
Robert Krzyzanowski      Commutative Algebra Notes

1

Lecture 16

Theorem.  Let  be an affine -algebra (quotient of a polynomial ring). ThenV 5

dim tr deg tr deg  )V œ V œ U V5 5 � �
Proof.    Let  be the transcendence degree over  of . We will prove dim . By the< 5 V < � V

Going-Up Theorem, . If , then that implies  is a field, so thatV œ 5 B ß ÞÞÞß B Î: < œ ! Vc d" 8

dim . Let . Then it suffices to show if  with V œ ! W œ 5 B ß ÞÞÞß B T § U § W T Á Uc d" 8

then  surjectively.WÎT Ä WÎU

We claim that tr deg tr deg . By surjection, the inequality  is5 5WÎU � WÎT Ÿ

apparent. So assume we have equality. Write  and WÎU œ 5 ß ÞÞÞß WÎT œc d" "" 8

5 ß ÞÞÞß B ß ÞÞÞß B 7 œc dα α " α" 8 3 3 " 8, where  and  are the appropriate images of . Let tr
deg . Then  form a transcendence basis over  for  an that implies5 " 7WÎU ß ÞÞÞß 5 WÎU" "

α α" 7ß ÞÞÞß 5 WÎT form a transcendence basis over  for . Now pick the multiplicative
system . We woul dlike to localize. Notice  andX œ 5 B ß ÞÞÞß B  ! § W X ∩ T œ gc d e f" 8

X ∩ U œ g ß ÞÞÞß ß ÞÞÞß; otherwise, the  and  wouldn't be algebraicallyα α " "" 7 " 7

independent. Then . ThenX W œ 5 B ß ÞÞß B B ß ÞÞÞß B"
" 7 8� �c d

7�"

X WÎT X W œ 5 ß ÞÞÞß ß ÞÞÞß" "
" 7 7�" 8� � � �c dα α α α
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ht coht dim .: � : œ V

Proof.   By Noether normalization,

5 © 5 ^ ß ÞÞÞß ^ © Vc d" < ,

with tr deg dim . Let ht . By homework exercise,  with< œ V œ V : œ 2 V § W © U5

T œ U ∩ V V § W V œ W : œ U and  an itnegral extension, dim dim , ht ht , and
coht coht . We can assume .T œ U V œ 5 ^ ß ÞÞÞß ^c d" <

Hint:  The previous argument shows that  such that  is integral overbC ß ÞÞÞß C V" <

5 C ß ÞÞÞß C : ∩ 5 C ß ÞÞÞß C œ C ß ÞÞÞß Cc d c d � �" < " < " 2 having the property  (improved version of
Noether normalization). Then ht , coht  so the sum is .� � � �C ß ÞÞÞß C œ 2 C ß ÞÞÞß C œ <  2 <" < " <

Lecture 17

Graded rings and modules

If  is a graded ring,  a collection of groups,  such that E W W W œ WR
. ..−� � 9

�
. � !

homogeneous of degree , and . In part,  is a ring, is an -algebra.. W W © W W W W. / .�/ ! !

Example.  If  is graded, deg  and deg  withW œ V B ß ÞÞÞß B V œ ! B œ "c d" 8 3

W œ9 c d
. � !
V B ß ÞÞÞß B" 8 .,

where each term is the ring of homogeneous polynomials of degree . There exist many.
other gradings on polynomial rings, by assigning deg .B œ / −3 3 �

Example.  Look at W œ 5 B ß ÞÞÞß B Î œc d" 8 \ 9 c d
. � !
5 B ß ÞÞÞß B Î" 8 .. \ \ where  is a

homogeneous ideal (generated by homogeneous elements).

Fix  graded. Then a graded -module  is a collection of Abelian groups W W Q Qe f/ /−�

such that . The operation . In part, each  is an -module.Q œ Q W Q © Q Q W9
/ � !

/ . / .�/ / !

Example.   is a graded module over .Q œ 5 B ß ÞÞÞß B Î 5 B ß ÞÞÞß Bc d c d" 8 " 8\

We will now introduce the Hilbert polynomial and function.

Definition.   The function  is called  if there exists a0 À Ä� � polynomial-like
polynomial  such that  for . Furthermore, deg deg .T − B 0 8 œ T 8 8 ¦ ! 0 œ T�c d � � � �
Lemma.   For  a function, define  to be 0 À Ä 0 À Ä 0 8 œ� � ? � � ? � �
0 8 � "  0 8 0 < 0� � � �. Then  is polynomial-like of degree  if and only if  is polynomial-?
like of degree . (deg - )<  " ! œ "
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Proof.   First, for all , . Furthermore, for every: � ; − 0 :  0 ; œ 0 5� ?� � � � � ��
5œ;

:"

< −  ! œ� ?e f ˆ ‰, . We can use these two facts to obtain the lemma. 8x <x8x
<x <" x� � �

Note:  For a finitely-generated graded module  decomposable into submodules, we canQ
always assume the generators of  are homogeneous.Q

Theorem.   Let W œ9
. � !
W W œ 5 W. ! be a graded ring such that  a field, and  is finitely

generated over  (as an algebra) by . Then for every finitely generated5 + ß ÞÞÞß + − W" < "

graded module   over , the function dim  is polynomial-likeQ œ Q W 2 8 ³ Q9 � �
8 � !

8 Q 5 8

of degree less than .<

Proof.  We can use induction on . If , then  is a field. Take  to be a< < œ ! W œ W œ 5 Q!

finitely generated module, then say by , deg . That implies B ß ÞÞÞß B . Ÿ ÞÞÞ Ÿ . Q œ !" 5 " 5 8

for all  so  (degree - ).8 � . 2 8 œ ! "5 Q � �
Now assume . Consider  given by multiplication by . Then< � ! À Q Ä Q +:< <

+ − W " Q © Q 8< " < 8 8�" (has degree ), so . Then for all , we have an exact sequence: � �
! Ä O œ Ä Q ÄQ Ä G œ Ä !8 < 8 8�" 8 <

<
ker co ker .� � � �: :

:

Then  and  are graded modules over . Then >>  soO ³ O G ³ G W G © Q  O9 9
8 � ! 8 � !

8 8

that both  and  are finitely generated algebras over  are well-G O V { 2 8 ß 2 8G O� � � �
defined, so that dim dim dim dim . Hence,5 8 5 8 5 8�" 5 8O  Q � Q  G œ !

?2 8 œ 2 8 � "  2 8 œ 2 8  2 8Q Q Q G O� � � � � � � � � �.
Then by construction, and . So in fact,  and  are graded modules+ † O œ ! + † G œ ! O G< <

over . Then by induction,  and  are polynomial-like ofW œ 5 + ß ÞÞÞß + § W 2 2


w
" <" G Oc d

Î

degree  so that  is as well and hence  is polynomial-like of degree lessŸ <  # 2 2? Q Q

than  by our lemma. < �

Definition.   The function  given in the previous theorem is the  of .2 QQ Hilbert function
If  for ,  is the .2 8 œ T 8 8 ¦ ! TQ Q Q� � � � Hilbert polynomial of Q

Example.  If W œ 5 B ß ÞÞÞß B œc d" 8 9 c d
7 � !

W W œ 5 B ß ÞÞÞß B œ Ö7 7 " 8 7, then space of

homogeneous polynomials of degree   and7 ×

2 7 œ œ œ œ 7 � 7W
8"�7 8"�7
7 8" 8" x 8" x

7�8" †ÞÞÞ† 7�" " 8" 8#� � � �ˆ ‰ ˆ ‰ ðóñóò� � � �
� � � � b

remainder

.

Remark:   Notice dim deg .W œ 2 � "W
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Lecture 18

Artinian Rings

Definition.   A ring  is Artinian if it satisfies the descending chain condition (DCC) onV
ideals, i.e., there exists a decreasing chain of ideals  so that there existsM ª ÞÞÞ ª M ª ÞÞÞ" 7

an  such that the chain stabilizes after , that is,  holds. The same8 − 8 M œ M œ ÞÞÞ™� 8 8�"

definition holds for modules with respect to inclusions of submodules.

Examples.   (1)  is not Artinian.™

(2)   is Artinian.™ ™Î.

