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Lecturel (January 26, 2009) - Diamond Chapter 1.1-1.3
§1.1in Diamond

Modular group

Start with
o {( ) @ b

Let~ (Z) andr C C { } .Then we define an actionGn by

YT T
If , thent  — and - If , then . We then let

H { CIm(r) }

If - Handy (Z) , thenyr H , because

im(yr) Mo
(so that if In{y7) then Irfr) ). Note here thaty  give tleame action. It's
simple to check that if () , then 7 7 , and if v (Z) , then

(vy)r  ~(y7) (so this is indeed an action).

Definition. Let Z. Ameromorphic function H  C isweakly modular of weight
it (yr) (v ) (0 () (z) r H.
From the first exercise in Diamond, we can check(Z) s generated by

() ()

Thenitturns out 7 and

To check that a meromorphic function is weakly oiadof weight , one must only
verify that (= ) (ryand ( "7) T (7).

To proceed further, we first have to define theiaro of a function being holo-
morphicat . If is weakly modular of weight witlir ) (1), let

# {$ C |$]% } be the open unitdisc

and# #6&{ } the punctured open unit disc. Then the map * "™  defime on
H # andis holomorphic and -periodic. Define# C by

)($)  (log($)"( 7()).
Note that (7) )(" () .If is holomorphic dA ,thdn is holamitic on# . So

YE$) > 87 (for$  #).

Y/
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Definition. We say is holomorphic at if the corresponding function ) can be

extended to a holomorphic functionon#, (7) > " (7,
l/

Note that to show a weakly holomorphic functionn@fight , call it , is holomorphic at
is equivalent to showing that

lim
Im(7) (T)

is finite or bounded. Holly points out this is afpany path that goes up on the imaginary
axis (so we just need to find an upper bound).

Definition. Let Z.Afunction H  Cisamodular formof weight if
(1) isholomorphic on H,
(2) isweakly modular of weight
(3) isholomorphic at
The set of modular forms of weight  isactually a C-vector space, written M ( (Z)).

Define
M (2) @Z/\M (2))

which is a graded ring.
Examples. (1) The zero function + a modular form for all wtig)
(2) Constant functions are modular forms for weight .

Definition. Let be even. The Eisenstein series

- (1) X2
( )z

wherethe prime denotessummingover () Z &{ }).

(r )’

Naturally, , (7) is holomorphic om (Exercise 1.1.4(&)Je can compute that it is

indeed weakly modular of weight Af () (Z), then
- Xy D)Xy (7 ) - O
since
cof ) )
Finally, , (7) is holomorphic at  since it is boundedmasr) (duh, because the

terms are(T—) )- Then the Fourier series,of 1) will beglgp 5 of the book]

(0 C0) X (8
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wheres  (*) > - . We then have the normalized Eisensteinsserie

*

ThenMy(  (Z)) hasdimension ,awt(7) Zo(r) M ( (Z)) .Further,

oa(*)  as(*) :zo—a<oas<* 0.

Definition. A cusp form of weight is a modular form of weight if in the Fourier
expansion its leading coefficient is . The set of cusp forms are denoted

S (Z),andS(  (Z2)) D 25( (2))
It's easy to see th&t (  (Z)) is avector subspadetof (Z))

Example. Let) (1) 4 ,1(7) )3(7) 1 ,4(r),and A(7)  )3(7) 2)5(7) with
A(r) S (1 (2)).

8§1.2 Congruent Subgroups
Definition. A principal congruence subgroup of level 5 N isgiven by

o () @ ()l Jms)

where the reduction mod5 is coefficient-wise in the matrix.

Note thatl’( ) (Z) and'(5)7 (Z) (with (Z) (Z"57) .t
turnsout (Z"5Z) 8 (Z)"T'(5). Furthermore,

[ @ 1) I 5)%

95

Definition. I' : (Z) isa congruence subgroup of level 5 if I'(5) = T.

Definition. T (5) {( ) (Z)}with

([ )s(C omaes
o {() e

()s( omaes

I(5):T(B):T(5): (2)
I'(5)7T (5) and T (5)7T (5).

Further,
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L ecture 2 (February 2, 2009) - Diamond Chapter 1.3-1.5

Definition. For v ( > (Z), define the factor of automorphy <(~ ) for
7 Hby<(y 7) T
Definition. For Z,theweight-k operator [y] on H  C.is

(b)) <ty 1) (7).

