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PREFACE

This Ph. D thesis is based on the papers (1), (2) and (3). Two main topics are stated in

my thesis. The first topic is classification of domains in Cn and special varieties which will be

considered in Chapter 2. The second topic is classical complex Plateau problem which will be

considered in Chapter 3.
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SUMMARY

One of the most fundamental problems in complex geometry is to determine when two

bounded domains in Cn are biholomorphically equivalent. Even for complete Reinhardt do-

mains, this fundamental problem remained unsolved for many years. Using the Bergmann

function theory, we construct an infinite family of numerical invariants from the Bergman func-

tions for complete Reinhardt domains in Cn. These infinite family of numerical invariants are

actually a complete set of invariants if the domains are pseudoconvex with C1 boundaries. For

bounded complete Reinhardt domains with real analytic boundaries, the complete set of nu-

merical invariants can be reduced dramatically although the set is still infinite. We shall also

discuss the role of the Hilbert 14th problem in the construction of numerical biholomorphic

invariants of complete Reinhardt domains in Cn.

Moreover, for n = 2, we can construct an infinite family of numerical invariants from

the Bergman functions for such domains in An-variety {(x, y, z) ∈ C3 : xy = zn+1}. These

infinite family of numerical invariants are actually a complete set of invariants for either the

set of all bounded strictly pseudoconvex complete Reinhardt domain in An variety or the set

of all bounded pseudoconvex complete Reinhardt domains with real analytic boundaries in An

variety. In particular the moduli space of these domains in An variety is constructed explicitly

as the image of this complete family of numerical invariants. It is well known that An variety is

the quotient of cyclic group of order n+ 1 on C2. We prove that the moduli space of bounded
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SUMMARY (Continued)

complete Reinhardt domains in An variety coincides with the moduli space of the corresponding

bounded complete Reinhardt domains in C2.

Another natural fundamental questions of complex geometry is to study the boundaries of

complex varieties. For example, the famous classical complex Plateau problem asks which odd

dimensional real sub-manifolds of CN are boundaries of complex sub-manifolds in CN . Let X

be a compact connected strictly pseudoconvex CR manifold of real dimension 2n− 1 in Cn+1.

For n ≥ 3, Yau used Kohn-Rossi cohomology groups to solve the classical complex Plateau

problem in 1981. For n = 2, the problem has remained unsolved for over a quarter of a century.

In this paper, we introduce a new CR invariant of X to solve this problem completely.
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CHAPTER 1

INTRODUCTION

1.1 History

One of the basic problems in complex geometry is to find a reasonable object which pa-

rameterizes all non-isomorphic complex manifolds. This is the well known moduli problem.

The concept of moduli goes back to Riemann (4) who shows that the isomorphism class of a

Riemann surface of genus g > 2 depends on 3g − 3 parameters. The deformation of algebraic

surfaces was first considered by Noether (5). It was Frölicher and Nijenhuis (6) who first studied

deformation of higher dimensional complex manifolds by a differential geometric method. In a

series of papers (7), Kodaira and Spencer systematically developed the theory of deformation

of compact complex manifolds. The local moduli problem was solved by Kuranishi in his fa-

mous paper (8) in 1962. However, a precise formulation of global moduli problems in algebraic

geometry, the definition of moduli spaces for curves and for certain higher dimensional man-

ifolds have only been given recently (9), as well as solutions in some cases (10),(11). On the

other hand, little is known about the moduli problem of open manifolds of complex dimension

greater than one. This problem is substantially more difficult because it is infinite dimensional

in nature.

Let D1 and D2 be two domains in Cn. One of the most fundamental problems in complex

geometry is to determine conditions which will imply that D1 and D2 are biholomorphically

1
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equivalent. For n = 1, the celebrated Riemann mapping theorem states that any simply

connected domains in C are biholomorphically equivalent. For n > 2, it is well known that

there are lots of domains which are topologically equivalent to the ball but not necessarily

biholomorphically equivalent to the ball. This problem was first studied by Poincaré in 1907

(12). He worked on the perturbations of the unit ball in C2 of a particular kind, and found

necessary and sufficient conditions on a first order perturbation that the perturbed domain

be biholomorphically equivalent to the ball. More generally, Poincaré studied the invariance

properties of a CR manifold X of real dimension 2n− 1 which is a real hypersurface in Cn with

respect to the infinite pseudo-group of biholomorphic transformations. The systematic study

of such properties for hypersurfaces with nondegenerate Levi form was made by Cartan (13)

in 1932, and later by Chern and Moser (14). A main result of the theory is the existence of

a complete system of local differential invariants for CR-structures on real hypersurfaces. In

1974, Fefferman (15) proved that a biholomorphic mapping between two strictly pseudoconvex

domains is smooth up to the boundaries and the induced boundary mapping is a CR-equivalence

on the boundary. Thus, by the fundamental theorem of Fefferman, the biholomorphically

equivalent problem of bounded strictly pseudoconvex domains in Cn is the same as the CR

equivalent problem of strictly pseudoconvex compact CR manifolds of real dimension 2n− 1 in

Cn.

In 1978, Burns, Shnider and Wells (16) used the Chern-Moser theory to distinguish generic

perturbations of a given strictly pseudoconvex domain. They were able to construct perturba-

tions with arbitrarily large parameters in such a way that the domains are biholomorphically
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inequivalent if the parameter values of these domains are different. As a result the “number of

moduli” of a “ moduli space” of a bounded strictly pseudoconvex domain has to be infinite. On

the other hand, Webster (17) gave a complete characterization when two ellipsoids in Cn are

CR equivalent by Chern-Moser’s theory and Cartan method of equivalence. In 1988, Lempert

(18) made a significant progress in the subject. He considered smoothly bounded strictly con-

vex domains containing the origin of Cn. He called two such domains equivalent if there is an

origin preserving biholomorphic mapping between them whose differential at the origin is the

identity. With each smoothly bounded strictly convex domain D, Lempert associated a triple

(I,H,Q) of invariants where I is the Kobayashi indicatrix of D at the origin, and the smooth

hermitian form H and the smooth quadratic form Q are defined on the rank n−1 vector bundle

of (1, 0) vectors tangent to the boundary of the Kobayashi indicatrix I. He showed that if two

marked convex domains share the same invariants then they are equivalent. In dimension 2,

the construction may be simplified and it is possible to reduce the number of invariants. This

allows the explicit description of the moduli space of marked strictly convex domains in C2

as a subdomain of a suitable Fréchet bundle. Although the theory established by Lempert is

extremely beautiful, the computation of his invariants is quite a hard problem.

Despite the success of the Chern-Moser theory and the Lempert theory, the fundamental

question of distinguishing two strictly pseudoconvex CR manifolds remains unsolved. Let X

be a compact connected strictly pseudoconvex CR manifold of real dimension 2n− 1. In 1974

Boutel de Monvel (19) (also see Kohn (20)) proved that X is CR-embeddable in some CN if

dimX > 5. Throughout this paper, we shall only consider CR embeddable strictly pseudo-
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convex CR manifolds. In view of a beautiful theorem of Harvey-Lawson (21), there exists a

complex variety V in CN for N sufficiently large such that ∂V = X and V has only normal

isolated singularities. It is well known that one can use the structures of the singularities of

V to distinguish the CR structure of X (see for example Theorem 3.1 of (22)). Thus if two

strictly pseudoconvex CR manifolds bound non-isomorphic singularities, then their CR struc-

tures are different. The difficult unsolved CR equivalence problem is: how can one distinguish

between strictly pseudoconvex CR manifolds X1 and X2 when they are lying in the same vari-

ety V . If V is CN , this difficult problem is just the classical problem discussed above and has

been considered by many leading mathematicians Chern-Moser (14), Fefferman (23), Webster

(17), Burns-Shnider-Wells (16), etc. Even in this case, it seems that the biholomorphically

equivalence problem or moduli problem for complete Reinhardt domains remains open, al-

though there is a beautiful thereom of Sunada (24) which relates two such domains by a special

linear map. For example, consider the following natural family of complete Reinhardt do-

mains D(a1, · · · , ak; b1, · · · , bk; c1, · · · , ck) = {(z1, z2) ∈ C2 :
k∑

i=1

[ai|z1|4i + bi|z2|4i + ci|z1z2|2i] <

d, where a1, · · · , ak; b1, · · · , bk; c1, · · · , ck and d are positive real numbers}. It is not known

how to solve the problem of biholomorphic equivalence of this family of complete Reinhardt

domains by Suanda’s theorem. On the other hand, when V is a singular variety, the CR

equivalence problems is wide open. In (22), Yau discovered a novel technique to attack

CR equivalence problem. He constructed a new biholomorphically invariant called Bergman

function. The Bergman functions put a lot of restriction on biholomorphic maps between

bounded complete Reinhardt domains, from which new holomorphic invariants can be con-
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structed and the automorphism groups of the bounded complete Reinhardt domains can be

determined. He illustrated how his new technique works in a concrete example of A1-variety

V = {(x, y, z) ∈ C3 : xy = z2}. He constructed a fundamental holomorphic numerical invari-

ant νD (cf. Theorem 3.6 of (22)), for bounded complete Reinhardt domains D in V . He also

computed the automorphism group of D. For a one parameter family of complete Reinhardt

domains Da = {(x, y, z) ∈ C3 : xy = z2, a|x|2 + |y|2 + |z|2 < ε0, where a > 0 and ε0 is a fixed

positive constant}, he showed that the holomorphic numerical invariant νDa is a complete in-

variant in the sense that Da1 is biholomorphically equivalent to Da2 if and only if νDa1
= νDa2

.

Another natural fundamental questions of complex geometry is to study the boundaries of

complex varieties. For example, the famous classical complex Plateau problem asks which odd

dimensional real sub-manifolds of CN are boundaries of complex sub-manifolds in CN . In 1975,

Harvey and Lawson (21) showed that for any compact connected CR manifold X in CN , there

is a unique complex variety V in CN such that the boundary of V is X.

If X is a strictly pseudoconvex CR manifold of dimension 2n − 1, n ≥ 2, contained in

the boundary of a bounded strictly pseudoconvex domain D in CN , then V has boundary

regularity at every point of X and V has only isolated singularities in V − X(cf. (25)). The

next fundamental question is to determine when X is a boundary of a complex sub-manifold in

CN , i.e., when V is smooth. In 1981, Yau (26) solved the classical complex Plateau problem for

the case n ≥ 3 by calculation of Kohn-Rossi cohomology groups Hp,q
KR(X). More precisely, if X

is a compact connected strictly pseudoconvex CR manifold of real dimension 2n− 1, n ≥ 3, in
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the boundary of a bounded strictly pseudoconvex domain D in Cn+1. Then X is a boundary of

the complex sub-manifold V ⊂ D −X if and only if Kohn-Rossi cohomology groups Hp,q
KR(X)

are zeros for 1 ≤ q ≤ n− 2 (see Theorem 3.3.0.1).

For n = 2, i.e. X is a 3-dimensional CR manifold, the classical complex Plateau problem

remains unsolved for over a quarter of a century. The main difficulty is that the Kohn-Rossi

cohomology groups are infinite dimensional in this case. Let V be a complex variety with X as

its boundary. Then the singularities of V are surface singularities. In (27), the holomorphic De

Rham cohomology, which is derived form Kohn-Rossi cohomology, is considered to determine

what kind of singularities can happen in V . In fact, in (28), Tanaka introduced a spectral

sequence Ep,q
r (X) with Ep,q

1 (X) being the Kohn-Rossi cohomology group and Ek,0
2 (X) being

the holomorphic De Rham cohomology denoted by Hk
h(X). So consideration of De Rham

cohomology is natural in the case of n = 2. Luk and Yau introduced s-invariant (cf. Definition

3.2.1.2 below) for isolated singularity (V, 0) and proved a theorem in (27) that if (V, 0) is a

Gorenstein surface singularity with vanishing s-invariant, then (V, 0) is a quasihomogeneous

singularity whose link is rational homology sphere. In (27) they proved that if X is a strictly

pseudoconvex compact Calabi-Yau CR manifold of dimension 3 contained in the boundary of

a strictly pseudoconvex bounded domain D in CN and the holomorphic De Rham cohomology

H2
h(X) vanishes, thenX is a boundary of a complex variety V inD with boundary regularity and

V has only isolated singularities in the interior and the normalizations of these singularities are

Gorenstein surface singularities with vanishing s-invariant (see Theorem 3.3.0.4). As a corollary

of this theorem, they get that if N = 3, the variety V bounded by X has only isolated quasi-
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homogeneous singularities such that the dual graphs of the exceptional sets in the resolution

are star shaped and all the curves are rational (see Corollary 3.3.0.5). Even though, one

cannot judge when X is a boundary of a complex manifold with the vanishing of H2
h(X), it

is a fundamental step toward the solution of the complex Plateau problem. Since there is a

unique complex variety V such that the boundary of V is X, we can define the s-invariant

s(X) as the sum of all the s-invariants of the singularities of V . It is easy to see that s(X)

is a CR invariant. In this paper we introduce two new CR invariants f (1,1)(X) and g(1,1)(X)

which have independent interest besides their application to complex Plateau problem. These

new invariants together with s-invariant will have enough information to give a necessary and

sufficient conditions for the variety V bounded by X being smooth.

1.2 Main results

In the first part of this paper, we introduce a higher order Bergman functions on domains in

varieties which are global invariants. These Bergman functions are used to prove that biholo-

morphisms between two bounded complete Reinhardt domains are necessarily special linear

maps. We construct an infinite family of numerical invariants for complete Reinhardt domains

in An-variety. Our numerical invariants are able to distinguish any two bounded complete

Reinhardt pseudoconvex domains with real analytic boundaries or any two bounded complete

Reinhardt strictly pseudoconvex domains in An-variety. Thus the moduli spaces of bounded

complete Reinhardt pseudoconvex domains with real analytic boundaries or any two bounded

complete Reinhardt strictly pseudoconvex domains in An-variety are constructed explicitly as

the image of this complete family of numerical invariants. Because each bounded complete
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Reinhardt domain in An-variety corresponds to a unique bounded complete Reinhardt domain

in C2, we have also constructed the moduli space of a large class of bounded complete Reinhardt

pseudoconvex domains in C2.

Before stating our result, let us recall some notations.

An open subset D ⊆ Cn is a complete Reinhardt domain if, whenever (z1, · · · , zn) ∈ D then

(ξ1z1, · · · , ξnzn) ∈ D for all complex numbers ξj with |ξj | 6 1.

Let Ṽn = {(x, y, z) ∈ C3 : xy = zn+1}. It is well known that Ṽn is the quotient of C2 by a

cyclic group of order n+ 1, i.e. δ.(z1, z2) = (δz1, δnz2), where δ is a primitive (n+ 1)-th root of

unit. The quotient map π : C2 → Ṽ is given by π(z1, z2) = (zn+1
1 , zn+1

2 , z1z2).

Definition 1.2.0.1. An open set V in the An-variety Ṽn = {(x, y, z) ∈ C3 : xy = zn+1} is

called a complete Reinhardt domain if π−1(V ) is a complete Reinhardt domain in C2.

Recall that the minimal resolution M̃n of Ṽn consists of n+ 1 coordinate charts W̃k = C2 =

{(uk, vk)}, k = 0, 1, · · · , n. The space of holomorphic two forms on M̃n has a basis {φαβ =

uα
0 v

β
0 du0 ∧ dv0 : α > n

n+1β}. Let M (⊆ M̃n) be the resolution of complete Reinhardt domain V

in Ṽn. In what follows, we shall use notation ‖φαβ‖2
M for

∫
M φαβ ∧ φαβ .

Let g(α, β) =
‖φ10‖α− n

n+1
β‖φn,n+1‖

β
n+1

‖φαβ‖‖φ00‖α−n−1
n+1

β−1
and [T ] be the maximal integer which is less than

T ∈ R.

Theorem A. Let Vi, i = 1, 2, be two bounded complete Reinhardt domains in An-variety

Ṽn = {(x, y, z) ∈ C3 : xy = zn+1}. If V1 is biholomorphic to V2, then

ξ(α, β) := g(α, β) · g(nα−(n−1)β,(n+1)α−nβ) ,
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ζ(α, β) := g(α, β) + g(nα−(n−1)β,(n+1)α−nβ) ,

η(α, p, q) := (g(α, p) − g(nα−(n−1)p,(n+1)α−np)) · (g(α, q) − g(nα−(n−1)q,(n+1)α−nq))

and

ω(α1, α2, p1, p2) := (g(α1, p1) − g(nα1−(n−1)p1,(n+1)α1−np1)) ·

(g(α2, p2) − g(nα2−(n−1)p2,(n+1)α2−np2)),

where

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2,

are all invariants, i.e.

ξ
(α,β)
V1

= ξ
(α,β)
V2

, ζ
(α,β)
V1

= ζ
(α,β)
V2

, η
(α,p,q)
V1

= η
(α,p,q)
V2

,

ω
(α1, α2, p1, p2)
V1

= ω
(α1, α2, p1, p2)
V2

,

where

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2.
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The invariants in Theorem A determine completely the Bergman function up to automor-

phisms of An-variety.

Theorem B. Let Vi, i = 1, 2, be two bounded complete Reinhardt strictly pseudoconvex (re-

spectively Cω-smooth pseudoconvex) domains in Ṽn = {(x, y, z) ∈ C3: xy = zn+1 }. If

ξ
(α,β)
V1

= ξ
(α,β)
V2

, ζ
(α,β)
V1

= ζ
(α,β)
V2

, η
(α,p,q)
V1

= η
(α,p,q)
V2

,

ω
(α1, α2, p1, p2)
V1

= ω
(α1, α2, p1, p2)
V2

,

where

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2,

then there exists an automorphism Ψ = (ψ1, ψ2, ψ3) of An-variety Ṽn = {(x, y, z) ∈ C3 : xy =

zn+1} given by either

(ψ1, ψ2, ψ3) =

(
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

x,
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

y,
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

z

)
,

or

(ψ1, ψ2, ψ3) =

(
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

y,
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

x,
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

z

)
.
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such that Ψ sends V1 to V2.

As an immediate corollary of Theorem B above, we have the following theorem.

Theorem C. The moduli space of bounded complete Reinhardt strictly pseudoconvex (respec-

tively Cω-smooth pseudoconvex) domains in An-variety Ṽn = {(x, y, z) ∈ C3 : xy = zn+1} is

given by the image of the map Φ : {V : V a bounded complete Reinhardt strictly pseudoconvex

(respectively Cω-smooth pseudoconvex) domain in Ṽn} → R∞, where the component function of

Φ are the invariant functions

ξ(α,β), ζ(α,β), η(α,p,q)ω(α1, α2, p1, p2),

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2.

defined in Theorem A.

We are now ready to study a large class of complete Reindhartd domains in C2. The follow-

ing theorem says that the biholomorphic equivalence problem for bounded complete Reinhardt

domains in An-variety Ṽn is the same as the biholomorphic equivalence problem for the corre-

sponding bounded complete Reinhardt domains in C2.

Theorem D. Let π : C2 →Ṽn = {(x, y, z) ∈ C3 : xy = zn+1} be the quotient map given

by π(z1, z2) = (zn+1
1 , zn+1

2 , z1z2). Let Vi, i = 1, 2, be bounded complete Reinhardt domains

in Ṽn such that Wi := π−1(Vi), i = 1, 2, are bounded complete Reinhardt domain in C2.
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Then V1 is biholomorphic to V2 if and only if W1 is biholomorphic to W2. In particular,

V1 is biholomorphic to V2 if and only if there exists a biholomorphism Φ : V1 → V2 given by

Φ(x, y, z) = (an+1x, bn+1y, abz) or Φ(x, y, z) = (an+1y, bn+1x, abz) where a, b > 0.

As a corollary of Theorem C and Theorem D, we have the following theorem .

Theorem E. (1) Let W = {W : W = π−1(V ) where V is a bounded complete Reinhardt

domain in An-variety} be the space of bounded complete Reinhardt domains in C2 which are

invariant under the action of the cyclic group of order n+ 1 on C2. Then

ξ(α,β), ζ(α,β), η(α,p,q), ω(α1, α2, p1, p2),

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2,

defined in Theorem A are invariants of W.

(2) Let WP = {W : W = π−1(V ) where V is a complete Reinhardt pseudoconvex Cω-smooth

domain in An-variety} and WSP = {W : W = π−1(V ) where V is a complete Reinhardt strictly

pseudoconvex domain in An-variety}. Then the moduli space of WP (respectively WSP ) is given

by the image of the map Φ̃P : WP → R∞ (respectively Φ̃SP : WSP → R∞), where the component

functions of Φ̃P (respectively Φ̃SP ) are the invariant functions

ξ(α,β), ζ(α,β), η(α,p,q), ω(α1, α2, p1, p2),
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α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2,

defined in Theorem A. In particular, the moduli space of WP (respectively WSP ) is the same as

the moduli space of bounded complete Reinhardt pseudoconvex Cω-smooth domains (respectively

bounded complete Reinhardt strictly pseudoconvex domains) in An-variety Ṽn = {(x, y, z) ∈ C3 :

xy = zn+1}.

We allso show that Yau’s Bergman function theory can also solve the biholomorphic equiv-

alence problem or moduli problem for complete Reinhardt pseudoconvex domains in Cn for

all n > 2. In order to describe the complete biholomorphic invariants of bounded complete

Reinhardt domains in Cn, we introduce the following notations. Let Sn be the symmetric

group of degree n. Recall that the group ring R[Sn] is a ring of the form R[τ1, τ2, . . . , τn!]

with τi ∈ Sn for 1 6 i 6 n!. Let
∑
i
xiτi and

∑
j
yjτj , where xi, yj are in R, be two ele-

ments in R[Sn]. Then (
∑
i
xiτi)(

∑
j
yjτj) :=

∑
i,j
xiyj(τi · τj), where τi · τj is the product in the

group Sn. We shall consider R[Sn] × · · · × R[Sn] the product of the group ring with itself.

Such a product has a natural Sn-module structure in the following manner. Let σ ∈ Sn and

(
∑
i
xiτi, . . . ,

∑
yiτi) ∈ R[Sn]× · · · × R[Sn]. Then

σ

(∑
i

xiτi, . . . ,
∑

yiτi

)
:=

(∑
i

xi(τiσ), . . . ,
∑

yi(τiσ)

)
. (1.2.1)
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Definition 1.2.0.2. Two elements f, g in R[Sn] × · · · × R[Sn] are said to be equivalent and

denoted by f ∼ g if there exists a σ ∈ Sn such that σ(f) = g.

Before we can describe our main results, we need the following notations. Let ~α = (α1, . . . , αn)

be an n-tuple of nonnegative integers. Denote φ~α =
(

n∏
i=1

zαi
i

)
dz1 ∧ dz2 ∧ · · · ∧ dzn. For a do-

main D in Cn. We shall use notation ‖φ~α ‖2
D =

∫
D φ~α ∧ φ~α. In this paper, we show that

all the biholomorphic invariants of a bounded complete Reinhardt domain are contained in

(R[Sn] × · · · × R[Sn])/ ∼ where there are n! copies of R[Sn] and ∼ is the equivalent relation

defined in Definition 1.2.0.2.

Theorem F. Let D be a bounded complete Reinhardt domain in Cn. Let ~α = (α1, . . . , αn) be

a n-tuple of nonnegative integers. For any τ ∈ Sn, denote

gτ
D(~α) =

‖φ~0‖
Σαi−1
D ‖φτ(~α)‖D

n∏
i=1

‖φ~ei
‖ατ(i)

D

(1.2.2)

where τ(~α) = (ατ(1), . . . , ατ(n)) and ~ei = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the ith component. Then

for all n-tuples of nonnegative integers ~β1, . . . , ~βn!, ξ
~β1,..., ~βn!
D = (

∑
τ∈Sn

gτ
D( ~β1)τ, . . . ,

∑
τ∈Sn

gτ
D(~βn!)τ)

as an element in (R[Sn]× · · · × R[Sn])/ ∼ is a biholomorphic invariant. In fact, if D1 and D2

are two such domains which are biholomorphically equivalent, then there exists a σ ∈ Sn such

that gτ
D1

(~α) = gτ ·σ
D2

(~α) ∀τ ∈ Sn and ∀~α n-tuple of nonnegative integers.