(3)  with  is Artinian.5 B ß ÞÞÞß B Î B ß ÞÞÞß B 7 � "c d � �" 8 " 8
7

(4) Product of fields  for  and  fields.5 ‚ ÞÞÞ ‚ 5 < � # 5" < 3

Lemma 1.  If  is Artinian and a domain, then  is a field.V V

Proof.   Pick . Then we have a chain . By the DCC,+ − V + ª + ª ÞÞÞ ª + ª ÞÞÞ� � � � � �# 7

there exists an  such that  which implies there is a  so that8 + œ + , − V� � � �8 8�"

+ œ ,+ + "  ,+ œ ! + ,8 8�" 8, which means , so that has an inverse . � � �

Lemma 2.  If  is Artinian, then every prime ideal in  is maximal, and there are onlyV V
finitely many.

Proof.   If : :© V VÎ is a prime, then  is Artinian and a domain, so by the previous
lemma, it is a field, and hence  is maximal. To show there are finitely many, notice the:
family

e f7 7 7" 5 3∩ ÞÞÞ ∩ l V maximal in 

has a minimal element with respect to inclusion. Now say  is minimal.M œ ∩ ÞÞÞ ∩7 7" 5

Then take  to be maximal. Then . But 7 7 7 7© V 7∩ M œ ∩ ∩ ÞÞÞ ∩ − 7 ∩ M ©" 5 Y
M 7 ∩ M œ M © ∩ ÞÞÞ ∩ is minimal so that . But then  where  and each  are7 7 7 7 7" 5 3

prime. Hence,  such that . b3 œ7 73 �

Remark: We can use this lemma to show that all Artinian rings are a finite product of
local Artinian rings. (i.e., Chinese Remainder Theorem).

Definition.   If is a ring and  is an -module, then is V Q Á ! V Q simple if it has no sub-
modules different from  and itself. Then  for  simple implies , and! VB © Q Q VB z Q
hence Ann . Hence  is simple if and only if Ann  is maximal. Hence, VB z VÎ B Q B Q� � � �
simple implies  for some maximal ideal .Q z VÎ7 7

Definition.    A  of  is a finite filtration:composition series Q

Q œ Q ª Q ª ÞÞÞ ª Q œ !! " 8

such that  is simple for all .Q ÎQ 3 œ !ß ÞÞÞß 8  "3 3�"
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Jordan-Hölder Theory

If the composition series exists, then the length of any two is the same:

j Q œ Q œ
∞V� � � � œlength .
length of any such series if a composition series exists

otherwise.

Furthermore  if and only if  is Artinian and Noetherian. Also,j Q � ∞ QV� �
! Ä Q Ä R Ä T Ä ! j R œ j Q � j T implies V V V� � � � � �

for an exact sequence of -modules. If  is a -vector space, then dim .V Q 5 j Q œ Q� � 5

Example.   For ,� �Vß7

V ª ª7 7# ª ÞÞÞ

VÎ Š Î Š Î Š ÞÞÞ7 7 7 7 7# # $

7 7ª M ª Ê VÎM Š MÎM Š M ÎM Š ÞÞÞ5 # # $ 

7 7 7 7 7 75 5�" 5 5�" 8 8�"
VÎÎ Î � ∞ œ has finite length (dim ). Then  implies that7

78 œ ! by Nakayama's Lemma. Then

j V œ j VÎ � j Î � ÞÞÞ � j Î� � � � � � � �7 7 7 7 7# 8" 8 .

Then  (a system of parameters), and 7 7œ B ß ÞÞÞß B� �" 8
5Î75�" œ Ö homogeneous

polynomials of degree  in  variables . Then dim  .5 8 × Î œVÎ
5 5�" 8"�5

57 7 7 ˆ ‰
Proposition.    For  a finitely-generated module and  a Noetherian ring, the followingQ V
are equivalent:

(1) j Q � ∞V� �
(2) All primes in Ass  are maximal.� �Q
(3) All primes in Supp  are maximal.� �Q

Remark: Notice this implies Ass Supp� � � �Q œ Q

Proof.  [(1) (2)]  By our earlier lemma, there is a filtration Ê Q œ Q ª ÞÞÞ ª Q œ !! 8

such that Q ÎQ z VÎ3" 3 : :3 3 " 8 for  prime, with Ass , and� � e fQ © : ß ÞÞÞß :

∞ � j Q œ j Q ÎQ œ j VÎV V 3" 3 V� � � � � �� � :3 .

But then  so that ∞ � j VÎ VÎV� �: :3 3 is an Artinian -module, and it must also be aV
domain. Hence  is maximal by the earlier lemma.:3

[(2) (3)]  We know Ass Supp , and they have the same minimal primes.Ê Q © Q� � � �
Pick a prime Supp . Whether or not it is minimal,  that is minimal, soU − Q bT © U� �
this means that Ass  meaning it is maximal, and hence  is maximal.T − Q U� �
[(3) (1)]  Exercise:  they are contained in Supp . If  are all maximal, thenÊ a Q: :3 3� �
VÎ: :3 3 is all fields, so j VÎ œ "V� �  and hence we have a composition series, and
j Q œ 8 � ∞V� � . �
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Lecture 19

Theorem A.   Let be a Noetherian ring. The following are equivalent:V

(i)  is Artinian.V

(ii) Every prime is maximal.

(iii) Every associated prime is maximal.

Proof.   We know (i) implies (ii) from lemma 2 last time; (ii) implies (iii) is obvious; and
(iii) implies (i) is true by (2) implies (1) in the proposition from last time. �

Theorem B.   A ring  is Artinian if and only if .V j V � ∞V� �
Proof.   Let . Then obviously  is Artinian and Noetherian. Now we claimj V � ∞ VV� �
there exist maximal ideals 7 7 7 7 7 7" 5 " 5 " 5ß ÞÞÞß † ÞÞÞ † œ ! ÞÞÞ ª such that  (since then 
7 7 7" 5 5�"ÞÞÞ  has to stop by the descending chain condition, so apply Nakayama's
Lemma). We have . Then each V ª ª ª ÞÞÞ ª ÞÞÞ œ ! R œ ÞÞÞ Î7 7 7 7 7 7 7" " # " 5 3 " 3"

7 7 7" 3 3ÞÞÞ { VÎ MQ œ ! Q VÎM -moduli (vector space). Notice  is an -module.Ö
Also, j R � ∞ j R � ∞ V jVÎ 3 V 3 <73� � � � implies  (because  is Artinian), and then the fact 
is additive in filtrations implies . j V � ∞V� � �

Theorem C.   A ring  is Artinian if and only if  is Noetherian and every prime ideal isV V
maximal.

Proof.   We proved the adverse in theorem A. By theorem B,  so that  isj V � ∞ VV� �
Noetherian, and then by Theorem A we know each prime ideal is maximal. �

Hilbert function and dimension

We can now look at graded rings of the form  with  Artinian. ThenW œ W W9
. � !

. !

there exists a Hilbert polynomial of positive degree such that  is generated by .W W ÎW" !

Definition.    If  is a local ring, then an � �Vß7 ideal of definition for  is  such thatV M © V
there exists a  with .5 � " © M ©7 75

Lemma.    An ideal is of definition if and only if  is Artinian.M VÎM

Proof.   (Sketch)  is an ideal of definition if and only if radM M œ� � 7 (so there does not
exist non-maximal primes containg ). M �

Definition.    If is an ideal of definition with  a finitely-generated -M © Vß Q V� �7
module, then the  gr . The associated graded ring associated gradedM

8 8�"� � 9V œ M ÎM
8 � !

module gr .M
8 8�"� � 9Q œ M QÎM Q

8 � !

Remark.   If  are generators for , then  generate .+ ß ÞÞÞß + M + ß ÞÞÞß + M ÎM" < " <
7 #

gr  over .M !� �V ;< œ VÎM
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•   is Artinian, as before.VÎM

• If  is finitely generated over  then it is Artinian, which implies for allQÎMQ VÎM
5 � " j VÎM � ∞ j QÎMQ � ∞ j M QÎM Q � ∞ M, ,  and so •  (  isV V V

5 5" 5 5� � � � � �
also an ideal of definition).

