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PREFACE

This Ph. D thesis is based on the papers (1), (2) and (3). Two main topics are stated in
my thesis. The first topic is classification of domains in C” and special varieties which will be
considered in Chapter 2. The second topic is classical complex Plateau problem which will be

considered in Chapter 3.



TABLE OF CONTENTS

CHAPTER PAGE
1 INTRODUCTION . . . . . . e s 1

1.1 History . . . . . . . . 1

1.2 Main results . . . . . . . . 7

1.3 Organization . ... ... ... ... 21

2 MODULI SPACE OF BOUNDED COMPLETE REINHARDT

DOMAINS . . . e 23
2.1 Preliminaries . . ... ... .. .. ... .. ... . ... 23
2.2 Moduli space of bounded complete Reinhardt domains in A,,-
variety . ... 27
2.2.1 Continuous invariant k™ order Bergman function . ... ... 27
2.2.2 Biholomorphic maps between two bounded complete Reinhardt
domains in A,-variety . . . . ... ..o 31
2.2.3 Continuous numerical invariants of bounded complete Rein-
hardt domains in A,-variety . ... ... ... ... .. ..... 43
2.24 Explicit computation of new invariants . . . . . ... ... ... 61
2.3 Moduli space of bounded complete Reinhardt domains in C" 77
2.3.1 Continuous invariants of bounded complete Reinhardt domains
inC™ .. 77
2.3.2 Complete continuous numerical invariants and Hilbert 14"
problem . . ... 84
2.3.3 Application in concrete examples . . ... ... ... ... ... 92
3 COMPLEX PLATEAU PROBLEM . . ... ... ... .......... 96
3.1 Preliminaries . . . .. ... .. .. ... ... . .. 96
3.2 Invariants of singularities and C'R-invariants . . ... ... .. 102
3.2.1 Sheaves of germs of holomorphic p-forms . . . . ... ... ... 102
3.2.2 New invariants . . . . . .. ... ... o 105
3.3 The complex Plateau problem . . .. ... ... ... ...... 120
CITED LITERATURE ... .. ... ... ... . ... . ... .. ... 126
VITA . e 131

vi



SUMMARY

One of the most fundamental problems in complex geometry is to determine when two
bounded domains in C" are biholomorphically equivalent. Even for complete Reinhardt do-
mains, this fundamental problem remained unsolved for many years. Using the Bergmann
function theory, we construct an infinite family of numerical invariants from the Bergman func-
tions for complete Reinhardt domains in C™. These infinite family of numerical invariants are
actually a complete set of invariants if the domains are pseudoconvex with C'' boundaries. For
bounded complete Reinhardt domains with real analytic boundaries, the complete set of nu-
merical invariants can be reduced dramatically although the set is still infinite. We shall also
discuss the role of the Hilbert 14*" problem in the construction of numerical biholomorphic
invariants of complete Reinhardt domains in C™.

Moreover, for n = 2, we can construct an infinite family of numerical invariants from
the Bergman functions for such domains in A,-variety {(x,y,2) € C? : 2y = 2"T'}. These
infinite family of numerical invariants are actually a complete set of invariants for either the
set of all bounded strictly pseudoconvex complete Reinhardt domain in A,, variety or the set
of all bounded pseudoconvex complete Reinhardt domains with real analytic boundaries in A,
variety. In particular the moduli space of these domains in A,, variety is constructed explicitly
as the image of this complete family of numerical invariants. It is well known that A,, variety is

the quotient of cyclic group of order n + 1 on C2. We prove that the moduli space of bounded

vil



SUMMARY (Continued)

complete Reinhardt domains in A,, variety coincides with the moduli space of the corresponding
bounded complete Reinhardt domains in C2.

Another natural fundamental questions of complex geometry is to study the boundaries of
complex varieties. For example, the famous classical complex Plateau problem asks which odd
dimensional real sub-manifolds of CV are boundaries of complex sub-manifolds in C. Let X
be a compact connected strictly pseudoconvex C'R manifold of real dimension 2n — 1 in C"*1.
For n > 3, Yau used Kohn-Rossi cohomology groups to solve the classical complex Plateau
problem in 1981. For n = 2, the problem has remained unsolved for over a quarter of a century.

In this paper, we introduce a new C'R invariant of X to solve this problem completely.
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CHAPTER 1

INTRODUCTION

1.1 History

One of the basic problems in complex geometry is to find a reasonable object which pa-
rameterizes all non-isomorphic complex manifolds. This is the well known moduli problem.
The concept of moduli goes back to Riemann (4) who shows that the isomorphism class of a
Riemann surface of genus g > 2 depends on 3g — 3 parameters. The deformation of algebraic
surfaces was first considered by Noether (5). It was Frolicher and Nijenhuis (6) who first studied
deformation of higher dimensional complex manifolds by a differential geometric method. In a
series of papers (7), Kodaira and Spencer systematically developed the theory of deformation
of compact complex manifolds. The local moduli problem was solved by Kuranishi in his fa-
mous paper (8) in 1962. However, a precise formulation of global moduli problems in algebraic
geometry, the definition of moduli spaces for curves and for certain higher dimensional man-
ifolds have only been given recently (9), as well as solutions in some cases (10),(11). On the
other hand, little is known about the moduli problem of open manifolds of complex dimension
greater than one. This problem is substantially more difficult because it is infinite dimensional
in nature.

Let Dy and D5 be two domains in C™. One of the most fundamental problems in complex

geometry is to determine conditions which will imply that D; and Dy are biholomorphically



equivalent. For n = 1, the celebrated Riemann mapping theorem states that any simply
connected domains in C are biholomorphically equivalent. For n > 2, it is well known that
there are lots of domains which are topologically equivalent to the ball but not necessarily
biholomorphically equivalent to the ball. This problem was first studied by Poincaré in 1907
(12). He worked on the perturbations of the unit ball in C? of a particular kind, and found
necessary and sufficient conditions on a first order perturbation that the perturbed domain
be biholomorphically equivalent to the ball. More generally, Poincaré studied the invariance
properties of a CR manifold X of real dimension 2n — 1 which is a real hypersurface in C"™* with
respect to the infinite pseudo-group of biholomorphic transformations. The systematic study
of such properties for hypersurfaces with nondegenerate Levi form was made by Cartan (13)
in 1932, and later by Chern and Moser (14). A main result of the theory is the existence of
a complete system of local differential invariants for CR-structures on real hypersurfaces. In
1974, Fefferman (15) proved that a biholomorphic mapping between two strictly pseudoconvex
domains is smooth up to the boundaries and the induced boundary mapping is a CR-equivalence
on the boundary. Thus, by the fundamental theorem of Fefferman, the biholomorphically
equivalent problem of bounded strictly pseudoconvex domains in C” is the same as the CR
equivalent problem of strictly pseudoconvex compact CR manifolds of real dimension 2n — 1 in
Cc".

In 1978, Burns, Shnider and Wells (16) used the Chern-Moser theory to distinguish generic
perturbations of a given strictly pseudoconvex domain. They were able to construct perturba-

tions with arbitrarily large parameters in such a way that the domains are biholomorphically



inequivalent if the parameter values of these domains are different. As a result the “number of
moduli” of a “ moduli space” of a bounded strictly pseudoconvex domain has to be infinite. On
the other hand, Webster (17) gave a complete characterization when two ellipsoids in C" are
CR equivalent by Chern-Moser’s theory and Cartan method of equivalence. In 1988, Lempert
(18) made a significant progress in the subject. He considered smoothly bounded strictly con-
vex domains containing the origin of C™. He called two such domains equivalent if there is an
origin preserving biholomorphic mapping between them whose differential at the origin is the
identity. With each smoothly bounded strictly convex domain D, Lempert associated a triple
(I, H,Q) of invariants where I is the Kobayashi indicatrix of D at the origin, and the smooth
hermitian form H and the smooth quadratic form () are defined on the rank n—1 vector bundle
of (1,0) vectors tangent to the boundary of the Kobayashi indicatrix I. He showed that if two
marked convex domains share the same invariants then they are equivalent. In dimension 2,
the construction may be simplified and it is possible to reduce the number of invariants. This
allows the explicit description of the moduli space of marked strictly convex domains in C?
as a subdomain of a suitable Fréchet bundle. Although the theory established by Lempert is
extremely beautiful, the computation of his invariants is quite a hard problem.

Despite the success of the Chern-Moser theory and the Lempert theory, the fundamental
question of distinguishing two strictly pseudoconvex CR manifolds remains unsolved. Let X
be a compact connected strictly pseudoconvex CR manifold of real dimension 2n — 1. In 1974
Boutel de Monvel (19) (also see Kohn (20)) proved that X is CR-embeddable in some CV if

dimX > 5. Throughout this paper, we shall only consider CR embeddable strictly pseudo-



convex CR manifolds. In view of a beautiful theorem of Harvey-Lawson (21), there exists a
complex variety V in CV for N sufficiently large such that OV = X and V has only normal
isolated singularities. It is well known that one can use the structures of the singularities of
V' to distinguish the CR structure of X (see for example Theorem 3.1 of (22)). Thus if two
strictly pseudoconvex CR manifolds bound non-isomorphic singularities, then their CR struc-
tures are different. The difficult unsolved CR equivalence problem is: how can one distinguish
between strictly pseudoconvex CR manifolds X; and X5 when they are lying in the same vari-
ety V. If V is CV, this difficult problem is just the classical problem discussed above and has
been considered by many leading mathematicians Chern-Moser (14), Fefferman (23), Webster
(17), Burns-Shnider-Wells (16), etc. Even in this case, it seems that the biholomorphically
equivalence problem or moduli problem for complete Reinhardt domains remains open, al-
though there is a beautiful thereom of Sunada (24) which relates two such domains by a special

linear map. For example, consider the following natural family of complete Reinhardt do-

k

mains D(ay, -+ ,ag; b1, -+ ,br;ct, - ,cx) = {(21,22) € C2: Z[ai\zﬂ‘“ + bi| 22| + ci|z120|%) <
i=1

d, where aj, - ,ag;b1, -+ ,bg;c1,-++ ,cp and d are positive real numbers}. It is not known

how to solve the problem of biholomorphic equivalence of this family of complete Reinhardt
domains by Suanda’s theorem. On the other hand, when V is a singular variety, the CR
equivalence problems is wide open. In (22), Yau discovered a novel technique to attack
CR equivalence problem. He constructed a new biholomorphically invariant called Bergman
function. The Bergman functions put a lot of restriction on biholomorphic maps between

bounded complete Reinhardt domains, from which new holomorphic invariants can be con-



structed and the automorphism groups of the bounded complete Reinhardt domains can be
determined. He illustrated how his new technique works in a concrete example of Aj-variety
V = {(z,y,2) € C*: zy = 2%}. He constructed a fundamental holomorphic numerical invari-
ant vp (cf. Theorem 3.6 of (22)), for bounded complete Reinhardt domains D in V. He also
computed the automorphism group of D. For a one parameter family of complete Reinhardt
domains D, = {(z,y,2) € C3: xy = 22, alz|? + |y|? + |2|? < €0, where a > 0 and ¢ is a fixed
positive constant}, he showed that the holomorphic numerical invariant vp, is a complete in-

variant in the sense that D,, is biholomorphically equivalent to D,, if and only if VDy, = VDg,-

Another natural fundamental questions of complex geometry is to study the boundaries of
complex varieties. For example, the famous classical complex Plateau problem asks which odd
dimensional real sub-manifolds of CV are boundaries of complex sub-manifolds in C. In 1975,
Harvey and Lawson (21) showed that for any compact connected C'R manifold X in CV, there
is a unique complex variety V in C such that the boundary of V is X.

If X is a strictly pseudoconvex C'R manifold of dimension 2n — 1, n > 2, contained in
the boundary of a bounded strictly pseudoconvex domain D in CV, then V has boundary
regularity at every point of X and V has only isolated singularities in V' — X (cf. (25)). The
next fundamental question is to determine when X is a boundary of a complex sub-manifold in
CN, i.e., when V is smooth. In 1981, Yau (26) solved the classical complex Plateau problem for
the case n > 3 by calculation of Kohn-Rossi cohomology groups H %%(X ). More precisely, if X

is a compact connected strictly pseudoconvex C'R manifold of real dimension 2n — 1, n > 3, in



the boundary of a bounded strictly pseudoconvex domain D in C**!. Then X is a boundary of
the complex sub-manifold V' C D — X if and only if Kohn-Rossi cohomology groups H%(X)
are zeros for 1 < g <n — 2 (see Theorem 3.3.0.1).