The invariants in Theorem F are complete invariants for bounded complete Reinhardt pseu-

doconvex domains with C1 boundaries.
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Theorem G. Let Di, i = 1, 2, be two bounded complete Reinhardt pseudoconvex domains in

Cn with C1 boundaries. If for all ~α, . . . , ~αn! n-tuples of nonnegative integers, ξ~α,...,~αn!
D1

= ξ~α1,...,~αn!
D2

in (R[Sn] × · · · × R[Sn])/ ∼, where ξ~α1,...,~αn!
D = (

∑
τ∈Sn

gτ
D(~α1)τ, . . . ,

∑
τ∈Sn

gτ
Di

(~αn!)τ), then there

exists σ ∈ Sn and a biholomorphic map

Ψσ(z1, . . . , zn) =
(
a1zσ(1), . . . , anzσ(n)

)
,

where ai =
‖φ~0‖D1

‖φ~ei
‖D2

‖φ~eσ(i)
‖D1

‖φ~0‖D2
, such that Ψσ sends D1 onto D2.

Theorem F and Theorem G above give a complete characterization of two bounded complete

Reinhardt domains in Cn to be biholomorphically equivalent in terms of the quotient of group

ring (R[Sn]×· · ·×R[Sn])/ ∼. In case n = 2, we can actually write down the complete numerical

invariants for two bounded complete Reinhardt in C2 to be biholomorphically equivalent.

Theorem H. Let D1, D2 be two bounded complete Reinhardt pseudoconvex domains in C2

with C1 boundaries. Then D1 is biholomorphic to D2 if and only if

gD1(α1, α2) + gD1(α2, α1) = gD2(α1, α2) + gD2(α2, α1) (1.2.3)

gD1(α1, α2)gD1(α2, α1) = gD2(α1, α2)gD2(α2, α1) (1.2.4)

(gD1(α1, α2)− gD1(α2, α1)) (gD1(β1, β2)− gD1(β2, β1))

= (gD2(α1, α2)− gD2(α2, α1)) (gD2(β1, β2)− gD2(β2, β1)) (1.2.5)
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for all nonnegative integers αi, βi, where

gDi(α1, α2) =
‖φ~0‖

α1+α2−1
Di

‖φ(α1,α2)‖Di

2∏
j=1

‖φ~ej
‖αj

Di

.

Corollary I. The moduli space of bounded complete Reinhardt pseudoconvex domains with C1

boundaries in C2 can be constructed explicitly as the image of the complete family of numerical

invariants:

gD(α1, α2) + gD(α2, α1),

gD(α1, α2)gD(α2, α1),

and

(gD(α1, α2)− gD(α2, α1)) · (gD(β1, β2)− g2(β2, β1))

∀ αi, βi nonnegative integers.

In order to find the complete numerical biholomorphic invariants of bounded complete

Reinhardt domain in Cn for n > 3, we need to consider the finite symmetric group Sn =

{σ1, σ2, . . . , σn!} of degree n acting on the affine space Cn!n! = Cn! × · · · × Cn!, which is the

product of n! copies of Cn!, in the following manner. Let τ ∈ Sn and

(xσ1 , . . . , xσn!
; . . . ; yσ1 , . . . , yσn!

) ∈ Cn! × · · · × Cn! = Cn!n!.
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Then τ(xσ1 , . . . , xσn!
; . . . ; yσ1 , . . . , yσn!

) = (xσ1τ , . . . , xσn!τ ; . . . ; yσ1τ , . . . , yσn!τ ). Since Sn is lin-

early reductive, by Hilbert Theorem, the ring of invariants C[xσ1 , . . . , xσn!
; . . . ; yσ1 , . . . , yσn!

]Sn

is finitely generated.

Theorem J. Let f1, . . . , fN ∈ C[xσ1 , . . . xσn!
; . . . ; yσ1 , . . . yσn!

]Sn be the generators of the ring

of invariant polynomials. Let D be a bounded complete Reinhardt domain in Cn. Then, for

~α1, ~α2, . . . , ~αn! n-tuples of nonnegative integers,

f1(gσ
D(~α1), . . . , gσ

D(~αn!))σ∈Sn , . . . , fN (gσ
D(~α1), . . . , gσ

D(~αn!))σ∈Sn

are biholomorphic invariants, where

gσ
D(~β) =

‖φ~0‖
Σβi−1
D ‖φ

σ(~β)
‖D

n∏
i=1

‖φ~ei
‖βσ(i)

D

, ~β = (β1, β2, . . . , βn).

The following theorem says that the above invariants are actually complete in case the

domain D is pseudoconvex.

Theorem K. Let Di, i = 1, 2, be two bounded complete Reinhardt pseudoconvex domains in

Cn with C1 boundaries. Let f1, . . . , fN ∈ C[xσ1 , . . . , xσn!
; . . . ; yσi , . . . , yσn!

]Sn be the generators

of the ring of invariant polynomials. If for all ~α1, . . . , ~αn! n-tuples of nonnegative integers

fi(gσ
D1

(~α1), . . . , gσ
D1

(~αn!))σ∈Sn = fi

(
gσ
D2

(~α1), . . . , gσ
D2

(~αn!)
)
σ∈Sn

,

i = 1, 2, . . . , N,
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then there exists τ ∈ Sn and a biholomorphic map Ψτ : Cn → Cn,

Ψτ (z1, . . . , zn) = (a1zτ(1), . . . , anzτ(n)),

where

ai =
‖φ~0‖D1‖φ~ei

‖D2

‖φeτ(i)
‖D1‖φ~0‖D2

,

such that Ψτ sends D1 onto D2.

Corollary L. The moduli space of bounded complete Reinhardt pseudoconvex domains with

C1 boundaries in Cn can be constructed explicitly as the image of the complete family of

numerical invariants:

fi(gσ
D(~α1), . . . , gσ

D(~αn!))σ∈Sn , 1 6 i 6 N,

where ~α1, . . . , ~αn! are all possible n-tuples of nonnegative integers.

For complete Reinhardt pseudoconvex domains with real analytic boundaries, we can use

fewer numerical invariants to characterize these domains. More precisely, we have the following

theorems.

Theorem G′. Let Di, i = 1, 2, be two bounded complete Reinhardt pseudoconvex domains in

Cn with real analytic boundaries. Then D1 is biholomorphically equivalent to D2 if and only if
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for all ~α n-tuple of nonnegative integers, ξ~α
D1

= ξ~α
D2

in R[Sn]/ ∼, where ξ~α
Di

=
∑

τ∈Sn

gτ
Di

(~α)τ . In

this case, there exists σ ∈ Sn and a biholomorphic map

Ψσ(z1, . . . , zn) = (a1zσ(1), . . . , anzσ(n)),

where ai =
‖φ~0‖D1‖φ~e‖D2

‖φ~eσ(i)
‖D1‖φ~0‖D2

, such that Ψσ sends D1 onto D2.

Theorem H′. Let D1, D2 be two bounded complete Reinhardt pseudoconvex domains in C2

with real analytic boundaries. Then D1 is biholomorphic to D2 if and only if

gD1(α1, α2) + gD1(α2, α1) = gD2(α1, α2) + gD2(α2, α1)

gD1(α1, α2)gD1(α2, α1) = gD2(α1, α2)gD2(α2, α1)

for all nonnegative integers α1, α2, where

gDi(α1, α2) =
‖φ~0‖

α1+α2−1
Di

‖φ(α1,α2)‖Di

2∏
j=1

‖φ~ej
‖αj

Di

.

Theorem K′. Let Di, i = 1, 2, be two bounded complete Reinhardt pseudoconvex domains in

Cn with real analytic boundaries. Let

f1, . . . , fN ∈ C[xσ1 , . . . , xσn!
]Sn
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be the generators of the ring of invariant polynomials. Then D1 is biholomorphically equivalent

to D2 if and only if for all ~α n-tuples of nonnegative integers

fi(gσ
D1

(~α)σ∈Sn) = fi(gσ
D2

(~α))σ∈Sn ,

i = 1, 2, . . . , N.

In this case, there exists τ ∈ Sn and a biholomorphic map Ψτ : Cn → Cn Ψτ (z1, . . . , zn) =

(a1zτ(1), . . . , anzτ(n)
), where ai =

‖φ~0‖D1‖φ~ei
‖D2

‖φeσ(i)
‖D1‖φ~0‖D2

, such that Ψτ sends D1 onto D2.

In the second part of this paper, 2-dimensional complex Plateau problem is solved. We in-

troduce two new CR invariants f (1,1)(X) and g(1,1)(X) which have independent interest besides

their application to complex Plateau problem. These new invariants together with s-invariant

will have enough information to give a necessary and sufficient conditions for the variety V

bounded by X being smooth.

Theorem M. Let X be a strictly pseudoconvex compact Calabi-Yau CR manifold of dimension

3. Suppose that X is contained in the boundary of a strictly pseudoconvex bounded domain D

in CN . Then X is a boundary of the complex sub-manifold V ⊂ D−X with boundary regularity

if and only if s-invariant s(X) and f (1,1)(X) or g(1,1)(X) vanish.

Corollary N. Let X be a strictly pseudoconvex compact CR manifold of dimension 3. Suppose

that X is contained in the boundary of a strictly pseudoconvex bounded domain D in C3. Then
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X is a boundary of the complex sub-manifold V ⊂ D −X if and only if s-invariant s(X) and

f (1,1)(X) or g(1,1)(X) vanish.

Although s(X) and f (1,1)(X) are CR invariants, it is not clear how to compute them directly

on X. Corollary O and Corollary P can be used to determine if X is a boundary of the complex

sub-manifold of D −X by using information solely on X.

Corollary O. Let X be a strictly pseudoconvex compact Calabi-Yau CR manifold of dimension

3. Suppose that X is contained in the boundary of a strictly pseudoconvex bounded domain D

in CN with H2
h(X) = 0. Then X is a boundary of the complex sub-manifold V ⊂ D −X with

boundary regularity and the variety is smooth if and only if g(1,1)(X) = 0.

Corollary P. Let X be a strictly pseudoconvex compact CR manifold of dimension 3. Suppose

that X is contained in the boundary of a strictly pseudoconvex bounded domain D in C3 with

H2
h(X) = 0. Then X is a boundary of the complex sub-manifold V ⊂ D − X if and only if

g(1,1)(X) = 0.

1.3 Organization

Chapter 2 is about moduli space of bounded complete Reinhardt domains.

In section 2.1, we introduce the higher order Bergman functions which are biholomorphic

invariants. In section 2.2.1, we show how to write down the k-th order Bergman functions

for domains on An-variety and recall the fundamental CR-invariant ν(1,0)
V which we need to

use later. In section 2.2.2, we determines all possible biholomorphisms between two domains

in An-variety. In section 2.2.3, we use higher order Bergman functions to construct numerical
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invariants in Theorem A. Moreover, in Theorem B, we prove that the invariants in the Theorem

A determine the Bergman function up to automorphism of An-variety. Theorem C, Theorem

D and Theorem E are proved also in this section. In section 2.2.4, we calculate some concrete

examples. In section 2.3.1, we construct continuous invariants of bounded complete Reinhardt

domains in Cn and prove Theorem F and Theorem G (G′). In section 2.3.2, the Hilbert

14th problem is discussed and complete continuous numerical invariants of bounded complete

Reinhardt pseudoconvex domains are constructed. Theorem H (H′), Theorem J and Theorem

K (K′) are proved in this section. In section 2.3.3, we give applications to some concrete

examples.

Chapter 3 is about complex Plateau problem. In section 3.1, we shall recall the definition

of holomorphic De Rham cohomology for a CR manifold. In section 3.2, after recalling several

local invariants of isolated singularity, we introduce some new invariants of singularities and

new CR invariants for CR manifolds. In section 3.3, we prove the main theorems in chapter 3.



CHAPTER 2

MODULI SPACE OF BOUNDED COMPLETE REINHARDT DOMAINS

2.1 Preliminaries

In this section, we shall recall some basic definitions and results in the paper (22) which

will facilitate our subsequent discussion. We also take this opportunity to correct some small

mistakes in (22).

Recall that a complex manifold M is called pseudoconvex if there is a compact set B in

M , and a continuous real valued function φ on M , which is plurisubharmonic outside B and

such that for each c ∈ R, the set Mc = {x ∈ M : φ(x) < c} is relatively compact in M . If

φ is C2, “plurisubharmonic” is equivalent to that Hessian of φ is positive semi-definite. We

call M strictly pseudoconvex if Hessian of φ is positive definite and then φ is called strictly

plurisubharmonic . Note that a strictly pseudoconvex complex manifold is a modification of a

Stein space at a finite many points.

Let M be a pseudoconvex complex manifold and A be a compact complex analytic variety

in the interior of M .

Definition 2.1.0.3. Let FM (respectively, FM,A) be the space of all L2-integrable holomorphic

n-form on M (respectively, vanishing at the compact analytic subset A in M). Let {ωj}

(respectively, {ωA
j }) be a complete orthonormal basis of FM (respectively, FM,A). The Bergman

23
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kernel (respectively, Bergman kernel vanishing at A) is defined to be KM (z) =
∑
j
ωj(z)∧ωj(z)

(respectively, KM,A(z) =
∑
j
ωA

j (z) ∧ ωA
j (z)).

Lemma 2.1.0.4. (a) Bergman kernel KM,A(z) vanishing at the compact analytic subset A is

independent of the choice of the complete orthonormal basis of FM,A.

(b) Let Φ: (M1, A1) → (M2, A2) be a biholomorphic map such that Φ(A1) = A2. Then

KM1,A1(z) = Φ∗KM2,A2(z).

Definition 2.1.0.5. The Bergman function BM,A on M is defined to be KM,A(z)/KM (z).

The following Theorem 2.1.0.6 can be found in (22).

Theorem 2.1.0.6. Let A1 (respectively A2) be compact analytic variety in complex manifold

M1 (respectively M2). If Φ: (M1, A1) → (M2, A2) is a biholomorphic map, then BM1,A1(z) =

BM2,A2(Φ(z)).

For a special case, let V be a Stein variety of dimension n > 2 in CN with only irreducible

isolated singularities. We assume that ∂V is a smooth CR manifold. Let π : M → V be a

resolution of singularity with E as an exceptional set. We shall define the k-th order Bergman

function B(k)
M (z) on M which is a biholomorphic invariant of M .

Definition 2.1.0.7. Let F (respectively, Fk) be the set of all L2 integrable holomorphic n-forms

Ψ on M (respectively, vanishing at least the k-th order on the exception set E of M). Let {wj}

(respectively, {w(k)
j }) be a complete orthonormal basis of F (respectively, Fk). The Bergman

kernel (respectively Bergman kernel vanishing on the exceptional set of k-th order) is defined to

be K(z) =
∑
wj(z) ∧ wj(z) (respectively, K(k)(z) =

∑
w

(k)
j (z) ∧ w(k)

j (z).
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The proofs of the following two Lemmas are exactly the same as those in (22).

Lemma 2.1.0.8. F/Fk is a finite dimensional vector space.

Lemma 2.1.0.9. Bergman kernel vanishing on the exceptional set of k-th order K(k)(z) is

independent of the choice of the complete orthonormal basis of Fk and K(k)(z) is invariant

under biholomorphic maps.

Definition 2.1.0.10. Let M be a resolution of a Stein variety V of dimension n > 2 in CN

with only irreducible isolated singularity at the origin. The k-th order Bergman function B
(k)
M

on M is defined to be K(k)
M /KM .

The proof of the following Theorem 2.1.0.11 is the same as the proof in Theorem 2.5 of (22).

However, the last statement of Theorem 2.5 of (22) is not true in general (for example for some

special weakly elliptic singularities). It is true when the canonical bundle is generated by its

global sections in a neighborhood of the exceptional set, which is automorphically satisfied if

V has only rational surface singularities.

Theorem 2.1.0.11. B(k)
M is a global function defined on M which is invariant under biholo-

morphic maps. Moreover, B(k)
M is nowhere vanishing outside the exceptional set of M . If the

canonical bundle is generated by its global sections in a neighborhood of the exceptional set, then

the zero set of the k-th order Bergman function B
(k)
M is precisely the exceptional set of M .

The same argument of the proof of Theorem 1 in (29) will prove the following theorem.

Theorem 2.1.0.12. Let M be a strictly pseudoconvex complex manifold of dimension n > 2

with exceptional set E. Let A be a compact submanifold contained in E. Let π : M1 → M
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be the blow up of M along A. Then we have K(k)
M1

(z) = π∗K
(k)
M (z) and KM1(z) = π∗KM (z).

Consequently B(k)
M1

(z) = π∗B
(k)
M (z).

Let πi : Mi → V , i = 1, 2, be two resolutions of singularities of V . By Hironaka’s theorem

(30), there exists a resolution π̃ : M̃ → V of singularities of V such that M̃ can be obtained

from Mi, i = 1, 2, by successive blowing up along submanifolds in exceptional set. In view of

Theorem 2.1.0.11 and Theorem 2.1.0.12, the following definition is well defined if the canonical

bundle is generated by its global sections in a neighborhood of the exceptional set. Moreover

we can get Theorem 2.8 easily.

Definition 2.1.0.13. Let V be a Stein variety in CN with only irreducible isolated singularities.

Let π : M → V be a resolution of singularities of V such that the canonical bundle is generated

by its global sections in a neighborhood of the exceptional set. Define the k-th order Bergman

function B(k)
V on V to be the push forward of the k-th order Bergman function B(k)

M by the map

π.

Theorem 2.1.0.14. Let V be a Stein variety in CN with only irreducible isolated singularities.

Assume that there exists a resolution M of singularities of V such that the canonical bundle is

generated by its global sections in a neighborhood of the exceptional set. Then the k-th order

Bergman function B(k)
V on V is invariant under biholomorphic maps and B(k)

V vanishes precisely

on the singular set of V .

For the convenience of the readers, we recall the following three important theorems.
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Theorem 2.1.0.15. ((23)) A biholomorphic mapping between two strictly pseudoconvex do-

mains is smooth up to boundary and the induced boundary mapping gives a CR-equivalence

between the boundaries.

Theorem 2.1.0.16. ((24))Two n-dimensional bounded Reinhardt domains D1 and D2 are mu-

tually equivalent if and only if there exists a transformation φ : Cn → Cn given by zi 7→

rizσ(i)(ri > 0, i = 1, · · · , n and σ being a permutation of the indices i) such that φ(D1) = D2.

Proposition 2.1.0.17. ((31)) The Bergman kernel blows up at every boundary point in a

pseudoconvex domain with C1-bounding in Cn.

2.2 Moduli space of bounded complete Reinhardt domains in An-variety

In this section, we will consider bounded complete Reinhardt domains in An-variety.

Let us recall some notations first. An open subsetD ⊆ Cn is a complete Reinhardt domain if,

whenever (z1, · · · , zn) ∈ D then (ξ1z1, · · · , ξnzn) ∈ D for all complex numbers ξj with |ξj | 6 1.

Let Ṽn = {(x, y, z) ∈ C3 : xy = zn+1}. It is well known that Ṽn is the quotient of C2 by a

cyclic group of order n+ 1, i.e. δ.(z1, z2) = (δz1, δnz2), where δ is a primitive (n+ 1)-th root of

unit. The quotient map π : C2 → Ṽ is given by π(z1, z2) = (zn+1
1 , zn+1

2 , z1z2).

Definition 2.2.0.18. An open set V in the An-variety Ṽn = {(x, y, z) ∈ C3 : xy = zn+1} is

called a complete Reinhardt domain if π−1(V ) is a complete Reinhardt domain in C2.

2.2.1 Continuous invariant kth order Bergman function

Let X be a strictly pseudoconvex CR manifold of real dimension 2n − 1. It is well known

(19) that X can be CR embedded into CN if n > 3. For any embeddable strictly pseudo-
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convex CR manifold of real dimension at least 3, the famous theorem of Harvey and Lawson

(21) implies that X is a boundary of a variety V in CN for some N such that V has only

isolated normal singularities.

Proposition 2.2.1.1. ((22)) Let X1, X2 be two strictly pseudoconvex CR manifolds of di-

mension 2n − 1 which bound varieties V1, V2 respectively in CN with only isolated normal

singularities. If Φ: X1 → X2 is a CR-isomorphism, then Φ can be extended to a biholomorphic

map from V1 to V2.

In view of the above Proposition 2.2.1.1, if X1 and X2 are two strictly pseudoconvex CR

manifolds which bound varieties V1 and V2 respectively with non-isomorphic singularities, then

X1 and X2 are not CR equivalent. Therefore to study the CR equivalence of two strictly

pseudoconvex CR manifolds X1 and X2, it remains to consider the case when X1 and X2

are lying on the same variety V . The purpose of this section is to show that our global

invariant Bergman function of k-th order defined in section 2.1 can be used to study the CR

equivalence problem of smooth CR manifolds lying on the same variety. As an example, we shall

show explicitly how CR manifolds varies in the An-variety Ṽn = {(x, y, z) ∈ C3 : f(x, y, z) =

xy− zn+1 = 0}. An explicit resolution π̃ : M̃n → Ṽn can be given in terms of coordinate charts

and transition functions as follows:

Coordinate charts: W̃k = C2 = {(uk, vk)}, k = 0, 1, · · · , n.
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Transition functions:


uk+1 =

1
vk

vk+1 = ukvk
2

or


uk = uk+1

2vk+1

vk =
1

uk+1

Resolution map: π̃(uk, vk) =
(
uk+1

k vk
k , u

n−k
k vn+1−k

k , ukvk

)
or

(x, y, z) = (u0, u
n
0v

n+1
0 , u0v0) = · · · = (un

n+1vn
n, vn, unvn)

Exceptional set: E = π̃−1(0) = Ck = {uk−1 = 0} ∪ {vk = 0},

k = 1, · · · , n.

From now on, we suppose V to be a bounded complete Reinhardt domain in Ṽn. Then

let M = π̃−1(V ) = ∪n
k=0Wk, where Wk = π̃−1(V ) ∩ W̃k, k = 0, 1, · · · , n. Observe that under

π := π̃|M : M → V , W0\C1 is mapped biholomorphically onto V \y-axis. In particular M\W0 is

of measure zero in the obvious sense. Hence, we may compute integrals on M using the (u0, v0)

coordinate on the chart W0 alone.

The following proposition is a general consequence of the proof of Proposition 3.2 of (22)

(also cf. Proposition 8 in (29)).

Proposition 2.2.1.2. In the above notations, let φαβ = uα
0 v

β
0 du0 ∧ dv0, α, β = 0, 1, 2, . . . .

Then
{

φαβ

‖φαβ‖M

: α > n
n+1β

}
is a complete orthonormal base of F and

{
φαβ

‖φαβ‖M
: α > n

n+1β and
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α > k
}

is a complete orthonormal base of Fk. Therefore the Bergman kernel vanishing on the

exceptional set of k-th order K(k)
M and the Bergman kernel KM are given respectively by:

K
(k)
M (u0, v0) = Θ(k)

M du0 ∧ dv0 ∧ du0 ∧ dv0

where

Θ(k)
M =

∑
α> n

n+1
β

α>k

|u0|2α|v0|2β

‖φαβ‖2
M

,

and

KM (u0, v0)

=

 1
‖φ00‖2

M

+
∑

α> n
n+1

β

16α6k−1

|u0|2α|v0|2β

‖φαβ‖2
M

+ Θ(k)
M

 du0 ∧ dv0 ∧ du0 ∧ dv0 (2.2.1)

The following results generalize Theorem 3.3 in (22).