• . By the Hilbert polynomial theorem, this is2 8 œ j M QÎM Q1< Q V
8 8�"

M� �� � � �
polynomial-like of degree  (for ).Ÿ <  " M œ + ß ÞÞÞß +� �" <

Definition.    The Hilbert-Samuel function of  (with respect to ) isQ M

W 8 œ j QÎM Q � ∞Q
M 8

V� � � � .

Proposition.    The Hilbert-Samuel function is polynomial-like of degree .Ÿ <

Proof.   There exists an exact sequence

! Ä M QÎ8 M Q Ä QÎM Q Ä QÎM Q Ä !8�" 8�" 8 .

So that for all ,  and so by the earlier8 W 8 œ W 8 � "  W 8 œ 2 8? Q Q Q
M M M

Q� � � � � � � �grM� �
bullet point statement,  is polynomial-like of degree . (where  is as definedW Ÿ < WQ Q

M M?

in the lemma in Lecture 17) �

Proposition.    The degree of  does not depend on  (call it ).W 8 M . QQ
M � � � �

Proof.   Start with the fact is an ideal of definition, i.e., there is a  such thatM 5
7 75 M

Q Q© M © W W. Then we can look at  and , and if we can prove they are equal we're7

done since the latter is ideal invariant. For each , we get . Then: � " © M ©7 75: : :

W 5: � W : � W : W œ WQ QQ Q
M M

7
7 7 7� � � � � � for every p, so deg deg . �

Lecture 20

Proposition.    Setting as above [last time], for any exact sequence of finitely generated
V ! Ä Q ÄQ ÄQ Ä ! W 8 � W 8 œ W 8 � < 8-modules, , we have w ww M M M

Q Q Qw� � � � � � � �
where  is polynomial like of degree , with non-negative leading< 8 � . Q� � � �
coefficients.

Proof.   We have an exact sequence

! Ä Q Î Q ∩ M Q Ä QÎM Q Ä Q ÎM Q � !w w 8 8 ww 8 ww� � .

Let's say . From the above sequence, we get by the additivity of theQ ³Q ∩ M Qw w 8
8

Hilbert function that  (implies  is polynomial-like). Now noticej Q ÎQ j Q ÎQV V
w w w w

8 8� � � �
for all ,  (since ). The Artin-Reese lemma7 M Q © M Q ∩Q œ Q Q § Q8�7 w 8�7 w w w

8�7

states there exists an  such that for each ,  with7 8 � 7 MQ œ Qw w
8 8�"� �� �M Q ∩ M Q œ Q ∩ M Q M Q © Q œ M Q75 w 8 w 8�5 8�7 w w 8 w

8�7. Hence, we get  [Artin-
Reese Lemma] . Therefore, © M Q8 w j Q ÎM Q � j Q ÎQ � j Q ÎM QV V V

w 8�7 w w w w 8 w
8�7� � � � � �.

Notice the first term in this inequality equals  and the latter . W 8 �7 W 8Q Q
M M
w w� � � � Then make
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8 Ä ∞ W 8 j Q ÎQ and we get that  and  have the same degree and same leadingQ
M w w

V 8w� � � �
coefficient. Then define . This is a polynomial-like term< 8 ³ j Q ÎQ  W 8� � � � � �V

w w M
8 Q w

of degree  with a non-negative leading coefficient. � . Q Ÿ . Q� � � �w �

Let  be a finitely generated module over . ThenQ V

dim R .
dim Ann if 

œ
VÎ Q Q Á !

" Q œ !œ � �� �

Lemma.    The following are equivalent:

(1)  dim  (2)   ( )   All primes Q œ ! j Q � ∞ $V� � : − QSupp  are maximal.� �
( )  All associated primes Ass  are too.% − Q: � �
Definition.    If  is a Noetherian local ring with  finitely generated over , the� �Vß Q V7
Chevalley dimension of  isQ

$ �� � e f� �� �Q ³ < − l b+ ß ÞÞÞß + − j QÎ + ß ÞÞÞß + Q � ∞min  s.t. ." < V " <7

This definition makes sense because .j QÎ Q � ∞V� �7

Theorem.   ( )  If  is finitely generated over  a NoetherianDimension Theorem Q Vß� �7
local ring, then dim .Q œ . Q œ Q� � � �$

Corollary 1.    The dim  for any  a finitely generated module over . InQ � ∞ Q V
particular, dim .V � ∞

Corollary 2.    Each : © V V prime has finite height, so the set of primes in  satisfy the
descending chain condition.

Proof.   dim ht . V œ: : �

Corollary 3.    dim dimV Ÿ 57 7 7Î 5 œ VÎ V# where  (embedding dim of ).

Proof.   If  is a basis of , then  generate  so by corollary 1,+ ß ÞÞÞß + Î + ß ÞÞÞß +" < " <
#7 7 7

dim . V Ÿ < �

Corollary 4.    The dim  for  a field. Then 5 B ß ÞÞÞß B œ 8 5 B ß ÞÞÞß B œc d � �c d" 8 " 8 7 implies by
corollary  that dim . Furthermore,  implies" V Ÿ 7 ! © B ß B © ÞÞÞ © B ß ÞÞÞß B� � � � � �" # " 8

dim .V � 8

Lecture 22

Theorem.   ( ) If  is a Noetherian local ringGeneralized Krull principal ideal theorem V
and  is a prime, the following are equivalent:: © V

(1)  ht : Ÿ 8 (# of generators).
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(2)   ideals  generated by  elements such that is minimal over .b M § V 8 M:

Proof.   [(1) => (2)] We have dim ht . Then there exists  generated byV œ Ÿ 8 N © V: ::ˆ ‰+
= =

+
3

" 8ß ÞÞÞß + − V N V,  such that  is an ideal of definition for . But then:

� �: : :V:
5 © N © V Í N V: : is -primary,

so that  a minimal prime. So then in ,  is -primary whichM œ + ß ÞÞÞß + © V MV V� �" 8 : :: : :

means  is an ideal of definition so that dim .MV V Ÿ 8: :

Theorem.     If  is Noetherian with  and� � � �Krull principal ideal theorem V B Â ^ V
B Â V B œ "‡, then for every minimal prime  over , ht .: :� �
Proof.   Since , by the previous theorem ht . Assume ht . But we knowB Â V Ÿ " œ !‡ : :
that . Notice if  then  such that , but this is impossibleV Á ! œ ! − V b= Â : =B œ !: B

" :

since . Since , we have , our desiredB Â ^ V ^ V œ B − © ^ V� � � � � �-
:− VAss� �: :

contradiction. �

Definition.    Let  be a Noetherian local ring with  a finitely-generated -� �Vß Q V7
module and dim . Then a Q œ 8 system of parameters for  is a set Q + ß ÞÞÞß + ©e f" 8 7
such that . (exists because dim )j QÎ + ß ÞÞÞß + Q � ∞ Q œ QV " 8� � � �� � $

Examples.   (1)  Let  be an ideal of definition. Then  is aM œ + ß ÞÞÞß + + ß ÞÞÞß +� � e f" 8 " 8

system of parameters.