Definition. LetI’ be a congruent subgroup. We sayi C is weakigtular of
weight forl" if

(@) is meromorphic, and

(b) [7] v T
Lemma. -~ v (Z) = H,

@<(yy 1) <(yy7) <y 7)

(0) (vy)(r) Ay 7)

©byl Dbl ]

(d) Im(y7)  Im(7)"[<(y 7)[ .

Definition. If " is a congruence subgroup Z H C ,then isa modolan
for T if (1) is holomorphic, (2) is weight- invart underl’ , and (3)[v] is
holomorphic at  for ally (Z) .

If in all the Fourier expansions of (3), then say is a cusp form far
Recall we defined

M (2) EBZM( (2)) andS( (Z2)) @ zS( (2)).
We canwrite  (Z) |J. I'ac (afinite union), andya«] [ae] . Alsdy]

81.3 Complex Tori

Definition. Alatticeisa subgroup of thefoomA w Z=w Z - Csuchthat {w w }
are linearly independent over R, and werequiresw "w  H.

Definition. A complextorusisa quotient of C by a lattice, that is, C"A.

Proposition. Let ¢ C"A C"A be a holomorphic map. Then >._ C with
-A?Aandy(@ A) -0 A . Themapisinvertibleifandonlyif - A A

Corollary. If¢ C"A  C"A isaholomorphic map between complex tori with
(@ A) -0 A,
and - A ? A, then the following are equivalent

(&) ¢ isagroup homomorphism.
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(b) A,s00(@ A) -0 A.
©ao()

In particular, there exists a holomorphic group isomorphism between C"A and C"A if
andonlyifthereexists - Csuchthat - A A.

Take - —. Then-A =Z=7 A, , where we let, be the lattice for
=Z=1.ls it possible to geh, A, ? The answer will be yésotigh an element of
(Z).
Definition. A nonzero holomorphic homomor phism between complex tori is called an
isogeny.
Example. We define a multiplication-b{s] map to be thegeny:
[5] C*A  C"A with @ A 50 A.

Note 5A ? A so that it is indeed an isogeny. Then[kgf) 8 (Z"*Z) aniid says
Alina Cojocaru, along with many other people, havade a career of researching this
kernel and the information it provides!]

Example. Let5 N andleA ? /[5] besuchthat8 Z"5Z ,Ao0B A  as lattices.
Then we have a map



Robert Krzyzanowski Modular Forms Notes

(remember this comes from the Eisenstein setigs,and)s(A) 1> =.

If we letA )3 2), , then recall for elliptic curves of alaateristic , we
have the Weierstrass normal fon, 1L3 L Ly 2 ).

81.5 - Modular curvesand moduli spaces

We will call two complex tori equivalenC"A M C"A H_. dudhat-A A .
Furthermore, we will cat M = equivalent (- H ) if themeay (Z) such that
7 7 .0ur goal is to form an equivalence between theltb and ther M .

Definition. Let 5 N. An enhanced dlliptic curve for I' (5) isan orded pair (/7 A)
where / isa complex torusand A isa cyclic subgroup of order 5.

We say(/ A)M (/ A) (an equivalence relation) if there is amigrphism such that
/M7 andAa M A . Denote (5) { enhanced elliptic curvesIfof5)}" M

Definition. Let 5 N. An enhanced éliptic curvefor I' (5) is an orded pair (/ C)
where / isa complextorusand C isa point of order 5.

We say(/ C)M (/ C) if there exists an isomorphisfn'vI / and! c . Denot
(5) {enhanced elliptic curves far (5)}" M

Definition. Let 5 N. An enhanced dliptic curve for I'(5) is an orded pair
(/ (C G))where/ isacomplextorusandC G /[5]where"s(C G) " ('S,

We say(/ (C G))M(/ (C G)) if there exists an isomorphisrfn'vI s cMc
andG ™ G . Denote (5) { enhanced elliptic curvesIf¢b)}" M

These critters, and are callewduli spaces
Letl’ : (Z) be a congruence subgroup:
N(@T) B I™H {I, r H} orbits.
NB)IT(5)"H N((B)IT (5)"H, andN(5) TI'(5)"H .

Notation. We use brackets instead of parenthesgé iA] [/ C] [An€ G)]to
represent the equivalence classes under the apmpelation.

Theorem. (@) Let (5) {[/.Dz Af] 7 H}.Then
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(b) The moduli space for I''(N) is
Si(N)={[E-,1/N+ A.]: T e H}.