Theorem 2.2.1.3. In the above notations, the k-th order Bergman function for the strictly

pseudoconvex complex manifold M is given by

B
(k)
M (u0, v0) =

Θ(k)
M 1

‖φ00‖2
M

+
∑

α> n
n+1

β

α>1

|u0|2α|v0|2β

‖φαβ‖2
M


(2.2.2)
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The k-th order Bergman function for the variety is given by

B
(k)
V (x, y) =

Θ(k)
V(

1
‖φ00‖2

M

+ Θ(1)
V

) , (2.2.3)

where

Θ(k)
V =

∑
α> n

n+1
β

α>k

|x|2α− 2nβ
n+1 |y|

2β
n+1

‖φαβ‖2
M

(2.2.4)

Proof: B(k)
M (u0, v0) = K

(k)
M

KM
= ‖φ00‖2MΘ

(k)
M

1+‖φ00‖2MΘ
(1)
M

, so Equation 2.2.2 follows immediately. Recall

that the resolution map is given by (x, y, z) = (u0, u
n
0v

n+1
0 , u0v0). Then Equation 2.2.3 and

Equation 2.2.4 follow from Equation 2.2.2. Q. E. D.

2.2.2 Biholomorphic maps between two bounded complete Reinhardt domains in

An-variety

Lemma 2.2.2.1. Let V be a complete Reinhardt domain in the An-variety Ṽn. Any biholo-

morphism Ψ = (ψ1, ψ2, ψ3) : V → V has the following representation


ψ1(x, y, z)

ψ2(x, y, z)

ψ3(x, y, z)

 =


a11 a12 a13

a21 a22 a23

a31 a32 a33




x

y

z


+ higher order terms in x, y and z.
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If n = 1, the constants satisfy the following equations

a11a21 − a31
2 = 0 (2.2.5)

a12a22 − a32
2 = 0 (2.2.6)

a13a23 − a33
2 + a11a22 + a12a21 − 2a31a32 = 0 (2.2.7)

a11a23 + a13a21 − 2a31a33 = 0 (2.2.8)

a12a23 + a13a22 − 2a32a33 = 0 (2.2.9)

det(aij) 6= 0 (2.2.10)

If n > 1, the constants satisfy the following equations

a11a21 = 0 (2.2.11)

a12a22 = 0 (2.2.12)

a13a23 = 0 (2.2.13)

a11a23 + a13a21 = 0 (2.2.14)

a12a23 + a13a22 = 0 (2.2.15)

a11a22 + a12a21 − an+1
33 = 0 (2.2.16)

det(aij) 6= 0 (2.2.17)

Proof: The case of n = 1 has been proved in (22). For n > 1, since Ψ: V → V , we have

ψ1(x, y, z)ψ2(x, y, z)− ψn+1
3 (x, y, z) = 0. By looking at the quadratic part of this equation and
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the fact that xy = zn+1, we obtain (a11x+a12y+a13z)(a21x+a22y+a23z)−an+1
33 xy = 0. Then

the lemma follows easily. Q. E. D.

Proposition 2.2.2.2. Let Vi, i=1, 2, be two complete Reinhardt domains in Ṽn = {(x, y, z) ∈

C3 : xy = zn+1}. Let Mi = π̃−1(Vi), i = 1, 2. Suppose that Ψ: V1 → V2 is a biholomorphic map

given by Ψ(x, y, z) = (a11x+ a12y+ a13z, a21x+ a22y+ a23z, a31x+ a32y+ a33z) + higher order

term. Then

‖φ00‖2
M2

‖φ10‖2
M2

|a11|2 +
‖φ00‖2

M2

‖φ11‖2
M2

|a31|2 +
‖φ00‖2

M2

‖φn,n+1‖2
M2

|a21|2 =
‖φ00‖2

M1

‖φ10‖2
M1

(2.2.18)

‖φ00‖2
M2

‖φ10‖2
M2

|a12|2 +
‖φ00‖2

M2

‖φ11‖2
M2

|a32|2 +
‖φ00‖2

M2

‖φn,n+1‖2
M2

|a22|2 =
‖φ00‖2

M1

‖φn,n+1‖2
M1

(2.2.19)

‖φ00‖2
M2

‖φ10‖2
M2

|a13|2 +
‖φ00‖2

M2

‖φ11‖2
M2

|a33|2 +
‖φ00‖2

M2

‖φn,n+1‖2
M2

|a23|2 =
‖φ00‖2

M1

‖φ11‖2
M1

(2.2.20)

‖φ00‖2
M2

‖φ10‖2
M2

a11a12 +
‖φ00‖2

M2

‖φ11‖2
M2

a31a32 +
‖φ00‖2

M2

‖φn,n+1‖2
M2

a21a22 = 0 (2.2.21)

‖φ00‖2
M2

‖φ10‖2
M2

a11a13 +
‖φ00‖2

M2

‖φ11‖2
M2

a31a33 +
‖φ00‖2

M2

‖φn,n+1‖2
M2

a21a23 = 0 (2.2.22)

‖φ00‖2
M2

‖φ10‖2
M2

a12a13 +
‖φ00‖2

M2

‖φ11‖2
M2

a32a33 +
‖φ00‖2

M2

‖φn,n+1‖2
M2

a22a23 = 0 (2.2.23)

Proof: Since BV1(x, y, z) = BV2(Ψ(x, y, z)), we have

‖φ00‖2
M1

‖φ10‖2
M1

|x|2 +
‖φ00‖2

M1

‖φn,n+1‖2
M1

|y|2 +
‖φ00‖2

M1

‖φ11‖2
M1

|z|2

=
‖φ00‖2

M2

‖φ10‖2
M2

|a11x+ a12y + a13z|2 +
‖φ00‖2

M2

‖φn,n+1‖2
M2

|a21x+ a22y + a23z|2+
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‖φ00‖2
M2

‖φ11‖2
M2

|a31x+ a32y + a33z|2.

By comparing the coefficients of |x|2, |y|2, |z|2, xy, xz, yz, xy, xz and yz, we can get the

identities immediately. Q. E. D.

Next we recall some results in (22).

Theorem 2.2.2.3. (22) Let V be a bounded complete Reinhardt domain in Ṽ1 = {(x, y, z) ∈ C3 :

xy = z2} such that ∂V is a smooth CR manifold. Let π̃ : M̃ → Ṽ1 be a resolution of Ṽ1 and M =

π̃−1(V ). With the notation in Proposition 2.2.1.2, ν(1,0)
V :=

‖φ11‖2
M

‖φ10‖M‖φ12‖M
is a holomorphic

invariant of V in Ṽ1, i.e., if V1 and V2 are two such bounded complete Reinhardt domains in

Ṽ1 which are biholomorphically equivalent, then
‖φ11‖2

M1

‖φ10‖M1‖φ12‖M1

=
‖φ11‖2

M2

‖φ10‖M2‖φ12‖M2

, where

Mi = π̃−1(Vi), i = 1, 2.

Corollary 2.2.2.4. (22) Let Vi, i = 1, 2, be two bounded complete Reinhardt domains in Ṽ1 =

{(x, y, z) ∈ C3 : xy = z2}. If the holomorphic invariant ν(1,0)
V1

or ν(1,0)
V2

in Theorem 2.2.2.3 is not

equal to 1
2 , then the biholomorphic map Ψ = (ψ1, ψ2, ψ3) : V1 → V2 must be one of the following

forms:

1. (ψ1, ψ2, ψ3) = (a11x, a22y, a33z)+higher order terms and a33
2 = a11a22, where a11a22a33 6=

0.

2. (ψ1, ψ2, ψ3) = (a12y, a21x, a33z)+higher order terms and a33
2 = a12a21, where a11a22a33 6=

0.
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The following lemma generalizes Corollary 3.8 in (22) and can be proved easily.

Lemma 2.2.2.5. Let Vi, i = 1, 2, be two complete Reinhardt domains in Ṽn = {(x, y, z) ∈ C3 :

xy = zn+1}, where n > 1. Then the biholomorphic map Ψ = (ψ1, ψ2, ψ3) : V1 → V2 must be one

of the following forms:

1. (ψ1, ψ2, ψ3) = (a11x, a22y, a33z)+higher order terms and a33
n+1 = a11a22, where a11a22a33 6=

0.

2. (ψ1, ψ2, ψ3) = (a12y, a21x, a33z)+higher order terms and a33
n+1 = a12a21, where a11a22a33 6=

0.

Next we shall show that our Bergman function of order 1 can be used to determine the

biholomorphisms between two bounded complete Reinhardt domains in An-variety.

Theorem 2.2.2.6. Let Vi, i = 1, 2, be two bounded complete Reinhardt domains in An-variety

Ṽn = {(x, y, z) ∈ C3 : xy = zn+1}. If n = 1 and ν
(1,0)
V1

or ν(1,0)
V2

the holomorphic invariant

defined in the previous section is not equal to 1
2 or n > 1, then the biholomorphism Ψ from V1

to V2 must be one of the following forms:

1. (ψ1, ψ2, ψ3) = (a11x, a22y, a33z) and an+1
33 = a11a22,

where

|a11| =
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

, (2.2.24)

|a22| =
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

, (2.2.25)

|a33| =
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

; (2.2.26)
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2. (ψ1, ψ2, ψ3) = (a12y, a21x, a33z) and an+1
33 = a12a21,

where

|a12| =
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

, (2.2.27)

|a21| =
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

, (2.2.28)

|a33| =
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

. (2.2.29)

Moreover, if V1 is biholomorphic to V2, then

‖φ11‖n+1
M1

‖φ00‖n−1
M1

‖φ10‖M1‖φn,n+1‖M1

=
‖φ11‖n+1

M2

‖φ00‖n−1
M2

‖φ10‖M2‖φn,n+1‖M2

(2.2.30)

Proof: In view of Corollary 2.2.2.4 and Lemma 2.2.2.5, we know that Ψ = (ψ1, ψ2, ψ3) must

be one of the following forms:

1. (ψ1, ψ2, ψ3) = (a11x, a22y, a33z) + higher order terms and a33
n+1 = a11a22.

2. (ψ1, ψ2, ψ3) = (a12y, a21x, a33z) + higher order terms and a33
n+1 = a12a21.
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We only need to get rid of the higher order terms in the statement of Corollary 2.2.2.4 and

Lemma 2.2.2.5. Recall that the Bergman function is of the form

B
(1)
V (x, y) =

Θ(1)
V(

1
‖φ00‖2

M

+ Θ(1)
V

) .

Since

BV1(x, y, z) = BV2(Ψ(x, y, z)),

‖φ00‖2
M1

Θ(1)
V1

= ‖φ00‖2
M2

Θ(1)
V2
. (2.2.31)

Putting forms (1) and (2) in the equality above and comparing the 3rd order terms, we see that

the 2nd order terms of (ψ1, ψ2, ψ3) are zero. Repeating this argument, we see that (ψ1, ψ2, ψ3)

has only linear terms.

Except for Equation 2.2.30, the rest of the theorem follows from Proposition 2.2.2.2, Corol-

lary 2.2.2.4 and Lemma 2.2.2.5. To see Equation 2.2.30, we have two cases.

In case (1), an+1
33 = a11a22 and Equation 2.2.24, Equation 2.2.25, Equation 2.2.26 imply

‖φ11‖n+1
M2

‖φ00‖n+1
M2

·
‖φ00‖n+1

M1

‖φ11‖n+1
M1

=
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

· ‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

.

So Equation 2.2.30 holds.
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In case (2), an+1
33 = a12a21 and Equation 2.2.27, Equation 2.2.28, Equation 2.2.29 imply

‖φ11‖n+1
M2

‖φ00‖n+1
M2

·
‖φ00‖n+1

M1

‖φ11‖n+1
M1

=
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

· ‖φ00‖M1

‖φn,n+1‖M1

‖φ10‖M2

‖φ00‖M2

.

So Equation 2.2.30 holds. Q. E. D.

The following Corollary 2.2.2.7 corrects some misprints in Theorem 5.1 of (22) and gener-

alizes the case to An type.

Corollary 2.2.2.7. Let V be a bounded complete Reinhardt domain in An-variety Ṽn = {(x, y, z) ∈

C3 : xy = zn+1}. Let ν(1,0)
V be the CR invariant defined in the Theorem 3.6. Then the auto-

morphism group of V for n = 1 and ν
(1,0)
V 6= 1

2 or n > 1 consists of biholomorphic map

Ψ = (ψ1, ψ2, ψ3) of the following forms:

1. (ψ1, ψ2, ψ3) = (a11x, a22y, a33z), where |a11| = |a22| = |a33| = 1

2. (ψ1, ψ2, ψ3) = (a12y, a21x, a33z),

where |a11| =
‖φ10‖M

‖φn,n+1‖M
, |a12| =

‖φn,n+1‖M

‖φ10‖M
, |a21| = 1

Now we are going to deal with the biholomorphism between complete Reinhardt domains

with ν(1,0)
V = 1

2 .

Theorem 2.2.2.8. Let Vi, i = 1, 2, be two bounded complete Reinhardt domains in A1-variety

Ṽ1 = {(x, y, z) ∈ C3 : xy = z2}. If ν(1,0)
V1

or ν(1,0)
V2

the holomorphic invariant defined in the

previous section is equal to 1
2 , then the biholomorphism Ψ from V1 to V2 must be one of the

following forms:
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1. (ψ1, ψ2, ψ3) =
(
eiθ1

‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

x, eiθ2
‖φ12‖M2

‖φ00‖M2

‖φ00‖M1

‖φ12‖M1

y,

± ei
θ1+θ2

2
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

z

)
2. (ψ1, ψ2, ψ3) =

(
eiθ1

‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φ12‖M1

y, eiθ2
‖φ12‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

x,

± ei
θ1+θ2

2
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

z

)

3.


ψ1

ψ2

ψ3

 =



αre−iθa31
1
r
e−iθa32 ±a13

1
αr
eiθa31 reiθa32 ± 1

α
e2iθa13

a31 a32 ±αr
2 + 1
2αr

eiθa13




x

y

z


where

α =
−‖φ10‖M2

‖φ12‖M2

(2.2.32)

a31 =
‖φ00‖M1

‖φ10‖M1

r‖φ10‖M2‖φ12‖M2

‖φ00‖M2 (r2‖φ10‖M2 + ‖φ12‖M2)
eiθ31 (2.2.33)

a32 =
‖φ00‖M1

‖φ12‖M1

r‖φ10‖M2‖φ12‖M2

‖φ00‖M2 (‖φ12‖M2 + r2‖φ10‖M2)
eiθ32 (2.2.34)

a13 =
‖φ00‖M1

‖φ11‖M1

2r‖φ10‖M2‖φ11‖M2

‖φ00‖M2 (r2‖φ10‖M2 + ‖φ12‖M2)
e
i
“

π
2
+

θ31
2

+
θ32
2
−θ

”
(2.2.35)

0 < r <∞, 0 ≤ θ31, θ32, θ < 2π.
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Proof: By going through the proof of Theorem 3.7 in (22), we see that statements (1) and

(2) in the theorem follow directly from Theorem 2.2.2.6. The remaining case that we need to

deal with is the case 1 (b) in the proof of Theorem 3.7 in (22). Let us summarize the situation.

ν
(1,0)
V2

=
‖φ11‖2

M2

‖φ10‖M2‖φ12‖M2

=
1
2

= ν
(1,0)
V1

=
‖φ11‖2

M1

‖φ10‖M1‖φ12‖M1

(2.2.36)

a11 = r1a31, a21 =
1
r1
a31 (2.2.37)

a22 = r2a32, a12 =
1
r2
a32 (2.2.38)

a23 =
r2
r1
a13, a33 =

(
r2
2

+
1

2r1

)
a13 (2.2.39)

α =
r1
r2

=
−2‖φ11‖2

M2

‖φ12‖2
M2

=
−‖φ10‖M2

‖φ12‖M2

(2.2.40)

r2 = r eiθ (2.2.41)

r1 = αre−iθ = −‖φ10‖M2

‖φ12‖M2

re−iθ (2.2.42)

Putting Equation 2.2.37 into Equation 2.2.18, we get

|a31|2‖φ00‖2
M2

[
|r1|2

‖φ10‖2
M2

+
1

‖φ11‖2
M2

+
1

|r1|2‖φ12‖2
M2

]
=
‖φ00‖2

M1

‖φ10‖2
M1
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By applying Equation 2.2.36 in the above equation we get

|a31| =
‖φ00‖M1

‖φ10‖M1

|r1| ‖φ10‖M2‖φ12‖M2

‖φ00‖M2 (|r1|2‖φ12‖M2 + ‖φ10‖M2)

In view of Equation 2.2.42, we have

|a31| =
‖φ00‖M1

‖φ10‖M1

r ‖φ10‖M2‖φ12‖M2

‖φ00‖M2 (‖φ10‖M2r
2 + ‖φ12‖M2)

(2.2.43)

Putting Equation 2.2.38 into Equation 2.2.19, we get

|a32|2
[

‖φ00‖2
M2

|r2|2‖φ10‖2
M2

+
‖φ00‖2

M2

‖φ11‖2
M2

+
|r2|2‖φ00‖2

M2

‖φ12‖2
M2

]
=
‖φ00‖2

M1

‖φ12‖2
M1

By applying Equation 2.2.36 in the above equation, we get

|a32|2‖φ00‖2
M2

[
‖φ12‖2

M2
+ 2|r2|2‖φ10‖M2‖φ12‖M2 + |r2|4‖φ10‖2

M2

|r2|2‖φ10‖2
M2
‖φ12‖2

M2

]

=
‖φ00‖2

M1

‖φ12‖2
M1

In view of Equation 2.2.41, we have

|a32| =
‖φ00‖M1

‖φ12‖M1

r ‖φ10‖M2‖φ12‖M2

‖φ00‖M2 (‖φ12‖M2 + r2‖φ10‖M2)
(2.2.44)
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Putting Equation 2.2.39 into Equation 2.2.20, we get

|a13|2
[
‖φ00‖2

M2

‖φ10‖2
M2

+
‖φ00‖2

M2

‖φ11‖2
M2

+
(r1r2 + 1)2

4|r1|2
+
‖φ00‖2

M2

‖φ12‖2
M2

∣∣∣∣r2r1
∣∣∣∣2
]

=
‖φ00‖2

M1

‖φ11‖2
M1

By applying Equation 2.2.36 in the above equation, we get

|a13|2 =

‖φ00‖2
M1

‖φ11‖2
M1

·
|r1|2‖φ10‖2

M2
‖φ12‖2

M2

‖φ00‖2
M2

[
|r1|2‖φ12‖2

M2
+ (1+r1r2)2

2 ‖φ10‖M2‖φ12‖M2 +|r2|2‖φ10‖2
M2

]
In view of Equation 2.2.41 and Equation 2.2.42, we have

|a13| =
‖φ00‖M1

‖φ11‖M1

2r ‖φ10‖M2‖φ11‖M2

‖φ00‖M2 (r2‖φ10‖M2 + ‖φ12‖M2)
(2.2.45)

Putting Equation 2.2.37, Equation 2.2.38, Equation 2.2.39 into Equation 2.2.7, we get

a2
13 = a31a32

4r1
r2

(2.2.46)

Putting Equation 2.2.43, Equation 2.2.44and Equation 2.2.45 into Equation 2.2.46, we get

θ13 =
π

2
+
θ31
2

+
θ31
2
− θ (2.2.47)
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We have shown that


ψ1

ψ2

ψ3

 =



αre−iθa31
1
r
e−iθa32 ±a13

1
αr
eiθa31 reiθa32 ± 1

α
e2iθa13

a31 a32 ±αr
2 + 1
2αr

eiθa13




x

y

z


+ higher order terms (2.2.48)

where α, a31, a32, a13, are described in Equation 2.2.32–Equation 2.2.35. It remains to prove

that all the higher order terms vanish. In view of Theorem 2.1.0.14, we have

BV1(x, y, z) = BV2(ψ(x, y, z)). (2.2.49)

Putting Equation 2.2.48 into Equation 2.2.49 and comparing the 3rd order terms in Equa-

tion 2.2.49, we see easily that the 2nd order terms of (ψ1, ψ2, ψ3) are zero. By repeating this

argument, we see that (ψ1, ψ2, ψ3) has only linear terms. Q. E. D.

2.2.3 Continuous numerical invariants of bounded complete Reinhardt domains

in An-variety

In (22), we have succeeded in constructing the continuous numerical invariant of domains

in A1-variety ν
(1,0)
V =

‖φ11‖2
M

‖φ10‖M‖φ12‖M
from 1st order Bergman function. In this section, we

shall construct infinitely many continuous numerical invariants of domains in An-variety from

Bergman function.
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Lemma 2.2.3.1. Let Vi, i = 1, 2, be two bounded complete Reinhardt domains in An-variety

Ṽn = {(x, y, z) ∈ C3 : xy = zn+1} and Mi is a resolution of Vi. If (ψ1, ψ2, ψ3) = (a11x, a22y, a33z)

and an+1
33 = a11a22,

where

|a11| =
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

, |a22| =
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

,

|a33| =
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

,

is a biholomorphism from V1 to V2, then the following equations hold:

‖φ10‖
α− n

n+1
β

M1
‖φn,n+1‖

β
n+1

M1

‖φαβ‖M1
‖φ00‖

α−n−1
n+1

β−1

M1

=
‖φ10‖

α− n
n+1

β

M2
‖φn,n+1‖

β
n+1

M2

‖φαβ‖M2
‖φ00‖

α−n−1
n+1

β−1

M2

, α >
n

n+ 1
β.

Proof: From Equation 2.2.31 ‖φ00‖2
M1

Θ(1)
V1

= ‖φ00‖2
M2

Θ(1)
V2

, we have

‖φ00‖2
M1

∑
α> n

n+1
β

α>1

|x|2α− 2nβ
n+1 |y|

2β
n+1

‖φαβ‖2
M1

= ‖φ00‖2
M2

∑
α> n

n+1
β

α>1

|ψ1|2α− 2nβ
n+1 |ψ2|

2β
n+1

‖φαβ‖2
M2

.

Comparing the coefficients of |x|2α− 2nβ
n+1 |y|

2β
n+1 each side, we get

‖φ00‖2
M1

‖φαβ‖2
M1

=
‖φ00‖2

M2

‖φαβ‖2
M2

·
‖φ00‖

2α− 2nβ
n+1

M1

‖φ10‖
2α− 2nβ

n+1

M1

·
‖φ10‖

2α− 2nβ
n+1

M2

‖φ00‖
2α− 2nβ

n+1

M2

·
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‖φ00‖
2β

n+1

M1

‖φn,n+1‖
2β

n+1

M1

·
‖φn,n+1‖

2β
n+1

M2

‖φ00‖
2β

n+1

M2

.

Simplifying this equation, we get

‖φ10‖
α− n

n+1
β

M1
‖φn,n+1‖

β
n+1

M1

‖φαβ‖M1
‖φ00‖

α−n−1
n+1

β−1

M1

=
‖φ10‖

α− n
n+1

β

M2
‖φn,n+1‖

β
n+1

M2

‖φαβ‖M2
‖φ00‖

α−n−1
n+1

β−1

M2

, α >
n

n+ 1
β.

Q. E. D.

Lemma 2.2.3.2. Let Vi, i = 1, 2, be two bounded complete Reinhardt domains in An-variety

Ṽn = {(x, y, z) ∈ C3 : xy = zn+1} and Mi is a resolution of Vi. If (ψ1, ψ2, ψ3) = (a12y, a21x, a33z)

and an+1
33 = a12a21,

where

|a12| =
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

, |a21| =
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

,

|a33| =
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

,

is a biholomorphism from V1 to V2, then the following equations hold:

‖φ10‖
α− n

n+1
β

M1
‖φn,n+1‖

β
n+1

M1

‖φαβ‖M1
‖φ00‖

α−n−1
n+1

β−1

M1

=
‖φ10‖

β
n+1

M2
‖φn,n+1‖

α− n
n+1

β

M2

‖φnα−(n−1)β,(n+1)α−nβ‖M2
‖φ00‖

α−n−1
n+1

β−1

M2

,
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where

α >
n

n+ 1
β.