(2)    is a system of parameters.e f c dc dB ß ÞÞÞß B © 5 B ß ÞÞÞß B" 8 " 8

Theorem.   Take  to be a finitely generated module over a Noetherian local ring. TakeQ
+ ß ÞÞÞß + −" > 7. Then dim dim . In addition, we have equality ifQÎ + ß ÞÞÞß + Q � Q  >� �" >

and only if  is part of a system of parameters.e f+ ß ÞÞÞß +" >

Proof.   Let  and define . Let dim . Then + − Q R ³ QÎ+Q < œ R œ R b$� �
, ß ÞÞÞß , − V j RÎ , ß ÞÞÞß , � ∞ RÎ , ß ÞÞÞß , R z" < V " < " < such that . But � � � �� �
QÎ +ß , ß ÞÞÞß , Q Ÿ < � " œ QÎ+Q � "� � � � � �" < . So then .$ $

Now use induction on . Start with . By induction,> T œ QÎ + ß ÞÞÞß + Q� �# >

dim dim . For equality, [...see proof in book]T � Q � >  "� �
Examples.   (1)  is an -sequence if and only if .e f � �+ Q + Â Q½

(2)  In  or , 5 B ß ÞÞÞß B 5 B ß ÞÞÞß B B ß ÞÞßc d c d e fc d" 8 " 8 "

Lecture 23

Theorem.   If  is a finitely generated module over  a Noetherian local ring, andQ Vß� �7
if  is an -regular sequence, then  is part of a system of parameters.+ ß ÞÞÞß + Q + ß ÞÞÞß +" > " >e f
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Proof.    By induction on , for  we have dim dim . So by one of> > œ " QÎ+ Q œ Q  ""

the theorem from earlier, is part of a system of parameters. If , then assumee f+ > � "3e f+ ß ÞÞÞß + Q" >"  is an -regular sequence which is part of a system of parameters. Then
dim dim . Hence, dim QÎ + ß ÞÞÞß + Q œ Q  >  " QÎ + ß ÞÞÞß + Q œ� � � � � �" > " >

dim dim dim . Again by the theoremQÎ + ß ÞÞÞß + Q  " œ Q  > � "  " œ Q  >� �" >"

from last time, this means  is part of a system of parameters. e f+ ß ÞÞÞß +" > �

Depth.    Let  be a finitely generated module over . The Q Vß� �7 depth of  in  (orQ V 7)
is the supremum over the length of all -regular sequences, i.e., sup  anQ Ö> l + ß ÞÞÞß +e f" >

Q ×-regular sequence .

Note:   Later, we will see the depth equals the length of any maximal -regularQ
sequence.

Proposition.    depth dim .Q Ÿ Q

Proof.   Every -regular sequence extends to a system of parameters.Q

Definition.   A module  as above is  (CM) if depth dim .Q Q œ QCohen-Macaulay

A Noetherian local ring  is CM if it is CM over itself.� �Vß7

Proposition.   If  is a finitely generated module over Noetherian , then if Q V + ß ÞÞÞß +e f" >

is such that  is -regular, then the sequence contained in , and then+ Q V œ5
§V½� � -

7 7

any permutation is again an -regular sequence. In part, if  is local, then anyQ Vß� �7
permutation of any -regular sequence is an -regular sequence.Q Q

Proof.   It is enough to prove that  is an -regular sequence. We need toe f+ ß + ß ÞÞÞß + Q# " >

prove that , and . Then say there exists an  such that+ Â ^ Q + Â ^ QÎ+ Q B − Q# " #� � � �
+ B œ ! + B − + Q bC − Q + B œ + C" " # " # if and only if  meaning  such that . Then
C − + Q bD C œ + D + œ + + D + B  + D œ !" " " " # " # so  such that . But then  so that , but� �
+ Â ^ Q B œ + D − + Q B œ !" # #� � so that  so . �

Definition.   A Noetherian local ring  is  if the maximal ideal  can be� �Vß7 7regular
generated by , where dim .+ ß ÞÞÞß + < œ V" <

Examples.   (1)  If dim , then  is regular if and only if  is a field.V œ ! V V

(2)   If dim , then  is regular if and only  is a discrete valuation ring.V œ " V V

(3)   If  is regular local then  must be a regular system ofV œ 5 B ß ÞÞÞß B B ß ÞÞÞß Bc dc d" 8 " 8

parameters.

(4)  For  an algebraic variety,  is smooth if and only if  is a regular local\ B − \ b\ßB
ring.

(5)   If  is a cusp, then dim dim .V œ 5 \ß ] ] \ V œ 5 \ß ]  " œ "c d� � c d# $
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Lecture 24

Theorem 1.    If  is a regular local ring then  is a domain.V V

Theorem 2.   If  is a regular local ring of dim  with  for ,� �Vß < + ß ÞÞÞß + − " Ÿ > Ÿ <7 7" >

then the following are equivalent:

(1)   can be extended to a regular system of parameters.+ ß ÞÞÞß +" >

(2)   are linearly independent over  in .+ ß ÞÞÞß + 5 Î" >
#7 7

(3)  is a regular local ring.VÎ + ß ÞÞÞß +� �" >

Proof.   [(1) (2)]  By Nakayam's Lemma,  is a regular system of× + ß ÞÞÞß + ß , ß ÞÞÞß ," > >�" <

parameters if and only if  is a basis for .+ ß ÞÞÞß + ß , ß ÞÞÞß , Î" > >�" <
#7 7

[(1) (3)] Say  is a regular system of parameters. Then for anyÖ e f+ ß ÞÞÞß + ß , ß ÞÞÞß ," > >�" <

system of parameters, by an older theorem, dim . So thenVÎ + ß ÞÞÞß + œ <  >� �" >˜ ™ � � � �, ß ÞÞÞß , VÎ + ß ÞÞÞß + VÎ + ß ÞÞÞß +>�" < " > " > generate a maximal ideal in  so that  is regular.

[(3) (1)]  We have  regular so that  is a regular system ofÖ VÎ + ß ÞÞÞß + , ß ÞÞÞß ,� � ˜ ™" > >�" <

parameters. So then pick any , so that  for some , so thatB − B œ - , -7 �
4œ>�"

<

4 4 4

B  - , − + ß ÞÞÞß + B œ - , � - + B − + ß ÞÞÞß + ß , ß ÞÞÞß , œ� � �� � � �4 4 " < 4 4 3 3 " > >�" <. Hence,  so 
7Þ �

Proof.   (of Theorem 1)   We will prove by induction on dim . If , then  is a< œ V < œ ! V
field and if  then R is a discrete value ring. If , . Let the minimal< œ " < � " bB − Î7 7#

primes of  be  (want all ). Then we can also assume  . IfV ß ÞÞÞß œ ! B Â a3: : : :" > 3 3

7 7 : : 7 7 7 :© ∪ ∪ ÞÞÞ ∪ © © 3 VÎ B# #
" > 3 3, then  or  for some . Now look at . Then� �

! Á B − Î VÎ B VÎ B œ <  "7 7#. By Theorem 2,  is regular, but dim , so� � � �
inductively, this is a domain. Then since  is prime, s.t.  so we claim� � � �B b3 © B:3
: 7 : :3 3 3 3œ B: B − œ !Þ C − for , and by Nakayama's Lemma,  Then we claim  implies
bD C œ DB B Â D − such that  with  so that . : :3 3 �

Theorem.   Let  be a Noetherian local ring. Then  is regular if and only if  can� �Vß V7 7
be generated by a regular sequence. In addition, the length of any such regular sequence is
equal to dim .V

Proof.   If  is regular, take  to be regular for any system of parameters. ThenV + ß ÞÞÞß +e f" <

for all , by Theorem 2 we have  is regular, so by Theorem 1, > VÎ + ß ÞÞÞß + VÎ + ß ÞÞÞß +� � � �" > "

is a domain. So hence . On the other hand, let .+ Â VÎ + ß ÞÞÞß + œ + ß ÞÞÞß +>�" " > " =m� � � �� � 7
Then by the previous theorem  is part of a system of parameters. So thene f+ ß ÞÞÞß +" =

! œ VÎ œ V  = œ <  = = œ < Vdim dim . Then  implies  is regular.7

The reason for this theorem is that it gives the following important corollary:

Corollary.    A regular local ring is Cohen-Macaulay.
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Proof.  We always know depth dim . On the other hand, by the theoremV Ÿ V
depth dim . V � V �

Homological algebra

Now we start over, and learn some homological algebra in order to prove some more
important theorems later on.

Fix a ring  Then a chain complex  is a sequence of -modules  with  so thatEÞ G V G 8 −8 ™

ÞÞÞ Ä G Ä G Ä G Ä ÞÞÞ8�" 8 8"

with  for -modules hom s.t.   .. À G Ä G V . ‰ . œ ! a83 3 3" 8 8�"

We call ker  , and Im  an . Thenm8 ñ 8 8 ñ 8�"� � � �G ³ . F G ³ . 88-cycles -boundary
. . œ ! F © ^8 8�" 8 8 implies .