For n = 2, i.e. X is a 3-dimensional C'R manifold, the classical complex Plateau problem
remains unsolved for over a quarter of a century. The main difficulty is that the Kohn-Rossi
cohomology groups are infinite dimensional in this case. Let V' be a complex variety with X as
its boundary. Then the singularities of V' are surface singularities. In (27), the holomorphic De
Rham cohomology, which is derived form Kohn-Rossi cohomology, is considered to determine
what kind of singularities can happen in V . In fact, in (28), Tanaka introduced a spectral
sequence FPY(X) with F"?(X) being the Kohn-Rossi cohomology group and E§ Y(X) being
the holomorphic De Rham cohomology denoted by H ,]f(X ). So consideration of De Rham
cohomology is natural in the case of n = 2. Luk and Yau introduced s-invariant (cf. Definition
3.2.1.2 below) for isolated singularity (V,0) and proved a theorem in (27) that if (V,0) is a
Gorenstein surface singularity with vanishing s-invariant, then (V,0) is a quasihomogeneous
singularity whose link is rational homology sphere. In (27) they proved that if X is a strictly
pseudoconvex compact Calabi-Yau C'R manifold of dimension 3 contained in the boundary of
a strictly pseudoconvex bounded domain D in CV and the holomorphic De Rham cohomology
H ,% (X) vanishes, then X is a boundary of a complex variety V' in D with boundary regularity and
V has only isolated singularities in the interior and the normalizations of these singularities are
Gorenstein surface singularities with vanishing s-invariant (see Theorem 3.3.0.4). As a corollary

of this theorem, they get that if N = 3, the variety V bounded by X has only isolated quasi-



homogeneous singularities such that the dual graphs of the exceptional sets in the resolution
are star shaped and all the curves are rational (see Corollary 3.3.0.5). Even though, one
cannot judge when X is a boundary of a complex manifold with the vanishing of H?(X), it
is a fundamental step toward the solution of the complex Plateau problem. Since there is a
unique complex variety V' such that the boundary of V is X, we can define the s-invariant
s(X) as the sum of all the s-invariants of the singularities of V. It is easy to see that s(X)
is a CR invariant. In this paper we introduce two new C'R invariants f(')(X) and ¢(tY(X)
which have independent interest besides their application to complex Plateau problem. These
new invariants together with s-invariant will have enough information to give a necessary and

sufficient conditions for the variety V' bounded by X being smooth.

1.2 Main results

In the first part of this paper, we introduce a higher order Bergman functions on domains in
varieties which are global invariants. These Bergman functions are used to prove that biholo-
morphisms between two bounded complete Reinhardt domains are necessarily special linear
maps. We construct an infinite family of numerical invariants for complete Reinhardt domains
in Aj,-variety. Our numerical invariants are able to distinguish any two bounded complete
Reinhardt pseudoconvex domains with real analytic boundaries or any two bounded complete
Reinhardt strictly pseudoconvex domains in A,-variety. Thus the moduli spaces of bounded
complete Reinhardt pseudoconvex domains with real analytic boundaries or any two bounded
complete Reinhardt strictly pseudoconvex domains in A,-variety are constructed explicitly as

the image of this complete family of numerical invariants. Because each bounded complete



Reinhardt domain in A,-variety corresponds to a unique bounded complete Reinhardt domain
in C?, we have also constructed the moduli space of a large class of bounded complete Reinhardt
pseudoconvex domains in C2.

Before stating our result, let us recall some notations.

An open subset D C C" is a complete Reinhardt domain if, whenever (z1,- - , z,) € D then
(&121,- -+ ,&nzn) € D for all complex numbers §; with |€;] < 1.

Let V, = {(z,y,2) € C3: xy = 2"}, Tt is well known that V,, is the quotient of C2 by a
cyclic group of order n+ 1, i.e. 6.(z1,22) = (d21,90"22), where 0 is a primitive (n + 1)-th root of

unit. The quotient map 7: C2 — V is given by m(z1,22) = (271”1, 272”1, 2122).

Definition 1.2.0.1. An open set V in the A,-variety V,, = {(w,y,2) € C3: 2y = 2"} s

called a complete Reinhardt domain if 7=1(V) is a complete Reinhardt domain in C2.

Recall that the minimal resolution M\; of ‘771 consists of n + 1 coordinate charts I/IN/k =C2=
{(ug,vk)},k = 0,1,--- ;n. The space of holomorphic two forms on M, has a basis {bap =
u(o)‘vg dug Ndvg : oo > 158} Let M (C M;) be the resolution of complete Reinhardt domain V'

in V,,. In what follows, we shall use notation éasllds for [1; dap A dap.

a—-"-p ni
Lot go = 190" |7
a—n=Lg_
[ Gasll llgool|* 1

and [T] be the maximal integer which is less than

T ecR.

Theorem A. Let Vi, i = 1,2, be two bounded complete Reinhardt domains in A,-variety

Vi = {(x,y,2) € C3: zy = 2"}, If Vi is biholomorphic to Va, then

g(avﬂ) = g(avﬂ) . g(na_(n_l)ﬁu(n+1)a_nﬁ)

)



C(a,ﬁ) — g(a,ﬁ) _‘_g(noz—(n—1)67(71—}—1)0[—715)7

n(a,p, Q) . (g(a,p) _ g(na—(n—l)p,(n+1)a—np)) . (g(a,q) _ g(na—(n—l)qﬁ(nﬂ)a—nq))

and
wlan02,p1,p2) (g(al,m) _ g(nal—(n—l)p17(n+1)a1—np1)) )
(g(a27p2) _ g(nCllQ*(’rL*1)p27(77,%»1)(1277”)2))7
where
1
0421704/ n ﬂ70<p7q<|:n+ a:|7p7éq7
1
0<p < |:77,+ Oéi:|7ai >1,m 7é ag,t=1,2,
n

are all invariants, i.e.

o, o, o, a,f a,p, a,p,
e = g9, (o) = (P i) = pleora),

(a1, 00,p1,p2) _ w(ahaz,phpz)
1% A %) ’

where
1
a>la>— ﬂjoép,qé[njL a],p#%
n+1 n
1
0<pi < [n+ ai]yai>1aal7éa27i:172-
n
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The invariants in Theorem A determine completely the Bergman function up to automor-

phisms of A,-variety.

Theorem B. Let V;, i = 1,2, be two bounded complete Reinhardt strictly pseudoconvex (re-

spectively C*-smooth pseudoconvex) domains in V, = {(z,y,2) € C3: xy = 2" Y. If

é"(/?:ﬁ) — 5‘(};7ﬁ), C‘(/l 75 C Oé ﬁ)’ nVlvp q) — n%ﬂP#])j

(a1,a2,p1,p2) _ w(oéhazaphpz)
)

i Ve
where
azla /n+16, <P 4 <[n+1 ]p#q,
ngig[nzlaz], > 1lar #ag,i=1,2,

then there exists an automorphism W = (11,12,13) of Ay-variety f/\; = {(z,y,2) €C3: x

2" given by either

(1/’171/’271/)3) =

<||¢10||M2 ldoollar,  Nldnmiillag,  Neoollar,  lld1llan lléoollar Z)
b

Igoollazs lér0llar, =" lldoollar,  lénntillar ™ ldoollas, lI@rallar,

or

(¢17¢27¢3) =

<||¢10||M2 l[¢00llar, Inn+illar, [|Goollar  |I¢11llaz, lIdoollar, Z)

Poollazs Pnntllan, ™ lNdoollar,  llérollar,  [Ioollas |11,
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such that ¥ sends V7 to Vs.

As an immediate corollary of Theorem B above, we have the following theorem.
Theorem C. The moduli space of bounded complete Reinhardt strictly pseudoconvez (respec-
tively C¥-smooth pseudoconvez) domains in An-variety V, = {(z,y,2) € C3 : zy = 2"} s
given by the image of the map ® : {V : V a bounded complete Reinhardt strictly pseudoconvex

(respectively C¥-smooth pseudoconvex) domain in V;} — R, where the component function of

® are the invariant functions

5(045)7 C(a,ﬁ) 7 n(a,p,q)w(m, az,pl,p2)7

1
a>l o T _3,0<p, ¢ [n+ a],p#q,
n+1
1
0\p2< |:n+ al:|,051>1,0[1§é052,221,2
n

defined in Theorem A.

We are now ready to study a large class of complete Reindhartd domains in C2. The follow-
ing theorem says that the biholomorphic equivalence problem for bounded complete Reinhardt
domains in A,-variety f/vn is the same as the biholomorphic equivalence problem for the corre-
sponding bounded complete Reinhardt domains in C2.

Theorem D. Let 7 : C2 -V, = {(z,y,2) € C3 : 2y = 2"} be the quotient map given
ntl _n+l

by m(z1,22) = (217,257, z122). Let Vi, i = 1,2, be bounded complete Reinhardt domains

mn Vn such that W; = 7r_1(Vi),i = 1,2, are bounded complete Reinhardt domain in C2.
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Then Vi is biholomorphic to Va if and only if W1 is biholomorphic to Wa. In particular,
V1 s biholomorphic to Vs if and only if there exists a biholomorphism ® : Vi — Vi given by

®(x,y,2) = (a" Mz, 0"y, abz) or ®(x,y,2) = (" y, b" ", abz) where a,b > 0.
As a corollary of Theorem C and Theorem D, we have the following theorem .

Theorem E. (1) Let W = {W : W = 7= YV) where V is a bounded complete Reinhardt
domain in Ay-variety} be the space of bounded complete Reinhardt domains in C? which are

invariant under the action of the cyclic group of order n+ 1 on C2. Then

5(0‘7/6)7 C(a76)7 77(04,]77(])’ w(ah 06271717]?2)’

1
a>la>— ﬂ70<z9,c1<[%L a],p#%
n+1 n
n-+1 .
0<p; < il 0 > 1,00 # ag,i=1,2,

defined in Theorem A are invariants of W.

(2) Let Wp = {W : W = 7= Y(V) where V is a complete Reinhardt pseudoconvex C*-smooth
domain in Ap-variety} and Wsp = {W : W = 7= Y(V) where V is a complete Reinhardt strictly
pseudoconver domain in Ay -variety}. Then the moduli space of Wp (respectively Wsp ) is given
by the image of the map i); : Wp — R (respectively i;s; : Wsp — R*), where the component

functions offf; (respectively i;g;) are the invariant functions

5(04:5)’ C(aﬁ)’ n(a,pﬂ), wlen a27p1,p2)’
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n n+1
azlaz B,0<p, q [ a],méq,
n-+1
1
O\p1< |:n+ ai],ai>l,a17§a2,i:1,2,
n

defined in Theorem A. In particular, the moduli space of Wp (respectively Wsp ) is the same as
the moduli space of bounded complete Reinhardt pseudoconvex C*-smooth domains (respectively
bounded complete Reinhardt strictly pseudoconvexr domains) in A, -variety V, = {(z,y,2) € C3:

ry = 2",

We allso show that Yau’s Bergman function theory can also solve the biholomorphic equiv-
alence problem or moduli problem for complete Reinhardt pseudoconvex domains in C" for
all n > 2. In order to describe the complete biholomorphic invariants of bounded complete
Reinhardt domains in C", we introduce the following notations. Let S, be the symmetric
group of degree n. Recall that the group ring R[S,] is a ring of the form R[r,7o,..., 7]
with 7; € S, for 1 < i < n!. Let Zx,n and Zyjrj, where z;,y; are in R, be two ele-

i j

ments in R[S,]. Then (3 xim) (> y;75) == Y. zy;(7 - 7;), where 7; - 7; is the product in the
i J 63

group S,. We shall consider R[S,] x --- x R[S,] the product of the group ring with itself.

Such a product has a natural S,,-module structure in the following manner. Let o € S,, and

(E TiTiy o Zyin) S R[Sn} X e X R[Sn] Then

g <in7'i7~-azyi7'i> = (in(TiU),...,Zyi(TiU)> . (1.2.1)
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Definition 1.2.0.2. Two elements f,g in R[S,] x --- x R[S,] are said to be equivalent and
denoted by f ~ g if there exists a o € S, such that o(f) = g.
Before we can describe our main results, we need the following notations. Let & = (aq, ..., ap)

n

be an n-tuple of nonnegative integers. Denote ¢z = <H zf”) dz1 Ndze N\ --- Ndzy,. For a do-
i=1

main D in C". We shall use notation ||¢z H% = fD ¢a N ¢5. In this paper, we show that

all the biholomorphic invariants of a bounded complete Reinhardt domain are contained in

(R[S,] x --+ x R[S,])/ ~ where there are n! copies of R[S,] and ~ is the equivalent relation

defined in Definition 1.2.0.2.

Theorem F. Let D be a bounded complete Reinhardt domain in C™. Let & = (aq,...,an) be

a n-tuple of nonnegative integers. For any T € S,,, denote

S I o o
gp(@) = —02 ) (1.2.2)

n Ar(4
IT Il [l

i=1

where T(&) = (Qr(1y, - -+, Qr(ny) and € = (0,...,0,1,0,...,0) with 1 in the ith component. Then

for all n-tuples of nonnegative integers Bi, .. B, gl’""ﬁ"! =(> gb(@)T, cey gg(ﬁng)r)
TESK TES

as an element in (R[S,] x -+ x R[S,])/ ~ is a biholomorphic invariant. In fact, if D1 and Do

are two such domains which are biholomorphically equivalent, then there exists a o € S, such

that g5, (d) = gp2 (d) V1 € Sy and Y& n-tuple of nonnegative integers.

The invariants in Theorem F are complete invariants for bounded complete Reinhardt pseu-

doconvex domains with C' boundaries.
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Theorem G. Let D;, i = 1,2, be two bounded complete Reinhardt pseudoconvex domains in

C" with C! boundaries. If for all @, ..., @, n-tuples of nonnegative integers, 5%1'"’07"’ = gglz""’&"’

in (R[Sn] x -+ x R[S,])/ ~, where €5 = (S g7(@1)7,..., 3 gp, (Gw)7), then there

TESH TESH
exists o € S, and a biholomorphic map
\I]U(zlv 7Zn) — (alzo(l)v . 7anzo(n)) )
where a; = M, such that ¥, sends D; onto Ds.

