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Main Purpose

Two fundamental problems in complex geometry:

e Biholomorphically (resp. CR) equivalent problem for (resp. boundary of)

domains in singular varieties and in C".
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Main Purpose

Two fundamental problems in complex geometry:

e Biholomorphically (resp. CR) equivalent problem for (resp. boundary of)

domains in singular varieties and in C".

e The classical complex Plateau problem.
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Moduli space of bounded complete Reinhardt

domains

D1, Dy are two domains in C": when are D1 and Dy (resp. 0D1 and 0Ds)
biholomorphically equivalent (resp. CR equivalent )?

History

e n = 1 Riemann Mapping Theorem: Any simply connected domains in C are

biholomorphically equivalent.
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Moduli space of bounded complete Reinhardt
domains

D1, Dy are two domains in C": when are Dy and Dy (resp. 0Dy and 0Ds)
biholomorphically equivalent (resp. CR equivalent )?

History

e n = 1 Riemann Mapping Theorem: Any simply connected domains in C are

biholomorphically equivalent.

e 1 > 2 There are many domains which are topologically equivalent to the ball

but not biholomorphically equivalent to the ball.
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e Poincaré (1907):

Found necessary and sufficient conditions on a first order perturbation of the
unit ball in C? that the perturbed domain is biholomorphic to the ball.
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e Poincaré (1907):
Found necessary and sufficient conditions on a first order perturbation of the
unit ball in C? that the perturbed domain is biholomorphic to the ball.

e Cartan (1932) Chern—Moser (1974):
Systematic study of invariance properties for real hypersurfaces. The main
result is the existence of complete system of local differential invariants for

CR structures on real hypersurface.
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e Poincaré (1907):
Found necessary and sufficient conditions on a first order perturbation of the
unit ball in C? that the perturbed domain is biholomorphic to the ball.

Cartan (1932) Chern—Moser (1974):
Systematic study of invariance properties for real hypersurfaces. The main
result is the existence of complete system of local differential invariants for

CR structures on real hypersurface.

Fefferman (1974):
A biholomorphic mapping between two strictly pseudoconvex domains is
smooth up to the boundaries and the induced boundary mapping gives a

CR-equivalence between the boundaries.
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e Webster (1978):

Gave a complete characterization when two ellipsoids in C" are biholomor-

phically equivalent.
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e Webster (1978):
Gave a complete characterization when two ellipsoids in C" are biholomor-

phically equivalent.
e Burns, Schnider and Wells (1978):

The “number of moduli” of a “moduli space” of a strictly pseudoconvex

bounded domain has to be infinite.
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e Webster (1978):
Gave a complete characterization when two ellipsoids in C" are biholomor-

phically equivalent.
Burns, Schnider and Wells (1978):

The “number of moduli” of a “moduli space” of a strictly pseudoconvex

—

bounded domain has to be infinite.

Lempert (1988):
Constructed moduli space of bounded strictly convex domains of C" with
marking at the origin. Although the theory is beautiful, the computation of

Lempert’ s invariants is a hard problem.
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e Sunada (1978):
Let Di, Dy be two complete Reinhardt domains. If D; is biholomorphi-
cally equivalent to D, then there exists a permutation o of n letters and a

biholomorphic map

V(21,5 20) = (@12651), "+ » AnZo(m))s @i >0

such that ¢ sends D; onto Ds.
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e Sunada (1978):
Let D, Dy be two complete Reinhardt domains. If D; is biholomorphi-
cally equivalent to D, then there exists a permutation o of n letters and a

biholomorphic map

—

¢<Zla T 7Zn> — (alza(l)a T 7a”nza(n))7 a; > 0

such that ¢ sends D; onto Ds.

Yau (2004):
Introduced the new biholomorphic invariant Bergman function defined on

pseudoconvex domains in a variety with only isolated singularities.
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Preliminaries

Definition Let D C C™ be a domain (open connected subset). We say D is

pseudoconvex if there exists a continuous plurisubharmonic function ¢ on D

such that the sets {z € D | p(z) < x} are relatively compact subsets of D for all
x € R.
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Preliminaries

Definition Let D C C™ be a domain (open connected subset). We say D is

pseudoconvex if there exists a continuous plurisubharmonic function ¢ on D

-l

—

such that the sets {z € D | p(z) < z} are relatively compact subsets of D for all
x € R.

When D has a C? (twice continuously differentiable) boundary,

plurisubharmonic (resp. strictly plurisubharmonic )

< Hessian of ¢ is positive semi-definite (resp. definite).
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Preliminaries

Definition Let D C C™ be a domain (open connected subset). We say D is
pseudoconvex if there exists a continuous plurisubharmonic function ¢ on D
such that the sets {z € D | ¢(z) < x} are relatively compact subsets of D for all
x € R.