Two points |[E;,1/N + A;| and |[E.,1/N + A.:| are equal if and only if
I'(N)r = I''(N)7'. Thus there is a bijection

b1 Si(N) S Ya(N),  [C/A.,1/N + A - Di(N)r.
(¢) The moduli space for ['(N) is
S(N) ={lC/A,, (/N + A, 1/N + A,)| : T € H}.

Two points [C/A-,(T/N+ A, 1/N+A;)]. [C/Ar, (T /IN+ A7, 1/N+ A1)
are equal if and only if I'(N)r = I'(N)7'. Thus there is a bijection

O AT

W o. ‘ﬁ\‘,‘llj ——r ;ht;:"f

LATA |~/ B \‘J ,f.'r'-”" LA ES 1 /N + 1—” L ¢ lr‘(\}T

Lecture5 (March 2, 2009) - Diamond Chapter 3.2

LetO ? C.Recall O C meromorphicdd means it has a Lawrpansion

® ¥«
for in some disk about ,where C _. Z
Definition. Theorder of at7is
vr( ) -

andwhen 6 ,wesayP.( )

Definition. Afunction H  C isan automorphic form of weight with respect to I' if
(1) ismeromorphic on H.

2 [ forall v T.

(3) ismeromorphic atthecuspsof (i.e, [a] ismeromorphicat for all
a (Z)).

Let ! be a cusp of' , with Q@ { } . Let (R) with( ) 1 (with
Q

a (1) ). Thena T'ia gixes and so it is generated b for some
positive integeR .

We claim [a] [o] [a] forany « Ty« .Indeed,
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[a] [o] [ac] (1) [yl (1) <(yaT7) (ya(7))
Ay alr) <(a7) (yalr)) [ (a(7)<(e 7) [o] (7).
Hence, it is invariant under any element in thaigsaup. Fow ( Q) we get

[ (r Q) o] O a(r) o] (7),

where [a] has period when is even.

4/ |
4 / e

|
it i

Definep()) ()Re )($) for) [a] .
Theorem. ¢()) ismeromorphicif and onlyif )(@) is meromorphic.

Proof. We know there exists a Laurent expansior$ for thé punctured disk,

o8) T 5
Now, [a] meromorphicat meang$) is meromorphic at .i#f odd, and r
then (@) (@).1f JI',then [o] hasperio) atd ""@Q | [etc look at pg
741.0
RecallS & S (I'). Now, S (I') is not well-defined on(I") if farr v 7
Z
inTr, (yr) <(v7) (1) <(v 1) (7) (y7). If , then isy -invariant

and so is well-defined omUl" ).
S (') is the field of meromorphic functions an(I") , denogdC(T (T)).

Example. Let< 2 0§ where the numerator isit ( (R))  (a modular form)
andA isinS ( (R)) (acuspform). Thendif S ( (R)) and hasa pole,
it makes sense to thinkof T( ) C

Fact. C(<) S ( (2)).
Fact. If S (), then if ,thers (') S (T) .

Consider
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whereV ? H> 7(V) ? T(I') and ? C . Letr(r) T(I') be nota cusp. Recalling
that () > . =«( 7) ,we can think of local coordinates as

T T)Q $Q
sowecanwrite () .  «$7° . Then

- v.()
Vﬂ'(T)( ) Q Q -

If 7(1)is a cusp, consider the cases even/odd. If T' hent

a Tha D ( Q)E al ) I and

v} - {”() ifa« T D( Q)Eand is odd.
(1) -

w( ) otherwise.

Also, define

n(r) $.1( §)

*

where$ ; = 7@ 1

Proposition. Let¢ 5 7Z suchthat (5 )  1.Definey (1) n(r) n(57) .
It (T«(5)) for ( then (I'(5)) Co .If and 5 , then
( (z)) CA,whereA(r) (7) n(r) "
Differentials
LetO ? C withO open. We define the meromorphic différais of degreé o6 to be
Qv (0) { ($)( $)" is meromorphicoB} |,
where$ is the local variable é&n . Let

Q0) @ a"()
* N

Let( $)°( $)- ($)" -.Lety O O besuchthat is holomorphic
p: QV(0) a¥(0)
defined by

* *

(56)( $0)" (P8 )N 2(8)) (BN () ()"
Let T be a Riemann surface, and {8t} , be neighboshaddl , and{O.},

neighborhoods of . Let the: be the coordinate sh&@efine a differentiab o to
be a tuplew (wo), , [JOQY"(O.) that is compatible with respect to tifaesition

maps.
Now, we wante  QW*(T(T")) to pullback to a differential &h
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T TIm Y C

LetV. V.YHand0, (¢Rm7)(V.) .Recall 0. QY(0,) . Define

m(w) vy, | (@Rﬂ');(w o<) (m)( )

onV, . We claim these local patches glue togetheasscof compatibility.