6, 5, 101 9510,

Theorem F and Theorem G above give a complete characterization of two bounded complete
Reinhardt domains in C™ to be biholomorphically equivalent in terms of the quotient of group
ring (R[Sp] x---xR[Sy,])/ ~. In case n = 2, we can actually write down the complete numerical

invariants for two bounded complete Reinhardt in C? to be biholomorphically equivalent.

Theorem H. Let D;, D> be two bounded complete Reinhardt pseudoconvex domains in C?

with C! boundaries. Then D is biholomorphic to D5 if and only if

gp, (a1, a2) + gp, (a2, 1) = gp, (a1, ) + gp, (2, aq) (1.2.3)

gp, (a1, 22)gp, (a2, 1) = gp, (a1, 2)gp, (2, 1) (1.2.4)

(9D, (@1, 02) = gp, (@2, a1)) (9D, (B1, B2) — 9D, (B2, B1))

= (9p, (a1, a2) — gp, (a2, 1)) (gD, (B1, B2) — gD, (B2, B1))  (1.2.5)
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for all nonnegative integers «;, (3;, where

-1
_ l5ll5, " ld(anan 10

2 .
[T lloe I,
=1

gp, (a1, a2)

Corollary I. The moduli space of bounded complete Reinhardt pseudoconvex domains with C*
boundaries in C? can be constructed explicitly as the image of the complete family of numerical

invariants:

gp(ai,a2) + gp(ag, aq),

gp(a1,a2)gp(az, o),

and

(9p(a1, a2) — gp(az,a1)) - (9p(B1, B2) — g2(B2, £1))

V «;, B; nonnegative integers.

In order to find the complete numerical biholomorphic invariants of bounded complete
Reinhardt domain in C™ for n > 3, we need to consider the finite symmetric group S, =
{01,09,...,0,} of degree n acting on the affine space C*™ = C™ x --. x C™, which is the

product of n! copies of C™, in the following manner. Let 7 € S,, and

. . n! n! __ m~nln!
(Xoys-e s Topyie i Yors e -y Yo,,) €CT X o x C = C™™.,
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Then 7(Toy, - s Zopse i Yoo s Yo) = (Torrs ey Topyri-w 3 Yorrs - - Yo,ur)- Since Sy, is lin-
early reductive, by Hilbert Theorem, the ring of invariants Clzs,,...,Z¢,;- Yoy, - - - ,ygn!]sn

is finitely generated.

Theorem J. Let fi,...,fn € ClToy,---To 5 i Yoys--- Yo, )" be the generators of the ring
of invariant polynomials. Let D be a bounded complete Reinhardt domain in C". Then, for

Qy,do,. .., a0, n-tuples of nonnegative integers,

fl(g%(&1)7 o ag%(&n!))oesnv cee 7fN(g%(621)7 oo 79%(6271!))06571

are biholomorphic invariants, where

S 1 N (PR
gD(ﬁ) = ln_I ”(ZS_‘.Hﬁa(i) ) 5: (/817527"'7/871)'
P

The following theorem says that the above invariants are actually complete in case the

domain D is pseudoconvex.

Theorem K. Let D;, i = 1,2, be two bounded complete Reinhardt pseudoconvex domains in

C" with C! boundaries. Let f1,..., fN € ClZoys- s To, 5 -5 Yoir- - Yo, )" be the generators
of the ring of invariant polynomials. If for all &y, ..., &, n-tuples of nonnegative integers
fi(g%l (&l)a R 79%1 (&n!))aesn = fl (9%2 (0_21)7 S 79%2 (&n!))gesn 5

i=1,2,...,N,
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then there exists 7 € S, and a biholomorphic map ¥..: C* — C",

\IJT(Zl, ey Zn) = (alzT(l), NN ,anzT(n)),

where

_#gllo, 1¢e 1 o,

" e, IllglD,”

such that ¥, sends D1 onto Ds.

Corollary L. The moduli space of bounded complete Reinhardt pseudoconvex domains with
C! boundaries in C" can be constructed explicitly as the image of the complete family of

numerical invariants:

fi(g%(&l)a---79%(&n!))065n7 1 <Z<N7

where a1, ...,d, are all possible n-tuples of nonnegative integers.

For complete Reinhardt pseudoconvex domains with real analytic boundaries, we can use
fewer numerical invariants to characterize these domains. More precisely, we have the following

theorems.

Theorem G'. Let D;, i = 1,2, be two bounded complete Reinhardt pseudoconvex domains in

C™ with real analytic boundaries. Then D; is biholomorphically equivalent to Ds if and only if
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for all & n-tuple of nonnegative integers, 5%1 = 5%2 in R[S,]/ ~, where 5%1_ = > gp,(@)7. In
TESn

this case, there exists o € .5, and a biholomorphic map

Wy (215- -5 2n) = (@126(1)5 - - - AnZo(n));

95l Dy l| D2l D,

, such that ¥, sends Dy onto Ds.
162, |01 [| 5] D2

where a; =

Theorem H'. Let Dy, Dy be two bounded complete Reinhardt pseudoconvex domains in C?

with real analytic boundaries. Then D; is biholomorphic to D5 if and only if
9o, (a1, 2) + gp, (a2, 1) = gp, (a1, a2) + gp, (a2, a1)

gp, (a1, a2)gp, (a2, 1) = gp, (a1, a2)gp,(az,a1)

for all nonnegative integers o, ao, where

-1
sl b anllp;

2 .
IT lle; I,
j=1

gp, (a1, o)

Theorem K'. Let D;, i = 1,2, be two bounded complete Reinhardt pseudoconvex domains in

C™ with real analytic boundaries. Let

f17"'7fN € (C[xUN""mo—n!]S”
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be the generators of the ring of invariant polynomials. Then D; is biholomorphically equivalent

to Ds if and only if for all & n-tuples of nonnegative integers

fil9D, (@)ses,) = fi(9D,(@))ses,,

i=1,2,...,N.

In this case, there exists 7 € S,, and a biholomorphic map ¥,: C" — C" W (z1,...,2,) =

(alzT(l)ﬂ cee anZT(n))7 where a; = HQSﬁHDl H(ba HD2 )
@, 101 1961 D2

such that W, sends D onto Ds.

In the second part of this paper, 2-dimensional complex Plateau problem is solved. We in-
troduce two new C'R invariants f(»1)(X) and g(") (X) which have independent interest besides
their application to complex Plateau problem. These new invariants together with s-invariant
will have enough information to give a necessary and sufficient conditions for the variety V'

bounded by X being smooth.

Theorem M. Let X be a strictly pseudoconvex compact Calabi-Yau C R manifold of dimension
3. Suppose that X is contained in the boundary of a strictly pseudoconver bounded domain D
in CN. Then X is a boundary of the complex sub-manifold V. C D — X with boundary regularity

if and only if s-invariant s(X) and fOD(X) or g0V (X) vanish.

Corollary N. Let X be a strictly pseudoconvex compact C R manifold of dimension 3. Suppose

that X is contained in the boundary of a strictly pseudoconvex bounded domain D in C3. Then
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X is a boundary of the complex sub-manifold V- C D — X if and only if s-invariant s(X) and

f(lzl)(X) or g(l’l)(X) vanish.

Although s(X) and f(bV(X) are CR invariants, it is not clear how to compute them directly
on X. Corollary O and Corollary P can be used to determine if X is a boundary of the complex

sub-manifold of D — X by using information solely on X.

Corollary O. Let X be a strictly pseudoconver compact Calabi-Yau C R manifold of dimension
3. Suppose that X is contained in the boundary of a strictly pseudoconvexr bounded domain D
in CN with H3(X) = 0. Then X is a boundary of the complex sub-manifold V.C D — X with

boundary regularity and the variety is smooth if and only if g(l’l)(X) =0.

Corollary P. Let X be a strictly pseudoconvexr compact C' R manifold of dimension 3. Suppose
that X is contained in the boundary of a strictly pseudoconvex bounded domain D in C* with
H}(X) = 0. Then X is a boundary of the complex sub-manifold V. C D — X if and only if

gD (X) =0.

1.3 Organization

Chapter 2 is about moduli space of bounded complete Reinhardt domains.
In section 2.1, we introduce the higher order Bergman functions which are biholomorphic
invariants. In section 2.2.1, we show how to write down the k-th order Bergman functions

(1,0) which we need to

for domains on A,-variety and recall the fundamental CR-invariant v
use later. In section 2.2.2, we determines all possible biholomorphisms between two domains

in A,-variety. In section 2.2.3, we use higher order Bergman functions to construct numerical
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invariants in Theorem A. Moreover, in Theorem B, we prove that the invariants in the Theorem
A determine the Bergman function up to automorphism of A,-variety. Theorem C, Theorem
D and Theorem E are proved also in this section. In section 2.2.4, we calculate some concrete
examples. In section 2.3.1, we construct continuous invariants of bounded complete Reinhardt
domains in C" and prove Theorem F and Theorem G (G’). In section 2.3.2, the Hilbert
14 problem is discussed and complete continuous numerical invariants of bounded complete
Reinhardt pseudoconvex domains are constructed. Theorem H (H’), Theorem J and Theorem
K (K’) are proved in this section. In section 2.3.3, we give applications to some concrete
examples.

Chapter 3 is about complex Plateau problem. In section 3.1, we shall recall the definition
of holomorphic De Rham cohomology for a C'R manifold. In section 3.2, after recalling several
local invariants of isolated singularity, we introduce some new invariants of singularities and

new C'R invariants for C'R manifolds. In section 3.3, we prove the main theorems in chapter 3.



CHAPTER 2

MODULI SPACE OF BOUNDED COMPLETE REINHARDT DOMAINS

2.1 Preliminaries

In this section, we shall recall some basic definitions and results in the paper (22) which
will facilitate our subsequent discussion. We also take this opportunity to correct some small
mistakes in (22).

Recall that a complex manifold M is called pseudoconvex if there is a compact set B in
M, and a continuous real valued function ¢ on M, which is plurisubharmonic outside B and
such that for each ¢ € R, the set M, = {z € M: ¢(x) < ¢} is relatively compact in M. If
¢ is C?, “plurisubharmonic” is equivalent to that Hessian of ¢ is positive semi-definite. We
call M strictly pseudoconvex if Hessian of ¢ is positive definite and then ¢ is called strictly
plurisubharmonic . Note that a strictly pseudoconvex complex manifold is a modification of a
Stein space at a finite many points.

Let M be a pseudoconvex complex manifold and A be a compact complex analytic variety

in the interior of M.

Definition 2.1.0.3. Let F)s (respectively, Fis 4) be the space of all L2-integrable holomorphic
n-form on M (respectively, vanishing at the compact analytic subset A in M). Let {w;}

(respectively, {wJA}) be a complete orthonormal basis of Fis (respectively, Fis a). The Bergman

23
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kernel (respectively, Bergman kernel vanishing at A) is defined to be K/ (z) = > wj(2) Aw;(2)
J

(respectively, Kpra(z) = Zw]A(z) A w;‘(z)).
J

Lemma 2.1.0.4. (a) Bergman kernel K/ 4(z) vanishing at the compact analytic subset A is
independent of the choice of the complete orthonormal basis of Fis 4.
(b) Let ®: (My, A1) — (Ma, Az) be a biholomorphic map such that ®(A;) = As. Then

Ky, (2) = @Ky 4, (2).
Definition 2.1.0.5. The Bergman function By 4 on M is defined to be Kpra(z)/ K (2).
The following Theorem 2.1.0.6 can be found in (22).

Theorem 2.1.0.6. Let A; (respectively As) be compact analytic variety in complex manifold
M, (respectively My). If ®: (M;, A1) — (Ma, Az) is a biholomorphic map, then By, a,(2) =

By, 4, (®(2))-

For a special case, let V be a Stein variety of dimension n > 2 in CV with only irreducible
isolated singularities. We assume that OV is a smooth CR manifold. Let 7: M — V be a
resolution of singularity with E as an exceptional set. We shall define the k-th order Bergman

function B](\Z) (z) on M which is a biholomorphic invariant of M.

Definition 2.1.0.7. Let F' (respectively, Fy.) be the set of all L? integrable holomorphic n-forms
U on M (respectively, vanishing at least the k-th order on the exception set E of M ). Let {w;}
(respectively, {wj(k)}) be a complete orthonormal basis of F (respectively, Fy). The Bergman

kernel (respectively Bergman kernel vanishing on the exceptional set of k-th order) is defined to

be K(2) = S w;(2) Awj(z) (respectively, K®)(z) = ij(-k)(z) A w](»k)(z).
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The proofs of the following two Lemmas are exactly the same as those in (22).
Lemma 2.1.0.8. F/F}, is a finite dimensional vector space.

Lemma 2.1.0.9. Bergman kernel vanishing on the exceptional set of k-th order K(k)(z) 18
independent of the choice of the complete orthonormal basis of Fj and K(k)(z) is tnvariant

under biholomorphic maps.

Definition 2.1.0.10. Let M be a resolution of a Stein variety V of dimension n > 2 in CN
with only irreducible isolated singularity at the origin. The k-th order Bergman function B](\f[)

on M is defined to be K](\f})/KM.