When D has a C? (twice continuously differentiable) boundary,

plurisubharmonic (resp. strictly plurisubharmonic )

< Hessian of ¢ is positive semi-definite (resp. definite).

Definition If ¢ is strictly plurisubharmonic, then domain D is called strictly

pseudoconvex.
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Definition Let X be a compact connected orientable manifold of real dimension
2n — 1, n > 2. A CR structure on X is a rank n — 1 subbundle S of the
complexified tangent bundle CT'(X) such that

(1) SNS = {0}

(2) If L, L’ are local sections of S, then so is [L, L'].

The manifold X, together with the CR structure S, is called a CR manifold.
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Definition Let Lq,...,L,_1 be a local frame of the CR structure S on X so the
Li,...,L,_1 is a local frame of S. Since S @& S has complex codimension one
in CT'(X), we may choose a local section N of CT(X) such that Li,...,L,_1,
Li,...,L, 1,N span CT(X). We may assume that N is purely imaginary. Then
the matrix (c;;) defined by

Za’ULk = Zb Lk; “F C”LJ

is called the Levi form of X.
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Definition Let Lq,...,L,_1 be a local frame of the CR structure S on X so the
Li,...,L,_1 is a local frame of S. Since S @ S has complex codimension one
in CT(X), we may choose a local section N of CT'(X) such that Li,..., L,_1,

Li,...,L,_1,N span CT(X). We may assume that NNV is purely imaginary. Then
the matrix (c;;) defined by

[Li,fj] = CLZ-L/{; + Z bf;fk + CijN
k k

is called the Levi form of X.

Definition X is said to be (resp. strictly) pseudoconvex if the Levi form is positive

(resp. definite) semi-definite.
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Definition Let Lq,...,L,_1 be a local frame of the CR structure S on X so the
Li,...,L,_1 is a local frame of S. Since S @ S has complex codimension one
in CT(X), we may choose a local section NV of CT'(X) such that Ly,..., Ly_1,

Li,...,L,_1,N span CT(X). We may assume that IV is purely imaginary. Then
the matrix (c;;) defined by

[Li,fj] = Z aijk; + Z bfyfk + C@'jN
k k

is called the Levi form of X.

Definition X is said to be (resp. strictly) pseudoconvex if the Levi form is positive

(resp. definite) semi-definite.

Definition An open subset D C C" is a complete Reinhardt domain if, whenever
(21, ,2n) € D then (&121, - ,&p2n) € D for all complex numbers &; with
€] < 1.
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We assume that the compact CR manifold X of real dimension 2n —1 is already
embeddable in CV.
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We assume that the compact CR manifold X of real dimension 2n —1 is already
embeddable in CV.

Given strictly pseudoconver CR manifolds X1, Xo, how can we distinguish them?
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We assume that the compact CR manifold X of real dimension 2n — 1 s already
embeddable in CN.

]

Given strictly pseudoconvex CR manifolds X1, Xo, how can we distinguish them?

Theorem [Harvey—Lawson]
Let X be an embeddable compact CR manifold. Then there exists a complex
variety V in C¥ such that 9V = X and V has only normal isolated singularities.
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We assume that the compact CR manifold X of real dimension 2n — 1 is already

embeddable in CV.
Given strictly pseudoconvex CR manifolds X1, Xo, how can we distinguish them?

Theorem [Harvey—Lawson]

Let X be an embeddable compact CR manifold. Then there exists a complex

variety V in CV such that OV = X and V has only normal isolated singularities.

Theorem [Yau] Let X7, X2 be two strictly pseudoconvex CR manifolds of dimen-
sion 2n — 1 which bound varieties V;, Va5 respectively in CV with only isolated
normal singularities. If ¢: X; — X is a CR isomorphism, then ¢ can be ex-

tended to a biholomorphic map from V; to V5.
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Difficult unsolved problem If the strictly pseudoconvex CR manifolds X, X5 are

lying in the same variety V', how can one distinguish them?
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Let M be a pseudoconvex complex manifold and A be a compact complex ana-

lytic variety in the interior of M.
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Let M be a pseudoconvex complex manifold and A be a compact complex ana-

lytic variety in the interior of M.

Definition Let Fy; (respectively, Fis ) be the space of all L-integrable holo-

morphic n-form on M (respectively, vanishing at the compact analytic sub-

set A in M). Let {w;} (respectively, {w;‘}) be a complete orthonormal basis

of F (respectively, Fias 4). The Bergman kernel (respectively, Bergman ker-

nel vanishing at A) is defined to be Ky(2) = S w;(2) A w;(z) (respectively,
j

Kya(z) = Zw;‘(z) A wf(z))
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Let M be a pseudoconvex complex manifold and A be a compact complex ana-

lytic variety in the interior of M.

