i

.— Aq LZQEBB,I —>§q — Aq_1 —_— ...

with i(a) = (a(a), f(a)), j(@,B) = f(@) — b(3), andA = doc ' 07 .

L ecture 19 (February 25, 2009) -
Proposition. [pg 169 Hatcher] Let ¢ S such that= DF | Thér()(S” —A)=0

Proof. We will use induction. Wheh = 0, we hag — D’ =R" , whicth@mo-
topic to a point. NowD* =~ D*~1 x [ . Assumié,(S" — A) #0 . Then take

h:DFIx = A
Let
A'=h(D*1 x [0,1]), A" = h(D*1 x [5,1])
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with A/UA”"=A and AANA"=~DF!. ThenS" - A= (8"-AHN(S"—A) .
Hence, we get the Mayer-Vietoris sequence

ﬁfq(S"—A) _)ﬁlq(Sn_A/)@ﬁlq(Sn_Au) _)Iflq(Sn_A/mA//)_

Herey; € H,(S" — A) is mapped tg; #0 iH,(S"—A;) wherd, = A" o
Then

Yo > Y1 > e o Y € ﬁq(S” —A).
Now, sincg JS™ — A; = S™ — h(D* 1 x {t}) = 5" — N A;. So,
H,(S" — A;) — H,(S" N A;) = 0 (by induction)

withy =0 in ﬁlq(S” N A;). We get a string of theg  's which areradh-zero but end up
mapping to something zero, so we have a contradi¢thaty, # 0 )..J

Jordan-Brouwer Separation Theorem (still page 169--part b of the proposition)
LetX™, S" be such thaf™ =~ S™ . Then

= an m Z q=n—m-—1
Hy(S" =% ):{O qg#n—m—1.

Proof. We proceed by induction en . First,=0 . Then

Z q=n-—1
0 g#n-—1

(recall the reduced homology is precisely thatligrS™ ! sphere). Now, notice

iy (57 - 57 = 1,657 = {

Y= 8" =DpD"yD} [whereD” and)? are two hemispheres]

with S* — D™, S* — D'. Then the Mayer-Vietoris sequence is

0— Hyn((S"—D™)U(S" — D)) g H, (8" —5™) — 0,
where
H, o ((S" = D™YU (8" — D)) = H,41 (8" — (D™ N D™)) = Hy(S" — £m1),
Hence,
H,(S"—Xm™) & Hyy (8" =S ) & = Hypn (8" — X0 = Hyy(S™1)
but we know the last guy is just

Z g=n—m-—1
0 otherwisell

Using the above theorem, we know for example fhgts? — X!) = Z

Now, consideS! «— S3 .
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L ecture 20 (February 27, 2009) -

Jordan-Brouwer
Recall last time we computed

Z fpop=n—m-—1
0 otherwise.

Hq(sn —nm) = {
If X is path connected and given byl — X, thef: I — X such tha
I—-X
T/
I.
Further,X is connected if any map X — I s constant.
Lemma. If X ispath connected, then X is connected.

Proof. Supposé:: X — I is onto. Then there existsrgn suatvthry) = 0, and
there exists am; such thafz;) =1 . Defi®) =z, a0t = x4 . Firgicadhat
ho f(0) =0andho f(1) = 1. Hence, we can't have such a continuousifumé&l

This showsH,(S" — X" 1) = Z @ Z , so that it has two path componentsl/sand
V(soS"—¥l=UuUV).
Proposition. Let "' c S". Then X! = 9U = 9V, withoU =U — U, where U is
theinterior.

Proof. AssumeU and” are open withc S" -V . Take=UUVUX . Then
U=(S"-V)—XandU c S" —V . We have

U=U-UcC(S"—-V)-U=8"—(UUV)=1x.

Hence, 0V C ¥ . We want to shoW C 9U and: C 9V , thatist cUNV .lLete X
and letN be any open neighborhoodwof Sih . Het " !N N With! — A ~
D!, By the Lemma,

Hy(S" — (21— A) =0

(the reduced homology of the complement of the @iéR. SinceS™ — (X" — A) is
path connected, if € U ange V , then there is a path S"in- (X" — A) from p to
g which meet£"~! | and hence must mdet

L ecture 22 (March 4, 2009) - Real projective space

Attachingacdl to X

We have a magy: S" ! - X and =XU,D":=XI1D"/z~g(z) with
x € 8" tandg(z) € X (withIl disjoint union).