The proof of the following Theorem 2.1.0.11 is the same as the proof in Theorem 2.5 of (22).
However, the last statement of Theorem 2.5 of (22) is not true in general (for example for some
special weakly elliptic singularities). It is true when the canonical bundle is generated by its
global sections in a neighborhood of the exceptional set, which is automorphically satisfied if

V' has only rational surface singularities.

Theorem 2.1.0.11. B](\f}) s a global function defined on M which is invariant under biholo-
morphic maps. Moreover, B](\f[) is nowhere vanishing outside the exceptional set of M. If the
canonical bundle is generated by its global sections in a neighborhood of the exceptional set, then

the zero set of the k-th order Bergman function B](\f[) 1s precisely the exceptional set of M.

The same argument of the proof of Theorem 1 in (29) will prove the following theorem.

Theorem 2.1.0.12. Let M be a strictly pseudoconvex complex manifold of dimension n > 2

with exceptional set E. Let A be a compact submanifold contained in E. Let w: My — M
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be the blow up of M along A. Then we have K](\Z(z) = W*K](\Z)(z) and Ky, (2) = 7Ky (2).

Consequently B](\f,z(z) = W*B](\f[)(z).

Let m;: M; — V', i = 1,2, be two resolutions of singularities of V. By Hironaka’s theorem
(30), there exists a resolution 7: M — V of singularities of V such that M can be obtained
from M;, i = 1,2, by successive blowing up along submanifolds in exceptional set. In view of
Theorem 2.1.0.11 and Theorem 2.1.0.12, the following definition is well defined if the canonical
bundle is generated by its global sections in a neighborhood of the exceptional set. Moreover

we can get Theorem 2.8 easily.

Definition 2.1.0.13. Let V be a Stein variety in CV with only irreducible isolated singularities.
Let m: M — V be a resolution of singularities of V' such that the canonical bundle is generated
by its global sections in a neighborhood of the exceptional set. Define the k-th order Bergman

function B‘(/k) on 'V to be the push forward of the k-th order Bergman function B](\f[) by the map

Theorem 2.1.0.14. Let V be a Stein variety in CN with only irreducible isolated singularities.

Assume that there exists a resolution M of singularities of V' such that the canonical bundle is

generated by its global sections in a neighborhood of the exceptional set. Then the k-th order
(k) (k)

Bergman function By,” on V' is invariant under biholomorphic maps and By, vanishes precisely

on the singular set of V.

For the convenience of the readers, we recall the following three important theorems.
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Theorem 2.1.0.15. ((23)) A biholomorphic mapping between two strictly pseudoconvex do-
mains is smooth up to boundary and the induced boundary mapping gives a CR-equivalence

between the boundaries.

Theorem 2.1.0.16. ((24)) Two n-dimensional bounded Reinhardt domains D1 and Dy are mu-
tually equivalent if and only if there exists a transformation ¢ : C" — C" given by z; —

TiZoi)(ri > 0,4 =1,--- ,n and o being a permutation of the indices i) such that ¢(D1) = Da.

Proposition 2.1.0.17. ((31)) The Bergman kernel blows up at every boundary point in a

pseudoconvex domain with C'-bounding in C".

2.2 Moduli space of bounded complete Reinhardt domains in A,-variety

In this section, we will consider bounded complete Reinhardt domains in A,,-variety.

Let us recall some notations first. An open subset D C C" is a complete Reinhardt domain if,
whenever (z1,---,2,) € D then ({121, -+ ,&n2n) € D for all complex numbers §; with |£;| < 1.

Let V,, = {(z,y,2) € C3: zy = 2"}, It is well known that V,, is the quotient of C2 by a
cyclic group of order n+ 1, i.e. 0.(z1,22) = (0z1,0"22), where ¢ is a primitive (n + 1)-th root of

unit. The quotient map 7 : C2 — V is given by m(z1,22) = (z{‘“, zgﬂ, 2122).

Definition 2.2.0.18. An open set V in the A,-variety V,, = {(z,y,2) € C3 : xy = 2"} is

called a complete Reinhardt domain if m=1(V') is a complete Reinhardt domain in C2.

2.2.1 Continuous invariant k*" order Bergman function

Let X be a strictly pseudoconvex CR manifold of real dimension 2n — 1. It is well known

(19) that X can be CR embedded into CV if n > 3. For any embeddable strictly pseudo-
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convex CR manifold of real dimension at least 3, the famous theorem of Harvey and Lawson
(21) implies that X is a boundary of a variety V in CV for some N such that V has only

isolated normal singularities.

Proposition 2.2.1.1. ((22)) Let X1, X2 be two strictly pseudoconver CR manifolds of di-
mension 2n — 1 which bound varieties Vi, Va respectively in CN with only isolated normal
singularities. If ®: X1 — Xs is a CR-isomorphism, then ® can be extended to a biholomorphic

map from Vi to Va.

In view of the above Proposition 2.2.1.1, if X; and X5 are two strictly pseudoconvex CR
manifolds which bound varieties V7 and V5 respectively with non-isomorphic singularities, then
X1 and X3 are not CR equivalent. Therefore to study the CR equivalence of two strictly
pseudoconvex CR manifolds X; and X5, it remains to consider the case when X; and X
are lying on the same variety V. The purpose of this section is to show that our global
invariant Bergman function of k-th order defined in section 2.1 can be used to study the CR
equivalence problem of smooth CR manifolds lying on the same variety. As an example, we shall
show explicitly how CR manifolds varies in the A,-variety V, = {(z,y,2) € C3: f(z,y,2) =
ry — 2" = 0}. An explicit resolution 7: Mn — ‘771 can be given in terms of coordinate charts

and transition functions as follows:

Coordinate charts: W, = C? = {(ug, o)}, k=0,1,--- ,n.
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1

2
Uk+1 = U* U = Uk+1"Vk+1
Transition functions: k or
9 1
V41 = UgVg Vi =
Uk+1
Resolution map: 7 (ug,vg) = (u’,j“v’g,uz_kvzﬂ_k,ukvk) or
_ n, n+l _ _ n+l,n
(xayaz) - (UOaUOUO 7u0/UO) _ = (Un Un,Un,Un’Un)

Exceptional set: E =7 '(0) = Cy = {ug_1 = 0} U {v = 0},

k=1,---,n.

From now on, we suppose V to be a bounded complete Reinhardt domain in Vn Then
let M =7 Y(V) = Up_oWk, where W), = (V)N Wk, k =0,1,--- ,n. Observe that under
mi=T7|p: M — V, Wp\Ci is mapped biholomorphically onto V'\y-axis. In particular M\Wj is
of measure zero in the obvious sense. Hence, we may compute integrals on M using the (ug, vg)
coordinate on the chart Wy alone.

The following proposition is a general consequence of the proof of Proposition 3.2 of (22)

(also cf. Proposition 8 in (29)).

Proposition 2.2.1.2. In the above notations, let ¢po3 = ug‘vg dug N dvg, o, 80 = 0,1,2,....

Pap . _n_ ; _Pap . n_
Then {||¢aﬁI\M oz n+1ﬂ} 1s a complete orthonormal base of F' and {II%BHM o> n+15 and
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a > k} is a complete orthonormal base of Fy. Therefore the Bergman kernel vanishing on the

exceptional set of k-th order K](\f[) and the Bergman kernel Ky; are given respectively by:

KJ(\? (uo,v0) = @5\? dugp A dvg A dug A dvg

where
o) _ Juo[** ol
v= 2 [faslliy
oz ep NTOPIM
azk
and
K (uo,vo)

1 20, 28
=it 2 MJ%)E\? dug A dvg A diig A dtg (2.2.1)
ool [@asll
001l pr a?#ﬁ ol || p
1<agk—1

The following results generalize Theorem 3.3 in (22).

Theorem 2.2.1.3. In the above notations, the k-th order Bergman function for the strictly

pseudoconvex complexr manifold M is given by

o®
B (ug, v) = M (2.2.2)

n Z |Uo\2a\vo|2ﬂ
¢M)2 n ¢
| pool| i | ¢asll3s

a>l
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The k-th order Bergman function for the variety is given by

(k)
k C)
( - @9)
pooll3,
where
20— 208 28
k || AT [y [T
o) — 3 : (2.2.4)
o Nl
a>k
Ky _lléool, 05

so Equation 2.2.2 follows immediately. Recall

k)
Proof: B! ug, Vo) = AL =
M ( ) ) K 1+H¢00H?M@SL14)’

that the resolution map is given by (z,y,z) = (uo,ugvgﬂ,uovo). Then Equation 2.2.3 and

Equation 2.2.4 follow from Equation 2.2.2. Q. E. D.

2.2.2 Biholomorphic maps between two bounded complete Reinhardt domains in

A,-variety

Lemma 2.2.2.1. Let V be a complete Reinhardt domain in the A, -variety V; Any biholo-

morphism U = (¢1,19,13): V. — V has the following representation

Y1 (x,y,2) ain a2 a3 x
Yo(x,y,2) | = a2 az ass Y
Y3(x,y, 2) asz; asy as3 z

+ higher order terms in x, y and z.



If n =1, the constants satisfy the following equations

2
ayraz; —agy” =0

20
a12a22 — az2” =

2
a13a23 — a33” + arjaz + ajza — 2asjazz =0
aiiaz3 + aizazr — 2azjazz =0
a12a23 + a13az2 — 2azzazz =0

det(aij) 75 0

If n > 1, the constants satisfy the following equations

ai1a =0
aizaze =0
aizazz =0

ai1a23 +aizas =0
a12a23 + aizaz =0

n+l __
aiiaze + aizaz1 — az3 - =0

det(aij) 75 0
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(2.2.5)
(2.2.6)
(2.2.7)
(2.2.8)
(2.2.9)

(2.2.10)

(2.2.11)
(2.2.12)
(2.2.13)
(2.2.14)
(2.2.15)
(2.2.16)

(2.2.17)

Proof: The case of n = 1 has been proved in (22). For n > 1, since ¥: V' — V', we have

i(x,y, 2)e(x,y,2) — ;’H_l(.r, y,z) = 0. By looking at the quadratic part of this equation and
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the fact that zy = 2", we obtain (a1 + aioy + a132) (a1 + azy + a32) fag?f%y = 0. Then

the lemma follows easily.

Q. E. D.

Proposition 2.2.2.2. Let V;, i=1,2, be two complete Reinhardt domains in V, = {(z,y,2) €

C3:ay = 2"t} Let My =7 1(V;), i = 1,2. Suppose that W: Vi — Va is a biholomorphic map

given by ¥(x,y, z) = (a112 + a12y + 132, a21 T + azey + a3z, az1x + asey + assz) + higher order

term. Then

[dooll3s, 5 lldoollis,
5 lan|”+ 2
1015, 1115,
H¢00H?\42|a o lloollis,
TSR 12]° + ST
10115, 11115,
ldoolli,, o, lldoollis,
2 |a13| + 2
1054, o115,
ool 3z, g 0ol 3z,
2 2
1015z, | p1113s,
looll3, _  lldooll3s,
g 611013 + e
1054, P15,
[ Booll3s, e 00l 3z,
610113, ¢11ll3s,

| booll3 | booll3
lag1)? + 7]\%|a21|2 = 7@41
[Pnn+1ll3s, [ $10l5s,
o llooollis, > ool
|ag2|” + ——— 5 —las|" = ————3—
"¢n,n+1HM2 ||¢n,n+1HMl
|CL33|2—|— H(l)OOH%\/[2 |a23|2 _ ||¢00||?\/[1
[6nnt1l3s, 11113y,
| bool|3 .
a31a32 7M§ @910 =0
H¢n,n+1||M2
—looll3 .
a31a33 + 7]‘/[;61216123 =0
H¢’n,n+1||M2
lpoolli,
(32033 + 5 122023 = 0
H¢n,n+1||M2

Proof: Since By, (z,y, 2) = By, (¥(x,y, z)), we have

_ leooll3s,
10134,

||<2500||?\41‘$|2+ léooll3s, e léooll3s,

10131,

la1x + a2y + a13»’<7|2 +

|2

[6nnt1ll3s, 611113y,

ldool3s,
énn+1ll3s,

lag1x + agey + a232|2+

(2.2.18)

(2.2.19)

(2.2.20)

(2.2.21)

(2.2.22)

(2.2.23)
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ool

m|a31$ + azoy + 6133Z|2-
2

By comparing the coefficients of |x|?, |y|?, |z|?, =7, 2%, yZ, Ty, Tz and 7z, we can get the
identities immediately. Q. E. D.

Next we recall some results in (22).

Theorem 2.2.2.3. (22) Let V be a bounded complete Reinhardt domain in V= {(z,y,2) € C3:

xy = 22} such that OV is a smooth CR manifold. Let 7 : M — /Vvl be a resolution of/‘}; and M =

2
7~Y(V). With the notation in Proposition 2.2.1.2, V‘(},O) — |11,
@10l arl[ @12 ar

invariant of V in /T}I, i.e., if Vi and Va are two such bounded complete Reinhardt domains in

111131, 11113,

I¢10llan é12llan, — lldrollanlldrzllae’

is a holomorphic

where

ﬁ which are biholomorphically equivalent, then

M; =7"YV;),i=1,2.