We can define the  of   by .n-th homology -moduleV G L G ³ G ÎF Gñ 8 ñ 8 ñ 8 ñ� � � � � �m
Furthermore, a  is a collection of -module homomorphisms,homology of complexes V

0 À G Ä H 0 À G Ä Hñ ñ 8 8 8, 

ÞÞÞ Ä G Ä G Ä G Ä ÞÞÞ8�" 8 8"

Æ Æ 0 Æ  8

H Ä H Ä H8�" 8 8"

Then we can easily check  and . So then  induces0 ^ © ^ 0 F © F 08 8 8 8 8 8� � � �
homomorphisms  (on homologies).L 0 À L G Ä L H8 ñ 8 ñ 8 ñ� � � � � �

Lecture 25

Definition.   Let  be modules of complex. A between  and  is0ß 1 À G Ä H 0 1• • homotopy 
a collection of  s.t. .2 À G Ä H 0  1 œ 2 ‰ . � . ‰ 28 8 8�" 8 8 8" 8 8�" 8

G Ä G8 8"

    á à à0  1 28 8 8"

    H Ä H Î8�" 8
.8�"

Ñ

Lemma.   If  and  are homotopic, then .0 1 L 0 œ L 18 8� � � �
Proof.   (Homework)

Theorem.  (Snake lemma)  Assume we have two exact sequences with commutative
diagrams.

  E Ä F Ä G Ä !

Æ Æ Æ

! Ä H Ä I Ä J
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OKAY forget trying to type up this diagram just look up the lemma.

Theorem.   A short exact sequence of complexes

! Ä G Ä H Ä I Ä !
0 1

• • •

means there exists a long exact sequence of homology modules

ÞÞÞ Ä L I Ä L G L H L I Ä L G Ä ÞÞÞ
` L 0 L 1

8�" 8 8 8 8"
8 8� � � � � � � � � �� � � �

• • • • •Ò Ò
#

Proof.   Steal from someone else's lecture notes.

Lemma.   Every commutative diagram of short exact sequences

! Ä G Ä H Ä Ä !&

Æ Æ Æ  

! Ä G Ä H Ä I Ä !w w w

induces a commutative diagram of long exact sequences of homology groups

ÞÞÞ Ä L I Ä L G L H L I Ä L G Ä ÞÞÞ8�" 8 8 8 8"� � � � � � � � � �• • • • •Ò Ò

    Æ

   .ÞÞÞ � L G Ä ÞÞÞ8
w� �•

Definition.    An -module  is  if for all surjective homomorphisms of -V T Vprojective
modules, for all homomorphisms , there exists a homomorphism 0 À T Ä R 2 À T Ä Qw

making the ofllowing diagram commutative:

T
2 Æ 0á

Q Ä R Ä !

where the  is called a lift.2

Proposition.    Every free module is projective.

Proof.   He proved it in class, but see Dummit and Foote.

See also the Dummit and Foote theorem about equivalent conditions for projective
modules!

Lecture 27

Theorem. ( )    is an injective -module if and only if  idealBaer's Criterion I V aM © V
and  ,  extending .a 0 À M Ä I b2 À V Ä I 0

Proof.    By definition,  .� �Ö Q © Q © R!

� �Õ  If   with  and  (lifts to).  Then  a maximal! Ä Q Ä R Q Ä I R { I b
0 1 2
w w w

extension  with  and  (by Zorn's Lemma).2 À Q Ä I 2 À Q Ä I 2 l œ 1! ! ! ! ! Q
w
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If , we are done. Assume it's not, then . If ,Q œ R bB © RÏQ M ³ < − V l <B − Q! ! !e f
then define  by . This can be extended to . Define0 À M Ä I 0 < œ 2 <B 2 À V Ä I� � � �!

2 À Q �VB Ä I Q 2 B � <B œw w
! !! ! ! (with the former a proper subset of ) with  � �
2 B � <2 " B − Q 2! ! ! !� � � � (with ). This is well-defined and extens  so we have a
contradiction. �

Theorem.   Every -module can be embedded in an injective -module.V V

Proposition 1.   Every abelian group can be embedded in a divisible group (iff injective).

Proof.   If  with  and . Then ! Ä O Ä J Ä Q Ä ! © © Q z JÎO ©™ � ™ �M M

� ŠMÎ  divisible. �

Proposition 2.    If  is a divisible abelian group and  is a commutative ring, thenH V
I ³ VßH VHom  is an injective -module.™� �
Proof.     Note that Hom  is an -module (we can always do ). We™� � � � � �VßH V <0 = œ 0 <=
want  with  and  lifting to . Then Hom! Ä Q Ä R Q Ä I R I RßI Ä� �
Hom . We want Hom Hom Hom Hom . The� � � � � �� � � �QßI Ä ! Rß VßH Ä Qß VßHV V™ ™

former is isomorphic to Hom  and the latter to Hom  and™ ™� � � �R Œ VßH Q Œ VßHV V

again  and  for  divisible implying we have injective overR Œ V z R Q Œ V z Q HV V

™ for Hom Hom . ™ ™� � � �RßH Ä QßH Ä ! �

Proof (of theorem). We have injective module, so  an -module implies  anQ Q V Qä
abelean group implies (by Proposition 1) that  a divisible group. Let bQ H I œä
Hom  injective over  as by Proposition . We then claim that there is an™� �VßH V #
injective -module homomorphism  with  forV À Q Ä I 7 È 0: 7

0 < œ <7 − Q © H 0 œ 0 0 " œ 0 "7 7 7 7 7� � � � � �. Then if  is injective,  implies  so:
" # " #

that . If  is an -module homomorphism,  means7 œ 7 V = − V" # :
0 < œ <=7 œ <= 7 œ 0 =< œ =0 <=7 7 7� � � � � � � �� �. �
Resolutions

Definition.    The  of a module  is an exact sequenceleft resolution Q

 .ÞÞÞ Ä T Ä T Ä Q Ä !" !

It is a free  resolution if all the 's are projective (free). A deleted resolutionprojective � � T3
is one of the form  (i.e.,  is not exact anymore).T Ä T Ä T Ä ! T# " ! !

Similar definition for a right resolution.

Lemma.   Every module  admits projective (in fact free) and injective resolutions.Q

Proof.    We have  and , and continue like! Ä O Ä J Ä Q ! Ä O Ä J Ä O Ä !! ! " " !

this. �

Definition.   An -module  is  if the functor   __  is exact, i.e., for all shortV Q Q Œflat V

exact sequences  of -modules, then ! Ä E Ä F Ä G Ä ! V ! Ä Q Œ E Ä Q Œ FV V

ÄQ Œ G Ä !V  is exact.

Examples.   (1)  is flat over  because R  A A for any V V Œ z EÞV
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Ð#Ñ Ð Q Í aQExercise)    is flat  is flat.9 3 3

(3) Every projective -module is flat.V

Lecture 28

Flat modules

Q Œ aQ VV  __ is right exact  -modules.

Proof.   Start with a short exact sequence . We want to show! Ä E Ä F Ä G Ä !
0 1

Q Œ E Q Œ F Q Œ G Ä !V V VÒ Ò
" Œ 0 " Œ 1

is everywhere exact.

First, notice  is surjective: ." Œ 1 " Œ 1 7 Œ , œ 7 Œ 1 , œ 7 Œ -� � � �� � �3 3 3 3 3 3

Second, (2)  Im ker : .� � � � � � � �" Œ 0 © " Œ 1 " Œ 1 ‰ " Œ 0 œ " Œ 1 ‰ 0 œ !

Furthermore, ker im . Then by (2) we have ker� � � � � �" Œ 1 © " Œ 0 ³ H H © " Œ 1
implies  induced map . Thenb 1 À Q Œ F  ¦ Q ŒV V

1 ‰ 7 Œ , œ 1 7Œ , œ 7Œ 1 , 1 ‰ œ " Œ 11 1� � � � � � � � � � and ker ker .

We claim that it is enough to show  is an isomorphism. Construct the inverse1

2 À Q Œ G Ä Q Œ H H Q ‚G Q Œ G Q ‚G Ä Q Œ H
2

V V V V‚ ‚ with  lift to  and H.

Then

2 À Q ‚ G Ä Q Œ F H 2 7ß - œ 7Œ , , 1 , œ -V ‚ � � � �� � with  for any  s.t. .

This is well-defined and -bilinear. V �

Examples (of flatness)

(1)  flat over V V

(2)  projective module is flat over a V

(3) -module (abelian group) is flat if and only if it is torsion-free.™
(remember for these every torsion-free abelian group is free so it is projective and flat).