Proof: From Equation 2.2.31, ‖φ00‖2
M1

Θ(1)
V1

= ‖φ00‖2
M2

Θ(1)
V2

, we have

‖φ00‖2
M1

∑
α> n

n+1
β

α>1

|x|2α− 2nβ
n+1 |y|

2β
n+1

‖φαβ‖2
M1

= ‖φ00‖2
M2

∑
α> n

n+1
β

α>1

|ψ1|2α− 2nβ
n+1 |ψ2|

2β
n+1

‖φαβ‖2
M2

.

Comparing the coefficients of |x|2α− 2nβ
n+1 |y|

2β
n+1 each side, we get

‖φ00‖2
M1

‖φαβ‖2
M1

=
‖φ00‖2

M2

‖φnα−(n−1)β,(n+1)α−nβ‖2
M2

·
‖φ00‖

2α− 2nβ
n+1

M1

‖φ10‖
2α− 2nβ

n+1

M1

·
‖φn,n+1‖

2α− 2nβ
n+1

M2

‖φ00‖
2α− 2nβ

n+1

M2

·

‖φ00‖
2β

n+1

M1

‖φn,n+1‖
2β

n+1

M1

·
‖φ10‖

2β
n+1

M2

‖φ00‖
2β

n+1

M2

.

Simplifying this equation, we get

‖φ10‖
α− n

n+1
β

M1
‖φn,n+1‖

β
n+1

M1

‖φαβ‖M1
‖φ00‖

α−n−1
n+1

β−1

M1

=
‖φ10‖

β
n+1

M2
‖φn,n+1‖

α− n
n+1

β

M2

‖φnα−(n−1)β,(n+1)α−nβ‖M2
‖φ00‖

α−n−1
n+1

β−1

M2

,

where α > n
n+1β. Q. E. D.

Theorem 2.2.3.3. (Theorem D)

Proof of Theorem D:
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(⇐) In view of Theorem 2.1.0.16, there exists a biholomorphic map Φ(z1, z2) = (az1, bz2)

or (az2, bz1). Observe that the fiber of the quotient map π is of the form

{(z1, z2), (δz1, δnz2), (δ2z1, δ2nz2), · · · , (δnz1, δ
n2
z2)},

where δ is a primitive (n + 1)-th root of unit. And Φ sends one fiber to another fiber. Hence

Φ descends to a biholomorphic map Ψ : V1 → V2 given by

Ψ(x, y, z) = (an+1x, bn+1y, abz)

or

Ψ(x, y, z) = (an+1y, bn+1x, abz).

(⇒) Suppose Ψ is a biholomorphic map from V1 to V2. Observe that W1 is a simply

connected domain in C2. It follows that W1\{0} is also simply connected. Observe also that

πi : Wi\{0} → Vi\{0}, i = 1, 2, are n + 1-fold covering maps. The holomorphic map Ψ ◦ π1 :

W1\{0} → V2\{0} can be uniquely lifted to a holomorphic map Φ : W1\{0} → W2\{0}.
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Similarly the holomorphic map Ψ−1 ◦ π2 : W2\{0} → V1\{0} can be uniquely lifted to a

holomorphic map Φ̃ : W2\{0} →W1\{0}. Thus we have the following commutative diagram.

W1\{0}
Φ
- W2\{0}

Φ̃
- W1\{0}

V1\{0}

π1

? Ψ
- V2\{0}

π2

? Ψ−1
- V1\{0}

π1

?

By the unique lifting property, we have Φ̃ ◦ Φ = 1W1\{0} and Φ ◦ Φ̃ = 1W2\{0}. By Hartog

theorem, Φ extends to a biholomorphism from W1 to W2. Q. E. D.

Corollary 2.2.3.4. Let π : C2 → Ṽn = {(x, y, z) ∈ C3: xy = zn+1} with π(z1, z2) =

(zn+1
1 , zn+1

2 , z1z2). Let V = {V : V a bounded complete Reinhardt domain in An-variety} and

W = {W = π−1(V ) : V ∈ V}. Then the moduli space of V is equal to the moduli space of W.

Proof: It is a direct consequence of the Theorem 2.2.3.3. Q. E. D.

Using Lemma 2.2.3.1, 2.2.3.2 and Theorem 2.2.3.3, we can get a lot of biholomorphic in-

variants. In order to simplify the notation, we let

g(α, β) =
‖φ10‖α− n

n+1
β‖φn,n+1‖

β
n+1

‖φαβ‖‖φ00‖α−n−1
n+1

β−1
.

Theorem 2.2.3.5. (Theorem A)

Proof of Theorem A:
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According to the Theorem 2.2.3.3, there is a biholomorphism Ψ either of the form in the

Lemma 2.2.3.1 or in the Lemma 2.2.3.2. So either

case 1)

g
(α, β)
M1

= g
(α, β)
M2

for any α and β satisfying α > n
n+1β, α > 1, β > 0, or

case 2)

g
(α, β)
M1

= g
(nα−(n−1)β,(n+1)α−nβ)
M2

for any α and β satisfying α > n
n+1β, α > 1, β > 0.

For the case 1), we have g(α, β)
M1

= g
(α, β)
M2

and g(nα−(n−1)β,(n+1)α−nβ)
M1

= g
(nα−(n−1)β,(n+1)α−nβ)
M2

for any α and β satisfying

α >
n

n+ 1
β, α > 1, β > 0.

So it is easy to see that

ξ
(α,β)
V1

= ξ
(α,β)
V2

, ζ
(α,β)
V1

= ζ
(α,β)
V2

, η
(α,p,q)
V1

= η
(α,p,q)
V2

,

ω
(α1, α2, p1, p2)
V1

= ω
(α1, α2, p1, p2)
V2

.

For the case 2), we have

g
(α, β)
M1

= g
(nα−(n−1)β,(n+1)α−nβ)
M2

, g(nα−(n−1)β,(n+1)α−nβ)
M1

= g
(α, β)
M2
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for any α and β satisfying

α >
n

n+ 1
β, α > 1, β > 0.

So it is easy to see

ξ
(α,β)
V1

= ξ
(α,β)
V2

, ζ
(α,β)
V1

= ζ
(α,β)
V2

.

Moreover, we notice that

g
(α, p)
M1

= g
(nα−(n−1)p,(n+1)α−np)
M2

, g(nα−(n−1)p,(n+1)α−np)
M1

= g
(α, p)
M2

,

g
(α, q)
M1

= g
(nα−(n−1)q,(n+1)α−nq)
M2

, g(nα−(n−1)q,(n+1)α−nq)
M1

= g
(α, q)
M2

,

for

α > 1, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

So

η
(α,p,q)
V1

= η
(α,p,q)
V2

.

For the same reason,

g
(α1, p1)
M1

= g
(nα1−(n−1)p1,(n+1)α1−np1)
M2

,

g
(nα1−(n−1)p1,(n+1)α1−np1)
M1

= g
(α1, p1)
M2

,

g
(α2, p2)
M1

= g
(nα2−(n−1)p2,(n+1)α2−np2)
M2

,

g
(nα2−(n−1)p2,(n+1)α2−np2)
M1

= g
(α2, p2)
M2

,
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where

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2,

imply

ω
(α1, α2, p1, p2)
V1

= ω
(α1, α2, p1, p2)
V2

.

Therefore ξ(α,β), ζ(α,β), η(α,p,q) and ω(α1, α2, p1, p2) are all invariants.

Q. E. D.

Corollary 2.2.3.6. Let Vi, i = 1, 2, be two bounded complete Reinhardt domains in An-variety

Ṽn = {(x, y, z) ∈ C3 : xy = zn+1}. If V1 is a biholomorphic to V2, then

ν(α,β) :=
‖φαα‖2

‖φαβ‖ · ‖φnα−(n−1)β,(n+1)α−nβ‖
α > 1, α >

n

n+ 1
β

are all invariants, i.e.

ν
(α,β)
V1

= ν
(α,β)
V2

Proof: Since

ν(α,β) =

√
ξ(α,β) · ξ(nα−(n−1)β,(n+1)α−nβ)√

ξ(α,α)
,

ν(α,β)’s are all invariants. Q. E. D.

Remark: The fundamental invariant νX mentioned in (22) is ν(1,0).

The following Corollary is an immediate consequence of Theorem 2.2.3.3 and Theorem

2.2.3.5.
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Corollary 2.2.3.7. Let π : C2 → Ṽn = {(x, y, z) ∈ C3 : xy = zn+1} with π(z1, z2) =

(zn+1
1 , zn+1

2 , z1z2). Let V = {V : V a bounded complete Reindardt domain in An-variety Ṽ

and W = {W : W = π−1(V ): V ∈ V}. Then

ξ(α,β), ζ(α,β), η(α,p,q)ω(α1, α2, p1, p2),

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2,

are holomorphic invariants of W. Q. E. D.

We have seen that by the Theorem 2.2.3.5, we can get a lot of invariants from Bergman

functions. However it is natural to ask whether these invariants are sufficient to recover the

Bergman function up to automorphism of An-variety. The answer is positive. For proving this,

we need the following lemma.

Lemma 2.2.3.8. If xi, x
′
i ∈ R, where 1 ≤ i ≤ n, i, 2 ≤ n ∈ N satisfying

xjxn−j+1 = x′jx
′
n−j+1, (2.2.50)

xj + xn−j+1 = x′j + x′n−j+1, (2.2.51)

(xk − xn−k+1)(xl − xn−l+1) = (x′k − x′n−k+1)(x
′
l − x′n−l+1), (2.2.52)
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for all 1 ≤ j, k, l ≤ n, j, k, l ∈ N, then xi = x′i for all 1 ≤ i ≤ n or xi = x′n−i+1 for all

1 ≤ i ≤ n. Q. E. D.

Theorem 2.2.3.9. Let Vi, i = 1, 2, be two bounded complete Reinhardt domains in An-variety

Ṽn = {(x, y, z) ∈ C3 : xy = zn+1} and Mi is a resolution of Vi. If

ξ
(α,β)
V1

= ξ
(α,β)
V2

, ζ
(α,β)
V1

= ζ
(α,β)
V2

, η
(α,p,q)
V1

= η
(α,p,q)
V2

,

ω
(α1, α2, p1, p2)
V1

= ω
(α1, α2, p1, p2)
V2

,

where

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2,

then there exists an automorphism Ψ = (ψ1, ψ2, ψ3) of An-variety Ṽn = {(x, y, z) ∈ C3 : xy =

zn+1} given by

(ψ1, ψ2, ψ3) =

(
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

x,
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

y,
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

z

)
,

or

(ψ1, ψ2, ψ3) =

(
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

y,
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

x,
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

z

)
.
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such that

BV1(x, y, z) = BV2(Ψ(x, y, z)).

Proof: ξ(α,β)
V1

= ξ
(αβ)
V2

, ζ(α,β)
V1

= ζ
(α,β)
V2

and η(α,p, q)
V1

= η
(α,p, q)
V2

, means

g
(α, β)
M1

· g(nα−(n−1)β,(n+1)α−nβ)
M1

= g
(α, β)
M2

· g(nα−(n−1)β,(n+1)α−nβ)
M2

,

g
(α, β)
M1

+ g
(nα−(n−1)β,(n+1)α−nβ)
M1

= g
(α, β)
M2

+ g
(nα−(n−1)β,(n+1)α−nβ)
M2

and

(g(α, p)
M1

− g
(nα−(n−1)p,(n+1)α−np)
M1

) · (g(α, q)
M1

− g
(nα−(n−1)q,(n+1)α−nq)
M1

)

= (g(α, p)
M2

− g
(nα−(n−1)p,(n+1)α−np)
M2

) · (g(α, q)
M2

− g
(nα−(n−1)q,(n+1)α−nq)
M2

)

where

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q.

For fixed α > 1 by Lemma 2.2.3.8, we can get

g
(α, β)
M1

= g
(α, β)
M2

,

for any β > 0 satisfying α > n
n+1β or

g
(α, β)
M1

= g
(nα−(n−1)β,(n+1)α−nβ)
M2

,
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for any β > 0 satisfying α > n
n+1β.

If for some different α1, α2 > 1, and p1, p2 satisfying 0 6 pi 6

[
n+1

n αi

]
, i = 1, 2, such that

g
(α1, p1)
M1

= g
(α1, p1)
M2

,

g
(nα1−(n−1)p1,(n+1)α1−np1)
M1

= g
(nα1−(n−1)p1,(n+1)α2−np1)
M2

,

g
(α2, p2)
M1

= g
(nα2−(n−1)p2,(n+1)α2−np2)
M2

,

g
(nα2−(n−1)p2,(n+1)α2−np2)
M1

= g
(α2, p2)
M2

,

then

ω
(α1, α2, p1, p2)
V1

= ω
(α1, α2, p1, p2)
V2

forces that

g
(α1, p1)
M1

= g
(nα1−(n−1)p1,(n+1)α1−np1)
M1

,

g
(α1, p1)
M2

= g
(nα1−(n−1)p1,(n+1)α2−np1)
M2

,

or

g
(α2, p2)
M1

= g
(nα2−(n−1)p2,(n+1)α2−np2)
M1

,

g
(nα2−(n−1)p2,(n+1)α2−np2)
M2

= g
(α2, p2)
M2

.
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So we have

g
(α1, p1)
M1

= g
(nα1−(n−1)p1,(n+1)α1−np1)
M1

= g
(α1, p1)
M2

= g
(nα1−(n−1)p1,(n+1)α2−np1)
M2

or

g
(α2, p2)
M2

= g
(nα2−(n−1)p2,(n+1)α2−np2)
M2

= g
(α2, p2)
M2

= g
(nα2−(n−1)p2,(n+1)α2−np2)
M2

So we only have following two cases:

1.

g
(α, β)
M1

= g
(α, β)
M2

,

for any

α > 1, β > 0, α >
n

n+ 1
β

or

2.

g
(α, β)
M1

= g
(nα−(n−1)β,(n+1)α−nβ)
M2

,

for any

α > 1, β > 0, α >
n

n+ 1
β.
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Therefore if for the first case, we take

(ψ1, ψ2, ψ3) =

(
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

x,
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

y,
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

z

)
,

and if for the second case, we take

(ψ1, ψ2, ψ3) =

(
‖φ10‖M2

‖φ00‖M2

‖φ00‖M1

‖φn,n+1‖M1

y,
‖φn,n+1‖M2

‖φ00‖M2

‖φ00‖M1

‖φ10‖M1

x,
‖φ11‖M2

‖φ00‖M2

‖φ00‖M1

‖φ11‖M1

z

)
.

Then we can always get

‖φ00‖2
M1

∑
α> n

n+1
β

α>1

|x|2α− 2nβ
n+1 |y|

2β
n+1

‖φαβ‖2
M1

= ‖φ00‖2
M2

∑
α> n

n+1
β

α>1

|ψ1|2α− 2nβ
n+1 |ψ2|

2β
n+1

‖φαβ‖2
M2

by comparing the coefficients of |x|2α− 2nβ
n+1 |y|

2β
n+1 , i.e. ‖φ00‖2

M1
Θ(1)

V1
= ‖φ00‖2

M2
Θ(1)

V2
. SoB(1)

V1
(x, y, z) =

B
(1)
V2

(Ψ(x, y, z), by Equation 2.2.3. Q. E. D.

Theorem 2.2.3.10. (Theorem B)
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Proof of Theorem B:

Proof: By the Fornaess Lemma (See Lemma 2.2.3.12 below), there exists a dense set in

the boundary of Mi such that the Bergman kernel blows up at the points in this dense set.

It follows that the Bergman function BVi is equal to 1 in a dense subset of ∂Vi. Recall that

BVi is zero at the origin and 0 < BV < 1 on V \ {(0, 0, 0)}. In view of Theorem 2.2.3.9,

BV1(x, y, z) = BV2(Ψ(x, y, z)), we see immediately that Ψ preserves the level sets of Bergman

functions and hence sends a dense subset of ∂V1 to a dense subset of ∂V2. By continuity, Ψ

sends ∂V1 to ∂V2. Q. E. D.

Lemma 2.2.3.11. (Henkin (32), Ramirez (33)) Let D be a bounded strictly pseudoconvex do-

main in C2. Let p be a point in the boundary of D. Then there exists an L2 holomorphic function

on D which blows up only at p.

Proof: There exists, (32) (33), a holomorphic function f defined on a neighborhood of D

such that f(p) = 0,<f ≤ 0 on D and moreover |f(q)− f(p)| ≥ |q − p|2 on D. We can then set

F (z) = 1

f
3
4
. Then ∫

D
|F |2 ≤

∫
D

1

|f |
3
2

≤
∫

D

1
|z − p|3

<∞.

Q. E. D.

Remark. To find a function f as in the proof of the Lemma all we need is that p is a strictly

pseudoconvex boundary point and that D has a Stein neighborhood basis.
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Lemma 2.2.3.12. (Fornaess) Let D be a bounded complete Reinhardt pseudoconvex domain

with real analytic boundary in C2. Let E = {p ∈ ∂D; ∃g ∈ H2(D) which blows up only at p}.

Then E is dense in the boundary of D, and the Bergman kernel of D blows up at points in E.

Proof: We note that since ∂D has a real analytic boundary it follows that strictly pseudo-

convex boundary points are dense. Moreover D has a Stein neighborhood basis (34). Therefore

the lemma follows from the remark and the previous lemma. Q. E. D.

From Theorem 2.2.3.10 and Corollary 2.2.3.4 we can get the following two corollaries easily.

Corollary 2.2.3.13. The moduli space of bounded complete Reinhardt strictly pseudoconvex

(respectively Cω-smooth pseudoconvex) domains in An-variety Ṽn = {(x, y, z) ∈ C3 : xy = zn+1}

is given by the image of the map Φ : {V : V a bounded complete Reinhardt strictly pseudoconvex

(respectively Cω-smooth pseudoconvex) domain in Ṽn} → R∞, where the component function of

Φ are the invariant functions

ξ(α,β), ζ(α,β), η(α,p,q)ω(α1, α2, p1, p2),

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2.

Q. E. D.
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Corollary 2.2.3.14. Let WP = {W : W = π−1(V ) where V is a complete Reinhardt pseudo-

convex Cω-smooth domain in An-variety} and WSP = {W : W = π−1(V ) where V is a complete

Reinhardt strictly pseudoconvex domain in An-variety}. Then the moduli space of WP (respec-

tively WSP ) is given by the image of the map Φ̃P : WP → R∞ (respectively Φ̃SP : WSP → R∞),

where the component functions of Φ̃P (respectively Φ̃SP ) are the invariant functions

ξ(α,β), ζ(α,β), η(α,p,q), ω(α1, α2, p1, p2),

α > 1, α >
n

n+ 1
β, 0 6 p, q 6

[
n+ 1
n

α

]
, p 6= q,

0 6 pi 6

[
n+ 1
n

αi

]
, αi > 1, α1 6= α2, i = 1, 2.

In particular, the moduli space of WP (respectively WSP ) is as same as the moduli space of

bounded complete Reinhardt pseudoconvex Cω-smooth domains (respectively bounded complete

Reinhardt strictly pseudoconvex domains) in An-variety Ṽn = {(x, y, z) ∈ C3 : xy = zn+1}.

Q. E. D.

Remark. In fact in the view of Proposition 2.1.0.17, Theorem B, Theorem C, Theorem E and

their corollaries are all true for weaker condition “C1-bounding domains”. However, we noticed

Proposition 2.1.0.17 after (1) was accepted. So we still keep the results as those in (1).
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2.2.4 Explicit computation of new invariants

Let a, b, c be positive real number and d be an integer greater than or equal to 1. We

shall follow the notations in our previous section. Let V (d)
(a,b,c) = {(x, y, z) ∈ C3 : xy = z2,

a|x|2d + b|y|2d + c|z|2d < ε0}.

Recall that (x, y, z) = (u0, u0v0
2, u0v0). Then M

(d)
(a,b,c) be the resolution of V (d)

(a,b,c) with

local coordinate chart W0 = {(u0, v0) : a|u0|2d + b|u0|2d|v0|4d + c|u0|2d|v0|2d < ε0}. Next write

u0 = reiθ, and v0 = ρeiφ.

In the following paragraphs, we denote

V1 = V
(d)
(a1,b1,c1), V2 = V

(d)
(a2,b2,c2), M1 = M

(d)
(a1,b1,c1), M2 = M

(d)
(a2,b2,c2).

First let us consider the case d = 1 and fix ε0.

‖φαβ‖2
M(a,b,c)

=
∫

M(a,b,c)

φαβ ∧ φαβ =
∫

W0

|u0
α|2|v0β |2 du0 ∧ dv0 ∧ du0 ∧ dv0

=16π2

∫∫
D

r2α+1ρ2β+1 dr dρ

where D = {(r, ρ) : r > 0, ρ > 0, ar2 + br2ρ4 + cr2ρ2 < ε0}. Then

‖φ00‖2 = 16π2

∫ ∞

0

∫ √
ε0√

a+ cρ2 + bρ4

0
rρ dr dρ

= 8π2

∫ ∞

0

εoρ

a+ cρ2 + bρ4
dρ = 4ε0π2

∫ ∞

0

1
a+ cρ+ bρ2

dρ,
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‖φ1β‖2 = 16π2

∫ ∞

0

∫ √
ε0√

a+ cρ2 + bρ4
r3ρ2β+1 dr dρ

= 4ε20π
2

∫ ∞

0

ρ2β+1

(a+ cρ2 + bρ4)2
dρ = 2ε20π

2

∫ ∞

0

ρβ

(a+ cρ+ bρ2)2
dρ.

By calculation, we can get the following results:

If c2 − 4ab < 0,

‖φ00‖2 =4ε0π2

(
π√

4ab−c2
− 2√

4ab−c2
arctan

c√
4ab−c2

)
, (2.2.53)

‖φ10‖2 =2ε0π2

(
− c

(4ab−c2)a
+

2πb

(4ab−c2)
3
2

− 4b

(4ab−c2)
3
2

arctan
c√

4ab−c2

)
, (2.2.54)

‖φ11‖2 =2ε0π2

(
2

4ab−c2
− πc

(4ab−c2)
3
2

+
2c

(4ab−c2)
3
2

arctan
c√

4ab−c2

)
, (2.2.55)

‖φ12‖2 =2ε0π2

(
− c

(4ab−c2)b
+

2πa

(4ab−c2)
3
2

− 4a

(4ab−c2)
3
2

arctan
c√

4ab−c2

)
. (2.2.56)

If c2 − 4ab > 0,

‖φ00‖2 = 4ε0π2 1√
c2 − 4ab

· ln c+
√
c2 − 4ab

c−
√
c2 − 4ab

, (2.2.57)

‖φ10‖2 = 2ε20π
2
c
√
c2 − 4ab− 2ab ln

c+
√
c2 − 4ab

c−
√
c2 − 4ab

(c2 − 4ab)
3
2 · a

, (2.2.58)

‖φ11‖2 = 2ε20π
2
−2
√
c2 − 4ab+ c ln

c+
√
c2 − 4ab

c−
√
c2 − 4ab

(c2 − 4ab)
3
2

, (2.2.59)

‖φ12‖2 = 2ε20π
2
c
√
c2 − 4ab− 2ab ln

c+
√
c2 − 4ab

c−
√
c2 − 4ab

(c2 − 4ab)
3
2 b

. (2.2.60)
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If c2 − 4ab = 0,

‖φ00‖2 = 4ε0π2 · 2
c
, (2.2.61)

‖φ10‖2 = 2ε20π
2 · 8b

3c3
, (2.2.62)

‖φ11‖2 = 2ε20π
2 · 2

3c2
, (2.2.63)

‖φ12‖2 = 2ε20π
2 · 2

3bc
. (2.2.64)

Remark: ‖φ12‖2 =
a

b
‖φ10‖2 for all the three cases above.

Lemma 2.2.4.1. If x > 0, then arctanx >
−x+ x

√
9 + 8x2

2(1 + x2)
.