*

We define a global differential oH  to bér)( 7)° . We tlubgim that s an
automorphic form of weight* .
M GO GO @E) (1)

We saw last time that (1)  <(y 7) . Hence, the above equals

)T DT )
so it is weakly modular of weight* . Next, we needshow that [a] . is meromorphic
at  for all o (Z). As before, let o ) . Lep(@) " "@Q $ . Since

w QW*(T(F))* is meromorphic onT(I') , when we restrict © , we can
wo )($)( $) , where) is meromorphic (particularly, at .JThen

Ty (PREOG)$) o) RIM)((@RE) (1) ()
)(7 TR (TR () (6 (1) ()
) (* Q) (x mo )"Q>*(%(>*<(6 D
(N (7

where we defined (7) in the last equality. Now we justd to show (7) is mero-
morphic at

*

(1) ($)(5) 8", wheres  * 7
Then [a] «(7) Do ] *[Oz] ( ) (%()*$* )($)(%()*$*, which is mero-morphic
at$ because dhis statement.

Hence, givenw QW (T(T')) , the function  defining the pullba@skan auto-
morphic form of weight * . The converse is also trgeren an automorphic form of
weight *, we can construct a meromorphic differértieT (I') of degree* .

Theorem 3.3.1. Let N be even and let I" be a congruence subgroup of (Z). The
map

w A QYT (T(T)) with (we). y

where (w.) pullsbackto (7)( 7) QY " (H) is an isomorphism of complex vector
spaces.

Lecture6 (March 9, 2009) - Diamond Chapter 3.4-3.6

Riemann-Roch Theorem

10
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Let T be a compact Riemann surface.

Definition. Adivisor on T isafinitesum )  * L with*_ 7 whereall but finitely
LT

many are .

We have a homomorphism deg Div) 7Z  with deg*. L) > *_ . This gaes
partial order * LZ > * L if*.Z*_ L .Denot€(T) the meromorphic fuoog
onT.Then C(T) ,sodefinediv) > wu( )x .Dendte diy C(T)'} by
DivL. Notice

1) div( ) div( ) div( ) and(2)ddg div))
(2) follows because deg) >, , mult) ,sodey >, muly  , and
deg ) >, (), mult().So

div( ) > mult,( ) > muli( )
( (

L ) L )

Define Div to be the divisors& D{M) ) of degrée . dase of what we just
showed, Di¥ - Div , so then want to look at Div  Div .

Definition. Thelinear space of adivisor is
(#) { C(T) div() #Z }.
The dimension of this space is denofé#) . It iscatfeaat dim[(#) %

Givenw QY*(T) anon-zero differentii -formoh , thend&irl T, we have
a local representatian,. | ($)( $) , whe¥e is the local comid aboul . We will
define diw) B > v ( )L (withy (w) ).

Exercise. Why isv cofinite of nonzeros?
Notice dMw w ) diMw ) diw ).
Definition. If A Q (T), then div(\) isa canonical divisor.

Theorem. Let T be a compact Riemann surface of genus ). Let div()\) be a canonical
divisor on T. Then for any divisor # Div (T),

[(#) ded#) ) [(diMA)  #).
Corollary 3.4.2 [in Diamond].

Note if A (T') is nonzero, then the associatgéd) T (T(T)) will heareonical
divisor div(w), so has degree) . For even, will haveivisor of degree
() ). SinceA (I') isC(T) for any nonzero of weight . The sdmkls for

V" (T(T)). Soallw QY™ (T(I')) has degred) )

Dimension formulas

If iseven,and A (I') isnonzero, we have

Vﬂ'(T)( ) VT( )

11
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for 7 a noncusp of period . Further,,\( ) B () for acusp.
Define (formally)
div() Yu( )L
What does it mean to be holomorphic? This exactams diy)) Z . Then

M@ A dv))Zz } | A div( )Z }8
{  C(T@) div( ) div( )z }.