We say it is not torsion free if  such that ..b8 − 8B œ !™

(4) is flat, but not projective over . It is torsion free so it is flat. But it is not free so it� ™
is not projective.

(5) ( ) (a) For , if  is flat over  and  is flat over an -module, thenHomework V § W W V Q W
Q W V § W Q V W Œ Q W is flat over . (b) If ,  is a flat -module implies  is flat over . (c)V

If  is flat over , then  is a multiplication system then  is flat over S .Q V W © V W Q V" "

Derived functions
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(1) :  If  is right exact on  modules, then if we take  to be an -Right exact functors J V E V
module, we can construct a projective resolution

ÞÞÞ Ä T Ä T Ä T Ä E Ä !# " !

ÞÞÞÞ Ä T Ä T Ä T Ä !# " !

Apply  to  and we get commplex. Then if  withJ T J T Ä J À E Ä F Ä G! !� �
! Ä E Ä F E Ä E F Ä F Ä ! ! Ä F Ä G" " " and  and and , then
J E Ä J F Ä J G J 0 œ J F� � � � � � � � � �" " " " is an exact sequence.  We know . Then
J 1 œ J @ ‰ J ? J ? z O § J 1 J @� � � � � � � � � � � �� � � � and Ker  ( ker  because  is not injective.

Definition.   The of  are the functors .left derived functors J P J E œ L J T� �� � � �� �8 8 !

This doesn't depend on the resolution.

We also get an induced long exact sequence:

ÞÞÞ Ä P J G Ä P J E Ä P J F Ä P J G Ä P J E Ä ÞÞÞ� �� � � �� � � �� � � �� � � �� �7�" 8 8 8 8"

Our "favorite gadget" will be:

Definition.    Tor __  __3
V

3 V� �Qß ³ P Q Œ

Lemma.   If  is projective, then Tor   and Tor .T QßT œ ! a3 � ! QßT z Q Œ T3 !
V V

V� � � �
Proposition. The following are equivalent:

  (1)  is flat over    (2)  Tor    (3) Tor  Q V QßR œ !a8 � "ß aR QßR œ ! aR8
V V

3� � � �
Proof.    (1) (2)  P  is a projective resolution with  flat. ThenÖ ! VÄ R "Œ Q

T Œ Q Ä R Œ Q Ä !! V V  is exact.

So then Tor .8
V� �QßR œ !a8 � "

(2) (3) Obvious.Ö

(3) (1)  givesÖ ! Ä E Ä F Ä G Ä !

ÞÞÞ Ä QßF Ä QßG Ä Q Œ E Ä Q Œ F Ä Q Œ G Ä !Tor Tor . " "
V V

V V V� � � � �

Lecture 30

Left exact functors

Start with Hom __  and Hom __ . Then for  left exact on an -module,� � � �� � � �V VQß ßQ J V
let  be an -module and take injection resoultion:E V

! Ä E Ä I Ä I Ä ÞÞÞ! "

with  a deleted resolution.Then  is a complex (like in the last lecture). ThenI J I! !� �
� �� � � �� �V J E œ L J I I8 8

! ! (independent of ).

For an exact sequence , we get a long exact sequence! Ä E Ä F Ä G Ä !
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ÞÞÞ Ä V J G Ä V J E Ä V J F Ä V J G Ä V J E Ä ÞÞÞ� �� � � �� � � � � �� � � �� �8" 8 8 8 8�"

Definition.   Ext __  Hom __V
8 8

V� � � �Qß ³ V Qß

Lemma.     left or right exact and -modules,a J aEV

� �� � � � � �� �P J E z J E z V J E!
! .

Proof.    We have a right exact sequence  with  andT Ä E Ä ! J T Ä J T Ä !! " !� � � �
J T Ä J E P J E J T� � � � � � � �! ! !. By definition,  is a homology at , specifically,
J T Î J T Ä J T T Ä T Ä E Ä ! J� � � �� � � �! " ! " !Im . Since , applying  to a right exact
sequence,  is exact. J T Ä J T Ä J E Ä !� � � � � �" ! �

Lemma.    is left exact and  is injective implies . In particularJ I V J I œ !a8 � !� �� �8

Ext  .V
8 � �QßI œ ! a8 � !ß aQ

Remark: Can also look at Ext __ Hom __ . Can do it by pickingV
8 8

V� � � �ß R œ V ßR
projective resolutions.

Proposition.   The following are equivalent:

 (1)   is projective.  (2)  Ext  , .Q QßR œ ! a8 � " aRV
8 � �

 (3)  Ext    .V
8 � �QßR œ ! aR

Proof.   (1) (2)   We have a projective resolution  so thenÖ ! Ä Q ÄQ Ä !

Ext  Hom .V
8 8

V� � � �QßQ œ V QßR œ !

(2) (3) Clear.Ö

(3) (1) Take the exact sequence  ( ). Then applyÖ ! Ä K Ä J Ä Q Ä ! ‡
Hom __ :V� �ß R

! Ä QßR Ä JßR Ä KßR Ä QßR Ä JßR ÄHom Hom Hom Ext Ext __.V V V V
8 "

V� � � � � � � � � �
Take . ThenR œ K

! Ä QßK Ä JßK Ä KßK Ä !Hom Hom Hom .V V V� � � � � �
Then ( ) splits, so  is a direct summand of , so  is projective. ‡ Q J Q �

Proposition.    The following are equivalent:

     (1)   is injective.   (2)  Ext .   (3)  Ext  .R QßR œ ! a8 � "aQ QßR œ ! aQV
8 "

V� � � �
Proof.    Homework exercise.

Examples.   (1) Ext  (from proposition). Then by definitionV
3 � �VßQ œ !a3 � ! aQ

Ext Hom .V
!

V� � � �VßQ œ VßQ z Q

(2)   is neither a unit nor a zero-divisor. We want to compute Ext  forB − V VÎBVßQV
3 � �

any . We haveQ

! Ä V Ä V Ä VÎBV Ä !.

We get the long exact sequence
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! Ä VÎBVßQ Ä VßQ Ä VßQ Ä VÎBVßQ Ä VßQHom Hom Hom Ext ExtV V V
" "� � � � � � � � � �

and

ÞÞÞ Ä VßQ Ä VÎBVßQ Ä VßQ Ä ÞÞÞExt Ext Ext3" 3 3� � � � � �
for . Then Ext , and Hom3 � # VÎBVßQ z QÎBQ VÎBßQ œ Ö7 − Q l"

V� � � �
B7 œ !× œ socle of .B

(3)  Tor    , and Tor . As in (2), compute3 !
V V

V� � � �QßV œ ! a3 � ! QßV z Q Œ V z Q
Tor .3

V� �VÎBVßQ a3

(4)  For any , what is Tor ?M © V VÎMßQ3� �

Lecture 31

(4) We want to compute Tor  where  is not a unit or zero divisor.3
V� �VÎBVßQ B

! Ä V Ä V Ä VÎBV Ä !
B

So we need . So we get" ŒQ

Tor Tor ." " V V V� � � �VßQ Ä VÎBVßQ Ä V Œ Q Ä V Œ Q Ä VÎBV Œ Q Ä !

But by isomorphisms,

! Ä 7 l B † 7 œ ! Ä Q ÄQ ÄQÎBQ Ä !e f .

So Tor , and Tor . Soe f � � � �7 l B † 7 œ ! z VÎBVßQ QÎBQ œ VÎBVßQ" !

Tor Tor Tor3 3 3� � � � � �VßQ Ä VÎBVßQ Ä VßQ

for .3 � #

(5) Take  any ideal. Then Tor ? . ThenM © V VÎMßQ œ a33� �
! Ä M Ä V Ä VÎM Ä !

and we tensor with .Q

! Ä VÎMßQ Ä M Œ Q ÄQ ÄQÎMQ Ä !Tor ." V� �
Tor Tor Tor Tor .3 3 3" 3"� � � � � � � �VßQ Ä VÎMßQ Ä MßQ Ä VßQ

Then for , Tor Tor . Notice we know3 � # VÎMßQ z MßQ3 3"� � � �
Tor ker   ( )." V� � � �VÎMßQ œ M Œ Q Ä MQ + Œ7 È +7

Homological Dimension

Definition.   If  is an -module, take a projective resolutionQ V

T ³ ! Ä T Ä ÞÞÞ Ä T Ä T Ä Q Ä !• 8 " !

of . The  of , denoted pd  is thelength  projective (homological) dimension8 Q QV� �
infimum (minimum) over the length of all such resolutions (could be ).∞

Notice pd  is projective.V� �Q œ ! Í Q
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Lemma.   Let  be a principal ideal domain, and  an -module. Then pd .V Q V Q Ÿ "V� �
Equality holds if and only if the torsion part of  is non-trivial.Q

Proof.   Notice there is an exact sequence  where is free and! Ä J Ä J Ä Q Ä ! J" ! !