Proof: Let

f(x) = arctanx− −x+ x
√

9 + 8x2

2(1 + x2)
.

Then

f ′(x) =
(x2 + 3)

√
9 + 8x2 − 7x2 − 9

2(1 + x2)2
√

9 + 8x
.

(x2 + 3)
√

9 + 8x2 > 7x2 + 9 ⇐⇒ x6 + x4 > 0

So f ′(x) > 0, f(x) > f(0) = 0, i.e., arctanx >
−x+ x

√
9 + 8x2

2(1 + x2)

Q. E. D.

Lemma 2.2.4.2. If 0 < x < 1, ln
1 + x

1− x
>
−x+ x

√
9− 8x2

1− x2
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Proof: Let

f(x) = ln
1 + x

1− x
− −x+ x

√
9− 8x2

1− x2
.

Then

f ′(x) =
(3− x2)

√
9− 8x2 − (9− 7x2)√

9− 8x2(1− x2)2
.

(3− x2)
√

9− 8x2 > 9− 7x2 ⇐⇒ x4 + x6 > 0.

So f ′(x) > 0, f(x) > f(0) = 0, i.e., ln
1 + x

1− x
>
−x+ x

√
9− 8x2

1− x2
.

Q. E. D.

Proposition 2.2.4.3. If c2 − 4ab < 0, let
√

4ab− c2

c
= x, then

f(x) =
‖φ11‖2

‖φ10‖‖φ12‖
=

x− arctanx
√

1 + x2

(
− x

1 + x2
+ arctanx

)

which is a strict increasing function in terms of x. In particular 1
2 < ν

(1,0)
V < 2

π .

Proof:

‖φ11‖2

‖φ10‖‖φ12‖
=

2
4ab− c2

− πc

(4ab− c2)
3
2

+
2c

(4ab− c2)
3
2

arctan
c√

4ab− c2√
a

b

(
− c

(4ab− c2)a
+

2π · b
(4ab− c2)

3
2

− 4b

(4ab− c2)
3
2

arctan
c√

4ab− c2

) .
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Notice that
ab

c2
=
x2 + 1

4
, so by calculation,

f(x) =
x− arctanx

√
1 + x2

(
− x

1 + x2
+ arctanx

)

and

f ′(x) =
x
(
−2x2 + x arctanx+ (x2 + 1) arctan2 x

)
√

1− x2 (x− (1 + x2) · arctanx)2
.

By Lemma 2.2.4.1,

− 2x2 + x arctanx+ (x2 + 1) arctan2 x >

− 2x2 +
−x2 + x2

√
9 + 8x2

2(1 + x2)
+

(−x+ x
√

9 + 8x2)2

4(1 + x2)
= 0.

So f ′(x) > 0.

In particular,

lim
x→0+

f(x) = lim
x→0+

x− arctanx
√

1 + x2

(
− x

1 + x2
+ arctanx

) =
1
2
.

So ν(1,0) > 1
2 . Observe that lim

x→∞
f(x) =

2
π

, so ν(1,0) <
2
π

.

Q. E. D.
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Proposition 2.2.4.4. If c2 − 4ab > 0, let
√
c2 − 4ab
c

= x, then

f(x) =
‖φ11‖2

‖φ10‖‖φ12‖
=

−2x+ ln
1 + x

1− x
√

1− x2

(
2x

1− x2
− ln

1 + x

1− x

)

which is a strictly decreasing function in term of x. In particular, 0 < ν(1,0) < 1
2 .

Proof:

‖φ11‖2

‖φ10‖‖φ12‖
=

(
−2
√
c2 − 4ab+ c ln

c+
√
c2 − 4ab

c−
√
c2 − 4ab

)/
(c2−4ab)

3
2

√
a

b

(
c
√
c2 − 4ab− 2ab ln

c+
√
c2 − 4ab

c−
√
c2 − 4ab

)/
a(c2−4ab)

3
2

.

Notice that
ab

c2
=

1− x2

4
, so by calculation

f(x) =
−2x+ ln

1 + x

1− x
√

1− x2

(
2x

1− x2
− ln

1 + x

1− x

)

and

f ′(x) =
x

(
8x2 − 2x ln

1 + x

1− x
+ (x2 − 1) ln2 1 + x

1− x

)
√

1− x2

(
2x+ (x2 − 1) ln

1 + x

1− x

)2 .

By Lemma 2.2.4.2,

(1− x2) ln2 1 + x

1− x
+ 2x ln

1 + x

1− x
− 8x2 >

(−x+ x
√

9− 8x2)2

1− x2
+ 2x

(−x+ x
√

9− 8x2)
1− x2

− 8x2 = 0.
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Thus f ′(x) < 0.

In particular,

lim
x→0

f(x) = lim
x→0

−x+ ln
1 + x

1− x
2x√

1− x2
−
√

1− x2 ln
1 + x

1− x

=
1
2
.

So ν(1,0) < 1
2 . Observe that limx→1− f(x) = 0. So ν(1,0) > 0. Q. E. D.

Proposition 2.2.4.5. Let

Vi = {(x, y, z) ∈ C3 : xy = z2, ai|x|2 + bi|y|2 + ci|z|2 < ε0},

i = 1, 2. Then V1 is biholomorphic to V2 if and only if
a1b1
c21

=
a2b2
c22

.

Proof: (⇒) Since ν(1,0) is a biholomorphic invariant, we can get the result from the Propo-

sition 2.2.4.3 and 2.2.4.4.

(⇐) Let Ψ =
(√

b2
b1
· c1
c2
x,

√
a2

a1
· c1
c2
y,

√
c1
c2
z

)
.

Then

a2|ψ1|2 + b2|ψ2|2 + c2|ψ3|2 = a2 ·
b2c1

2

b1c2
2 |x|

2 + b2
a2c1

2

a1c22
|y|2 + c2 ·

c1
c2
|z|2

= a1|x|2 + b1|y|2 + c1|z|2,

i.e. Ψ maps the boundary of V1 to the boundary of V2. So ψ is a biholomorphic map from V1

to V2. Q. E. D.
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Theorem 2.2.4.6. Let

V
(1)
(a,b,c) = {(x, y, z) : xy = z2, a|x|2 + b|y|2 + c|z|2 < ε0}.

Let ∼ denote the biholomorphic equivalence. Then the map

ϕ : {V (1)
(a,b,c)} → R+ , V

(1)
(a,b,c) 7→ ν(1,0)

is injective up to a biholomorphism. More precisely the induced map ϕ̃ : {V (1)
(a,b,c)}/∼ → R+ is

one-to-one map from {V (1)
(a,b,c)}/∼ onto

(
0,

2
π

)
.

Proof: The theorem follows from Proposition 2.2.4.3, 2.2.4.4 and 2.2.4.5 directly.

Q. E. D.

In view of Proposition 2.2.4.5, Theorem 2.2.2.6 and Theorem 2.2.2.8, we can simplify the

forms of biholomorphic map from V1 to V2.

Theorem 2.2.4.7. Let

Vi = {(x, y, z) ∈ C3 : xy = z2, ai|x|2 + bi|y|2 + ci|z|2 < ε0},

i = 1, 2.

If ν(1,0)
V1

6= 1
2 or ν(1,0)

V2
6= 1

2 , then the biholomorphism Ψ from V1 to V2 must be one of the

following forms:
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form (1):

Ψ =

(
eiθ1

√
b2
b1
· c1
c2
x, eiθ2

√
a2

a1
· c1
c2
y, ±ei

θ1+θ2
2

√
c1
c2
z

)
,

form (2):

Ψ =

(
eiθ1

√
b1
a2
y, eiθ2

√
a1

b2
x, ±ei

θ1+θ2
2

√
c1
c2
z

)
.

If ν(1,0)
V1

= ν
(1,0)
V2

= 1
2 , then the biholomorphism Ψ from V1 to V2 must be one of the following

forms:

form (1):

Ψ =

(
eiθ1

√
b2
b1
· c1
c2
x, eiθ2

√
b1
b2
y, ±ei

θ1+θ2
2

√
c1
c2
z

)
,

form (2):

Ψ =
(
eiθ1

2
√
b1b2
c2

y, eiθ2
c1

2
√
b1b2

x, ±ei
θ1+θ2

2

√
c1
c2
z

)
,

and form (3):

Ψ = 

−2c1b2
√
b2r

2

√
b1c2 (2b2r2+c2)

ei(θ31−θ),
2
√
b1b2

2b2r2+c2
ei(θ32−θ), ±

4
√
c1b2r√

c2 (2b2r2+c2)
eiθ13

− c1c2

2
√
b1b2 (2b2r2+c2)

ei(θ31+θ),
2
√
b1b2r

2

2b2r2+c2
ei(θ32+θ), ±

−2
√
c1c2r

2b2r2+c2
ei(θ13+2θ)

c1
√
b2r√

b1 (2b2r2+c2)
eiθ31 ,

2
√
b1b2r

2b2r2+c2
eiθ32 , ±

√
c1
(
2b2r2 − c2

)
√
c2 (2b2r2+c2)

ei(θ13+θ)


·


x

y

z

 .

Proof: Since
a1b1
c21

=
a2b2
c22

,

√
4a1b1 − c21
c21

=

√
4a2b2 − c22
c22

. If c21−4a1b1 < 0, then c22−4a2b2 <

0.
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Using Equation 2.2.53, Equation 2.2.54, Equation 2.2.55 and Equation 2.2.56, we can get

‖φ10‖M2

‖φ00‖M2

· ‖φ00‖M1

‖φ10‖M1

=
‖φ10‖M2 ·

√
c32
b2

‖φ00‖M2 ·
√
c2

·
‖φ00‖M1 ·

√
c1

‖φ10‖M1 ·

√
c31
b1

·
√
b2
b1
· c1
c2

=
√
b2
b1
· c1
c2

‖φ12‖M2

‖φ00‖M2

· ‖φ00‖M1

‖φ12‖M1

=
‖φ12‖M2 ·

√
c32
a2

‖φ00‖M2 ·
√
c2

·
‖φ00‖M1 ·

√
c1

‖φ12‖M1 ·

√
c31
a1

·
√
a2

a1
· c1
c2

=
√
a2

a1
· c1
c2

‖φ11‖M2

‖φ00‖M2

· ‖φ00‖M1

‖φ11‖M1

=
‖φ11‖M2 · c2
‖φ00‖M2 ·

√
c2
·
‖φ00‖M1 ·

√
c1

‖φ11‖M1 · c1
·
√
c1
c2

=
√
c1
c2

‖φ10‖M2

‖φ00‖M2

· ‖φ00‖M1

‖φ12‖M1

=
‖φ10‖M2

‖φ00‖M2

· ‖φ00‖M1√
a1

b1
‖φ10‖M1

=
√
b2
b1
· c1
c2
·
√
b1
a1

=
√
b2
a1
· c1
c2

=
√
b1
a2

‖φ12‖M2

‖φ00‖M2

· ‖φ00‖M1

‖φ10‖M1

=

√
a2

b2
‖φ10‖M2

‖φ00‖M2

· ‖φ00‖M1

‖φ10‖M1

=
√
a2

b2
·
√
b2
b1
· c1
c2

=
√
a2

b1
· c1
c2

=
√
a1

b2

If c21 − 4a1b1 > 0, then c22 − 4a2b2 > 0.

Using Equation 2.2.57, Equation 2.2.58, Equation 2.2.59 and Equation 2.2.60, we can get

the same results.
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So form (1):

Ψ =

(
eiθ1

√
b2
b1
· c1
c2
x, eiθ2

√
a2

a1
· c1
c2
y, ±ei

θ1+θ2
2

√
c1
c2
z

)
, (2.2.65)

and form (2):

Ψ =

(
eiθ1

√
b1
a2
y, eiθ2

√
a1

b2
x, ±ei

θ1+θ2
2

√
c1
c2
z

)
, (2.2.66)

If c21 − 4a1b1 = 0, then c22 − 4a2b2 = 0. Using Equation 2.2.61, Equation 2.2.62, Equa-

tion 2.2.63 and Equation 2.2.64, we can get the same result. But in this case ν(1,0)
V1

= ν
(1,0)
V2

=
1
2
,

the form (3) will appear.

Form (3)

Ψ =



αre−iθa31
1
r
e−iθa32 ±a13

1
αr
eiθa31 reiθa32 ± 1

α
e2iθa13

a31 a32 ±αr
2 + 1
2αr

eiθa13




x

y

z

 ,

where α =
−‖φ10‖M2

‖φ12‖M2

= −2b2
c2

.

a31 =
‖φ00‖M1

‖φ10‖M1

· r‖φ10‖M2 · ‖φ12‖M2

‖φ00‖M2 · (r2‖φ10‖M2 + ‖φ12‖M2)
eiθ31

=

√
2
c1√
8b1
3c31

·
r

√
8b2
3c32

·
√

2
3b2c2√

2
c2
·

(
r2

√
8b2
3c32

+
√

2
3b2c2

)eiθ31 =
c1
√
b2r√

b1 (2b2r2 + c2)
eiθ31

=
2
√
a1b1 ·

√
b2r√

b1
(
2b2r2 + 2

√
a2b2

)eiθ31 =
√
a1 · r√

b2r2 +
√
a2
eiθ31 ,
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a32 =
‖φ00‖M1

‖φ12‖M1

· r‖φ10‖M2 · ‖φ12‖M2

‖φ00‖M2 (‖φ12‖M2 + r2‖φ00‖M2)
eiθ32

=

√
2
c1√
2

3b1c1

·
r

√
8b2
3c32

·
√

2
3b2c2√

2
c2

(
r2

√
8b2
3c32

+
√

2
3b2c2

)eiθ32

=
2
√
b1b2r

2b2r2 + c2
eiθ32 =

2
√
b1b2r

2b2r2 + 2
√
a2b2

eiθ32 =
√
b1r√

b2r2 +
√
a2
eiθ32 ,

a13 =
‖φ00‖M1

‖φ11‖M1

· 2r‖φ10‖M2 · ‖φ11‖M2

‖φ00‖M2 (r2‖φ10‖M2 + ‖φ12‖M2)
eiθ13

=

√
2
c1√
2

3c21

·
2r

√
8b2
3c32

·
√

2
3c32√

2
c2

(
r2

√
8b2
3c32

+
√

2
3b2c2

)eiθ13 =
4
√
c1b2r√

c2 (2b2r2 + c2)
eiθ13

=
4
√

2 4
√
a1b1b2r√

2 4
√
a2b2

(
2b2r2 + 2

√
a2b2

)eiθ13 =
2 4
√
a1b1

√
b2r

4
√
a2b2

(√
b2r2 +

√
a2

)eiθ13 .

So, form (1):

Ψ =

(
eiθ1

√
b2
b1
· c1
c2
x, eiθ2

√
b1
b2
y, ±ei

θ1+θ2
2

√
c1
c2
z

)
, (2.2.67)

form (2):

Ψ =
(
eiθ1

2
√
b1b2
c2

y, eiθ2
c1

2
√
b1b2

x, ±ei
θ1+θ2

2

√
c1
c2
z

)
, (2.2.68)

and form (3):

Ψ =
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

−2c1b2
√
b2r

2

√
b1c2 (2b2r2+c2)

ei(θ31−θ),
2
√
b1b2

2b2r2+c2
ei(θ32−θ), ±

4
√
c1b2r√

c2 (2b2r2+c2)
eiθ13

− c1c2

2
√
b1b2 (2b2r2+c2)

ei(θ31+θ),
2
√
b1b2r

2

2b2r2+c2
ei(θ32+θ), ±

−2
√
c1c2r

2b2r2+c2
ei(θ13+2θ)

c1
√
b2r√

b1 (2b2r2+c2)
eiθ31 ,

2
√
b1b2r

2b2r2+c2
eiθ32 , ±

√
c1
(
2b2r2 − c2

)
√
c2 (2b2r2+c2)

ei(θ13+θ)


·


x

y

z

 . (2.2.69)

Q. E. D.

Next, let’s consider the case d > 2 for V (d)
(a,b,c) = {(x, y, z) ∈ C3 : xy = z2, a|x|2d + b|y|2d +

c|z|2d < ε0}

From the Corollary 2.2.3.6, we know

ν(2d−1,d−1) =
‖φ2d−1,2d−1‖2

‖φ2d−1,d−1‖ · ‖φ2d−1,3d−1‖

is an invariant.

Recall that

‖φαβ‖2 = 16π2

∫∫
D

r2α+1ρ2β+1 dr dρ

where D = {(r, ρ) : r > 0, ρ > 0, ar2d + br2dρ4d + cr2dρ2d < ε0}. So

‖φ2d−1,2d−1‖2 = 16π2

∫ ∞

0

∫ 2d
√
ε0

2d
√
a+ cρ2d + bρ4d

0
r4d−1ρ4d−1 dr dρ

=
4ε20π

2

d

∫ ∞

0

ρ4d−1

(a+ cρ2d + bρ4d)2
dρ

=
2ε20π

2

d2

∫ ∞

0

ρ

(a+ cρ+ bρ2)2
dρ
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‖φ2d−1,d−1‖2 = 16π2

∫ ∞

0

∫ 2d
√
ε0

2d
√
a+ cρ2d + bρ4d

0
r4d−1ρ2d−1 dr dρ

=
4ε20π

2

d

∫ ∞

0

ρ2d−1

(a+ cρ2d + bρ4d)2
dρ

=
2ε20π

2

d2

∫ ∞

0

1
(a+ cρ+ bρ2)2

dρ

‖φ2d−1,3d−1‖2 = 16π2

∫ ∞

0

∫ 2d
√
ε0

2d
√
a+ cρ2d + bρ4d

0
r4d−1ρ6d−1 dr dρ

=
4ε20π

2

d

∫ ∞

0

ρ6d−1

(a+ cρ2d + bρ4d)2
dρ

=
2ε20π

2

d2

∫ ∞

0

ρ2

(a+ cρ+ bρ2)2
dρ

Notice that the value of the invariant

‖φ2d−1,2d−1‖2

‖φ2d−1,d−1‖ · ‖φ2d−1,3d−1‖

is equal to

‖φ11‖2

‖φ10‖ · ‖φ12‖
.

as the case d = 1.

Then we can get the following proposition.

Proposition 2.2.4.8. let

V1 = {(x, y, z) ∈ C3 : xy = z2, a1|x|2d + b1|y|2d + c1|z|2d < ε0},
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and

V2 = {(x, y, z) ∈ C3 : xy = z2, a2|x|2d + b2|y|2d + c2|z|2d < ε0}.

Then V1 is biholomorphic to V2 if and only if
a1b1
c21

=
a2b2
c22

.

Proof: (⇒) From the discussion above, we get

‖φ2d−1,2d−1‖2
M1

‖φ2d−1,d−1‖M1 · ‖φ2d−1,3d−1‖M1

=
‖φ2d−1,2d−1‖2

M2

‖φ2d−1,d−1‖M2 · ‖φ2d−1,3d−1‖M2

.

And using the Proposition 2.2.4.3 and the Proposition 2.2.4.4, we can get
a1b1
c21

=
a2b2
c22

.

(⇐) Just take a biholomorphic map Ψ = ( 2d

√
a1

a2
x, 2d

√
b1
b2
y, d

√
c1
c2
z).

Q. E. D.

Combining the Theorem 2.2.4.6 and the Proposition 2.2.4.8, we can get the following theo-

rem.

Theorem 2.2.4.9. Let d be a fixed positive integer and

V
(d)
(a,b,c) = {(x, y, z) ∈ C3 : xy = z2, a|x|2d + b|y|2d + c|z|2d < ε0}.

Let ∼ denote the biholomorphic equivalence. Then the map

ϕ : {V (d)
(a,b,c)} → R+, V

(d)
(a,b,c) 7→ ν(2d−1,d−1)
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is injective up to a biholomorphism. More precisely the induced map ϕ̃ : {V (d)
(a,b,c)}/∼ → R+ is

one-to-one map from {V (d)
(a,b,c)}/∼ onto

(
0,

2
π

)
. So the moduli space of {V (d)

(a,b,c)} is of dimension

1 and independent on d.

Let

W
(d)
(a,b,c) = {(x, y) ∈ C2 : a|x|4d + b|y|4d + c|xy|2d < ε0},

then this is a special Reinhardt domain in C2. Using the Corollary 2.2.3.4, we can get the

moduli space of W (d)
(a,b,c) which coincides with the moduli space of V (d)

(a,b,c).

Last, as an application to our theory, we compute explicitly the invariant ν(3,1) for two

domains V (1)
(1,1,1) and V (2)

(1,1,1) in A1-variety.

We have known that for the domain V (2)
(1,1,1),

ν(3,1) =
‖φ3,3‖2

‖φ3,1‖ · ‖φ3,5‖
=

∫∞
0

ρ
(1+ρ+ρ2)2

dρ

(
∫∞
0

1
1+ρ+ρ2)2

dρ ·
∫∞
0

ρ2

(1+ρ+ρ2)2
dρ)

1
2

=
2(9−

√
3π)

4
√

3π − 9
.

However, for the domain V (1)
(1,1,1),

‖φ3,3‖2 = 16π2

∫ ∞

0

∫ √
ε0√

1 + ρ2 + ρ4

0
r7ρ7 dr dρ

= 2ε40π
2

∫ ∞

0

ρ7

(1 + ρ2 + ρ4)4
dρ = ε40π

2 · (1
3
− 14π

81
√

3
),
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‖φ3,1‖2 = 16π2

∫ ∞

0

∫ √
ε0√

1 + ρ2 + ρ4

0
r7ρ3 dr dρ

= 2ε40π
2

∫ ∞

0

ρ3

(1 + ρ2 + ρ4)4
dρ = ε40π

2 · (1
2
− 20π

81
√

3
),

‖φ3,5‖2 = 16π2

∫ ∞

0

∫ √
ε0√

1 + ρ2 + ρ4

0
r7ρ11 dr dρ

= 2ε40π
2

∫ ∞

0

ρ11

(1 + ρ2 + ρ4)4
dρ = ε40π

2 · (1
2
− 20π

81
√

3
).

Then

ν(3,1) =
‖φ3,3‖2

‖φ3,1‖ · ‖φ3,5‖
=

1
3 −

14π
81
√

3
1
2 −

20π
81
√

3

=
162− 28

√
3π

243− 40
√

3π
.

So the invariant ν(3,1) is different for the domains V (1)
(1,1,1) and V

(2)
(1,1,1), i.e. V

(1)
(1,1,1) is not

biholomorphic to V (2)
(1,1,1). And by the Corollary 2.2.3.4, the domain W (1)

(1,1,1) in C2 is not biholo-

morphic to the domain W (2)
(1,1,1) in C2.

2.3 Moduli space of bounded complete Reinhardt domains in Cn

In this section, we will consider bounded complete Reinhardt domains in Cn.

2.3.1 Continuous invariants of bounded complete Reinhardt domains in Cn

In what follows, we shall use the following notations ~ei = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the

ith position.

Z+ = set of nonnegative integers

~α = (α1, . . . , αn) ∈ Zn
+.
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Proposition 2.3.1.1. Let D be a bounded complete Reinhardt domain in Cn. Let φ~α =

n∏
i=1

zαi
i dz1 ∧ dz2 ∧ · · · ∧ dzn, αi ∈ Z+. Then

{
φ~α

‖φ~α‖D

}
is a complete orthonormal base of FD,

and
{

φ~α

‖φ~α‖D
: ~α 6= 0

}
is a complete orthonormal basis of FD,0. The Bergman kernel KD,0

vanish at the origin and the Bergman kernel KD are given by

KD,0 = ΘD dz1 ∧ dz1 ∧ · · · ∧ dzn ∧ dzn (2.3.1)

and

KD =
(

1
‖φ~0‖2

D

+ ΘD

)
dz1 ∧ dz1 ∧ · · · ∧ dzn ∧ dzn (2.3.2)

where

ΘD =
∑
~α 6=0

n∏
i=1

|zi|2αi

‖φ~α‖2
D

. (2.3.3)

Proof. This is a consequence of the proof of Proposition 3.2 of (22). Q.E.D.