Definition Let Fy; (respectively, Fis 4) be the space of all L-integrable holo-

morphic n-form on M (respectively, vanishing at the compact analytic sub-

set A in M). Let {w;} (respectively, {wf}) be a complete orthonormal basis

of F (respectively, Fias 4). The Bergman kernel (respectively, Bergman ker-

nel vanishing at A) is defined to be Ky(2) = S w;(2) A w;(z) (respectively,
j

Kyra(z) = wa(z) A wf(z))

Lemma (a) Bergman kernel K 4(z) vanishing at the compact analytic subset

A is independent of the choice of the complete orthonormal basis of Fis 4.

(b) Let ®: (M1, A1) — (M3, As) be a biholomorphic map such that ®(A;) = A,.
Then Ky a, (2) = (I)*KMz,z‘b( Ji
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Definition The Bergman function By 4 on M is defined to be Kyr 4(2)/Knr(2).

! :
g
! :
g
! :
g

’

e
.09


index.html

Definition The Bergman function By 4 on M is defined to be Kys a(2)/Kn(2).

Theorem Let A; (respectively As) be compact analytic variety in complex man-
ifold My (respectively Ms). If ®: (M7, A1) — (M3, As) is a biholomorphic map,
then By, 4,(2) = B, a,(P(2)).
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Definition The Bergman function By 4 on M is defined to be Kyr a(2)/Knr(2).

Theorem Let A; (respectively As) be compact analytic variety in complex man-
ifold M (respectively Mas). If ®: (M, A1) — (M3, As) is a biholomorphic map,
then By, 4, (2) = BMz,AQ((I)(Z)>'

For a special case, let V' be a Stein variety of dimension n > 2 in C with only

irreducible isolated singularities. We assume that 9V is a smooth CR manifold.

Let w: M — V be a resolution of singularity with £ as an exceptional set.
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Bounded complete Reinhardt domains in A,-variety

V = Stein variety of dimension n > 2 in C
with only isolated normal singularities.
m: M — V resolution of singularities.

E = exceptional set in M
— 7! (singular set of V)
F = {¢: ¢ is L*-holomorphic n-form on M}

a separable Hilbert space with inner product

(¢1, P2) = / d1 A 2.
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Definition Let V be a Stein variety in C"V with only irreducible isolated singular-
ities. Let m: M — V be a resolution of singularities of V' such that the canonical

bundle is generated by its global sections in a neighborhood of the exceptional

set. Define the k-th order Bergman function B‘(/I'C ) on V to be the push forward
)

of the k-th order Bergman function Bj(\i by the map 7.
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Definition Let V be a Stein variety in CV with only irreducible isolated singular-
ities. Let w: M — V be a resolution of singularities of V' such that the canonical

bundle is generated by its global sections in a neighborhood of the exceptional

(k)
v

set. Define the k-th order Bergman function By,” on V to be the push forward

)

of the k-th order Bergman function B](@ by the map 7.

Theorem Let V be a Stein variety in CV with only irreducible isolated singu-
larities. Assume that there exists a resolution M of singularities of V' such that

the canonical bundle is generated by its global sections in a neighborhood of the

(k)

exceptional set. Then the k-th order Bergman function By’ on V' is invariant

(k)
1%

under biholomorphic maps and By,” vanishes precisely on the singular set of V.
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Definition An open set V in the A,-variety V,, = {(z,y,2) € C3 : zy = 2”1} is

called a complete Reinhardt domain if p~(V) is a complete Reinhardt domain

in C?, where p : C2 — V,, is given by p(z1, 22) = (z{“rl, zSH, 2129).
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Definition An open set V in the A,-variety V,, = {(z,y,2) € C3 : zy = 2"} is

called a complete Reinhardt domain if p~1(V) is a complete Reinhardt domain

in C?, where p : C2 — V,, is given by p(z1, 22) = (z?“, zgﬂ, 2122).

Recall that the minimal resolution M,, of V,, consists of n + 1 coordinate charts

Wi, = C? = {(ug,vr)},k = 0,1,--- ,n. The space of holomorphic two forms on

M, has a basis {¢a5 = ug‘vg dug A dvg @ o > 150} Let M (C M,) be the

resolution of complete Reinhardt domain V in Vj,. In what follows, we shall use

notation ||@agll3; for [y, das A dag
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(2, 8) .— H¢1O” n+1ﬁ‘|§bn,n—|—1”n+1
o a_n—113_1 .
| Pasll || @00l ™+
g(aa/@) = g(aaﬁ) . g( Oé—(n—l)ﬁ,(n_'_l)a_nﬁ)

Y

C(O@B) — g(aa/B) _|_ g(na_(n_1)67(n+1)a_n6)