Corollary 2.2.2.4. (22) Let V;,i = 1,2, be two bounded complete Reinhardt domains in Vi =
{(z,y,2) € C3: 2y = 22}. If the holomorphic invariant V‘(/ll’o) or V%’O) in Theorem 2.2.2.8 is not

equal to %, then the biholomorphic map U = (1,19,13): Vi — Vo must be one of the following

forms:

1. (1,9,v3) = (@117, asey, assz)+higher order terms and ags® = aj1ass, where ajiassass #

0.

2. (¥1,v2,13) = (a12y, a21x, azzz)+ higher order terms and as3® = a12a91, where ai1a22a33 #

0.
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The following lemma generalizes Corollary 3.8 in (22) and can be proved easily.

Lemma 2.2.2.5. Let V;,i = 1,2, be two complete Reinhardt domains in V, = {(z,y,2) € C3:
xy = 2"t where n > 1. Then the biholomorphic map ¥ = (11,2,13): Vi — Vo must be one

of the following forms:

1_
1 = ay1a92, where arazgass #

1. (Y1,v2,v3) = (a11x, agey, assz)+higher order terms and azs"
0.

+1

2. (1,v2,13) = (a12y, a21x, assz)+higher order terms and ass™ ™ = aj2a21, where ajjageaszs #

0.

Next we shall show that our Bergman function of order 1 can be used to determine the
biholomorphisms between two bounded complete Reinhardt domains in A, -variety.

Theorem 2.2.2.6. Let V;, i = 1,2, be two bounded complete Reinhardt domains in An-variety

V, = {(z,y,2) € C3: 2y = 2"}, Ifn =1 and 1/‘(/11’0) or 1/‘(/12’0) the holomorphic invariant

defined in the previous section is not equal to % orn > 1, then the biholomorphism ¥ from V

to Vo must be one of the following forms:

1
1. (Y1,2,¢3) = (@117, azey, aszz) and aly ' = arras,

where
’a11’ _ H¢10HM2 H¢00HM1 (2224)
l[oollns; l@r0llar,”
[oollasy (| dnntallar’
’CL 3’ _ ||¢11HM2 H¢OO”M1 . (2226)

~ poollaz N1t llar’
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2. (1,92,%3) = (a12y, a212, azzz) and aly™' = ajzasy,

where
00l a2z [|@nn+1llan,
[doollaz,  Id10llar,”

~ loollar, ll¢nallan,”

Moreover, if Vi is biholomorphic to Va, then

lpull! _ ¢z, (2.2.30)
||¢00||TJ\L/;11‘|¢10|‘M1 [énn+1llan ”gbOUHTJ@l||¢10||M2||¢n,n+1”M2

Proof: In view of Corollary 2.2.2.4 and Lemma 2.2.2.5, we know that ¥ = (11, ¥, 13) must

be one of the following forms:

+1

1. (¢1,%2,%3) = (a11, a2y, assz) + higher order terms and a33" ™" = aj1a2.

+1

2. (¢1,v2,13) = (a12y, a21x, azzz) + higher order terms and ass™ ™ = aj2a2;.
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We only need to get rid of the higher order terms in the statement of Corollary 2.2.2.4 and

Lemma 2.2.2.5. Recall that the Bergman function is of the form

e\

Nay) = 7 .
L _+e )
<||¢00|?\4 v

By

Since

BV1 ($,y, Z) = BVQ(\I’(%% Z))a
1
600 l35, ©% = lléool3, 04 - (2.2.31)

Putting forms (1) and (2) in the equality above and comparing the 3rd order terms, we see that
the 2nd order terms of (¢1,1)2,13) are zero. Repeating this argument, we see that (¢1,12,13)
has only linear terms.

Except for Equation 2.2.30, the rest of the theorem follows from Proposition 2.2.2.2, Corol-
lary 2.2.2.4 and Lemma 2.2.2.5. To see Equation 2.2.30, we have two cases.

In case (1), aggl = a11a92 and Equation 2.2.24, Equation 2.2.25, Equation 2.2.26 imply

1 1
I61l3s, Nooolin _ ldnmialne ldoollan  lldollae l@oollas
lgoollit Neunlift ldoollar,  Nonmrillan  ldoollar, d10llan

So Equation 2.2.30 holds.
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In case (2), aggl = a12a91 and Equation 2.2.27, Equation 2.2.28, Equation 2.2.29 imply

1 1
I¢nll3s, lbooll37, _ 1@nniallan [oollar, — lldoollar,  l¢10llar,
lgoollit Neunlit ldoollar, ldrollar I énmrillan idoollas

So Equation 2.2.30 holds. Q. E. D.

The following Corollary 2.2.2.7 corrects some misprints in Theorem 5.1 of (22) and gener-

alizes the case to A, type.

Corollary 2.2.2.7. Let V be a bounded complete Reinhardt domain in Ay, -variety V,, = {(z,y,2) €

C3 :xy = 2"}, Let V‘(/l’o) be the CR invariant defined in the Theorem 3.6. Then the auto-

morphism group of V for n = 1 and V‘(/LO) #+ % or n > 1 consists of biholomorphic map

U = (11,192,13) of the following forms:

1. (Y1,%2,13) = (a112, a2y, aszz), where |ai1| = |ag| = |asz| =1

2. (17[)17 wQa ¢3) = (a12y7 a1, a332);

610121 | ,_H¢n,n+1IIM| =1

where |ay1| = = ZnRr o
ol = Torolar

Now we are going to deal with the biholomorphism between complete Reinhardt domains

with V‘(/l’o) =

D=

Theorem 2.2.2.8. Let V;, i = 1,2, be two bounded complete Reinhardt domains in Ai-variety
Vi = {(z,y,2) € C° :wy = 2%}, If vy, or vy the holomorphic invariant defined in the
previous section is equal to %, then the biholomorphism ¥ from Vi to Vo must be one of the

following forms:
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1. (¢17w2’¢3) _ <€i91 H¢10HM2 H¢00HM1$ 0 ||¢12HM2 ||¢00HM1

lpoollaz, ldrollas boollaz, l|D12lla, ~

FRUEL P11z, [ P00l sy z)

@00l az, | 611 l[ar,

i0, 19121015 [ P00 01,
[ poollary ld10llar,

2. (b1, o, bs) = (6201 I é10llas dwollas,

lpoollas [|@12las,

i o Lol [owl, )

ool az, l11llasy

. 1 .
are Pagy e Wag +ai3
%Z)l r T
3 = 1 0 6 2160
o —eaz;  re'asp iae a3 Yy
)3 ar? +1 i0 z
asy asg 5 e’as
ar
where
_ _H¢10HM2 (2 2 32)
P12l a1,
a5y = 1900lls rllérollar, l| P12l ar, 031 (2.2.33)
[é10llar, [ @oollas, (721 d10laz, + [l P12]015)
azs = ||¢00||M1 T”¢10||M2||¢12||M2 ei@gg (2 2 34)
[@12llar, [ oollas, (P12]las, + 72 M10]|015)
[é11llan [[@oollas, (72|10, + [l P12][055)

0<r<oo,0<03,03, 0 <2m.
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Proof: By going through the proof of Theorem 3.7 in (22), we see that statements (1) and
(2) in the theorem follow directly from Theorem 2.2.2.6. The remaining case that we need to

deal with is the case 1 (b) in the proof of Theorem 3.7 in (22). Let us summarize the situation.

ooy eulh, 1 e loully, (2.2.36)
o dwlbellénlae 2 (gl ezl
1
1
ag2 = 12032, Q12 = EGSQ (2238)
r2 r2, 1 (2.2.39)
a = —qQ a = _— —_— a L.
23 " 13, 33 2 21 13
_ T _ _2”(;511”%\/[2 _ *||¢10HM2 (2 2 40)
T2 ¢2li |12/ 2,
rg=r e’ (2.2.41)
r = are~ ¥ — _ H¢10HM2 re— (2.2'42)
612/l az,

Putting Equation 2.2.37 into Equation 2.2.18, we get

1 1  looll3,

1> _
r1Plléalliy, | el

|as1 ||| dooll3
> lewlli, ol




By applying Equation 2.2.36 in the above equation we get

| poollar, 1] |10l a1, || P12l 01

laz1| =
p10llary N Poollar, (7112l P12llar, + lP10llaz,)

In view of Equation 2.2.42, we have

llpool| ar 7 [|d10 2z, | 9121|015
lp10llars ll¢00llar ([|@10llam72 + 12|02, )

lag1| =

Putting Equation 2.2.38 into Equation 2.2.19, we get

as? ldooll3s, ldoollas, — Ir2Plldoollis, | Ildoollis,
32 _
612113,

Ira22lp10ll5;, — Nennllis, 1213,

By applying Equation 2.2.36 in the above equation, we get

9 o |lo12ll3y, + 2Ir2Pll¢t0llan é12llan + |r2l*d10ll3,,
laz2|* || ool as,

22l P01l 912113,

In view of Equation 2.2.41, we have

= l[¢00llar, 7 l[¢10llas | P12l 2,

lasa| =
p12llar, [l@oollaz, (ld12llaz, + 72l é1022,)

41

(2.2.43)

_ l¢oollr,
120134,

(2.2.44)
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Putting Equation 2.2.39 into Equation 2.2.20, we get

ar? I0llir, | I¢oollas, | (rirz+ 1) | loollas, |72 |*| _ lldoollis,
Ier0ll3s, — llennlds, Afrq |2 Ip12ll3, 171 611113,
By applying Equation 2.2.36 in the above equation, we get
|CL13|2 =
ool 12l ¢10l13s, 1012013,

2 : 1+ 2
o12llar, Nooll2y, 1 2l1or203,, + 222 b1l as, |12l ar, + 72 2l b1012,

In view of Equation 2.2.41 and Equation 2.2.42, we have

2
lags] = [ doollar, r ||§10||M2||¢11||M2 (2.2.45)
[611llan, [1@oollar, (r2[|d10llar, + [[f12llaz,)
Putting Equation 2.2.37, Equation 2.2.38, Equation 2.2.39 into Equation 2.2.7, we get
47’1
a%?) = a31a32g (2.2.46)

Putting Equation 2.2.43, Equation 2.2.44and Equation 2.2.45 into Equation 2.2.46, we get

b O (2.2.47)

™
03 = — + 5L
B=51 5 2
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We have shown that

1 .
6 —i6
are "a —e "a +a
wl 31 r 32 13 P
(05 —e%azr  revasp iae a3 Yy
2
3 ar®+1 . 2
Q’Z) a3zl as9 iiQOz’l" ezealg
+ higher order terms (2.2.48)

where «, asi, ase, ai3, are described in Equation 2.2.32-Equation 2.2.35. It remains to prove

that all the higher order terms vanish. In view of Theorem 2.1.0.14, we have

By, (z,y,2) = By, (¥(2,y,2)). (2.2.49)

Putting Equation 2.2.48 into Equation 2.2.49 and comparing the 3" order terms in Equa-
tion 2.2.49, we see easily that the 2°¢ order terms of (t1,9,13) are zero. By repeating this

argument, we see that (41,12, 13) has only linear terms. Q. E. D.

2.2.3 Continuous numerical invariants of bounded complete Reinhardt domains

in A,-variety

In (22), we have succeeded in constructing the continuous numerical invariant of domains

2
in Aj-variety M0 = 1l from 1% order Bergman function. In this section, we

— lpwollalldrzllag

shall construct infinitely many continuous numerical invariants of domains in A,-variety from

Bergman function.
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Lemma 2.2.3.1. Let V;, i = 1,2, be two bounded complete Reinhardt domains in A,-variety
/‘7” ={(z,y,2) € C?: 2y = 2"} and M; is a resolution of V;. If (11,12,13) = (a112, azsy, azsz)

n+1l __
and azs = a11a22,

where

= [@10l[a15 [[ D00l 1y lazs| = [@nnt1llar, loollan

lai1| = =
boollaz, lP10llasy” lpoollae, | Pnnttllan’

_Ip11llaz, [[Poollar,
- )
| poollnsy [l11lar

|ass]

s a biholomorphism from Vi to Vs, then the following equations hold:

a4y 0 o) o8 o
P10l as, énntillir, @10l Pnn+1ll3z, S
a—11 31 a-"=4 51" “n+1

[@asllaz, P00/l ar, [Dasllaz, P00l ar,

Proof: From Equation 2.2.31 |]¢00||?\41@91) = ||¢00||?\42@§/12) , we have

: 2wy : [ 61
H¢OOHM1 Z H¢ ”2 = ||¢00||M2 Z H¢ H2
a?#ﬁ aB Il vy CM}#,@ aB 1l My
az>l az>l
. . 20— 218 28 .
Comparing the coefficients of |z|**™ »+1|y|»+T each side, we get

2q— 208 20— 208

P P i L

2 2 20— 218 20— 2nb
"¢aﬂ”M1 H‘baBHMz H¢10HM1 n+1 H‘bOOHMQ nt+1
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28