Proposition 2.3.1.2. Let D be a bounded complete Reinhardt domain in Cn. With the

notations in the above proposition, ‖φ~0‖
2
DΘD is invariant under biholomorphic maps which

send the origin to the origin.

Proof. Let Ψ: D1 → D2 be a biholomorphic map between two bounded complete Reinhardt

domains such that Ψ(0) = 0. By Theorem 2.1.0.6 and Proposition 2.3.1.1, we have

BD1(z) = BD2(Ψ(z))
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⇒ ΘD1(z)
1

‖φ~0‖2
D1

+ ΘD1(z)

=
ΘD2(Ψ(z))

1
‖φ~0‖2

D2

+ ΘD2(Ψ(z))

⇒ ‖φ~0‖
2
D1

ΘD1(z) = |φ~0‖
2
D2

ΘD2(Ψ(z)).

Q.E.D.

Theorem 2.3.1.3. Let Di, i = 1, 2, be two bounded complete Reinhardt domains in Cn. If

D1 is biholomorphically equivalent to D2, then there exists a biholomorphic map Ψσ of the

following form

Ψσ(z) =
(
a1zσ(1), . . . , anzσ(n)

)
(2.3.4)

where σ is in Sn, a symmetric group of order n, and

ai =
‖φ~0‖D1‖φ~ei

]‖D2

‖φ~eσ(i)
‖D1‖φ~0‖D2

. (2.3.5)

Proof. In view of Theorem 2.1.0.16, there exists a biholomorphism Ψσ : D1 → D2 of the form

Equation 2.3.4. By Proposition 2.3.1.2

‖φ~0‖
2
D1

ΘD1(z) = ‖φ~0‖
2
D2

ΘD2(Ψσ(z))

⇒ ‖φ~0‖
2
D1

∑
~α 6=0

n∏
i=1

|zn|2αi

‖φ~α‖2
D1

= ‖φ~0‖
2
D2

∑
~α 6=0

n∏
i=1

|aizσ(i)|2αi

‖φ~α‖2
D2

. (2.3.6)
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Comparing the coefficient of |zi|2 in Equation 2.3.6, we can get

‖φ~0‖
2
D1

1
‖φ~ei

|‖2
D1

=
‖φ~0‖

2
D2
|aσ−1(i)|2

‖φ~eσ−1(i)
‖2

D2

⇒ aσ−1(i) =
‖φ~0‖D1‖φ~eσ−1(i)

‖D2

‖φ~ei
‖D1‖φ~0‖D2

, i.e., ai =
‖φ~0‖D1‖φ~ei

‖D2

‖φ~eσ(i)
‖D1‖φ~0‖D2

.

Q.E.D.

Now we are ready to prove Theorem F.

Proof of Theorem F. Let D1 and D2 be biholomorphically equivalent bounded complete

Reinhardt domains. By Theorem 2.3.1.3, there exists a biholomorphic map

Ψσ : D1 −→ D2

(z1, . . . , zn) −→ (a1zσ(i), . . . , anzσ(n))

where ai =
‖φ~0‖D1‖φ~ei

‖D2

‖φeσ(i)
‖D2‖φ~0‖D2

.

By Proposition 2.3.1.2, we have Equation 2.3.6. Comparing the coefficient of |z1|2α1 |z2|2α2

. . . |zn|2αn in Equation 2.3.6 both sides, we get

‖φ~0‖
2
D1

‖φ~α‖2
D1

=
‖φ~0‖

2
D2
·

n∏
i=1

|aσ−1(i)|2αi

‖φσ(~α)‖2
D2
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⇒
‖φ~0‖

2
D1

‖φ~α‖2
D1

=
‖φ~0‖

2
D2

‖φσ(~α)‖2
D2

n∏
i=1

(
‖φ~0‖D1‖φ~eσ−1(i)

‖D2

‖φ~ei
‖D1‖φ~0‖D2

)2αi

⇒
‖φ~0‖

Σαi−1
D1

· ‖φ~α‖D1

n∏
i=1

‖φ~ei
‖αi

D1

=
‖φ~0‖

Σαi−1
D2

· ‖φσ(~α)‖D2

n∏
i=1

‖φ~eσ−1(i)
‖α(i)

D2

=
‖φ~0‖

P
αi−1

D2
‖φσ(~α)‖D2

n∏
i=1

‖φ~ei
‖ασ(i)

D2

(2.3.7)

i.e., gId
D1

(~α) = gσ
D2

(~α).

Similarly, by comparing the coefficient of |z1|2ατ(1) |z2|2ατ(2) . . . |zn|2ατ(n) in Equation 2.3.6 both

sides, we know

gτ
D1

(~α) = gτ ·σ
D2

(~α),

which implies

∑
τ∈Sn

gτ
D1

(~α)τ =
∑
τ∈Sn

gτ ·σ
D2

(~α) · τ =
∑
τ∈Sn

gτ ·σ
D2

(~α)τ · σ · σ−1 = σ−1

(∑
τ∈Sn

gτ
D2

(~α)τ

)
.

For the same reason, we have

∑
τ∈Sn

gτ
D1

(~αi)τ = σ−1

(∑
τ∈Sn

gτ
D2

(~αi)τ

)
, i = 1, . . . , n!. (2.3.8)

From Equation 2.3.8, we have ξ~α,...,~αn!
D1

∼ ξ~α,...,~αn!
D2

. Q.E.D.

In order to prove Theorem G, we need to establish the following theorem.
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Theorem 2.3.1.4. Let Di, i = 1, 2, be two bounded complete Reinhardt domains in Cn.

Suppose for all ~α1, . . . , ~αn! n-tuples of nonnegative integers, ξ~α1,...,~αn!
D1

= ξ~α1,...,~αn!
D2

in (R[Sn] ×

· · · × R[Sn])/ ∼, i.e., ∃σ~α1,...,~αn! ∈ Sn such that

ξ~α1,...,~αn!
D1

= σα1,...,αn!

(
ξ~α1,...,~αn!
D2

)
(2.3.9)

Then, there exists σ ∈ Sn and a biholomorphic map

Ψσ : Cn −→ Cn

(z1, . . . , zn) −→
(
a1zσ(i), . . . , anzσ(n)

)
,

where ai =
‖φ~0‖D1‖φ~ei

‖D2

‖φeσ(i)
‖D2‖φ~0‖D2

, such that BD1(z) = BD2(Ψσ(z)).

Proof. We claim that ∃σ ∈ Sn such that gτ
D1

(~β) = gτ ·σ
D2

(~β) ∀τ ∈ Sn and ∀~β n-tuple of nonnega-

tive integers. For any ~α n-tuple of nonnegative integers, let

I~α = {σ ∈ Sn : gτ
D1

(~α) = gτ ·σ
D2

(~α), ∀τ ∈ Sn}.

If our claim is not true, then ∀σi ∈ Sn = {σ1, . . . , σn!}, ∃~αi, n-tuple of nonnegative integers

such that σi /∈ I~αi
. It follows that

n!⋃
i=1

(Sn \ I~αi
) = Sn,
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which implies
n!⋂

i=1
I~αi

= ∅. On the other hand for these n-tuples of integers ~α1, . . . , ~αn!, we

have ξ~α1,...,~αn!
D1

= ξ~α1,...,~αn!
D2

, i.e., ∃σ~α1,...,~αn! ∈ Sn such that Equation 2.3.9 hold. Let τ(~α1,...,~αn!) =

(σ~α1,...,~αn!)−1. In view of Equation 2.3.9, one easily sees that τ(~α1,...,~αn!) ∈
n!⋂

i=1
Iαi . This leads to

a contradiction and our claim is proven.

We now take σ in the claim and let

Ψσ : Cn −→ Cn

(z1, . . . , zn) −→
(
a1zσ(i), . . . , anzσ(n)

)
,

where ai =
‖φ~0‖D1‖φ~ei

‖D2

‖φeσ(i)
‖D2‖φ~0‖D2

. After computation as in the proof of Theorem F, we get

‖φ~0‖
2
D1

∑ |z1|2α1 . . . |zn|2αn

‖φ~α‖D1

= ‖φ~0‖
2
D2

∑ n∏
i=1

|aizσ(i)|2αi

‖φσ(~α)‖2
D2

.

It follows that BD1(z) = BD2 (Ψσ(z)). Q.E.D.

Now we are ready to prove Theorem G.

Proof of Theorem G. It is easy to see that the Bergman function BDi is zero at the origin

and 0 < BDi < 1 on Di \{(0, 0, . . . , 0)}. In view of Proposition 2.1.0.17, BDi is identically equal

to 1 on ∂Di. By Theorem 2.3.1.4 there exists a biholomorphic map Ψσ from Cn to Cn such

that BD1(z) = BD2(Ψσ(z)). In particular Ψσ preserves the level sets of the Bergman functions.

It follows that Ψσ sends ∂D1 to ∂D2. Q.E.D.
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2.3.2 Complete continuous numerical invariants and Hilbert 14th problem

We shall now construct the complete continuous numerical invariants for complete Reinhardt

domains with C1 boundaries. For n = 2, we have Theorem H.

Proof of Theorem H. Since Equation 1.2.3, Equation 1.2.4 and Equation 1.2.5 hold for all

non-negative integers αi, βi, we have either

(1) gD1(α1, α2) = gD2(α1, α2), gD1(α2, α1) = gD2(α2, α1),

gD1(β1, β2) = gD2(β1, β2), gD1(β2, β1) = gD2(β2, β1),

or

(2) gD1(α1, α2) = gD2(α2, α1), gD1(α2, α1) = gD2(α1, α2),

gD1(β1, β2) = gD2(β2, β1), gD1(β2, β1) = gD2(β1, β2),

for all nonnegative integers αi, βi. It is easy to see that in both cases we get

ξ~α,~β
D1

:=
(
gD1(α1, α2) · Id + gD1(α2, α1) · σ,

gD1(β1, β2) · Id + gD2(β2, β1) · σ
)

∼ ξ~α,~β
D2

:=
(
gD2(α1, α2) · Id + gD2(α2, α1) · σ,

gD2(β1, β2) · Id + gD2(β2, β1) · σ
)
, (2.3.10)
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where S2 = {Id, σ}. In view of Theorem B, we know that D1 is biholomorphic to D2.

Conversely, if D1 is biholomorphic to D2 then by Theorem F Equation 2.3.10 holds. Then

it is easy to check that Equation 1.2.3, Equation 1.2.4 and Equation 1.2.5 hold. Q.E.D.

Theorem H says that

gD(α1, α2) + gD(α2, α1),

gD(α1, α2) · gD(α2, α1),

and

(gD(α1, α2)− gD(α2, α1)) (gD(β1, β2)− gD(β2, β1)) ,

∀αi, βi > 0, αi, βi ∈ Z, are complete numerical biholomorphic invariants of bounded complete

Reinhardt pseudoconvex domains in Cn with C1 boundaries. If we want to find the complete

numerical biholomorphic invariants for bounded complete Reinhardt pseudoconvex domains

in Cn, n > 3, we need to consider the following problem.

Let Sn be the symmetric group of order n. Sn acts on C[xσ, . . . , yσ] in the following manner.

τ ∈ Sn, τ(xσ) = xσ·τ , . . . , τ(yσ) = yσ·τ

Let R be subring of invariants in C[xσ, . . . , yσ]. In other words,

R := C[xσ, . . . , yσ]Sn = {f ∈ C[xσ, . . . , yσ] : ∀τ ∈ Sn, τ(f) = f}.
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We want to know whether R is finitely generated and what are the generators of R. Actually

the first problem is a special case of Hilbert’s 14th problem. At the International Congress of

Mathematicians at Paris in 1900, David Hilbert asked the following question.

Hilbert 14th Problem. If an algebraic group acts linearly on a polynomial ring in finitely

many variables, is the ring of invariants always finitely generated?

Recall that an algebraic group G is said to be linearly reductive if, for every epimorphism

φ : V →W of G representations, the induced map on G-invariants φG : V G →WG is surjective.

The answer to the Hilbert 14th problem is positive if the group G is linearly reductive (30). In

fact, the answer is also positive if G is additive (non-reductive) group C (or, more generally, the

field k. See (35) and (36)). In view of the following lemma, we know that finding the complete

numerical biholomorphic invariants is equivalent to finding the generators of R.

Lemma 2.3.2.1. Let the symmetric group Sn = {σ1, . . . , σn!} act on Cn!n! via the following

formula

τ ∈ Sn, p = (xσ1 , . . . , xσn!
, . . . , yσ1 , . . . , yσn!

) ∈ Cn!n!

τ(p) = (xσ1τ , . . . , xσn!τ , . . . , yσ1τ , . . . , yσn!τ
) .

Let π : Cn!n! → Cn!n!/Sn be the quotient map. For any p and p′ in Cn!n!, the following two

statements are equivalent

(1) π(p) = π(p′)
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(2) For any f ∈ R = C [xσ1 , . . . , xσn!
, yσ1 , . . . , yσn!

]Sn, f(p) = f(p′).

Proof. See Theorem 5.16 on p. 167 of (37).

In view of Lemma 2.3.2.1, we want to show that R = C[x1, . . . , xn!, . . . , y1, . . . , yn!]Sn is

finitely generated.

Proposition 2.3.2.2. Every finite group is linearly reductive.

Theorem 2.3.2.3 (Hilbert (30)). For linearly reductive group, the ring of invariant polynomials

is finitely generated.

From Proposition 2.3.2.2 and Theorem 2.3.2.3, we know that

R = C[xσ1 , . . . , xσn!
, . . . , yσ1 , . . . , yσn!

]Sn

is finitely generated. Now we assume that the generators ofR are f1(xσ, . . . , yσ), . . . , fN (xσ, . . . , yσ)

where σ runs over all the elements in Sn. We want to show that

f1 (gσ
D(~α1), . . . , gσ

D(~αn!))σ∈Sn
, . . . , fN (gσ

D(~α1), . . . , gσ
D (~αn!))σ∈Sn

,

for all n-tuples of nonnegative integers ~α1, . . . , ~αn!, are complete numerical invariants of bounded

complete Reinhardt pseudoconvex domains in Cn.
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Proof of Theorem J. Let D1, D1 be two bounded complete Reinhardt domains in Cn. If

D1 is biholomorphic to D2, then there exists τ ∈ Sn such that gσ
D1

(~α) = gστ
D2

(~α), ∀σ ∈ Sn, ∀~α

n-tuple of nonnegative integers. We take

Pi =
(
gσ1
Di

(~α1), . . . , g
σn!
Di

(~α1) , . . . , gσ1
Di

(~αn!) , . . . , g
σn!
Di

(~αn!)
)
∈ Cn!n!

where i = 1, 2 and Sn = {σ1, σ2, . . . , σn!}. Then π(P1) = π(P2) where π : Cn!n! → Cn!n!/Sn is

the quotient map in Lemma 2.3.2.1. It follows that

fi

(
gσ
D1

(~α1), . . . , gσ
D(~αn!)

)
σ∈Sn

= fi

(
gσ
D2

(~α1), . . . , gσ
D2

(~αn!)
)
σ∈Sn

,

1 6 i 6 N.

Q.E.D.

Proof of Theorem K. Since

fi

(
gσ
D1

(~α1), . . . , gσ
D1

(~αn!)
)
σ∈Sn

= fi

(
gσ
D2

(~α1), . . . , gσ
D2

(~αn!)
)
σ∈Sn

,

i = 1, 2, . . . , N

and {f1, . . . , fN} generates C[xσ1 , . . . xσn!
, . . . , yσ1 , . . . , yσn!

]Sn , we know by Lemma 2.3.2.1 that

P1 =
(
gσ1
D1

(~α1), . . . , g
σn!
D1

(~α1), . . . , gσ1
D1

(~αn!), . . . , g
σn!
D1

(~α)
)
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and P2 =
(
gσ1
D2

(~α1), . . . , g
σn!
D2

(~αn!), . . . , gσ1
D2

(~αn!), . . . , g
σn!
D2

(~αn!)
)

are in the same Sn orbit. Hence

there exists σ~α1,...,~αn! ∈ Sn such that

gσ
D1

(~α1) = gσ·σ~α1,...,~αn!

D2
(~α1), . . . , gσ

D1
(~αn!) = gσ·σ~α1,...,~αn!

D2
(~αn!) (2.3.11)

Equation 2.3.11 implies that ξ~α1,...,~αn!
D1

= ξ~α1,...,~αn!
D2

in (R[Sn] × · · · × R[Sn])/ ∼. By Theo-

rem 2.3.1.4, there exists σ ∈ Sn and a biholomorphic map Ψσ : Cn → Cn such that BD1(z) =

BD2(Ψσ(z)). The proof of Theorem B shows that Ψσ sends D1 onto D2. Q.E.D.

For complete Reinhardt pseudoconvex domains with real analytic boundaries, we can use

fewer numerical invariants to characterize these domains.

Proof of Theorem G ′.

“⇒” This follows from the proof of Theorem F.

“⇐” Suppose that for all ~α n-tuple nonnegative integers,

ξ~α
D1

= ξ~α
D2

in R[Sn]/ ∼ .

Then ∃σ~α ∈ Sn such that

∑
τ∈Sn

gτ
D1

(~α)τ = σ~α

(∑
τ∈Sn

gτ
D2

(~α)τ

)
=
∑
τ∈Sn

gτ
D2

(~α)τ · σ~α =
∑
τ∈Sn

g
τ ·σ−1

~α
D2

(~α)τ (2.3.12)

⇒ gτ
D1

(~α) = g
τ ·σ−1

~α
D2
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Let Sn = {τ1, . . . , τn!}. Denote Ij = {~α ∈ (Z+)n : σ−1
~α = τj},

j = 1, 2, . . . , n!. We shall introduce the concept of partial Bergman function in the follow-

ing manner. Let

Θ(j)
D (z) =

∑
~α∈Ij

n∏
h=1

|zk|2αk

‖φ~α‖2
D

, B
(j)
D (~z) =

Θ(j)(z)
1

‖φ~α‖2
D

+ Θ(j)(z)
.

Clearly we have

ΘD(z) =
∑
~α 6=0

n∏
k=1

|zk|2αk

‖φ~α‖2
D

=
n!∑

j=1

Θ(z)
D (z) (2.3.13)

In view of Equation 2.3.12, by routine computation we get

‖φ~0‖
2
D1

Θ(j)
D1

(z) = ‖φ~0‖
2
D2

Θ(j)
D2

(Ψτj (z)) (2.3.14)

and

B
(j)
D1

(z) = B
(j)
D2

(Ψτj (z)), (2.3.15)

where

Ψτj : Cn −→ Cn

(z1, . . . , zn) −→
(
a1zτj(1), . . . , anzτj(n)

)

ai =
‖φ~0‖D1‖φ~ei

‖D2

‖φeτj(i)
‖D1‖φ~0‖D2

.
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By Proposition 2.1.0.17, the Bergman kernel and hence ΘD1 blows up at the boundary points. It

follows from Equation 2.3.13 that there exists some m such that Θ(m)
D1

is infinite on a nonempty

open set U1 of ∂D1. It follows that B(m)
D1

(z) is equal to 1 in the nonempty open set U1 of ∂D1.

Recall that by the definition, B(m)
Di

is zero at the origin and is 0 < B
(m)
Di

< 1 on Di \{(0, . . . , 0)}.

Since B(m)
D1

(z) = B
(m)
D2

(Ψτm(z)), we see immediately that Ψτm sends U1 ⊆ ∂D1 to an open

subset of ∂D2. In view of the fact that ∂Di, i = 1, 2, are real analytic and compact, it follows

easily that Ψτm sends ∂D1 to ∂D2. Q.E.D.

Proof of Theorem H ′. This follows immediately from Theorem G′. Q.E.D.

Proof of Theorem K ′.

“⇒” This follows from the proof of Theorem J.

“⇐” Suppose that for all ~α n-tuple nonnegative integers, we have

fi

(
gσ
D1

(~α)
)
σ∈Sn

= fi

(
gσ
D2

(~α)
)
σ∈Sn

, i = 1, . . . , N.

Then by the analogy of Lemma 2.3.2.1, we have

π
(
gτ1
D1

(~α), . . . , gτn!
D1

(~α)
)

= π
(
gτ1
D2

(~α), . . . , gτn!
D2

(~α)
)

when π : Cn! −→ Cn!/Sn. Therefore there exist σ~α such that

gσ
D1

(~α) = gσ·σ~α
D2

(~α) for all σ ∈ Sn. By the proof similar to the proof of Theorem G′, we

get a biholomorphic map Ψτ which sends D1 onto D2. Q.E.D.
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2.3.3 Application in concrete examples

In In 1907 Poincaré discovered the following theorem ((38), p. 24).

Theorem 2.3.3.1 (Poincaré). Let Bn = {z ∈ Cn |
n∑

i=1
|zi|2 < 1} be the unit ball and ∆n =

{z ∈ Cn | |zi| < 1, i = 1, . . . , n} be the unit polydisc in Cn, then there exists no biholomorphic

map between ∆n and Bn.

Using our method, we can easily get this result.

Notation: ~0 = (0, . . . , 0), ~ei = (0, . . . , 1, . . . , 0), ~α = (2, 0, . . . , 0).

Proof of Theorem 2.3.3.1.

For any ~β ∈ Zn, D = {z ∈ Cn | f(z1, . . . , zn) < 0} is the bounded Reinhardt domain.

‖φ~β
‖D =

∫
D
φ~β
∧ φ~β

=
∫

D
|z1|2β1 . . . |zn|2βndz1 ∧ · · · ∧ dzn ∧ dz1 ∧ · · · ∧ dzn

= (4π)n

∫
· · ·
∫

n
{~r : f(r1,...,rn)<0}

n∏
j=1

r
2βj+1
j dr1 ∧ · · · ∧ drn

After computation, we get

‖φ~0‖
2
∆n

= (4πn)
∫
· · ·
∫

∆n

r1r2 . . . rn dr1 . . . drn = (2π)n,

‖φ~e1
‖2
∆n

= (4πn)
∫
· · ·
∫

∆n

r31r2 . . . rn dr1 . . . drn =
1
2
· (2π)n,

‖φ~α‖2
∆n

= (4πn)
∫
· · ·
∫

∆n

r51r2 . . . rn dr1 . . . drn =
1
3
· (2π)n,
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‖φ~0‖
2
Bn

= (4πn)
∫
· · ·
∫

Bn

r1r2 . . . rn dr1 . . . drn =
(4π)n

n∏
i=1

2i
,

‖φ~e1
‖2

Bn
= (4πn)

∫
· · ·
∫

Bn

r31r2 . . . rn dr1 . . . drn =
(4π)n

n+1∏
i=1

2i
,

‖φ~α‖2
Bn

= (4πn)
∫
· · ·
∫

Bn

r51r2 . . . rn dr1 . . . drn =
(4π)n

n+2∏
i=3

2i
.

For ∆n and Bn are symmetric domains

‖φ~ei
‖∆n = ‖φ~ej

‖∆n , ‖φ~ei
‖Bn = ‖φ~ej

‖Bn , ∀i, j ∈ {1, . . . , n},

‖φ~α‖∆n = ‖φτ(~α)‖∆n , ‖φ~α‖Bn = ‖φτ(~α)‖Bn , ∀τ ∈ Sn,

gτ
∆n

(~α) = gId
∆n

(~α) =
‖φ~0‖

P
αi−1

∆n
‖φ~α‖∆n

n∏
i=1

‖φ~ei
‖αi
∆n

=
2
√

3
3
,

gτ
Bn

(~α) = gId
Bn

(~α) =
‖φ~0‖

P
αi−1

Bn
‖φ~α‖Bn

n∏
i=1

‖φ~ei
‖αi

Bn

=

√
2(n+ 1)(n+ 2)

n+ 2
.