Example. TakeX = {x} a one-point space. Th&n= S"
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We can definlRP" := S"/x ~ —x . But we don't need the whole spheeecan take
one hemisphere with just antipodal points on thenbary identified: that iD™  with

RP™L. Now, we can do the following. Tak& ! 9, gprt wighe) = g(—z) . Then
RP" =RP" U, D"
RemembefZ/2 acts ofi” by the antipodal map:
7/2 — Homed S™)
with S™/(Z/2) the set of orbits. Define a projection mﬁ’pg RP"™ uctsthatl ¢ RP"
is open if and only ip~! (V') is open. Consider
H, (D", 5" Y= H,(Z,X)
whereZ = RP" U, D" wherg : S"! — RP""! . We then get the diagram
(501 L (2,x)
= =
(D", A) = (2, A)

T = T =
(D" —U,A-U) — (Z-U", A - U")

such thatf|S" 1 =g withd' = XU f(A) antl’ = X U f(U)

e B

DL
N
W \\A

Now, we know that
Z ifg=n
0 ifg#n
Now let's look at the exact sequence of the (#@iP", RP" 1)
0 — H,(RP") — H,(RP") — H,(RP",RP" ') -2, 0, | (RP") — H,_ ;(RP") — 0
0 — H,(RP") — H,(RP") = 0if ¢ # n,n — 1.
For example, foRP? = {x} H,(RP") =0 .

We thenclaim thatd,(RP") =0 ify > n Proof. It's true ifn =0, and true if
n = 1, and true forr > 1 by induction.

H, (D", S"1) = {
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Recall the diagram

Hn(Dna Snil) - n—l(Snil)
|| f I s

0 — H,(RP") — H,(RP",RP" 1) — H,_(RP" 1) — H,_(RP") — 0.

with 571 £ RP"1 and notice
H,(RP",RP" 1Y) = H,(D", S"\) = H,_1(5"!) = Z.
Theorem. [page 144 of Hatcher]
Z ifqg=0
Z/2 ifg=isoddand <g<n

Z if ¢ =nis odd
0 otherwise.

H,(RP") =

Proof. We have shown the=0 case. Assume it's truedimeg = n — 1 withn odd.
Look at the above diagram. Assume we've alreade dbe induction froml t@ and
know that H, ;(RP"')=0 sincen—1 is even. We don't know anythirgpua

~

H,(RP") or H,_ (RP"). However, if you think about itf, ;(RP")=0 and

H,(RP™) = Z. We get the diagram (look above and use what amésl):
0 — H,(RP" ') — Z — 0 (by induction)— H,, {(RP") — 0.
Now considemn = 2 . Theil,_,(RP" ')~ Z .We want to shaiy (RP") =0
andH, (RP") =7/2.What i, ? (Below, is the antipodal map &g identity)
(Sn—l’ 5170) g (Sn—l V, Sn—l, Io)ﬂﬂ (Sn’ $0)
Ip | = :
(an_l, yO) N (RPTL—l, RPTL—Q) SN (RPTL—l/RPn—Q ,RPTL—Q/RPH—Q).

Recall
Sn—l E RPn—l
§l !
Sn—l v Sn—l N RPn—l/RPn—Q ~ Sn_l.
Toa
where ¢ collapses equator to a point, drda is thpadal map followed by the

identity map. Now, recall défjoa) =1+ (—1)" , because (dgg 1 and «Jeg
(="
H,(RP™/RP"™2) = H,(RP"!,RP"2),
L ecture 24 (March 9, 2009) -

We knowH,(C,L) = H,(C ® L) andd,(X;L) = H,(A(X);L) .LeR beaPID.A
set

Fy={F:A— R|fg., nonzerp
with f(a) # 0 for only finite # of points. Then we can makg into a leftR -module
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(f +9)(a) = f(a) +g(a) and (rf)(a) =rf(a) .
Takei: A — F, suchthata)b=1 d=5b amdl if#b .Then
f=2>f(a)i(a).
ThenF, 5 F . Thenp(i(a)) = Yoyep chi(b) , with) = ¢(i(a))(b) . Then

PHE) =2 g fla)plile)) = 2, cib).

beB

Fix anR -modulel , with(F,) = [[,., L ={g9: A — L} finitely nonzero.
Unfortunately, this only works for free modules lwé basis.

t
An R-module is free if" ~ Fy, for somd . PHy L Fp ad)y) (i)t(FB) with

(6 (6) = 2, 5y ch- Now,
o) = oS @) = T fla)elita) = L fla)ef i)

a b

So the matrix forp i3 f(a)cy . Take the matrix for,

%: fla)ct
Hence,
t(e)(g) = ZZbI che.