Y

n(a’p’ q) = (g(a,p) — g(na—(n—l)p,(n—i—l)a—np)) . (g(aaQ) _ g(na—(n—l)q,(n—i—l)a—nq))

and
wlan, @2, p1,p2) . (g(al,pl) _ g(noél—(”—1)291,(”4-1)041—”2?1)) :

(g(a2,p2) _ g(na2—(n—l)p2,(n+1)a2—npz))

Y
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Theorem A Let V;, ¢+ = 1,2, be two bounded complete Reinhardt domains in
Ap-variety V,, = {(z,y,2) € C3 : zy = 2"}, If V; is biholomorphic to Vs, then

(,8) _ f(,B) ~(,B) _ ~(a,B) _(c,p,q) (o,p,q)
& =8y, ,Cvl CV2

Y ,erl — nVQ Y

(a1,042,p1,p2) L w(Oél,OQ,Pl,pZ)
Vi Vs :

- - - - -
. . . .
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Theorem B Let V;, ¢ = 1, 2, be two bounded complete Reinhardt strictly pseudo-

convex (respectively C“-smooth pseudoconvex) domains in V,, = {(z,y, 2) € C:
ry=2""1 ) If

a7/8 a?/B a’/B a)/B a? ) a) )
(o) _ g0f) (o) _ laf) (apa) _ lapa)

(a1, 2,p1,p2) w(al,a2,p1,p2)
1 Vs ?

then there exists an automorphism ¥ = (11,19, ¥3) of A,-variety V,, = {(x,y,2) €
C3 : xy = 21} given by either

(¢17¢27¢3) —
(||¢10||M2 |p00llae, N Pnmtillar. | @oollasn y P11l a2, [| o0l ary z)

Igoollaz, i¢rollne, ™ Ndoollar,  N1@nmsllan ™ lldoollar, l$r1llan

—

(¢17¢27¢3) —
(HﬁbloHMz |00l az, 1Pnnt1llar [|foollary - [|é11llazs [ doollary Z)

Ipoollazy lonmtallan, ™ lldoollar, lprollar, " lldoollaz, l@11llar,

, y
<>
=
>
<p
>
<>
<

such that ¥ sends Vj to V5.
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Theorem C The moduli space of bounded complete Reinhardt strictly pseu-

doconvex (respectively C“-smooth pseudoconvex) domains in A,-variety V,, =
{(x,y,2) € C3 : zy = 2""'} is given by the image of the map ® : {V : V
a bounded complete Reinhardt strictly pseudoconvex (respectively C“-smooth
pseudoconvex) domain in V,,} — R, where the component function of ® are

the invariant functions

S(a,ﬁ)’ C(Oé,ﬁ)7 n(a,p,q)w(oq, az,p1,p2)

0e
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Relation between bounded complete Reinhardt domains in A, -variety V,, and

the corresponding bounded complete Reinhardt domains in C?

Theorem D Let 7 : C2 -V, = {(x,y,2) € C?: zy = 2"} be the quotient map

given by m(z1,22) = (z?“,zg”ﬂ,zlz:g). Let V;, i = 1,2, be bounded complete

Reinhardt domains in V,, such that W; := 7= 1(V;),i = 1,2, are bounded complete
Reinhardt domain in C?. Then Vi is biholomorphic to V5 if and only if W is
biholomorphic to Ws. In particular, V; is biholomorphic to V5 if and only if there
exists a biholomorphism ® : V; — V5 given by ®(x,y,2) = (a" 1z, b" 1y, abz)
or ®(x,y,2) = (a" 1y, bz, abz) where a,b > 0.
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Theorem E (1) Let W = {W : W = 7 1(V) where V is a bounded complete
Reinhardt domain in A,-variety}. Then

5(04,6)7 C(a,ﬁ), 77(oz,p,q)7 (e, 02, p1,p2)

are invariants of W.
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Theorem E (1) Let W = {W : W = 7~ 1(V) where V is a bounded complete
Reinhardt domain in A,-variety}. Then

g(a7ﬁ), C(aaﬁ), n(aap7Q), w(aly 042,191,]92)

are invariants of W.