So
∑

τ∈Sn

gτ
∆n

(~α) · τ 6=
∑

τ∈Sn

gτ
Bn

(~α) · τ in R[Sn]/ ∼.

Then ∆n is not biholomorphic to Bn by Theorem F. Q.E.D.
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Example 2.3.3.2. In addition, we can show An = {z ∈ Cn |
n∑

i=1
|zn| < 1} is not biholomorphic

to Bn

‖φ~0‖An = (4πn)
∫
· · ·
∫

An

r1r2 . . . rn dr1 . . . drn =
(4π)n

2n∏
i=1

i

,

‖φ~e1
‖An = (4πn)

∫
· · ·
∫

An

r31r2 . . . rn dr1 . . . drn =
(4π)n

2(n+1)∏
i=4

i

,

‖φ~α‖An = (4πn)
∫
· · ·
∫

An

r51r2 . . . rn dr1 . . . drn =
(4π)n

2(n+2)∏
i=6

i

.

Using the same method, we get

gτ
An

(~α) = gId
An

(~α) =
‖φ~0‖

P
αi−1

An
‖φ~α‖An

n∏
i=1

‖φ~ei
‖αi

An

=

√
5(2n+ 1)(2n+ 2)√
3(2n+ 3)(2n+ 4)

.

So
∑

τ∈Sn

gτ
Bn

(~α) · τ 6=
∑

τ∈Sn

gτ
An

(~α) · τ in R[Sn]/ ∼.

Then Bn is not biholomorphic to An by Theorem F.

Example 2.3.3.3. ∆n is not biholomorphic to An.

According to the computation above,

∑
τ∈Sn

gτ
∆n

(~α) · τ 6=
∑
τ∈Sn

gτ
An

(~α) · τ in R[Sn]/ ∼ .

So ∆n is not biholomorphic to An.
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From the examples above, it is reasonable to suspect the problem lies with the fact that Bn

has a C∞ smooth boundary, whereas ∆n and An have “corners” in its boundaries. However ∆n

is not biholomorphic to An though their boundaries both have “corners”. So the biholomorphic

equivalence problem of domains in Cn is very complicated even in the Reinhardt domain case.



CHAPTER 3

COMPLEX PLATEAU PROBLEM

3.1 Preliminaries

Kohn-Rossi cohomology was first introduced by Kohn-Rossi. Following Tanaka (28), we

reformulate the definition in a way independent of the interior manifold.

Definition 3.1.0.4. Let X be a connected orientable manifold of real dimension 2n−1. A CR

structure on X is a rank n− 1 subbundle S of CT (X) (complexified tangent bundle) such that

1. S
⋂
S̄ = {0},

2. If L, L′ are local sections of S, then so is [L,L′].

Such a manifold with a CR structure is called a CR manifold. There is a unique subbundle

H of T (X) such that CH = S
⊕
S̄. Furthermore, there is a unique homomorphism J : H −→ H

such that J2 = −1 and S = {v − iJv : v ∈ H}. The pair (H, J) is called the real expression of

the CR structure.

Let X be a CR manifold with structure S. For a complex valued C∞ function u defined on

X, the section ∂̄bu ∈ Γ(S) is defined by

∂̄bu(L̄) = L̄(u), L ∈ S.

96
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The differential operator ∂̄b is called the (tangential) Cauchy-Riemann operator, and a solution

u of the equation ∂̄bu = 0 is called a holomorphic function.

Definition 3.1.0.5. A complex vector bundle E over X is said to be holomorphic if there is a

differential operator

∂̄E : Γ(E) −→ Γ(E)⊗ S̄∗

satisfying the following conditions:

1. ∂̄E(fu)(L̄1) = (∂̄bf)(L̄1)u+ f(∂̄Eu)(L̄1) = (L̄1f)u+ f(∂̄Eu)(L̄1),

2. (∂̄Eu)[L̄1, L̄2] = ∂̄E(∂̄Eu(L̄2))(L̄1)− ∂̄E(∂̄Eu(L̄1))(L̄2),

where u ∈ Γ(E), f ∈ C∞(X) and L1, L2 ∈ Γ(S).

The operator ∂̄E is called the Cauchy-Riemann operator and a solution u of the equation

∂̄Eu = 0 is called a holomorphic cross section.

A basic holomorphic vector bundle over a CR manifold X is the vector bundle T̂ (X) =

CT (X)/S̄. The corresponding operator ∂̄ = ∂̄bT (X)
is defined as follows. Let p be the projection

from CT (X) to T̂ (X). Take any u ∈ Γ(T̂ (X)) and express it as u = p(Z), Z ∈ Γ(CT (X)). For

any L ∈ Γ(S), define a cross section (∂̄u)(L̄) of T̂ (X) by (∂̄u)(L̄) = p([L̄, Z]). One can show

that (∂̄u)(L̄) does not depend on the choice of Z and that ∂̄u gives a cross section of T̂ (X)⊗ S̄∗.

Furthermore one can show that the operator u 7−→ ∂̄u satisfies (1) and (2) of Definition 3.1.0.5,

using the Jacobi identity in the Lie algebra Γ(CT (X)). The resulting holomorphic vector bundle

T̂ (X) is called the holomorphic tangent bundle of X.
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If X is a real hypersurface in a complex manifold M , we may identify T̂ (X) with the

holomorphic vector bundle of all (1, 0) tangent vectors to M and T̂ (X) with the restriction of

T̂ (M) to X. In fact, since the structure S of X is the bundle of all (1, 0) tangent vectors to

X, the inclusion map CT (X) −→ CT (X) induces a natural map T̂ (X)
φ−−→ T̂ (X)|X which is

a bundle isomorphism satisfying ∂̄(φ(u))(L̄) = φ(∂̄u(L̄)), u ∈ Γ(T̂ (X)), L ∈ S.

For a holomorphic vector bundle E over X, set

Cq(X,E) = E ⊗ ∧qS̄∗,C q(X,E) = Γ(Cq(X,E))

and define a differential operator

∂̄q
E : C q(X,E) −→ C q+1(X,E)

by

(∂̄q
Eφ)(L̄1, . . . , L̄q+1) =

∑
i

(−1)i+1∂̄E(φ(L̄1, . . . ,
̂̄Li, . . . , L̄q+1))(L̄i)

+
∑
i<j

(−1)i+jφ([L̄i, L̄j ], L̄1, . . . ,
̂̄Li, . . . , L̄q+1)

for all φ ∈ C q(X,E) and L1, . . . , Lq+1 ∈ Γ(S). One shows by standard arguments that ∂̄q
Eφ

gives an element of C q+1(X,E) and that ∂̄q+1
E ∂̄q

E = 0. The cohomology groups of the resulting

complex {C q(X,E), ∂̄q
E} is denoted by Hq(X,E).

Let {A k(X), d} be the De Rham complex of X with complex coefficients, and let Hk(X)

be the De Rham cohomology groups. There is a natural filtration of the De Rham complex,
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as follows. For any integer p and k, put Ak(X) = ∧k(CT (X)∗ and denote by F p(Ak(X)) the

subbundle of Ak(X) consisting of all φ ∈ Ak(X) which satisfy the equality

φ(Y1, . . . , Yp−1, Z̄1, . . . , Z̄k−p+1) = 0

for all Y1, . . . , Yp−1 ∈ CT (X)0 and Z1, . . . , Zk−p+1 ∈ S0, 0 being the origin of φ. Then

Ak(X) = F 0(Ak(X)) ⊃ F 1(Ak(X)) ⊃ · · ·

⊃ F k(Ak(X)) ⊃ F k+1(Ak(X)) = 0

Setting F p(A k(X)) = Γ(F p(Ak(X))), we have

A k(X) = F 0(A k(X)) ⊃ F 1(A k(X)) ⊃ · · ·

⊃ F k(A k(X)) ⊃ F k+1(A k(X)) = 0.

Since clearly dF p(A k(X)) ⊆ F p(A k+1(X)), the collection {F p(A k(X))} gives a filtration of

the De Rham complex.
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We denote by Hp,q
KR(X) the groups Ep,q

1 (X) of the spectral sequence {Ep,q
r (X)} associated

with the filtration {F p(A k(X))}. We call Hp,q
KR(X) the Kohn-Rossi cohomology group of type

(p, q). More explicitly, let

Ap,q(X) = F p(Ap+q(X)),A p,q(X) = Γ(Ap,q(X)),

Cp,q(X) = Ap,q(X)/Ap+1,q−1(X),C p,q(X) = Γ(Cp,q(X)).

Since d : A p,q(X) −→ A p,q+1(X) maps A p+1,q−1(X) into A p+1,q(X), it induces an opera-

tor d′′ : C p,q(X) −→ C p,q+1(X). Hp,q
KR(X) are then the cohomology groups of the complex

{C p,q(X), d′′}.

Alternatively Hp,q
KR(X) may be described in terms of the vector bundle Ep = ∧p(T̂ (X)∗). If

for φ ∈ Γ(Ep), u1, . . . , up ∈ Γ(T̂ (X)), Y ∈ S, we define (∂̄Epφ)(Ȳ ) = Ȳ φ by

Ȳ φ(u1, . . . , up) = Ȳ (φ(u1, . . . , up)) +
∑

i

(−1)iφ(Ȳ ui, u1, . . . , ûi, . . . , up)

where Ȳ ui = (∂̄bT (X)
ui)(Ȳ ), then we easily verify that Ep with ∂̄Ep is a holomorphic vector

bundle. Tanaka [Ta] proves that Cp,q(X) may be identified with Cq(X,Ep) in a natural manner

such that

d′′φ = (−1)p∂̄Epφ, φ ∈ C p,q(X).

Thus, Hp,q
KR(X) may be identified with Hq(X,Ep).
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We denote by Hk
h(X) the groups Ek,0

2 (X) of the spectral sequence {Ep,q
r (X)} associated

with the filtration {F p(A k(X))}. We call Hk
h(X) the holomorphic De Rham cohomology

groups. The groups Hk
h(X) are the cohomology groups of the complex {S k(X), d}, where we

put S k(X) = Ek,0
1 (X) and d = d1 : Ek,0

1 −→ Ek+1,0
1 . Recall that S k(X) is the kernel of the

following mapping:

d0 : Ek,0
0 = F kA k = A k,0(X)

→ Ek,1
0 = F kA k+1/F k+1A k+1 = A k,1(X)/A k+1,0.

Note that S may be characterized as the space of holomorphic k-forms, namely holomorphic

cross sections of Ek. Thus the complex {S k(X), d} (respectively, the groups Hk
h(X) will be

called the holomorphic De Rham complex (respectively, the holomorphic De Rham cohomology

groups).

Definition 3.1.0.6. Let L1, . . . , Ln−1 be a local frame of the CR structure S on X so that

L̄1, . . . , L̄n−1 is a local frame of S̄. Since S ⊕ S̄ has complex codimension one in CT (X), we

may choose a local section N of CT (X) such that L1, . . . , Ln−1, L̄1, . . . , L̄n−1, N span CT (X).

We may assume that N is purely imaginary. Then the matrix (cij) defined by

[Li, L̄j ] =
∑

k

ak
i,jLk +

∑
k

bki,jL̄k + ci,jN

is Hermitian, and is called the Levi form of X.
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Proposition 3.1.0.7. The number of non-zero eigenvalues and the absolute value of the sig-

nature of (cij) at each point are independent of the choice of L1, . . . , Ln−1, N .

Definition 3.1.0.8. X is said to be strictly pseudoconvex if the Levi form is positive definite

at each point of X.

Definition 3.1.0.9. Let X be a CR manifold of real dimension 2n− 1. X is said to be Calabi-

Yau if there exists a nowhere vanishing holomorphic section in Γ(∧nT̂ (X)∗), where T̂ (X) is the

holomorphic tangent bundle of X.

Remark. :

1. Let X be a CR manifold of real dimension 2n − 1 in Cn. Then X is a Calabi-Yau CR

manifold.

2. Let X be a strictly pseudoconvex CR manifold of real dimension 2n− 1 contained in the

boundary of bounded strictly pseudoconvex domain in Cn+1. Then X is a Calabi-Yau

CR manifold.

3.2 Invariants of singularities and CR-invariants

3.2.1 Sheaves of germs of holomorphic p-forms

Let V be a n-dimensional complex analytic subvariety in CN with only isolated singularities.

In (39), Yau considered four kinds of sheaves of germs of holomorphic p-forms

1. Ω̄p
V := π∗Ω

p
M , where π : M −→ V is a resolution of singularities of V ,

2. ¯̄Ωp
V := θ∗Ω

p
V \Vsing

where θ : V \Vsing −→ V is the inclusion map and Vsing is the singular

set of V ,
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3. Ωp
V := Ωp

CN /K
p, where K p = {fα+ dg ∧ β : α ∈ Ωp

CN ;β ∈ Ωp−1
CN ; f, g ∈ I } and I is the

ideal sheaf of V in CN ,

4. Ω̃p
V := Ωp

CN /H
p, where H p = {ω ∈ Ωp

CN : ω|V \Vsing
= 0}.

Clearly Ωp
V , Ω̃p

V are coherent. Ω̄p
V is a coherent sheaf because π is a proper map. ¯̄Ωp

V is also

a coherent sheaf by a theorem of Siu (cf Theorem A of (40)). In case V is a normal variety, the

dualizing sheaf ωV of Grothendieck is actually the sheaf ¯̄Ωn
V .

Definition 3.2.1.1. The Siu complex is a complex of coherent sheaves J• supported on the

singular points of V which is defined by the following exact sequence

0 −→ Ω̄• −→ ¯̄Ω• −→ J• −→ 0. (3.2.1)

Definition 3.2.1.2. Let V be a n-dimensional Stein space with 0 as its only singular point. Let

π : (M,A) → (V, 0) be a resolution of the singularity with A as exceptional set. The geometric

genus pg, the irregularity q and g(p)-invariant of the singularity are defined as follows (cf. (39),

(41)):

pg := dimΓ(M\A,Ωn)/Γ(M,Ωn), (3.2.2)

q := dimΓ(M\A,Ωn−1)/Γ(M,Ωn−1), (3.2.3)

g(p) := dimΓ(M,Ωp
M )/π∗Γ(V,Ωp

V ). (3.2.4)
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The s-invariant of the singularity is defined as follows

s := dimΓ(M\A,Ωn)/[Γ(M,Ωn) + dΓ(M\A,Ωn−1)]. (3.2.5)

Lemma 3.2.1.3. (27) Let V be a n-dimensional Stein space with 0 as its only singular point.

Let π : (M,A) → (V, 0) be a resolution of the singularity with A as exceptional set. Let J• be

the Siu complex of coherent sheaves supported on 0. Then

1. dimJn = pg,

2. dimJn−1 = q,

3. dimJ i = 0, for 1 ≤ i ≤ n− 2

Proposition 3.2.1.4. (27) Let V be a n-dimensional Stein space with 0 as its only singular

point. Let π : (M,A) → (V, 0) be a resolution of the singularity with A as exceptional set. Let

J• be the Siu complex of coherent sheaves supported on 0. Then the s-invariant is given by

s := dimHn(J•) = pg − q (3.2.6)

and

dimHn−1(J•) = 0 (3.2.7)
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3.2.2 New invariants

Definition 3.2.2.1. Let (V, 0) be a Stein germ of a 2-dimensional analytic space with an isolated

singularity at 0. Let π : (M,A) → (V, 0) be a resolution of the singularity with A as exceptional

set. Define a sheaf of germs Ω1,1
M by the sheaf associated to the presheaf

U 7→< Γ(U,Ω1
M ) ∧ Γ(U,Ω1

M ) >,

where U is an open set of M . Let Ω̄1,1
V := π∗Ω

1,1
M .

Lemma 3.2.2.2. Let (V, 0) be a Stein germ of a 2-dimensional analytic space with an isolated

singularity at 0. Let π : (M,A) → (V, 0) be a resolution of the singularity with A as exceptional

set. Then Ω̄1,1
V is coherent and there is a short exact sequence

0 −→ Ω̄1,1
V −→ Ω̄2

V −→ F (1,1) −→ 0 (3.2.8)

where F (1,1) is a sheaf supported on the singular point of V . Let

F (1,1)(M) := Γ(M,Ω2
M )/ < Γ(M,Ω1

M ) ∧ Γ(M,Ω1
M ) >, (3.2.9)

then dimF
(1,1)
0 = dimF (1,1)(M).

Proof. Since the sheaf of germ Ω1
M is coherent, for any point w ∈ M there exists an open

neighborhood U of w in M such that Γ(U,Ω1
M ) is finitely generated over Γ(U,OM ). So

Γ(U,Ω1
M ) ∧ Γ(U,Ω1

M ) is finitely generated over Γ(U,OM ), which means Γ(U,Ω1,1
M ) is finitely
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generated over Γ(U,OM ), i.e. Ω1,1
M is a sheaf of finite type. It is obvious that Ω1,1

M is a subsheaf

of Ω2
M which is also coherent. So Ω1,1

M is coherent. And π is a proper map, therefore Ω̄1,1
V is also

coherent.

Notice that the stalk of Ω̄1,1
V and Ω̄2

V coincide at each point different from the singular point

0, F (1,1) is supported at 0. And from Cartan Theorem B

dimF
(1,1)
0 = dimΓ(V, Ω̄2

V )/Γ(V, Ω̄1,1
V ) = dimF (1,1)(M).

Q.E.D.

Observe that Γ(M,Ω2
M ) and < Γ(M,Ω1

M ) ∧ Γ(M,Ω1
M ) > are birational invariants. Thus,

from Lemma 3.2.2.2, we can define a local invariant of a singularity which is independent of

resolution.

Definition 3.2.2.3. Let V be a 2-dimensional Stein space with 0 as its only singular point.

Let π : (M,A) → (V, 0) be a resolution of the singularity with A as exceptional set. Let

f (1,1)(0) := dimF
(1,1)
0 = dimF (1,1)(M). (3.2.10)

We will omit 0 in f (1,1)(0) if there is no confusion from the context.

Let X be a compact connected strictly pseudoconvex CR manifold of real dimension 3, in

the boundary of a bounded strictly pseudoconvex domain D in CN . By Harvey and Lawson

[Ha-La], there is a unique complex variety V in CN such that the boundary of V is X. Let
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π : (M,A1, · · · , Ak) → (V, 01, · · · , 0k) be a resolution of the singularities with Ai = π−1(0i),

1 ≤ i ≤ k, as exceptional sets. Then the dimension of the following vector space

F (1,1)(M) := Γ(M,Ω2
M )/ < Γ(M,Ω1

M ) ∧ Γ(M,Ω1
M ) >

is an invariant of strictly pseudoconvex CR manifold X. Moreover s-invariant defined in Defi-

nition 3.2.1.2 is also CR invariant which was also called s(X).

Definition 3.2.2.4. Let X be a compact connected strictly pseudoconvex CR manifold of real

dimension 3, in the boundary of a bounded strictly pseudoconvex domain D in CN . Suppose

V in CN such that the boundary of V is X. Let π : (M,A1, · · · , Ak) → (V, 01, · · · , 0k) be a

resolution of the singularities with Ai = π−1(0i), 1 ≤ i ≤ k, as exceptional sets. Then we set

CR-invariant

f (1,1)(X) := dimF (1,1)(M). (3.2.11)

f (1,1)(X) is independent of the resolution of V in view of the following Lemma 3.2.2.5, which

is an easy consequence of Lemma 3.2.2.2.

Lemma 3.2.2.5. If X is a compact connected strictly pseudoconvex CR manifold of real di-

mension 3, in the boundary of a bounded strictly pseudoconvex domain D in CN . Suppose

V in CN such that the boundary of V is X. Let π : (M,A1, · · · , Ak) → (V, 01, · · · , 0k) be

a resolution of the singularities with Ai = π−1(0i), 1 ≤ i ≤ k, as exceptional sets. Then

f (1,1)(X) =
∑

i f
(1,1)(0i) =

∑
i dimF

(1,1)
0i

.
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The following proposition is to show that f (1,1) is bounded above by g(2).

Proposition 3.2.2.6. Let V be a 2-dimensional Stein space with 0 as its only singular point.

Then f (1,1) ≤ g(2).

Proof. Since

f (1,1) = dimΓ(M,Ω2
M )/ < Γ(M,Ω1

M ) ∧ Γ(M,Ω1
M ) >,

g(2) := dimΓ(M,Ω2)/π∗Γ(V,Ω2
V ).

and

π∗Γ(V,Ω2
V ) =< π∗Γ(V,Ω1

V ) ∧ π∗Γ(V,Ω1
V ) >⊆< Γ(M,Ω1

M ) ∧ Γ(M,Ω1
M ) >,

the result follows. Q.E.D.

We want to use the CR-invariant f (1,1)(X) to solve the classical Plateau problem. However

f (1,1)(X) is in terms of M although it is independent of M . It will be nice to find some

CR-invariant which can be calculated directly from the boundary X.

For this purpose, we define another sheaf of germs ¯̄Ω1,1
V .

Definition 3.2.2.7. Let (V, 0) be a Stein germ of a 2-dimensional analytic space with an isolated

singularity at 0. Let θ : V \{0} ↪→ V be the embedding map. Define a sheaf of germs Ω1,1
V \0 by

the sheaf associated to the presheaf

U 7→< Γ(U,Ω1
V ) ∧ Γ(U,Ω1

V ) >,
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where U is an open set of V \0. Let ¯̄Ω1,1
V := θ∗(Ω

1,1
V \0).

Lemma 3.2.2.8. Let V be a 2-dimensional Stein space with 0 as its only singular point in CN .

Let π : (M,A) → (V, 0) be a resolution of the singularity with A as exceptional set. Then ¯̄Ω1,1
V

is coherent and there is a short exact sequence

0 −→ ¯̄Ω1,1
V −→ ¯̄Ω2

V −→ G (1,1) −→ 0 (3.2.12)

where G (1,1) is a sheaf supported on the singular point of V . Let

G(1,1)(M\A) := Γ(M\A,Ω2
M )/ < Γ(M\A,Ω1

M ) ∧ Γ(M\A,Ω1
M ) >, (3.2.13)

then dimG
(1,1)
0 = dimG(1,1)(M\A).

Proof. Since the sheaf of germ ¯̄Ω1
V is coherent by a theorem of Siu (cf Theorem A of [Si]), for

any point w ∈ V there exists an open neighborhood U of w in V such that Γ(U, ¯̄Ω1
V ) is finitely

generated over Γ(U,OV ). So Γ(U, ¯̄Ω1
V ) ∧ Γ(U, ¯̄Ω1

V ) is finitely generated over Γ(U,OV ), which

means Γ(U, ¯̄Ω1,1
V ) is finitely generated over Γ(U,OV ), i.e. ¯̄Ω1,1

V is a sheaf of finite type. It is

obvious that ¯̄Ω1,1
V is a subsheaf of ¯̄Ω2

V which is also coherent. So ¯̄Ω1,1
V is coherent.

Notice that the stalk of ¯̄Ω1,1
V and ¯̄Ω2

V coincide at each point different from the singular point

0, G (1,1) is supported at 0. And from Cartan Theorem B

dimG
(1,1)
0 = dimΓ(V, ¯̄Ω2

V )/Γ(V, ¯̄Ω1,1
V ) = dimG(1,1)(M\A).
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Q.E.D.

Thus, from Lemma 3.2.2.8, we can define another local invariant of a singularity which is

independent on resolution.

Definition 3.2.2.9. Let V be a 2-dimensional Stein space with 0 as its only singular point.

Let π : (M,A) → (V, 0) be a resolution of the singularity with A as exceptional set. Let

g(1,1)(0) := dimG
(1,1)
0 = dimG(1,1)(M\A). (3.2.14)

We will omit 0 in g(1,1)(0) if there is no confusion from the context.

Let π : (M,A1, · · · , Ak) → (V, 01, · · · , 0k) be a resolution of the singularities with Ai =

π−1(0i), 1 ≤ i ≤ k, as exceptional sets. In this case we still let

G(1,1)(M\A) := Γ(M\A,Ω2
M )/ < Γ(M\A,Ω1

M ) ∧ Γ(M\A,Ω1
M ) > .