Now, t is strongly additive,
t(f +9) =t(f) +t(g), and
t(HieI F;) = Hie] t(£)
{f :Uies Ai — L}

The problem now is how to extend this from free oled to arbitrary modules. Start
with any R -modulel . Certainly, there is &, F} such tha

[N A Y )

Define F Q M sothab isonto. Then k&C F, is a submocané, hence free (faR
a PID). [Hint: to prove this, use transfinite intioa.] Then

0—>F1§>F0—>0

and we want (by constructionfiy(F)=M  anH;(F)=0 (for>0 ) (i.e., a
resolution). By definitiont; (M) = H;(F) fof=0,1 . Then

to(M) :M®Landt1(M) ZM*L,

the torsion product. We want to be able to comfhgse things, now.

10
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Proposition. Two short exact resolutions df  are chain hompytquivalent.
Proof. We have

O0—-F—=F—-M-—0

Al ol |1y
0—-G —Gy— M —0,

wheref; andf, are natural, with = f1|F;

L ecture 28 (M arch 20, 2009) -

Remember problem 20: Take the tord&® =S!'xS! . UBe=1x S! and
V =J x 8. ThenU = S! and/ =~ S! . For this problem, the MV maps arevitmis".

For problem 21: Tak&! v ... v S' (a disc minus smaller distake
U=D?—(D?U..UuD?) andV = D?— (D2).

Unnamed problem: Shoy, g : S™ — S  withe, f(x) # —g(x) , are homotopic. Just
connect them with a straight line (it can't go tigb the origin), then project.

Problem 25: We don't have to know anything aboattiap, just think of groups.
For HLS”'? ,therank i, = ranK,(X;Z) (Betti number), thehb,t?
q

(L") (oo + bt + ) = oo+ (by + byt + ...
We knowb,_, =0 ifg—n <0.
Example. U cC I for cohomology( is a free chain complex.
0 — Ext(H, ,C,L) — HY(C; L) — Hom(H,C,L) — 0

is split exact. We would havg: C, — L € H(C;L) ,and H,C — L in the latter.
Suppose we changed by takingt 0c . Thétx + 0c) = f(2) + f(Oc) = f(2)
becausef(0c) = (0f)(¢) but the coboundaryis

Recall
7 ifg=0
noon ) ZJ2 ifgisoddandl <¢g<mn-1
Hy(RP" Z) = 7 if ¢ = nand odd
0 otherwise.
Similarly,
7 ifg=0
Z/2 ifqgisevenan® < q<n
q n. _
HYRP™SZ) =9 7" it 4 — nis odd
0 otherwise.
Recall

11
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Z/2 0<q<n

Hy(RP",Z/2) = {0 otherwise.

TakeR = Z/2 , which is a field! A module over a field is@ctor space, so no torsion!
Hence,

Z/2 0<qg<n

HY(RP™, Z2/2) = {O otherwise.

We say
H*(RP™Z)2) = Z/2[a] | a"*.

L ecture 29 (M arch 30, 2009) -

Let A be a P.I.D. LetA,(X,A) Dbe the freé -module on thesse% X. Then the

boundary map, Q A,1 , and face maps ae! — A¢ , Witho = 0 . Then we
form
AP(X;A) = Homy (A,(X;A), A)
¢ (v c(v))
and we writec(y) = (c,v) . DefineA? L Aot byoc, a) = (¢,0a) . Define a map
k:H"X — Homy(H,X,A). Givenx € H"X and € H,X ,let € Z"X represent
in the co-cycles and € Z, X represént in the cyclesnThes) = (z,() ([Exercise),

and setk(z)¢ = (x,&) . This is well-defined wiithz = 9¢ =0 . We just needcheck
well-definedness:

(z+ 0y, +0n) = (2,() + (2,0n) + (9y, () + (0y,0n) =
(z,¢) + (0z,m) + (y,0C) + (y,0 0 ) = (2,(),

because is a co-cycle, isacycle, &rdo =0

Theorem A.1l. (Special case of Universal Coefficient Theoreigt H, X be free.
Then k is a natural equivalence.