(2) Let Wp = {W : W = = 1(V) where V is a complete Reinhardt pseudoconvex
C“-smooth domain in A,-variety} and Wsp = {W : W = 7~ (V) where V is

a complete Reinhardt strictly pseudoconvex domain in A,-variety}. Then the

moduli space of Wp (respectively Wgp) is given by the image of the map dp

Wp — R® (respectively ®gp : Wygp — R>), where the component functions of

®p (respectively ®gp) are the invariant functions

g(a,ﬂ), C(aﬁ)’ n(a,p,Q), oo, a2, p1,p2)

In particular, the moduli space of Wp (respectively Wgp) is the same as the
moduli space of bounded complete Reinhardt pseudoconvex C*-smooth domains
(respectively bounded complete Reinhardt strictly pseudoconvex domains) in A,,-
variety V,, = {(x,y, z) € C3 : 2y = 2"*1}.
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Example
Let

V((a?)c = {(z,y,2) € C>: 2y = 22, a|z|?? + bly|*? + ¢|2|** < &o}.
Let ~ denote the biholomorphic equivalence. Then the map

—, (2d—1,d-1)

. (@ (d)
¥ {Vv(a,b,c)} — Ry, Vv(a,,b,c)

is injective up to a biholomorphism ~. More precisely the induced map

o {Vihot/~ — Ry

2
is one-to-one map from {V( } /~ onto ( ) So the moduli space of {V( )}
T

M@%M‘ &

2
is an open interval <O, —).
m

]

0e
.09


index.html

Bounded complete Reinhardt domains in C”

Let S, be the symmetric group of degree n. Recall that the group ring R[S,,] is
a ring of the form R[m, 7o, ..., 7] with 7; € S, for 1 < i < n!. Let 0 € S, and

(Z LiTiye o Zyin) c R[Sn] X oo X R[Sn] Then

a<;xm,...,zm>: (sz (1:0), -, Y _wi(Tio ) (1)

- - . . .
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Bounded complete Reinhardt domains in C”

Let S, be the symmetric group of degree n. Recall that the group ring R[S,,] is
a ring of the form R[7m, 7o, ..., 7] with 7, € S, for 1 < i < n!. Let ¢ € 5, and

O ximiy o, Y yimi) € RIS,] X -+ x R[S,]. Then

g<§ijxm,...,zym>: (sz 7i0), .., > yi(Tio ) (1)

Definition Two elements f, g in R[S,,] x - -+ x R[S,,] are said to be equivalent and
denoted by f ~ g if there exists a ¢ € S, such that o(f) = g.

| ~«
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Let @ = (aq,...,ay) be an n-tuple of nonnegative integers.

Denote ¢g5 = (H zf”) dz1 Ndza N\ -+ N dzy,.
i=1

For a domain D in C", ||¢z ||, := [, da A ¢a.

Theorem F Let D be a bounded complete Reinhardt domain in C™. Let & =

(a1, ...,an) be a n-tuple of nonnegative integers. For any 7 € S,,, denote

losl o @ o

- 0 (3)
'Hl ” ¢€i HD
1=

T

gp(a@) =

(2)

where 7(a) = (047(1), e 7047-(71)) and €; = (0,...,0,1,0,...,0) with 1 in the ith

component. Then for all n-tuples of nonnegative integers B_i, e ,B;!, %“"’ﬂ”“ —

(Y gp(BU)T,-.., 3 gh(Bu)7) as an element in (R[S,] x -+ x R[S,])/ ~ is a
TES) TES,

biholomorphic invariant.
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Theorem G Let D;, 1 = 1,2, be two bounded complete Reinhardt pseudoconvex
domains in (C" with C! boundaries. If for all &, ..., &, n-tuples of nonnegative
integers, f eeofinl %1’ I in (R[S,] X -+ X ]R[ Sn])/ ~, where 5041, Sl

(> gD(ozl) , 2. 9p,(@n)T), then there exists o € S, and a biholomorphic

TESH TESn
map

\110(21, Sy Zn) = (alza(l), c e ,anz(,(n)) 3

_ Ii¢gln, lléz, i,
[6e, ., 10,195y

where a; = , such that ¥, sends D onto Ds.
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In case n = 2, we can actually write down the complete numerical invariants for

two bounded complete Reinhardt in C? to be biholomorphically equivalent.

Theorem H Let D1, Dy be two bounded complete Reinhardt pseudoconvex do-
mains in C? with C' boundaries. Then D; is biholomorphic to Dy if and only
if

9o, (o1, a2) + gp, (a2, 1) = gp, (a1, a2) + gp, (a2, 1)

gD, (a1, a2)gp, (a2, a1) = gp, (a1, a2)gp, (a2, a1)

(9D, (a1, a2) — gp, (a2, 1)) (9D, (81, B2) — 9, (B2, B1))
= (9p, (a1, a2) — gp,(a2,01)) (9D, (61, B2) — gD, (B2, B1))

for all nonnegative integers «;, 3;, where

1
H¢()’H%1i+a2 ||¢(Oé1,042)”D7;

2 .
[T llge; I,
j=1

gD, (ala aQ) —
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Corollary I The moduli space of bounded complete Reinhardt pseudoconvex do-
mains with C! boundaries in C? can be constructed explicitly as the image of

the complete family of numerical invariants:
gp(a1,az) + gp(az, a),
gp(a1, a2)gp(az, 1),

and
(9p(1,a2) — gp(az, 1)) - (9p(B1, B2) — g2(B2, 1))

V «;, 3; nonnegative integers.

e f
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For n > 3, the problem is related to Hilbert 14" problem.