"’L+1 n+1

[ booll 37, H¢5nn+1||M2

2ﬁ
én,n+1ll 37, Hsbooll"“
Simplifying this equation, we get
”+lﬁ nf—l n+16 nf—l

10l ar, ™ N bnmsalliy, H¢10HM2 | Pnn+1llrr, > " g
n1p-1 21p-1 T n+17

||¢o¢ﬂ||M1||¢OOHM1 ||¢o¢ﬁ||M2||¢00||M2

Lemma 2.2.3.2. Let V;, i = 1,2, be two bounded complete Reinhardt domains in A,-variety

f/; ={(z,y,2) € C?: 2y = 2"} and M; is a resolution of Vi. If (11,19,13) = (a12y, a1z, assz)

n+l __
and azs = a12a21,

where

H¢10HM2 H¢00”M1 | | _ ||¢n,n+1||M2 H¢00”M1

|(112| = 1
H¢00HM2 Hﬁbn,n—HHMl? H¢00HM2 ”¢10HM1’

P11 a1, || Pool| sy
lboollas D11 llar,”

lass| =

s a biholomorphism from Vi to Vi, then the following equations hold:

8 £ g
b10l s, T | Pn, n+1H L P10l 37, o | pn n+1HM2”“

g6 1 nlg 1’
”(ba,@HM1”¢00HM1 +1 H(bnoc (n—1)8,(n+1)a— nﬂHMQH¢OOHM2 i



where

n
n—+1

3.

oz

Proof: From Equation 2.2.31, H¢00H?\41@§/11) = H¢00|’%42@%) , we have

2nB 243 _2n8 28
2 Bl +1|Z/‘"+1 2 |1 [ gy |5
o>y sl o>t Bl Mz
a>l azl

. . 9q_ 28 20 ,
Comparing the coefficients of |z|** ™ »+1|y|»+1 each side, we get

2nB 20 2ng
1 1
I6o0ll3s, [[éoollir, Hcf)oollMl " |’¢nn+1HM2 "
H%BH?WI H‘énaf(nfl)ﬂ,(nJrl)afn,@H%@ H¢10HM itﬁ H(Z)OOH?\/[ 7211&1
1 2
||<Z>00H"Jrl H¢10”n+1
28

[ fnmtill i, Hebooll"+1

Simplifying this equation, we get

n+16 nf—l ﬁl n+1ﬂ
|Pnm+1ll3r, 10l 35 I bnmttllag,

n—1
n+1’6

0]l

pea i
”gbna (n—1)8,(n+1)a— nﬂHM2H¢00HM2 =

H(Z)aﬁHMl H(Z)OOH]\/[1
where a > 255

Theorem 2.2.3.3. (Theorem D)

Proof of Theorem D:

46
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(<) In view of Theorem 2.1.0.16, there exists a biholomorphic map ®(z1,22) = (az1,bz2)

or (aza,bz1). Observe that the fiber of the quotient map 7 is of the form

{(zla Z2)7 (5217 5n22)’ (62217 52nz2)7 Tty (5nz1’ 6n222)}7

where ¢ is a primitive (n 4 1)-th root of unit. And ® sends one fiber to another fiber. Hence

® descends to a biholomorphic map ¥ : V; — V5 given by

U(z,y,2) = (a"“:c,b"“y,abz)

or

U(x,y,z2) = (anHy, b"“x,abz).

(=) Suppose V¥ is a biholomorphic map from V; to Vi. Observe that Wp is a simply
connected domain in C2. Tt follows that W;\{0} is also simply connected. Observe also that
m » Wi\{0} — V;\{0}, i = 1,2, are n + 1-fold covering maps. The holomorphic map ¥ o m :

Wi\{0} — V5\{0} can be uniquely lifted to a holomorphic map ® : W;\{0} — W3\{0}.
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Similarly the holomorphic map ¥~! o m : W5\{0} — Vi\{0} can be uniquely lifted to a
holomorphic map @ : Wa\{0} — W;\{0}. Thus we have the following commutative diagram.

WA\{0} —2 W\ {0} — v W1\ {0}

1 T2 1

-1
VO0) Ve o\ {0} e Vi\{0)

By the unique lifting property, we have dod = lw,\{oy and @ o d = Lws\foy- By Hartog

theorem, ® extends to a biholomorphism from W; to Was. Q. E. D.

Corollary 2.2.3.4. Let 7 : C2 — V, = {(z,y,2) € C3: zy = 2"} with 7(z1,22) =
(27 20 21 29). Let V = {V: V a bounded complete Reinhardt domain in A,-variety} and

W ={W =7"YV):V € V}. Then the moduli space of V is equal to the moduli space of W.

Proof: It is a direct consequence of the Theorem 2.2.3.3. Q. E. D.

Using Lemma 2.2.3.1, 2.2.3.2 and Theorem 2.2.3.3, we can get a lot of biholomorphic in-

variants. In order to simplify the notation, we let

__n_ B
@) _ I6101°” 717 | pn g |77
- _n—1 —1
| agall ool > F1”

Theorem 2.2.3.5. (Theorem A)

Proof of Theorem A:
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According to the Theorem 2.2.3.3, there is a biholomorphism ¥ either of the form in the
Lemma 2.2.3.1 or in the Lemma 2.2.3.2. So either

case 1)

g@8 = gl

for any o and f satisfying o> 2508, > 1,820, or

case 2)
(Oé, ﬂ) — g(na—(n—l)ﬁ,(n—‘rl)a—n,@)

I, M>

for any a and 3 satisfying o > 58,0 > 1,8 > 0.

For the case 1), we have g](\f;iﬁ) = gmﬁ) and g(Mnfy_(n_l)’g’("H)a_”ﬁ) = g(M“;“_("_l)ﬁ’(”H)a_"ﬂ)
for any o and (3 satisfying
> " Ba>1,8>0
= =2 1, =
n+1

So it is easy to see that

a, a, a, a,B a,p, a,p,
f\(/l ) — &(/2 )7C‘(/1 ) — C\(/Q )’77‘(/117‘1) — 77%/21“1)’

(1,a2,p1,p2) _ , (a1,02,p1,p2)
Wy = wy, )
For the case 2), we have

a, B na—(n—1)6,(n+1)a—ng na—(n—1)8,(n+1)a—ng a, B
91(\/11):91(\/12( )B,(n+1) )791(\41( )B,(n+1) ):g](vh)



for any « and 3 satisfying

So it is easy to see

a, 0476 «, o,
() _ o) (o) _ ()

Moreover, we notice that

a, na—(n—1)p,(n+1)a—n
91(\411)):95\42 (n—1)p,(n+1)a—np)
(a,q) _ (na—(n—1)g,(n+1)a—nq)
I M,
for

So

For the same reason,

na—(n—1)p,(n+1)a—n a,
’g](w1 (n—1)p,(n+1) p):gj(MQp)

(na—(n—1)¢,(n+1)a—ng) _ (a,q)
v IM, - -gM2

(a,p,q) _  (a,p,q)
T, = T, .

(a1,p1) _ _(nar—(n—1)p1,(n+1)ai—np1)
9w, = 9, ,
(nar—(n=1)p1,(n+1)ai—np1) _  (a1,p1)
M =9v,
(a2,p2) _ (naz—(n—1)p2,(n+1)az—np2)
9w, =9, s

9Inr,

(naz—(n—1)pz,(n+1)az—np2) _ g(a2,p2)

Mo )

9

Y
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where

0<pi

N

[n—l—l

n O[i:|,05i21,0[1§é062,i:172,

imply

(a1,a2,p1,p2) _ w(m,az,phpz)
\% %) '

Therefore £(@A) ¢(@B) plep.a) and o(@1,@2,P1.22) are all invariants.

Q. E. D.

Corollary 2.2.3.6. Let V;, i = 1,2, be two bounded complete Reinhardt domains in A, -variety

Vi = {(x,y,2) € C3: zy = 2"}, If Vi is a biholomorphic to Va, then

2
J@h) . [P0 | a>la>-—"3
||¢o¢5|| : Hgbna—(n—l)ﬁ,(n—i-l)a—nﬁn n+1

are all invariants, i.e.

vy, =y,

Proof: Since

a,fB) . ¢(na—(n—1)8,(n+1)a—ns
(o) _ VEOD oG A )
£lesa)

)

v(@8)’s are all invariants. Q. E. D.

Remark: The fundamental invariant vx mentioned in (22) is v(1:0).

The following Corollary is an immediate consequence of Theorem 2.2.3.3 and Theorem

2.2.3.5.
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Corollary 2.2.3.7. Let 7 : C2 — V, = {(z,y,2) € C : zy = 2"} with n(z1,2) =
(z?“,zé‘“,zlzg). Let V = {V: V a bounded complete Reindardt domain in A,-variety 1%

and W={W : W =a"1(V): V€ V}. Then

g(avﬁ)’ C(O‘:B) , n(avpvq)w(alu 0‘271717292)’

1
azla> ——B,0<p q< [TH a],p#q,
n+1 n
1
0<p < [n—l— ai:|>ai>1aa17é0427i:172,
n
are holomorphic invariants of WW. Q. E. D.

We have seen that by the Theorem 2.2.3.5, we can get a lot of invariants from Bergman
functions. However it is natural to ask whether these invariants are sufficient to recover the
Bergman function up to automorphism of A,-variety. The answer is positive. For proving this,

we need the following lemma.

Lemma 2.2.3.8. If z;, 2. € R, where 1 < i <n,i,2 <n €N satisfying
(2

TjTpjp1 = TiTy 4y, (2.2.50)

Tj+ Tnjr1 =)+ Ty, (2.2.51)

(@ = Tp—p1) (21 = Toi41) = (2], — Tp_pp1) (T — Thyy1), (2.2.52)
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for all 1 < j, k1 < n,j, k1 €N, then x; = xj for all 1 < i < n orx; = x,_;, for all

1<i<n. Q. E. D.

Theorem 2.2.3.9. Let V;, i = 1,2, be two bounded complete Reinhardt domains in Ay -variety

Vi ={(z,y,2) € C3: 2y = 2"} and M; is a resolution of V;. If
é"(/?:ﬁ) — 5‘(};7ﬁ), C‘(/l 75 C Oé ﬁ) Oé P q) (a1p7Q)

) 77V1 - 77\/2 I

(a1,a2,p1,p2) _ w(oéhazaphpz)
)

i - Ve
where
azla /n+16, <P 4 <[n+1 ]p#q,
ngig[nzlaz], > 1lar #ag,i=1,2,

then there exists an automorphism W = (11,12,13) of Ay-variety f/\; = {(z,y,2) €C3: x

2" 1Y given by

(1/’171/’271/)3) =

<||¢10||M2 Poollary ,  Nnn+1llaz lldoollar,  l1allar, IPoollary )
b

y
Igoollazs lér0llar, =" lldoollar,  lénntillar ™ ldoollas, lI@rallar,

or

(¢17¢27¢3) =

<||¢10||M2 l[¢00llar, [6nmi1lla I@oollar,  ld1allaz, [oollas, )

X z
Poollazs Pnntllan, ™ lNdoollar,  llérollar,  [Ioollas |11,
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such that

By, ($’ Y, Z) = By, (\I}(l‘7 Y, Z))

Proof: 5‘(/01475) — 5‘(/0215)7 CX(/?ﬁ) — C\(/Zﬁ) and n%/?llypv Q) — ’I’]‘(g’p’ ‘I), means

a, B na—(n—1)8,(n+1)a—ng a, B na—(n—1)6,(n+1)a—ng
91(\/11)‘9%41( )B,(n+1) ):gﬁ/[?)‘g%( )B,(n+1) )’

9](\26) _i_g](\th—(n—l)ﬂ,(n-i-l)a—nﬁ) _ 95\32”6) + g](\zl—(n—l)ﬁ,(mkl)a—nﬁ)

and
«, na—(n—1)p,(n+1)a—n; «, na—(n—1)g,(n+1)a—n
(ggwlp)_ 1(\41 (n=1)p,(n+1) p))'(gghq)_ 1(\/[1 (n—=1)g,(n+1) q))
a, na—(n—1)p,(n+1)a—n a, na—(n—1)q,(n+1)a—n
_ (91(\4210)_5\42( )p,(n+1) p)),(g\hq)_](\b( )g,(n+1) q))
where

1
a>1,a>7n B,0<p, g < [n—l— a],p#q-
n+1

n

For fixed a > 1 by Lemma 2.2.3.8, we can get

( 7ﬁ)_ ( ’B)
o = o

for any 8 > 0 satisfying o > 258 or

a, B (na—(n—1)8,(n+1)a—npg)
91(\41 ) = I, ( ( )



for any 8 > 0 satisfying o > 15 .