J J J" ! " is the kernel. Since  is free,  must be torsion-free as it is on a principal ideal
domain. Hence it must be free. Thus, we have found a resolution of length , so that"
pd .  Indeed pd  if and only if  is projective if and only if  is freeV V� � � �Q Ÿ " Q œ ! Q Q
if and only if (since we're on a PID) the torsion part is trivial. �

Definition.   The  is gd sup  pd  (it couldglobal homological dimension of V � � � �V œ QQ V

be infinite).

Examples.   (1)  If  is a field, then gd .V V œ !� �
(2)  If  is a PID, then gd .V V œ "� �
Theorem.   The following are equivalent for a given -module :V Q

    (1) pd .     (2)   Ext   -modules.V V
3� � � �Q Ÿ 8 QßR œ !a3 � 8 aR V

    (3) Ext   -modules.8�"� �QßR œ ! aR V

    (4) If there is an exact sequence  where! Ä U Ä T Ä ÞÞÞ Ä T Ä T Ä Q Ä !8 8" " !

           are all projective, then Q  is also projective.T3 8

Proof.   (4) (1) and (2) (3) are true by definition and inspection.Ö Ö

(1) (2)  Take a proj. resolution of :   such that length .Ö Q ! Ä T Ä Q Ä ! T Ÿ 8! � �•
Then Ext  Hom  for  by basic notion of homology.V

3 3� � � �QßR œ V T ß R œ ! 3 � 8•

(3) (4)   where we haveÖ ! Ä U Ä T Ä T Ä ÞÞÞ Ä T Ä T Ä T Ä Q8 8" 8# # " !

T Ä O Ä ! ! Ä O Ä T T Ä O Ä ! ! Ä O Ä T8" 8" 8" 8# # " " " and , ..., and , ,
! Ä O Ä T T Ä O Ä ! O 3" ! " ! 3, and , where  is the so-called th syzygy module. This
gives

! Ä O Ä T Ä Q Ä !! !

! Ä O Ä T Ä O Ä !" " !

We know that Ext  . From last time,  is projective if and only ifV
8�"

8� �QßR œ ! aR U
Ext  . ThenV

"
8� �U ßR œ ! aR

Ext Ext Ext Ext .8 8 8 8�"
! !� � � � � � � �QßR Ä T ßR Ä O ßR Ä QßR œ !

Since  is projective, and Ext of anything projective is , we have Ext . SoT ! T ßR! !
8� �

we've shifted the index, so that Ext . Then8
!� �O ßR œ !aR

! œ T ßR Ä O ßR Ä O ßR œ !Ext Ext Ext8 8" 8
" " !� � � � � �

so this implies Ext  . Continue this way. Then eventually .8"
" 7 8"� �O ßR œ ! aR U z O

Then Ext  . "
8� �U ßR œ ! aR �

Corollary.    gl inf Ext  .� � e f� �V œ 8 l QßR œ ! aQ aRV
8

Definition.    Similar definition for and (id ).injective resolution injective dimension V
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Theorem.   For -module , , the following are equivalent:V R 8 � !

    (1) id .    (2)  Ext      (3)  ExtV V
3

V
8�"� � � � � �R Ÿ 8 QßR œ ! a3 � 8aQ QßR œ ! aQ

(4)  exact sequences  with  injective, a ! Ä R Ä I Ä ÞÞÞ Ä I Ä U Ä ! I U! 8" 8 3 8

is also injective.

Proof.    Homework.

Corollary.    gd sup  id inf Ext  � � e f � �� � ˜ ™V œ R œ 8 l QßR œ ! aQ œR V R
8�"
V

inf Ext .e f� �8 l QßR œ ! aQ8�"

Lecture 32

This lecture we will apply homological methods to obtain some results.

Proposition.   Start with  a Noetherian local ring, with  the residue field.� �Vß 5 œ VÎ7 7
Let  be a finitely generated -module. Then  is free if and only if Tor .Q V Q Qß 5 œ !V

" � �
Proof.     If  is free, then it is projective, so that Tor .� � � �Ö Q QßR œ !a3 � !ß aR3

� �Õ  Take a minimal set of generators for , say . Take a free module  ofQ B ß ÞÞÞß B J" 8

rank , with basis . We have8 / ß ÞÞÞß /" 8

! Ä O Ä J Ä Q Ä ! / È B with .3 3

We then tensor with , so we get5 œ VÎ7

Tor ." V V V� �Qß 5 Ä O Œ 5 Ä J Œ 5 Ä Q Œ 5 Ä !

Notice Tor , [Nakayama] . But" V V� �Qß 5 œ ! J Œ 5 z JÎ J z QÎ Q z Q Œ 57 7
then  so by Nakayama's Lemma,  which implies .O œ O O œ ! Q z J7

Corollary.    If  is a Noetherian local ring, with  a finitely generated -module,� �Vß Q V7
then  is free if and only  is projective if and only if  is flat.Q Q Q

Proof.    Since  is free, it is projective, and so flat, and so Tor  (since allQ Qß 5 œ !"� �
Tor  for ). By the proposition this in turn implies  is free. "� �QßR œ ! 8 � ! Q �

Theorem.   If  is a Noetherian local ring, and  is a finitely generated -module,� �Vß Q V7
then the following are equivalent:

    (1) pd .     (2)   Tor   -modules.V 3
V� � � �Q Ÿ 8 QßR œ !a3 � 8 aR V

    (3) Tor   -modules.V
8�"� �QßR œ ! aR V

    (4) Tor .8�"� �QßV œ !

Proof.     Take a projective resolution  of length .Ò " Ð#ÑÓ ! Ä T Ä Q Ä ! Ÿ 8� � Ö •

Tor .3
V

3� � � �QßR œ L T ŒR œ !a3 � 8•

[(2) (3) (4)]  Obvious.Ö Ö
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[(4) (1)]  It's enough to show (as was seen in the previous lecture) that if we have anÖ
exact sequence

! Ä U Ä T Ä ÞÞÞ Ä T Ä T Ä Q Ä !8 8" " !

with  projective, then  is projective. So this is what we need to show. By the earlierT U3 8

proposition, we only need to show that Tor  (which is much more manage-" 8� �U ß 5 œ !
able).

Tor Tor Tor ... Tor Tor" 8 # 8# $ 8$ 8 ! 8�"� � � � � � � � � �U ß 5 z O ß 5 z O ß 5 z z O ß 5 z Qß 5 œ !

by (4). �

Corollary.    If  is a Noetherian local ring, , and , then the� �Vß 5 œ VÎ 8 � !7 7
following are equivalent:

    (1) gd .     (2)   Tor   finitely generated modules.� � � �V Ÿ 8 QßR œ ! aQßR8�"
V

    (3) Tor8�"� �5ß 5 œ !

Proof.   (2)]  Notice pd  is true if and only if TorÒ " Í Q Ÿ 8 QßR œ !aR� � � � � �V 8�"

which is true if and only if Tor .8�"� �Qß 5 œ !

(2) is true if and only if Tor Tor , so by the previous8�" 8�"� � � �Qß 5 z 5ßQ œ !aQ
theorem, this is true if Tor . 8�"� �5ß 5 œ ! �

First application of homological methods

We will discuss the lenght of -regular sequences.Q

Definition.   If  is a Noetherian local ring, ,  is a finitely generated -module,V M © V Q V
MQ Á Q Q œ B ß ÞÞÞß B B − M a3, then the grade max  M-regular sequence | .M 8 " 8 3� � e f
Example.   If  is a Noetherian local ring, then depth grade .� � � �Vß Q œ Q7 7

Theorem.   If  is a Noetherian local ring, ,  is a finitely generated -module,V M © V Q V
then any two maximal  -regular sequences in  have the same length. This length isQ M
equal to min Ext .e f� �8 l VÎMßQ Á !8

We will prove this shortly.