'] . . . .
e e 1
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For n > 3, the problem is related to Hilbert 14" problem.
Theorem [Hilbert|

R=Clz1,...,%n1, -, Y1, .-, ym]>" is finitely generated.

. . . .
e 3
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Theorem J Let fi1,...,fv € Clzoy, - - Toy5- -3 Yoyy - - .ygnl]sn be the generators
of the ring of invariant polynomials. Let D be a bounded complete Reinhardt

domain in C". Then, for a1, as, ..., a, n-tuples of nonnegative integers
) Y ) 9 . )

— —

(1), 9D(An1))oes,, - [N(9D(A1), - -, gp(Fnt))ses,

are biholomorphic invariants, where

L sl e a o
95(8) = ————, = (b1, ... 5n).
I lige, [

-l

—

D 4
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Theorem K Let D;, 1 = 1,2, be two bounded complete Reinhardt pseudoconvex
domains in C" with C! boundaries. Let f1,..., fN € ClToy,- -+ To, 3 Yoir - s Yo
be the generators of the ring of invariant polynomials. If for all aq,..., a, n-

tuples of nonnegative integers

—

f’[,(g_oD-l (621)7 © 0o 79%1 (a’n'))UESn — f’L (9%2(621)7 ° e 79%2(62”'))0'6371 )
i=1,2,...,N,

—

then there exists 7 € S,, and a biholomorphic map ¥,: C" — C",

\IJT(ZM 0005 Zn) — (alzT(l)a 0 0 0 7anz7'(n)>7

a: = ||¢6||D1||¢€i||D2
i =
H¢6T(’L)||D1H¢6HD2,

such that V. sends Dy onto Ds.

00008000 -
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Corollary L The moduli space of bounded complete Reinhardt pseudoconvex
domains with C'' boundaries in C” can be constructed explicitly as the image of

the complete family of numerical invariants:

fz(g%<621>7 <. 79%(&n!>)UESn7 1 <1< N7

where a1, ..., a, are all possible n-tuples of nonnegative integers.

e f
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For complete Reinhardt pseudoconvex domains with real analytic boundaries,

we can use fewer numerical invariants to characterize these domains.

' |
& ’
, ,
& ’
, ,
& ’
, ,
«<»
o
a4=»
«<»
o«
L <0 _
Lo
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For complete Reinhardt pseudoconvex domains with real analytic boundaries,

we can use fewer numerical invariants to characterize these domains.

Theorem G’ Let D;, » = 1,2, be two bounded complete Reinhardt pseudoconvex
domains in C™ with real analytic boundaries. Then D; is biholomorphically

equivalent to D» if and only if for all & n-tuple of nonnegative integers, ﬁlo‘;l = 5%2

in R[S,]/ ~, where fgi = > gp,(@)7. In this case, there exists o € S, and a
TESK

biholomorphic map
Uo(215--+52n) = (@125(1)5 - - » OnZo(n))5

tere ar — N%6llDy |92l D,
where a; = |
|‘¢€a(i)‘|D1“¢6‘|D2

such that ¥, sends Dy onto Ds.
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Theorem H’ Let Dy, Dy be two bounded complete Reinhardt pseudoconvex do-
mains in C? with real analytic boundaries. Then D; is biholomorphic to Dy if

and only if

gp, (a1, a2) + gp, (a2, 1) = gp, (a1, @2) + gp, (a2, a1)

-l

—

gp, (a1, a2)gp, (a2, 1) = gp, (a1, a2)gp, (a2, ar)

for all nonnegative integers a;, a, where

—1
H¢()’H%1i+a2 ||¢(041,042)”Di

2 o
IT loe, |5
j=1

gD, (ala 042) —

D 4
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Theorem K’ Let D;, ©: = 1,2, be two bounded complete Reinhardt pseudoconvex

domains in C" with real analytic boundaries. Let

fla'”?fN S (C[xma"'vxffn!]sn

be the generators of the ring of invariant polynomials. Then D; is biholomor-

phically equivalent to D- if and only if for all & n-tuples of nonnegative integers

fi(9D, (@)oes,) = fi(9D,(@))ses,
1=1,2,...,N.
In this case, there exists 7 € S,, and a biholomorphic map V¥,: C" — C"

|95llDy || #e; || D
Ur(z1,...,2n) = (@127(1) - - -, GnZr,, ), Where a; = & . HlD Heqb~|\12) 7
60.(7;) 1 0 2

such that

V. sends D onto Ds.

©0e
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Complex Plateau problem

Background

Classical comple Plateau problem: What kind of odd dimensional (2n—1, n > 2)

real sub-manifolds in C"V are boundaries of complex sub-manifolds in C¥.