If for some different a1, ag > 1, and p1, po satisfying 0 < p; < [”Zlai

gg\?ll,m) _ gg\%l,m)’

(na1—(n—1)p1,(n+1)a1—np1) _  (nar—(n—1)p1,(n+1)az—np1)
M, = 9,

(a2,p2) _  (nas—(n—1)p2,(n+1)az—np2)
9w, = 9, )
(nag—(n—1)pa,(n+1)az—np2) _  (o2,p2)
My - gM2 ’

then

(a1,a2,p1,p2) _ w(al,ampupz)
\%1 R Z

forces that

(a1,p1) _ g(nalf(nfl)m7("+1)011*np1)

My My )

(a1,p1) _ _(na1—(n—1)p1,(n+1)az—np1)
9Ipy = 9, ,
or
(@2,p2) _ (naz—(n—1)p2,(n+1)az—np2)
9w, = 9m, >

(nag—(n—=1)p2,(n+1)az—np2) _ (az,p2)
Mo - gM2 :

95

], i =1, 2, such that

Y
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So we have
(a1,p1) _ _(nar—(n—1)p1,(n+1)ai—np1)
9w, =9m,
_ (a1,p1) _  (nar—(n—1)p1,(n+1)az—np1)
- gM2 7gM2
or

(a2,p2) g(na2—(n—l)pg,(n+1)a2—np2)

Mo = 9,
_ (a2,p2) _ (naz—(n—1)pa,(n+1)az—np2)
- gM2 - gMQ

So we only have following two cases:

1.
I9pm, = 9pm, s
for any
>1,820,a> —8
a = ) = 9 « =
n+1
or
2.
(o,8) _ _(na—(n—1)8,(n+1)a—np)
Iv, = 9 )
for any
n
azl,8>20 a> 0.




o7

Therefore if for the first case, we take

(w17¢27¢3) -

(lfblolle Poollar, . Ndnntillaz, ldoollar  ~Ndrillas, [|@oollar, Z)

[@oollaz, ll@rollar, " ll¢oollar, N Pnntllar, ™ ligoollar, P11 llas,

and if for the second case, we take

(1,92, 93) =

(loshue ol [dnasali, [l ol [l

boollazy @nmrillan” Ndoollar,  ldrollar, = lidoollar, lo11llar,

Then we can always get

s 2n8 28
[ =l =y
la>4ﬂiﬁ H¢aﬂHih
asl

|¢1|2a_% |¢2|"2Tﬁ1

= llgoollir, >

2
a?ﬁ%fﬁ H¢aﬂHﬂb
a2l
2n3 23
by comparing the coefficients of ||>* ™ #+1 |y| 7+1, i.e. H<Z5OOH?\/[1@§/11) = H¢00H?\42®§,12). So B‘(/ll) (v,y,2) =
B‘(/lg)(\Il(:c,y,z), by Equation 2.2.3. Q. E. D.

Theorem 2.2.3.10. (Theorem B)
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Proof of Theorem B:

Proof: By the Fornaess Lemma (See Lemma 2.2.3.12 below), there exists a dense set in
the boundary of M; such that the Bergman kernel blows up at the points in this dense set.
It follows that the Bergman function By, is equal to 1 in a dense subset of 0V;. Recall that
By, is zero at the origin and 0 < By < 1 on V \ {(0,0,0)}. In view of Theorem 2.2.3.9,
By, (z,y,z) = By, (¥(z,y, 2)), we see immediately that ¥ preserves the level sets of Bergman
functions and hence sends a dense subset of dV] to a dense subset of V2. By continuity, ¥

sends 0V to 0Vs. Q. E. D.

Lemma 2.2.3.11. (Henkin (32), Ramirez (33)) Let D be a bounded strictly pseudoconvex do-
main in C2. Let p be a point in the boundary of D. Then there exists an L?> holomorphic function

on D which blows up only at p.

Proof: There exists, (32) (33), a holomorphic function f defined on a neighborhood of D

such that f(p) = 0,Rf < 0 on D and moreover |f(q) — f(p)| > |g — p|*> on D. We can then set

1 1
[ [ Lef Lo
D D |f|2 p |z —pl

F(z) = 2. Then
f1

Q. E. D.

Remark. To find a function f as in the proof of the Lemma all we need is that p is a strictly

pseudoconvex boundary point and that D has a Stein neighborhood basis.
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Lemma 2.2.3.12. (Fornaess) Let D be a bounded complete Reinhardt pseudoconvex domain
with real analytic boundary in C2. Let E = {p € OD; 3g € H*(D) which blows up only at p}.

Then E is dense in the boundary of D, and the Bergman kernel of D blows up at points in E.

Proof: We note that since 0D has a real analytic boundary it follows that strictly pseudo-
convex boundary points are dense. Moreover D has a Stein neighborhood basis (34). Therefore

the lemma follows from the remark and the previous lemma. Q. E. D.

From Theorem 2.2.3.10 and Corollary 2.2.3.4 we can get the following two corollaries easily.

Corollary 2.2.3.13. The moduli space of bounded complete Reinhardt strictly pseudoconvex
(respectively C*-smooth pseudoconvex) domains in A, -variety V, = {(z,y,2) € C3: 2y = 2"}
is given by the image of the map ® : {V : V a bounded complete Reinhardt strictly pseudoconvex
(respectively C¥-smooth pseudoconvex) domain in f/\;} — R*>, where the component function of

® are the invariant functions

g(aﬁ)7 C(aﬁ) 7 n(a,ZW)w(Oéh a27171,}72)’

1
0421,062 i ﬁ,ogpaqg[n—*— a:|7p7£Q7
n+1
1
O\p1< |:n+ ai:|7ai>laal7éa27i:172'
n
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Corollary 2.2.3.14. Let Wp = {W : W = 7= YV) where V is a complete Reinhardt pseudo-
convex C¥-smooth domain in Ap-variety} and Wsp = {W : W = m=Y(V') where V is a complete
Reinhardt strictly pseudoconvex domain in A,-variety}. Then the moduli space of Wp (respec-
tively Wsp ) is given by the image of the map <i>7: : Wp — R (respectively iq; : Wsp — R®),

where the component functions of é; (respectively (i)—:q—]; ) are the invariant functions

5(%5)7 é‘(aﬁ)7 n(a»ILQ)’ wlat, 0427111,272)’

1
a>la>— 5,0<p,q<[n+ a],p#q,
n-+1
1
0<p; < [n—l— Oéi],ai>1,0117é042,i:1,2«
n

In particular, the moduli space of Wp (respectively Wsp) is as same as the moduli space of
bounded complete Reinhardt pseudoconvex C*-smooth domains (respectively bounded complete
Reinhardt strictly pseudoconver domains) in Ap-variety V, = {(z,y,2) € C3 : xy = 2"}

Q. E. D.

Remark. In fact in the view of Proposition 2.1.0.17, Theorem B, Theorem C, Theorem E and
their corollaries are all true for weaker condition “C''-bounding domains”. However, we noticed

Proposition 2.1.0.17 after (1) was accepted. So we still keep the results as those in (1).
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2.2.4 Explicit computation of new invariants

Let a,b,c be positive real number and d be an integer greater than or equal to 1. We

shall follow the notations in our previous section. Let V((;f?)’c) = {(z,y,2) € C3: 2y = 2%
alz|?d + by|*? + c|z*? < &}
Recall that (x,9,2) = (ug,uovo?, uovg). Then M((i)w) be the resolution of ‘/((ad,),c) with

local coordinate chart Wy = {(ug,v0): alug|?? + blug|*?|vo|*® + clug|?|vo|?? < go}. Next write
Uy = rew, and vy = pei‘z’.

In the following paragraphs, we denote

_ 1/
- V(a2,52762)’

My = M? My = M

(a1,b1,c1)’ (a2,b2,c2)"

Vi=v¥

(a1,b1,e1)’

Va

First let us consider the case d = 1 and fix .

¢aﬁ A M = / ’an|2|voﬂ|2 dug N dvg A dug A dog

fas = [

M(a,b,c) Wo
:16772//7"20‘“;)25“ drdp
D

where D = {(r,p): 7 > 0,p > 0,ar? + br?p* 4+ cr?p? < g9}. Then

Ve
e 2 4
ol = 167 [ [Vt ardp

—8772/0060pd —457r2/001d
B o a+cp®+bpt p=re0 0o a-+cp+bp? P
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V0
2 2 [ [a+cpr+bpt 3 2541
[¢15]]" = 167 rep™ T dr dp
0

9 o [ p25+1 p 5y o [ pﬁ J
— 4e2n 3 S P
’ /0 (a+co? +bph2 P = 70 /0 (atcp+bp?)2 "

By calculation, we can get the following results:

If ¢ — 4ab < 0,

2 c
2 2
=4egm arctan — , 2.2.53
[ool]”=420 (¢4 b= Viadb—c? W) 2259
27h 4b c
| p10]|* =207 - arctan ——| , (2.2.54)
 (dab— 02 (4ab—02)% (4ab—02)% Vdab—c?
9 me 2c &
=2¢eqm + arctan —— | , 2.2.55
o112 =220 <4 T TR S Ry 4ab_cz) (2.2.55)
2ma 4a c
2
=2eom — arctan —| . 2.2.56
|12 0 ( 4ab c2)b (4ab_02)% (4ab—c2)3 \/W> ( )
If ¢ — 4ab > 0,
1 Ve —4
lbooll® = 4z0m” & @ (2.2.57)
V2 — 4ab c—Ve2—4ab’
cvc? — 4ab — 2abln c+\/i
o]|? = 26272 dab. (2.2.58)
(¢ — 4ab)
Vi 4
—2vc? — 4ab+ cln —1—\/7@
[¢11]|* = 2657 dab, (2.2.59)
(¢ — 4ab)2
vz — 4ab
cVc? — 4ab — 2abln c—l—c—Qa
|p12]|* = 2372 ¢— Vet —dab, (2.2.60)

(c2 — 4ab)3b



If ¢ — 4ab =0,

Igooll? = 4o - g,

C
w0l = 26302 2,
o] = 2687 - =,
izl = 228 o

Remark: | ¢12]? = %HﬁbIOHQ for all the three cases above.

— ,/9 8 2

Lemma 2.2.4.1. Ifx > 0, then arctanz > T VIO .

2(1 + x?)

Proof: Let
_ 1/9 8 2
f(x) = arctanx — ZroVvI+on .
2(1+ z2)

Then

o) = (22 4+3)vV9+ 822 — 722 -9
= 2(1+ 22)2V/9+ 8z '

(2 +3)VI+822 >Ta? +9 =20 +27 >0

—x + V9 + 822

So f/(x) >0, f(:E) > f(()) =0, i.e., arctanz > 2(1 —|—$2)

+z -z +2V9 — 82

—z 1—x2

1
Lemma 2.2.4.2. [f0<x <1, In .

63

(2.2.61)
(2.2.62)
(2.2.63)

(2.2.64)



Proof: Let
l+z —x + 2v9 — 822

11—z 1—x2

Then

(3—22)V9—822 >9—T2? =2t + 2% > 0.

1+ —x+2vV9— 822

So f'(z) >0, f(z) > f(0) =0, ie., In

1—z 1 — 22
Vdab — ¢
Proposition 2.2.4.3. If ¢ — 4ab < 0, let v e x, then
c
ol r — arctan x

fle) = [¢10[llldr2ll m(_

1 fﬁ + arctan x)

which is a strict increasing function in terms of x. In particular % < V‘(/ 0) < %

Proof:

2 TC 2c
T arctan

C
— _|_ -
I¢ul® dab—c  (4ab—2)7  (4ab— 2)2 Viab — 2

64

— — arctan

b

Iowolllldwll /g ( c 97 - b b
(

c
+ -
dab—c?)a  (4ab—c2)3  (4ab— c2)3 Vdab — 02)



2
T 1
7—’_, so by calculation,

ab
Notice that — =
otice tha =2 1

xr — arctanx

m(—

fz) =

T
1122 -+ arctan x>

and
z (—22? + zarctanz + (2% 4 1) arctan® z)

fl(@) = V1—22(z— (1+22)- arctanx)Q

By Lemma 2.2.4.1,

— 22 + zarctanz + (22 + 1) arctan® z >

—2? +22V/9+ 822 (—x + V9 + 822)?

— 92
S ) Y G )

So f'(z) > 0.

In particular,

r — arctanzx 1

lim f(z) = lim =3

o+ o+
w0 =0 V1422 | — :r + arctan x
14 22

2 2
So v(10) > 1. Observe that lim f(z) = =, so 10 < =

T—00 T T
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oL P 62 — 4ab
Proposition 2.2.4.4. If ¢ — 4ab > 0, let ——— =z, then
c
1

2 —2x +1n Tz

fay— enlP_ T
Ipwollllgll g ( 20 | 142
1— 22 1—x

which is a strictly decreasing function in term of x. In particular, 0 < (10 < %

Proof:

Va4
<—2\/02 —4ab+cln c+cab) /(02

lp11]|? B c— V2 —4ab
o1l g c+ V2 —4dab .
- (eve? — 4ab — 2abln a(c?—4ab)?
\/; c— 2 —4dab ( )
b 1—2a?
Notice that a—z = 4x , S0 by calculation
c
—2:r+ln1+x
f(x) = T
V1— a2 —1In
1— a2 1—x
and . -
x<8x2—2xln +x+(:v2—1)ln2 x>
, 11—z 11—z
fla)= 1+2\?2
\/1—x2<2$+(3:2—1)1n1 )
—x
By Lemma 2.2.4.2,
1 1
(1 —2?)In? +x—|—2xlnﬁ—8x2>
11—z 11—z

(—x + V9 — 822)2 N 2x<7$ + zv9 — 8z2)

1— 22 1—x2

— 822

=0.
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Thus f/(z) <0

In particular,

1+«
—J:—i—lnl 1
lim f(z) = lim —_ =_.
z—0 z—0 2z 1+ 2
1= 221
V1—z? v nl—af

So v1.0) < 1. Observe that lim, ;- f(z) = 0. So v1.0) > 0,

Proposition 2.2.4.5. Let

Vi ={(z,y,2) € C*: zy = 2% a;|z|* + bily|* + ci|2|* < 0},

i =1,2. Then Vi is biholomorphic to Vs if and only if aby _ a2§2.