Proof. SinceA,X/Z, ~ B,1 C A, 1X, B, is free. Hence, is a direct summand
of A, X, that is, there is a splitting,, — A, X  (with— given by Hence, for any

f € Homy (H, X, A),3f suchthag, — H, % A witlr, c A,x > A O

Now, restrictF' | B,,_; = 0 to the boundaries, so thdt = 0 (@B, «a) = (F,da)
Hence,[' € Z"X is a co-cycle. Lét represert H"X §# H, X is @espnted by
¢ € Z,, then

k(z)€ = (z,8) = (F, () = f(&).

We claim kerk =0 . Let € Z"X represemt and assuifie) =0 . We washow
x=0.ThenV¥¢ € Z,, (z,{) =0 .Weclam z€ B*"X. Foralbe B, ; 3y A,X
such thatg =9~ . Ifg is also the boundary of , that{dss= 0+, then obviously
d(y—) =0sothaty — v, € Z,X (is acycle) and by assumption that) = 0 :

(z,v—m) =0,

12
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s0(z,v) = (z,7).Therk o971 : B, 1 — A an@ — (z,7) is well-defined.

SinceH,_1X is freeB,_; Isasummandsf_; , and hebige sigmanand of
A, X. Letf: A, 1 X — Aextendtaod! .Thefic A" 'X |, and

(0f,0) = (f,00) = (20071, 00) = (2,0).

Thenof = z € B"X , which is exactlywhat we claimed ! (see bold part above) ¢¢en
x=0in H"(X).O

We want to knowH,,(R", R" — {0}) . We can't use excission on thid,iaturns out

H,(R",R" — {0}) = { g g ; Z

We know this already abotf, (D", S"~!) . Then

. Hq(sn—l) N Hq(Dn) s Hq(Dn,Sn_l) s Hq,l(S"_l) - .

= | | = l | =
= Hy(R" —{0}) — Hy(R") — Hy(R",R" — {0}) — Hy1 (R" = {0}) — ..

so by the Five Lemma the penultimdte is also am@phism.

L ecture 30 (April 1, 2009) -
CW spaces (JHC Whitehead).

A C'W space is a Hausdorff space partitioned intolkction of {¢,} of disjoint subsets
such that

n(a)

0
(1) 3F, : D" — X with F, | D a homeomorphism ontQ
We can now define the -skeletdff’ = J{e, : n(a) < n}

(2) If we letf, = F,|S™®~! then this maps int§"(®)~1 . We s&y iisté if there
are only finitely many cells. A subsdtC X s a (f@)ilCW-subspace if it is closed, and
a union of (finitely manyy,, 's.

(3) (Closure-Finiteness) Each pointih  is contdimea finite subcomplex.

(4) (Weak topology)X has the topology of the dirketit of the finite subcomplexes
(which meansA is closed»  each finite subcomplexased).

I F,

Theorem A2. H, (D", S" ') —" H, (X", X"~1) is an isomorphism, where
a,nla) =n
_ 0 qF#*n
n qQn—1) _
Hy(D", 8" = {freeF-moduIe qg=n .

Proof. See appendix.

L ecture 31 (April 3, 2009) -

13
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Theorem. Hn(X) = Hn(C’*)’ WhereC’n — Hn(Xn’Xn—l) _
C" = H"(X", X"1) = Homy (C,, A), the dual of homology (this is cohomology).

Excision
0
LetU C A C X withU C A. We have
H (X -U,A-U) - H,(X,A)
is an isomorphism. By the UCT,

0 — Ext(H,1(X;A),L) — HY(X,A; L) - Hom(H,(X,A),L) — 0

— li*| = | ¢ =] (i*)*
0— Ext(H, (X-U,A-U),L) - H(X-U,A-U;L) —Hom(H,(X -U,A—U),L) — 0.

By the Five Lemma, the middle is also an isomonphis
Cup product

ConsiderH?(X,A) ® H1(X,B) — HP™(X, AU B) givenbyu @ v — uUwv .
Properties. (1) First, we haveamagp: X — Y . WegéfuUv) = ffuU f*v
(2) It is bilinear and associative. This coversathof identities, like

r(uUov) = (ru) Uv —u U (rv)
(up +u) Uv =ug Uv+ug Uw
(uUv) Uw =uU (vUw).

B)WesayUv = (-1)"uUwv .

(4) Think ofi : H — X, and lew € H?(A) . Thelu = H"™(X, A) . Lete HY(X)
Thendu U v = d(uUi*v) . Furtherj*v € H1(A) .

(5) We specifyuy € H(X) = HortHy(X),A) where; = (1+— 1) . Hencé Uv =
v and it acts as the identity.
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