e Harvey and Lawson (1975)
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Complex Plateau problem

Background

Classical comple Plateau problem: What kind of odd dimensional (2n—1, n > 2)

real sub-manifolds in CY are boundaries of complex sub-manifolds in C.
e Harvey and Lawson (1975)

e Yau (1981): Solved the classical complex Plateau problem for the case

n > 3 by calculation of Kohn-Rossi cohomology groups H L (X).
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Complex Plateau problem

Background

Classical comple Plateau problem: What kind of odd dimensional (2n—1, n > 2)

real sub-manifolds in C"V are boundaries of complex sub-manifolds in C¥.
e Harvey and Lawson (1975)

e Yau (1981): Solved the classical complex Plateau problem for the case
n > 3 by calculation of Kohn-Rossi cohomology groups Hp%(X).

e For n = 2, i.e. X is a 3-dimensional C'R manifold, the classical complex

Plateau problem remains unsolved for over a quarter of a century.
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Invariants of singularities

Let V be a n-dimensional complex analytic subvariety in CV with only isolated

singularities.
Four kinds of coherent sheaves of germs of holomorphic p-forms:

o OF :=m.0F,, where m: M — V is a resolution of singularities of V.

L] . - - -
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Invariants of singularities

Let V be a n-dimensional complex analytic subvariety in CV with only isolated

-l

singularities.

—

Four kinds of coherent sheaves of germs of holomorphic p-forms:

o OF :=m.QF, where m: M — V is a resolution of singularities of V.

o 5222‘9/ — H*QZ‘)/\V, where 6 : V\Vsny — V is the inclusion map and Vi, is
sing

the singular set of V.
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Invariants of singularities

Let V be a n-dimensional complex analytic subvariety in CV with only isolated

singularities.

—

Four kinds of coherent sheaves of germs of holomorphic p-forms:
o Qz‘)/ ;= . Q,, where m: M — V is a resolution of singularities of V.

o 522?/ = Q*QZ‘;\V‘ where 0 : V\Vying — V is the inclusion map and Vyip, is
sing

the singular set of V.

o O :=Qly /AP, where Ji/p:{faerg/\ﬂ:aeQﬁéN;ﬁeQ{é}l; g€ I}
and .# is the ideal sheaf of V in C¥.
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Invariants of singularities

Let V be a n-dimensional complex analytic subvariety in CV with only isolated

singularities.

Four kinds of coherent sheaves of germs of holomorphic p-forms:

—

e OF =m0k, where 7 : M — V is a resolution of singularities of V.

o (:27‘)/ = H*QZ"/\V_ where 6 : V\Vying — V is the inclusion map and Vyip, is
sing

the singular set of V.
o OF = QP /AP, where #P = {fa+dgAhB:acQy;Be Q) fge s}
and . is the ideal sheaf of V in CV.

° (NZZ‘} = Qon /P, where P = {w € Uiy : whny,,,, = 0}

00008000 -

]

0e
.09


index.html

Definition Let V be a n-dimensional Stein space with 0 as its only singular point.
Let m: (M, A) — (V,0) be a resolution of the singularity with A as exceptional
set. The geometric genus p,, the irregularity g and ¢'P) invariant of the singularity

are defined as follows:
pg = dimI'(M\A,Q")/I'(M,Q"),
q = dimI'(M\A, Q" 1) /T(M, Q" 1),
g®) .= dimD(M, Q% ) /7 T (V, ).
The s-invariant of the singularity is defined as follows

s := dimI'(M\A, Q™) /[T(M, Q") + dT(M\A, Q" 1)].

D 4
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New 1nvariants

Definition Let (V,0) be a Stein germ of a 2-dimensional analytic space with an
isolated singularity at 0. Let 7 : (M, A) — (V,0) be a resolution of the singularity
with A as exceptional set. Define a sheaf of germs Q}\’j by the sheaf associated

to the presheaf
U—<T(U Q) AT(U,Q3,) >,

where U is an open set of M. Let Q%}l = W*Q}\’;.