Definition. [div | > v ( )]L.
We know
div( ) div( )Z \div( ) [div( )] Z .
So
M (T)8 (ldiv ]).
Hence, diflM (I))  [([ div |) .

Claim. Letw QY " (T(T)) whose pullback is(7)( 7) . Writt (} {Ls(} {L¢}
of period 3, and cusps, respectively, with sizes; ¢  espectively. Define

div( 7) > -L (¢ > sbks( X L¢

From 3.3, recal# (w) vy () -( o) with H and isassociatedto .
Then

ldiv( )] diviw) Y[-]L ( Xls)ls¢ XL

So
ded | div |) 0 ) [ﬂa bjag [—Ja
Z-() ) —t¢& —3e -¢€
) —)() e " e3"3 e ) e Z)

)
ForS (I'), we have the same things, but we juse div)_ L] nThe

div( ) div( ) > L Z
yieldsdeg| div ) > L) ded div]) ¢ .SoforZz1l |,
dim(S (I')) [(|div ]) e .
If is nonpositive, we wandt (I') .

Lecture7 (March 30, 2009) - Diamond Chapter 4

We define the Eisenstein space of weight
¥ (T) M D)y"s ().

12
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We will be computing the bases of these Eisenseates, which are Eisenstein series. In
this talk, we will only consider Z 3 . Recall

- (1) X
()za}

and the normalized Eisenstein series

7 (1) . ()" <)

(r )’

Now notice we can write

’(T> Z (7.) ZZ (T) Z*_Z (T)
() ze&} () * ()
ged ) * ged. )
Y 7
()
ged. )
Hence,
/(0 Y
()
ged. )
Define

We claim that we can rewrite the above as

/@ - SO0

v Ca&

()7 7)

It is easy to show thaf (7) is a weakly modular fofrveight

Then

We claim that

(¥ Z 1 and even
yred Z3isoddand JT
) by
dim(/Z (I')) < $reg and JT
\ % or( isoddand T) .

Now let us look at the Eisenstein seriesfg65) Z(3 i)stFtake5 Z and let
P (Z"5Z) arow vector of ordeb . Let

13
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where( p p) isaliftoP td .We defirgs tobe 5f anotherwise. Then
define

/7(1) es > (7 )

( )6P (mod5)
ged )
We claim that/?(7) es > (v 7)
v (C YI(5))&I(5)6
|
Proof. Let'swritey I'(5) as<5]5 5?' > . Then

Notice indeed gad )

Proposition. For all v Z) , (LP[)(r) LT (7).
Proof. We have
yr1) (1) <y 1) es > <(v (7))
v (C YI'(5))&r(5)s
€5 (vvy 7)
v (C YI'(5))&I(5)8
€5 <y 7)
v (C YI(5))&r(5)sy
es /7 (7).

(where we write
Ly (1) <(yy )<y 7))
Corollary. /Z°(7) M (I'(5)).

Proof. Itis holomorphic ol , and forajl T'(5) ,eagh reesitco mods . So by
our proposition abovely P . Henc#! is weight- invarieith respect td'(5) .
Fourier coefficients satisfy »| + 1 where] are positivestantsC]

Now we can create modular forms for any congruenbgroup of leveb , namely

/Pp(r) X L (7).

v T(5)&r

We can show that

14
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im /°(7) ( ) |ifP ( )unless isoddan® is or .
Im(7) otherwise.
In this exceptional case, I'(5) |, so that @in(I'(5))) . Hebcél'(5)) ahas
trivial basis. Now, /" is nonvanishing at 3 () , anédnishes at
otherwise.

What about forany ( ) ? TakeaRy ( ) (Z"57%Z) of order  with its
corresponding
s ()

Take any cusp " Q { } suchthatsome matrix

()

takes tdl . The Fourier seri#$[a] describes the hehats/ " . By our earlier

proposition/®[a] /7% /' " since

(o) o .

So/P[a] is non-vanishing at  only whén )déa () ifandonlyif )é

( a ifand only if
( >6 ( )(mod5)

if and only if I(5)! T(5)( " ). So/F is nonvanishing &(5)( ") and
vanishes at all other cusps. If is even &nd , piskt of vectors

{P} {( )s.t thequotients "  representall cusps(&)}

By the above, thé/F} are linearly independent. Tatshas:  elements (which is the
dimension o (I'(5)) ), so it is a basis.

15