Proposition.  Let  and  be -modules, an -regular sequence. AssumeQ R V B ß ÞÞÞß B Q" 8

that . Then Ext Hom .� � � � � �� �B ß ÞÞß B † R œ ! RßQ z RßQÎ B ß ÞÞÞß B Q" 8 " 8
8

Proof.    Consider . Then this implies there is! Ä Q ÄQ © QÎB Q Ä !
B"

"

ÞÞÞ Ä RßQ Ä I RßQÎB Q Ä RßQ Ä RßQ Ä ÞÞÞ
B

Ext Ext Ext8" 8" 8 8
"

"� � � � � � � �
which means  Ext  (exercise). Then for ,B RßQ œ !a8 8 œ ""

8� �
! Ä RßQ Ä RßQ Ä RßQÎB Q Ä RßQ Ä !

B
Hom Hom Hom Ext .� � � � � � � �"

"
"
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But notice Hom . This says Ext Hom . We then� � � � � �RßQ œ ! RßQ z RßQÎB Q"
"

claim that Hom . Then : : : :− RßQÎ B ß ÞÞÞß B Q œ ! B 8 œ B 8 œ ! œ !� � � � � � � �� �" 5" 5 5

with  with . This implies . So thenB R œ ! B Â ^ QÎ B ß ÞÞÞß B Q 8 œ !3 5 " 5"� � � �� � :

! Ä RßQÎ B ß ÞÞÞß B Ä RßQÎ B ß ÞÞÞß B QHom Hom� � � �� � � �" 8" V " 8

which induces

ÞÞÞ Ä RßQ Ä RßQÎB Q Ä RßQ Ä RßQ
B

Ext Ext Ext Ext . 8" 8" 8 8
"

"� � � � � � � � �

Lecture 34

Theorem.    If  is a Noetherian local ring, then a complex  of free modules over� �Vß J7 •

V . Œ " À J Œ Ä J Œ is minimal if and only if if and only if the matrices8 V 8 V 8" V5 5
representing  have all entries in the maximal ideal ..8 7

Minimal free resolutions of a given module  are unique up to isomorphism.Q

Theorem.    ( )  If  is Noetherian local and  is a finitelyAuslander-Büchsbaum � �Vß Q7
generated -module such that pd , then pd depth depth .V Q � ∞ Q � Q œ VV V� � � � � � � �
Example of application

We want to detect when a ring is Cohen-Macaulay. We can do this with the following
corollary.

Corollary.    (a)   If there is a finitely generated module  with pd dim , thenQ Q œ VV� � � �
the ring  is Cohen-Macaulay.V

(b)   If  is Cohen-Macaulay and  is a finitely generated -module with pdV Q V Q œV� �
dim , then Ass .� � � �V − Q7

Proof.   In general, depth dim  with equality if and only  is Cohen-Macaulay.� �V Ÿ V V
But then dim pd depth depth dim  holds if and only ifV Ÿ Q � Q œ V Ÿ VV� �
depth dim  (gives Cohen-Macaulayness) and depth  (if and only if V œ V Q œ ! −7
Ass ). � �Q �

Proof.    (of theorem)  We will use induction on the projective dimension pd . If: œ QV� �
: œ ! Q, this is equivalent to saying  is projective, but the ring is local so this is
equivalent to  being free. This implies depth depth Ann depth .Q Q œ VÎ Q œ V� � � � � �� �

Now consider . We pick a minimal free resolution,: œ "

! Ä V Ä V Ä Q Ä !
0

7 8

where  has entries in . Recall depth inf Ext  (theorem0 Q œ 3 lVÎ œ 5ßQ Á !7 7� � e f� �3

from last time). This gives

ÞÞÞ Ä 5ßV Ä 5ßV Ä 5ßQ Ä 5ßV Ä ÞÞÞExt Ext Ext Ext3 7 3 8 3 3�" 7� � � � � � � �
But notice Ext Ext  for . But then the map3 3� � � � e f95ßV z 5ßV − 7ß 80

0 times 0
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9 9� � � �7 8
3 3Ex Ext> 5ß V Ä 5ßV

0
µ

is the same matrix as . So then from earlier  Ext , so the map0 B RßQ œ !3� �
9 9� � � � � �7 8

3 3 3�" 7Ex Ext Ext> 5ß V Ä 5ßV Ä 5ßV Ä ÞÞÞ
0
µ

is in fact . Furthermore,!

! Ä 5ßV Ä 5ßQ Ä 5ßV Ä !9 9� � � � � �8 7
3 3 3�"Ext Ext  Ext .

Then depth min Ext , and depth min Ext .� � e f � � e f� � � �Q œ 3 l 5ßQ Á ! V œ 3 l 5ß V Á !3 3

Notice Ext  implies Ext . On the other hand, Ext3 3�" 3� � � � � �5ßQ œ ! 5ßV œ ! 5ßQ Á !
implies Ext  or Ext  so that depth depth pd .3 3�"

V� � � � � �5ßV Á ! 5ßV Á ! V œ Q � " œ Q

Finally, consider . Take the presentation . Then: � " ! Ä O Ä V ÄQ Ä !8

pd  implies pd . By induction, depth depth . NowV V� � � �Q œ : 5 œ :  " :  " � O œ V
we only need to show depth depth . We haveO œ Q � "

ÞÞÞ Ä 5ßQ Ä 5ßO Ä 5ßV Ä 5ßQ Ä ÞÞÞExt Ext Ext Ext3" 3 3 38� � � � � � � �
So then depth depth . Then if we let depth ,V � O . œ O

Ext  Ext ,." .� � � �5ßV œ 5ßO œ !

so that Ext Ext . Then the earlier long sequence has to be minimal, so. ."� � � �Oß 5 z 5ßQ
depth depth . Q œ O  " �

Proposition.   Let  be a Noetherian local ring, and  a finitely generated -� �Vß Q V7
module. Take

! Ä J Ä J Ä ÞÞÞ Ä J Ä J Ä Q Ä !8 8" " !

to be a minimal free resolution. Then

    (1)   rank dim Tor .       (where the rank is the so-called Betti # of )� � � �J œ Qß 5 Q3 5 3

    (2)   pd sup Tor .V 3� � e f� �Q œ 8 œ 3 l Qß 5 Á !

    (3)   gd pd .� � � �V œ 5V

Furthermore,

    (1) ÞÞÞ Ä J Œ 5 Ä J Œ 5 Ä ÞÞÞ
! !

3 3"

            where the homology here is Tor . Then Tor .3 3 3 V� � � �Qß 5 Qß 5 z J Œ 5

    (2)   We know from the previous theorem that pd sup Tor .V 3� � e f� �Q œ 3 l Qß 5 Á ! œ 8

    (3)   We can compute Tor  by taking the minimum free resolution for . So3� �5ßQ 5

pd pd .V V� � � �Q Ÿ 5

Lecture 35
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Koszul complex

This is the most important example of a complex. Let  be a ring with  with basisV I V˜ 8

/ ß ÞÞÞß / À I Ä V I O"
‡ and  a linear form (in ). Construct  sas follows:- -•� �

O œ I z V3
33 ˆ ‰8

3

with  given by . Then. À O Ä O I Ä I
.

3 3 3"
3 3"33 3

. @ • ÞÞÞ • @ œ " @ @ • ÞÞÞ • @ • ÞÞÞ • @s3 " 3 4 " 4 3
4œ!

3
4"� � � � � �� -

where  means we are excluding  from the 's.@ @ •s4 3

Exercise.    (1)  If you have two differential forms with and , then= (− Iß − I3 3: ;

d d d .� � � �= ( = ( = (• œ • � " •:

(2)   Use (1) to show  .. ‰ . œ ! a33 3�"

We get a complex

! Ä I Ä I Ä ÞÞÞ Ä I Ä I Ä V Ä VÎ Ä !
.3 3 3 � �8 8" #

V
.œ- Im .-