- - . . .
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- - -
- - - -t
N, N, . .

e
.09


index.html

Lemma Let (V,0) be a Stein germ of a 2-dimensional analytic space with an
isolated singularity at 0. Let 7w : (M, A) — (V,0) be a resolution of the singularity
with A as exceptional set. Then Q‘l}l is coherent and there is a short exact

sequence

0— Oy — 02 — 20D 0 (10)

where .Z (LY ig a sheaf supported on the singular point of V. Let
FUD (M) = T(M,9y)/ < T(M, Q) AT(M, Q) >, (11)

then dimﬂél’l) = dimF D (M),

0e

]
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Definition Let V' be a 2-dimensional Stein space with 0 as its only singular point.
Let m: (M, A) — (V,0) be a resolution of the singularity with A as exceptional
set. Let

FED(0) = dz’mﬂél’l) = dimFD (M).
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Definition Let (V,0) be a Stein germ of a 2-dimensional analytic space with an
isolated singularity at 0. Let 6 : V\{0} — V be the embedding map. Define a
sheaf of germs Q%/i (0} by the sheaf associated to the presheaf

U< T(UM%) AT(U, Q) >,

where U is an open set of V\{0}. Let (zl%/l = 9*(9%{0}).
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Lemma Let V be a 2-dimensional Stein space with 0 as its only singular point
in CN. Let 7 : (M,A) — (V,0) be a resolution of the singularity with A as

exceptional set. Then (ZZ%/l is coherent and there is a short exact sequence
0— Oyt — Q0 — 90 0 (12)
where 411 is a sheaf supported on the singular point of V. Let
GUD(M\A) :=T(M\A, Q%)) < T(M\A, Q) AT(M\A, QL) >, (13)

then dimgo(l’l) = dimGD (M\A).
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Definition Let V' be a 2-dimensional Stein space with 0 as its only singular point.
Let m: (M, A) — (V,0) be a resolution of the singularity with A as exceptional
set. Define

g1(0) := dimg " = dimGD (M\ A).
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Proposition Let V' be a 2-dimensional Stein space with 0 as its only singular

point. Then f(D) < ¢2) and ¢V < Py + g2,

. . . .
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Let X be a compact connected strictly pseudoconvex C'R manifold of real di-

mension 3, in the boundary of a bounded strictly pseudoconvex domain D in

C~. By Harvey and Lawson, there is a unique complex variety V in C" such
that the boundary of V' is X.
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Let X be a compact connected strictly pseudoconvex C'R manifold of real di-
mension 3, in the boundary of a bounded strictly pseudoconvex domain D in
CY. By Harvey and Lawson, there is a unique complex variety V in C¥ such
that the boundary of V is X.

s-invariant, f1 and ¢bY are also CR invariants
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Theorem Let V' be a 2-dimensional Stein space with 0 as its only normal singular

point with C*-action. Let 7 : (M, A) — (V,0) be a minimal good resolution of

the singularity with A as exceptional set, then f(1) > 1 and ¢t > 1.
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Main results

Theorem M Let X be a strictly pseudoconvex compact Calabi-Yau C'R manifold
of dimension 3. Suppose that X is contained in the boundary of a strictly
pseudoconvex bounded domain D in CV. Then X is a boundary of the complex
sub-manifold V' C D — X with boundary regularity if and only if s-invariant
s(X) and fb1(X) if and only if s-invariant s(X) and ¢g"'Y(X) vanish.
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Main results

Theorem M Let X be a strictly pseudoconvex compact Calabi-Yau C'R manifold
of dimension 3. Suppose that X is contained in the boundary of a strictly
pseudoconvex bounded domain D in C¥. Then X is a boundary of the complex

sub-manifold V' C D — X with boundary regularity if and only if s-invariant

s(X) and fb1D(X) if and only if s-invariant s(X) and ¢"Y(X) vanish.

Corollary N Let X be a strictly pseudoconvex compact C'R manifold of dimension
3. Suppose that X is contained in the boundary of a strictly pseudoconvex
bounded domain D in C3. Then X is a boundary of the complex sub-manifold
V C D— X if and only if s-invariant s(X) and (1) (X) if and only if s-invariant
s(X) and g1 (X) vanish.

0008000

-

20
00


index.html

Corollary O Let X be a strictly pseudoconvex compact Calabi-Yau C'R manifold
of dimension 3. Suppose that X is contained in the boundary of a strictly
pseudoconvex bounded domain D in C with H2(X) = 0. Then X is a boundary
of the complex sub-manifold V' C D— X with boundary regularity and the variety
is smooth if and only if gD (X) = 0.
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Corollary O Let X be a strictly pseudoconvex compact Calabi-Yau C'R manifold
of dimension 3. Suppose that X is contained in the boundary of a strictly
pseudoconvex bounded domain D in C with H2(X) = 0. Then X is a boundary
of the complex sub-manifold V' C D— X with boundary regularity and the variety

is smooth if and only if gD (X) = 0.

Corollary P Let X be a strictly pseudoconvex compact C'R manifold of dimension
3. Suppose that X is contained in the boundary of a strictly pseudoconvex
bounded domain D in C* with H?(X) = 0. Then X is a boundary of the
complex sub-manifold V' € D — X if and only if ¢("1(X) = 0.
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