Definition 3.2.2.10. If X is a compact connected strictly pseudoconvex CR manifold of real

dimension 3, in the boundary of a bounded strictly pseudoconvex domain D in CN . Suppose

V in CN such that the boundary of V is X. Let π : (M,A =
⋃

iAi) → (V, 01, · · · , 0k) be a

resolution of the singularities with Ai = π−1(0i), 1 ≤ i ≤ k, as exceptional sets. Let

G(1,1)(M\A) := Γ(M\A,Ω2
M )/ < Γ(M\A,Ω1

M ) ∧ Γ(M\A,Ω1
M ) > (3.2.15)
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and

G(1,1)(X) := S 2(X)/ < S 1(X) ∧S 1(X)) > (3.2.16)

where S p are holomorphic cross sections of ∧p(T̂ (X)∗). Then we set

g(1,1)(M\A) := dimG(1,1)(M\A), (3.2.17)

g(1,1)(X) := dimG(1,1)(X). (3.2.18)

Lemma 3.2.2.11. If X is a compact connected strictly pseudoconvex CR manifold of real

dimension 3, in the boundary of a bounded strictly pseudoconvex domain D in CN . Suppose

V in CN such that the boundary of V is X. Let π : (M,A1, · · · , Ak) → (V, 01, · · · , 0k) be

a resolution of the singularities with Ai = π−1(0i), 1 ≤ i ≤ k, as exceptional sets. Then

g(1,1)(X) = g(1,1)(M\A).

Proof. Take a one-convex exhausting function φ on M such that φ ≥ 0 on M and φ(y) = 0

if and only if y ∈ A. Set Mr = {y ∈ M,φ(y) ≥ r}. Since X = ∂M is strictly pseudoconvex,

any holomorphic p-form θ ∈ S p(X) can be extended to a one side neighborhood of X in M .

Hence, θ can be thought of as holomorphic p-form on Mr, i.e. an element in Γ(Mr,Ω
p
Mr

). By

Andreotti and Grauert ([An-Gr]), Γ(Mr,Ω
p
Mr

) is isomorphic to Γ(M\A,Ωp
M ). So g(1,1)(X) =

g(1,1)(M\A). Q.E.D.

By Lemma 3.2.2.8 and 3.2.2.11, we can get the following lemma easily.
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Lemma 3.2.2.12. If X is a compact connected strictly pseudoconvex CR manifold of real

dimension 3, in the boundary of a bounded strictly pseudoconvex domain D in CN . Suppose

V in CN such that the boundary of V is X. Let π : (M,A1, · · · , Ak) → (V, 01, · · · , 0k) be

a resolution of the singularities with Ai = π−1(0i), 1 ≤ i ≤ k, as exceptional sets. Then

g(1,1)(X) =
∑

i g
(1,1)(0i) =

∑
i dimG

(1,1)
0i

.

The following proposition is to show that g(1,1) is bounded above.

Proposition 3.2.2.13. Let V be a 2-dimensional Stein space with 0 as its only singular point.

Then g(1,1) ≤ pg + g(2).

Proof. Since

g(1,1) = dimΓ(M\A,Ω2
M )/ < Γ(M\A,Ω1

M ) ∧ Γ(M\A,Ω1
M ) >,

pg = dimΓ(M\A,Ω2
M )/Γ(M,Ω2

M ),

g(2) := dimΓ(M,Ω2)/π∗Γ(V,Ω2
V ).

and

π∗Γ(V,Ω2
V ) =< π∗Γ(V,Ω1

V ) ∧ π∗Γ(V,Ω1
V ) >

⊆ Γ(M,Ω1
M ) ∧ Γ(M,Ω1

M )

⊆ Γ(M\A,Ω1
M ) ∧ Γ(M\A,Ω1

M ),

(3.2.19)

the result follows. Q.E.D.
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The following two theorems are the crucial parts for the classical Plateau problem.

Theorem 3.2.2.14. Let V be a 2-dimensional Stein space with 0 as its only normal singular

point with C∗-action. Let π : (M,A) → (V, 0) be a minimal good resolution of the singularity

with A as exceptional set, then f (1,1) ≥ 1.

Proof. It suffices to prove there is a holomorphic 2-form ω on M which is not contained in

< Γ(M,Ω1
M ) ∧ Γ(M,Ω1

M ) >. Embed (V, 0) locally into Cm and let z1, . . . , zm be coordinate

function of Cm.

If pg > 0, there exists a holomorphic 2-form ω0 on M\A but not on M , i.e. ω0 ∈

Γ(M\A,Ω2
M )\Γ(M,Ω2

M ). So ω0 must have pole along some irreducible component A1 of A.

Suppose ω1 has the lowest order of pole along A1 such that ω1 ∈ Γ(M\A,Ω2
M )\Γ(M,Ω2

M ).

Then π∗(zj)ω1 is holomorphic along A1 for all j, 1 ≤ j ≤ m. If π∗(zj)ω1 /∈ Γ(M,Ω2
M ), it

must has pole along another irreducible component A2 of A. Suppose ω2 ∈ Γ(M\A,Ω2
M ) has

the lowest order of poles along A2 and holomorphic along A1. Then π∗(zj)ω2 is holomorphic

along A1 and A2, for all j, 1 ≤ j ≤ m. Since the number of irreducible components of A is

finite, by induction, there exists a holomorphic 2-form ωk ∈ Γ(M\A,Ω2
M ) which has the lowest

order of pole along some irreducible component Ak and holomorphic along A1, . . . , Ak−1, and

π∗(zj)ωk ∈ Γ(M,Ω2
M ) for all j, 1 ≤ j ≤ m. Choose a point b in Ak which is a smooth point of

A. Let(x1, x2) be a coordinate system centered at b such that Ak is given locally by x1 = 0 at

b. Take the power series expansion of π∗(zj) around b:

π∗(zj) $ x
rj

1 fj , 1 ≤ j ≤ m, (3.2.20)
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where fj is holomorphic function such that fj(0, x2) 6= 0 and “$” means local equality around

b. Without loss of generity, we can suppose r1 = min{r1, . . . , rm}. By local calculation,

we know that for any element ψ in π∗Γ(V,Ω2
V ), the vanishing order of ψ along Ak , which

is denoted by OrdAk
ψ, is at least 2r1 − 1. However OrdAk

π∗(z1)ωk is at most r1 − 1. So

π∗(z1)ωk ∈ Γ(M,Ω2
M )\π∗Γ(V,Ω2

V ). We pick such kind ω ∈ Γ(M,Ω2
M )\π∗Γ(V,Ω2

V ) which has

the lowest order of zeros, r, along Ak, i.e. OrdAk
ω = r. So r < r1.

Let ξV ∈ Γ(V,ΘV ), where ΘV := H omOV
(Ω1

V ,OV ), denote the generating vector field of

the C∗-action and let iξV
denote the contraction map. For some α ∈ Γ(V, Ω̄1

V ), write α as a sum∑
αj of quasi-homogeneous elements where αj is a quasi-homogeous element of degree lj > 0.

Let LξV
= iξV

d+ diξV
be the Lie derivation. Then

ljα
j = LξV

αj = iξV
d(αj) + diξV

(αj).

So

Γ(V, Ω̄1
V ) = d(Γ(V,OV )) + iξV

(Γ(V, Ω̄2
V )). (3.2.21)

Since for minimal good resolution, we have π∗ΘM = ΘV (cf (42)), where ΘM is the vector

field on M . Thus, there exists ξM which is a lift of ξV , i.e. π∗ξM = ξV . We know that ξM is

tangential to the exceptional set, so

ξM $ xa1
1 p

∂

∂x1
+ xa2

1 q
∂

∂x2
, a1 ≥ 1, a2 ≥ 0
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where p and q are holomorphic functions.

Let iξM
: Γ(M,Ω2

M ) −→ Γ(M,Ω1
M ) be the contraction map corresponding to iξV

. If ζ ∈

Γ(M,Ω2
M ) and ζ $ xu

1gdx1 ∧ dx2, then

iξM
(ζ) $ iξM

(xu
1gdx1 ∧ dx2) = −xu+a2

1 qgdx1 + xu+a1
1 pgdx2.

From Equation 3.2.21,

Γ(M,Ω1
M ) = d(Γ(M,OM )) + iξM

(Γ(M,Ω2
M )).

Since V is normal , g(0) = 0, i.e. Γ(M,OM ) = π∗(Γ(V,OV )).

We now prove that ω is not contained in < Γ(M,Ω1
M ) ∧ Γ(M,Ω1

M ) >. Consider η, ϕ ∈

Γ(M,Ω1
M ) locally around b.

Suppose η = η1+η2 and ϕ = ϕ1+ϕ2, where η1, ϕ1 ∈ d(Γ(M,OM )), η2, ϕ2 ∈ iξM
(Γ(M,Ω2

M )).

Let

η2 = iξM
(ζ), ζ $ xu

1gdx1 ∧ dx2, g(0, x2) 6= 0,

and

ϕ2 = iξM
(ς), ς $ xv

1hdx1 ∧ dx2, h(0, x2) 6= 0.

Then

η ∧ ϕ = η1 ∧ ϕ1 + (η1 ∧ ϕ2 + η2 ∧ ϕ1) + η2 ∧ ϕ2.
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Since

dπ∗(zi) ∧ dπ∗(zj) = (rix
ri+rj−1
1 fi

∂fj

∂x2
− rjx

ri+rj−1
1 fj

∂fi

∂x2
)dx1 ∧ dx2,

OrdAk
η1 ∧ ϕ1 ≥ 2 · r1 − 1 > r.

Write η2 and ϕ2 locally around b:

η2 $ −xu+a2
1 qgdx1 + xu+a1

1 pgdx2,

ϕ2 $ −xv+a2
1 qhdx1 + xv+a1

1 phdx2.

So η2 ∧ ϕ2 $ 0.

Also notice that

dπ∗(zj) = rjx
rj−1
1 fjdx1 + x

rj

1

∂fj

∂x2
dx2

So

OrdAk
η1 ∧ ϕ2 ≥ r1 + v > r

and

OrdAk
η2 ∧ ϕ1 ≥ r1 + u > r.

From the discussion above, we can get OrdAk
η ∧ ϕ > r.

Therefore ω is not a linear combination of elements in < Γ(M,Ω1
M ) ∧ Γ(M,Ω1

M ) >

If pg = 0, from (43), the canonical bundle KM is generated by its global sections in a

neighborhood of the exceptional set. So there exists ω ∈ Γ(M,Ω2
M ) such that ω does not vanish
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along some irreducible component Ak of A. The rest of the argument is same as those in the

case of pg > 0, with r is 0. Q.E.D.

Theorem 3.2.2.15. Let V be a 2-dimensional Stein space with 0 as its only normal singular

point with C∗-action. Let π : (M,A) → (V, 0) be a minimal good resolution of the singularity

with A as exceptional set, then g(1,1) ≥ 1.

Proof. If dimΓ(M\A,Ω2
M )/Γ(M,Ω2

M ) > 0, then there exists

ω0 ∈ Γ(M\A,Ω2
M )\Γ(M,Ω2

M ).

So ω0 must have pole along some irreducible component Ak of A. Suppose ω has the highest

order of pole along Ak and ω ∈ Γ(M\A,Ω2
M ). Denote OrdAk

ω = r < 0. Let z1, · · · , zm be

coordinate function of Cm. Choose a point b in Ak which is a smooth point of A. Let(x1, x2)

be a coordinate system centered at b such that Ak is given locally by x1 = 0 at b. Take the

power series expansion of π∗(zj) around b.

π∗(zj) = x
rj

1 fj , 1 ≤ j ≤ m, (3.2.22)

where fj is holomorphic function such that fj(0, x2) 6= 0. So by the choice of ω,min{r1, . . . , rm} >

0 > r.

Let ξV ∈ Γ(V,ΘV ), where ΘV := H omOV
(Ω1

V ,OV ), denote the generating vector field of

the C∗-action, iξV
the contraction map. For some α ∈ Γ(V, ¯̄Ω1

V ), write α as a sum
∑
αj of
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quasi-homogeneous elements where αj is a quasi-homogeous element of degree lj > 0. Let

LξV
= iξV

d+ diξV
be the Lie derivation. Then

ljα
j = LξV

αj = iξV
d(αj) + diξV

(αj).

So

Γ(V, ¯̄Ω1
V ) = d(Γ(V,OV )) + iξV

(Γ(V, ¯̄Ω2
V )). (3.2.23)

Let ξM be a lift of ξV which is mentioned in the last theorem.

ξM $ xa1
1 p

∂

∂x1
+ xa2

1 q
∂

∂x2
, a1 ≥ 1, a2 ≥ 0

where p and q are holomorphic functions.

Let iξM
: Γ(M\A,Ω2

M ) −→ Γ(M\A,Ω1
M ) be the contraction map corresponding to iξV

. If

ζ ∈ Γ(M\A,Ω2
M ) and ζ $ xu

1gdx1 ∧ dx2, then

iξM
(ζ) $ iξM

(xu
1gdx1 ∧ dx2) = −xu+a2

1 qgdx1 + xu+a1
1 pgdx2.

From Equation 3.2.23,

Γ(M\A,Ω1
M ) = d(Γ(M\A,OM )) + iξM

(Γ(M\A,Ω2
M )).
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Since V is normal , g(0) = 0, i.e. Γ(M,OM ) = π∗(Γ(V,OV )). Moreover, by the normality of

(V, 0), Γ(M,OM ) = Γ(M\A,OM ).

We now prove that ω is not contained in < Γ(M\A,Ω1
M ) ∧ Γ(M\A,Ω1

M ) >. Consider

η, ϕ ∈ Γ(M\A,Ω1
M ) locally around b

Suppose η = η1+η2 and ϕ = ϕ1+ϕ2, where η1, ϕ1 ∈ d(Γ(M,OM )), η2, ϕ2 ∈ iξM
(Γ(M\A,Ω2

M )).

Let

η2 = iξM
(ζ), ζ $ xu

1gdx1 ∧ dx2, g(0, x2) 6= 0,

and

ϕ2 = iξM
(ς), ς $ xv

1hdx1 ∧ dx2, h(0, x2) 6= 0.

So u and v are bounded lower by r.

Then

η ∧ ϕ = η1 ∧ ϕ1 + (η1 ∧ ϕ2 + η2 ∧ ϕ1) + η2 ∧ ϕ2.

Since

dπ∗(zi) ∧ dπ∗(zj) = (rix
ri+rj−1
1 fi

∂fj

∂x2
− rjx

ri+rj−1
1 fj

∂fi

∂x2
)dx1 ∧ dx2,

OrdAk
η1 ∧ ϕ1 ≥ 2 ·min{r1, . . . , rm} − 1 > r.

Write η2 and ϕ2 locally around b:

η2 $ −xu+a2
1 qgdx1 + xu+a1

1 pgdx2,

ϕ2 $ −xv+a2
1 qhdx1 + xv+a1

1 phdx2.
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So η2 ∧ ϕ2 =$ 0.

Also notice that

dπ∗(zj) = rjx
rj−1
1 fjdx1 + x

rj

1

∂fj

∂x2
dx2

So

OrdAk
η1 ∧ ϕ2 ≥ min{r1, . . . , rm}+ v > r

and

OrdAk
η2 ∧ ϕ1 ≥ min{r1, . . . , rm}+ u > r.

From the discussion above, we can get OrdAk
η ∧ ϕ > r.

Therefore ω is not a linear combination of elements in < Γ(M\A,Ω1
M ) ∧ Γ(M\A,Ω1

M ) >

If dimΓ(M\A,Ω2
M )/Γ(M,Ω2

M ) = 0, the singularity is rational. So irregularity q = 0 (cf.

(44)). Then

Γ(M\A,Ω2
M )

< Γ(M\A,Ω1
M ) ∧ Γ(M\A,Ω1

M ) >
=

Γ(M,Ω2
M )

< Γ(M,Ω1
M ) ∧ Γ(M,Ω1

M ) >
,

g(1,1) = dim
Γ(M,Ω2

M )
< Γ(M,Ω1

M ) ∧ Γ(M,Ω1
M ) >

= f (1,1) ≥ 1.

Q.E.D.

3.3 The complex Plateau problem

In 1981, Yau (26) solved the classical complex Plateau problem for the case n ≥ 3.
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Theorem 3.3.0.1. (26) Let X is a compact connected strictly pseudoconvex CR manifold of

real dimension 2n− 1, n ≥ 3, in the boundary of a bounded strictly pseudoconvex domain D in

Cn+1. Then X is a boundary of the complex sub-manifold V ⊂ D−X if and only if Kohn-Rossi

cohomology groups Hp,q
KR(X) are zeros for 1 ≤ q ≤ n− 2

Next we want to use our new invariants introduced in § 3 to solve the classical complex

Plateau problem for the case n = 2.

First, we present some known results in the paper (27).

Theorem 3.3.0.2. (27) Let X be a compact connected (2n − 1)-dimensional (n ≥ 2) strictly

pseudoconvex CR manifold. Suppose that X is the boundary of a n-dimensional strictly pseudo-

convex manifold M which is a modification of a Stein space V with only isolated singularities

{01, . . . , 0m}. Let A be the maximal compact analytic set in M which can be blown down to

{01, . . . , 0m}. Then

1. Hq
h(X) ∼= Hq

h(M\A) ∼= Hq
h(M) 1 ≤ q ≤ n− 1

2. Hn
h (X) ∼= Hn

h (M\A), dimHn
h (M\A) = dimHn

h (M) + s, where s = s1 + · · ·+ sm, si is the

s-invariant of the singularity (V, 0i).

Theorem 3.3.0.3. (27) Let (V, 0) be a Gorenstein surface singularity. Let π : M → V be

a good resolution with A = π−1(0) as exceptional set. Assume that M is contractible to A.

If s = 0, then (V, 0) is a quasi-homogeneous singularity, H1(A,C) = 0, dimH1(M,Ω1) =

dimH2(A,C) + dimH1(M,O), and H1
h(M) = H2

h(M) = 0. Conversely, if (V, 0) is a two
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dimensional quasi-homogeneous Gorenstein singularity and H1(A,C) = 0, then the s-invariant

vanishes.

Theorem 3.3.0.4. (27) Let X be a strictly pseudoconvex compact Calabi-Yau CR manifold of

dimension 3. Suppose that X is contained in the boundary of a strictly pseudoconvex bounded

domain D in CN . If the holomorphic De Rham cohomology H2
h(X) = 0, then X is a boundary

of a complex variety V in D with boundary regularity and V has only isolated singularities in

the interior and the normalizations of these singularities are Gorenstein surface singularities

with vanishing s-invariant.

Corollary 3.3.0.5. (27) Let X be a strictly pseudoconvex compact CR manifold of dimension

3. Suppose that X is contained in the boundary of a strictly pseudoconvex bounded domain

D in C3. If the holomorphic De Rham cohomology H2
h(X) = 0, then X is a boundary of a

complex variety V in D with boundary regularity and V has only isolated quasi-homogeneous

singularities such that the dual graphs of the exceptional sets in the resolution are star shaped

and all the curves are rational.

So from several theorems above we can see that, in the paper (27), Luk and Yau give a

sufficent condition H2
h(X) = 0 to determine when X can bound some special singularities.

However, even if both H1
h(X) and H2

h(X) vanish, V still can be singular.

We use CR invariants given in the last section to get sufficent and necessary conditions for

the variety bounded by X being smooth.
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Lemma 3.3.0.6. Let (V, 0) be the germ of a 2-dimesional isolated Gorenstein singularity, then

the singularity is normal.

Proof. For a variety, the dualing sheaf of module is always reflexive, which means that the depth

of the module at the singularity is at least 2. If (V, 0) is an isolated non-normal singularites, then

the local ring at the singular point has depth 1. So the dualizing sheaf can not be invertable

which contradicts to the singularity being Gorenstein. Q.E.D.

Theorem 3.3.0.7. Let X be a strictly pseudoconvex compact Calabi-Yau CR manifold of di-

mension 3. Suppose that X is contained in the boundary of a strictly pseudoconvex bounded

domain D in CN . Then X is a boundary of the complex sub-manifold V ⊂ D−X with boundary

regularity if and only if s-invariant s(X) and f (1,1)(X) vanish.

Proof. (⇒): By Theorem 3.3.0.2 s-invariant s(X) = 0. Since every holomorphic 2 form can

be expressed by linear combination of exterior product of two holomorphic 1 forms locally in

manifold V , f (1,1)(X) = 0 follows from Lemma 3.2.2.5.

(⇐): It is well known that X is a boundary of a variety V in D with boundary regularity

(21). Since s = 0, X is a boundary of the complex sub-manifold V ⊂ D − X with only

isolated Gorenstein quasi-homogeneous singularities {01, · · · , 0k}. Recall the singularities are

normal by Lemma 3.3.0.6. From Theorem 3.3.0.3, H1
h(Mi) = 0, where Mi is the minimal good

resolution of a sufficently small neighborhood of 0i in V , 1 ≤ i ≤ k. From Theorem 3.2.2.14,

dimF (1,1)(Mi) > 0 which contradict to f (1,1)(X) = 0. So V is smooth. Q.E.D.
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Corollary 3.3.0.8. Let X be a strictly pseudoconvex compact CR manifold of dimension 3.

Suppose that X is contained in the boundary of a strictly pseudoconvex bounded domain D in

C3. Then X is a boundary of the complex sub-manifold V ⊂ D −X if and only if s-invariant

s(X) and f (1,1)(X) vanish.

Theorem 3.3.0.9. Let X be a strictly pseudoconvex compact Calabi-Yau CR manifold of di-

mension 3. Suppose that X is contained in the boundary of a strictly pseudoconvex bounded

domain D in CN . Then X is a boundary of the complex sub-manifold V ⊂ D−X with boundary

regularity and the variety is smooth if and only if s-invariant and g(1,1)(X) vanish.

Proof. (⇒) : Since V is smooth, g(1,1)(X) = f (1,1)(X). The result is from Theorem 3.3.0.7.

(⇐) :It is well known that X is a boundary of a variety V in D with boundary regularity

(21). Since s = 0, X is a boundary of the complex sub-manifold V ⊂ D−X with only isolated

Gorenstein quasi-homogeneous singularities {01, · · · , 0k}. Recall the singularities are normal

by Lemma 3.3.0.6. Let πi : Mi → Vi be the minimal good resolution of a sufficently small

neighborhood Vi of 0i in V , 1 ≤ i ≤ k. From Theorem 3.2.2.15, dimG(1,1)(Mi) > 0 which

contradict to g(1,1)(X) = 0. So V is smooth. Q.E.D.

Corollary 3.3.0.10. Let X be a strictly pseudoconvex compact CR manifold of dimension 3.

Suppose that X is contained in the boundary of a strictly pseudoconvex bounded domain D in

C3. Then X is a boundary of the complex sub-manifold V ⊂ D −X if and only if s-invariant

and g(1,1)(X) vanish.
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From Theorem 3.3.0.2, we know that if H2
h(X) = 0, then s = 0. So we can get a necessary

and sufficient condition in terms of boundary X with H2
h(X) = 0 to determine when X is a

boundary of a manifold.

Corollary 3.3.0.11. Let X be a strictly pseudoconvex compact Calabi-Yau CR manifold of

dimension 3. Suppose that X is contained in the boundary of a strictly pseudoconvex bounded

domain D in CN with H2
h(X) = 0. Then X is a boundary of the complex sub-manifold V ⊂

D −X with boundary regularity if and only if g(1,1)(X) = 0.

Corollary 3.3.0.12. Let X be a strictly pseudoconvex compact CR manifold of dimension 3.

Suppose that X is contained in the boundary of a strictly pseudoconvex bounded domain D in

C3 with H2
h(X) = 0. Then X is a boundary of the complex sub-manifold V ⊂ D − X if and

only if g(1,1)(X) = 0 .
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