C1 5
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Proof: (=) Since v(1:0) ig a biholomorphic invariant, we can get the result from the Propo-

sition 2.2.4.3 and 2.2.4.4.

(¢ﬂm@:<¢2. \[%¢a

Then

5261 ascy?

az| 1] + bo|tha|® + calts]? = as b 2| o+ by—— arc |y\2+62
1¢

= a1|z® + bi|y|® + e12]?,

i.e. ¥ maps the boundary of V; to the boundary of V5. So % is a biholomorphic map from V;

to VQ.

Q. E. D.
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Theorem 2.2.4.6. Let

Vi o = {(@,2): 2y = 2%, a2 + bly[> + 2 < o}

Let ~ denote the biholomorphic equivalence. Then the map
1 1
P {V(Ez,g),c)} - R+ ’ ‘/(El,?),c) = V(LO)

is ingective up to a biholomorphism. More precisely the induced map o: {V(l)

(a,b,c)}/N - RJF is

2
one-to-one map from {V(Ell?) c)}/N onto (0, )
» 7-‘-

Proof: The theorem follows from Proposition 2.2.4.3, 2.2.4.4 and 2.2.4.5 directly.

Q. E. D.

In view of Proposition 2.2.4.5, Theorem 2.2.2.6 and Theorem 2.2.2.8, we can simplify the

forms of biholomorphic map from V; to Vs.

Theorem 2.2.4.7. Let
Vi ={(z,y,2) € C*: zy = 22, a;|z|* + bi|y|> + ci|z|*> < €0},

1=1,2.
If V%’O) #* % or y‘(}Q’O) #* %, then the biholomorphism W from Vi to Vo must be one of the

following forms:
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form (1):

; b2 cq ; az C1 01409 C1
U= e,/ 2. Zg, & [Z2. 2y L2 —z |,
b1 c2 ap ¢ c2

form (2):

; b1 ; ai ;0110 [
= (e =2y, % [ Zx, +e 2 —z .
as b2 2

If V(l 0 V‘(/1270) = %, then the biholomorphism ¥ from Vi to Vo must be one of the following
forms:
form (1):
= ( \/E ew?\/ay, :l:eielg% clz),
by co
form (2):

+e' 2 —z

) x?
(&) Y 2\/()1[)2 C2

0 2v/b1b . c 01t6a [c
0 102 0 1 01+02 1
U = <e’ ! e'’? ! ,

and form (3):

v =
—2c1b2/bar? i81-0) 2v/b1bg ils0) o Aabr
\/ECQ (2b27“2+02) ’ 2bo1r2+co ’ \/7 (2b2T2+02) T
. C1Co ei(‘931+9) 2\/()1[)27‘ i(032-+0) 2,/61627‘ i(013+20)
2\/ blbg (2b27’2+62) ’ 2b2T2+CQ ’ 2527’24-82 Y
Cl\/g’l" 6i631 24/ bleT‘ 2932 :i:\/a (2527‘ — CQ) ei(913+6) 5
VB (2or2tes) | 2ar?ter /e (2bar?tea)
b b 4a1by — c? dasb
Proof: Since GIQI = a222’ \/ “ 21 a_ \/ 4202 — 62 It c1 4a1b1 < 0, then 62—4a2b2 <
cf c5 cf 2



70

Using Equation 2.2.53, Equation 2.2.54, Equation 2.2.55 and Equation 2.2.56, we can get

If ¢ —

rollas, 1| 2
b10llMmy [ =
Igr0llae,  lIéoollar, _ F Vb ool - ver  fbe e
poollar,  Nld10llar, — ll¢oollar, - v/c2 g Vho e
p10llas, - ™
1
by 1
Vb e
3
C
12l - 4] =
[Pr2llar,  [lPoollan _ S Ve oolan - ver  far e
[doollar, ldr2llar  lldoollas, - v/e2 @ Var e
p12llan - ) —
ay
_ a2 a
N ay €2
f11llaz, Ndoollar, _ lldnallaz, - c2 lioollas, - \ﬁ /
poollary  Nd11llar,  llPoollar - vea o llo1illan - c
=\
[é10llar, lldoollar, _ [l@rollar, —— lidoollan
lpoollar, llP12llar,  |ldoollas ﬂHqﬁ
10l
bz c \/E \/E a_ b
(&) o a9
\/ H¢10HM
[¢12llas [ doollan _ ’ ool an,
[Poollar,  l[P10llar, ||¢00HM2 H¢>1o||M1
_ Je fhr a_ Je a_ fa
N b2 b1 C2 N b1 C2 B b2
4a1b; > 0, then 02 4agby > 0.

Using Equation 2.2.57, Equation 2.2.58, Equation 2.2.59 and Equation 2.2.60, we can get

the same results.
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So form (1):
< b2 O i \/E. ﬂy’ R Clz>’ (2.2.65)
Cc2 c2
and form (2):
' b ) 6146
U = (elel \/gy’ 6192\/21,’ ZI:@Z 1J2r 2 c ) (2266)

If ¢ — 4a;by = 0, then ¢3 — 4agby = 0. Using Equation 2.2.61, Equation 2.2.62, Equa-
1
(L0) _ ,(1.0) _

tion 2.2.63 and Equation 2.2.64, we can get the same result. But in this case w, =1y, ok

the form (3) will appear.

Form (3)
1
are Wasz; e Pagy +aqs
r x
1 .
v = —eaqq;  refagy +=e20q,, y |
ar? +1 z
as1 az2 + Seur a13
— 2b
where o = —ll9rollar =22
|12l a1, 2
" [ poollar, 7’H¢10HM2 [@12]as 031
3 : B €
r H¢10HM2 + (|12 a1, )

leollan lldoollas - (
\/7 8b2
_ o \/ 302 3b262 s _ c1v/bar it
8by 8by Vb1 (2b212 + ¢2)
30{’ 3c2 3b202
_ 2y/a1b; - \/>7" Jifar _ T iw
\/E (2b2T2 + 2\/ a2b2) \/7’1”2 + \/7 ’




a5y = 1P00llan rll@ollas, - P12l ar, 032
[p12llar, N Poollazy ||¢12HM2 72| dool|s)
D) 8b2
c1 362 36202 1932
/ 8b2
3b161 302 SbQCQ
2\/ b1b27' 2932 . 2\/ b1b27’ 030 \/ET 039
— e = ———— "2
2b27"2 + c2 2()2?”2 + 2v/asbs \/67“2 -+ \/CTQ
ays = Ioollan 2r||¢10llaz, - |d11llar, 015
Ié1illar,  Ndoollas, (r2610llazs + @12l as,)
b3 /8b2 l
/ 8bg 2 V2 (2b212 4 ¢3)
361 362 35202
_ 4[\/ a1b1bor €i913 _ 2,4/0,1[)1\/57“ 62013
V23 azby (26912 + 2v/azbs) Vasby (Vbar? + \/az)
So, form (1):

. by 1 ; bt 01402 Cc1
U= (e C €02 [y et —z |,
b1 ¢ bo (&)

form (2):
U = <ei912 blb?y, B x, iei@ a ) ,
Co 2\/ ble C2

and form (3):

72

(2.2.67)

(2.2.68)
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—2011)2\/5?”2 i(031—0) 2y biby ei(f32—0) 4 4\/ab27’ 013

e , ) e
\/ECQ (2b27’2+02) 2b27’2+62 \/> (2b27’2—|—62) T
— €1c2 et(031+0) @ei(egz-‘r@ QMT i(0134+20)| . ) (2.2.69)
2v/b1bo (2b27’2+02) ’ 2b27“2—|—02 ! 2b27«2+02 Yy
! \/ET ei931 2 M bleT‘ 1932 :l: \/a (2b2T — CQ) ei(913+9) 2z
Vo b2 +ea) . 2t e (bt re)

Q. E. D.
Next, let’s consider the case d > 2 for V((ad?) o= {(z,y,2) € C*: zy = 22, a|z|* + bly|?? +

|2d

clz|** < ep}

From the Corollary 2.2.3.6, we know

2d—1,d—1) _ | $2d—1,24-1

o =
lp2d—1,a—1ll - llp2d—1,3a—1]|

is an invariant.

Recall that
J6asl = 1672 [ [0 ar dp
D

where D = {(r,p): r > 0,p = 0,ar? 4+ br2dptd 4 cr2dp2d < o}, So

Veo
* [ 3Wa+t cp® 4 bpM 4d-1 sa-
| $2d—1.24-1* = 167r2/ / a+cp? +bptt ad-1 ad—1 g

d
/ (a+ cp2d + bp4d) p

d
/ a+cp+bp) P



/€0
[ 3a+ cp? 4 bpH a1 2a-
| p2d-1.4-1]° = 16772/ / a+ cp* +bpi® Ad 121 g

o2
g0

d
d / (a+ c,o2d + bp4d) p

d
/ a+cp+bp) P

e
| p2a—1,34-1]* = 1672 / / v a+ cp?d 4 bptd  ad—1 251 dp

/ (a+ cp2d + bp4d) dp

d
/ a+cp+bp) P

Notice that the value of the invariant

| p2d—1.24-1
| d2d—1.d—1] - || P2d—1,3d—1]|

is equal to

11| ‘
P10l - | #12]]

as the case d = 1.

Then we can get the following proposition.

Proposition 2.2.4.8. let

Vi ={(z,y,z) € C°:

3. oy = 22 ag |22 + by |y 2 + c1|224 < o},
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and

Vo = {(2,y,2) € C*: wy = 2%, an|a* + baly** + e22*? < &0}

b b
Then V1 is biholomorphic to Vo if and only if a121 = a222'
@ )

Proof: (=) From the discussion above, we get

l¢2a-1,24-1113s, - [¢2d-1,24-1l13s,
[¢2a-1,a-11I0s1 - [92a-13a-1lar, | P2d-1,a-1]0ss - 12013011015
. o o aibi  agby
And using the Proposition 2.2.4.3 and the Proposition 2.2.4.4, we can get—— = —5~.
&l )
) . ap  ,,/b1 1
(<) Just take a biholomorphic map ¥ = ( 2¢/ —xz, %/ —y, &/ —=z).
a9 b2 C2
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Q. E. D.

Combining the Theorem 2.2.4.6 and the Proposition 2.2.4.8, we can get the following theo-

rem.

Theorem 2.2.4.9. Let d be a fixed positive integer and

Vieye = {(@.y,2) € C*: ay = 22 ala 4+ bly* + cf2** < <o}

Let ~ denote the biholomorphic equivalence. Then the map

o AV ot = Ry, V) ) o p271dD)
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a,b,c

is injective up to a biholomorphism. More precisely the induced map @: {V((d) )}/N — Ry is
2
one-to-one map from {V((ad?) c)}/N onto (0, > So the moduli space of {V(Eldz C)} 1s of dimension
" ’7r "

1 and independent on d.

Let

W(d) |2d

(a,b,c) - {(x’ y) < CQ: a|x’4d + b‘y’4d + C’*W/ < 50}7
then this is a special Reinhardt domain in C2. Using the Corollary 2.2.3.4, we can get the

moduli space of W((;l)b 0 which coincides with the moduli space of V(Eldz 0"

Last, as an application to our theory, we compute explicitly the invariant 31 for two

domains V(l) and V(z)1

(1,1,1) (1,1,1) in A1—Variety.

We have known that for the domain V((lzi 1)

(3.1) _ 3,31 _ Io it de
losall - lIdssll (32 st dp - J5° e d) 7
0 vBn)
B 4/3r—9

However, for the domain ‘/((11,)1,1)7

V€0
2 2 [* [+t pt 77
|p33||” = 167 r'p"drdp
o Jo

7 1 147
_2547r2/ A P B ,
0 Jo (Tt p2tphyd P50 (3 81\/5)




7

€0
2 s [~ 1—|—\/:—|— 4 73
6.1 :16w/0 /Ov PP T B drdp

o0 3 1 20m
= 26471'2/ —p d = 5471'2 (= — ,
0y Aap2yprp 0 (2 81\/5)

€0
2 2 [ [/ —i-\/p:—i- pt 7 11
[¢3,5]|" = 167 o, T pt dr dp

o0 1 1 20w
_25479/ S R P - S .
0y A2y prp 0 (2 81\/5)

Then
2 1 14w
(31 — 935 _ 3 &y _ 162 28+/37
¢s1ll - lidssll 53— % 243 —40v3x

So the invariant v is different for the domains V((1111) and V((fil), ie. V((llil) is not

biholomorphic to ‘/((12,;,1)' And by the Corollary 2.2.3.4, the domain W((ll,)l,l) in C? is not biholo-
in C?.

morphic to the domain W((f,)l,l)

2.3 Moduli space of bounded complete Reinhardt domains in C"

In this section, we will consider bounded complete Reinhardt domains in C™.

2.3.1 Continuous invariants of bounded complete Reinhardt domains in C"

In what follows, we shall use the following notations €; = (0,...,0,1,0,...,0) with 1 in the

ith position.

Z. = set of nonnegative integers

a=(ag,...,an) €ZY.
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Proposition 2.3.1.1. Let D be a bounded complete Reinhardt domain in C™. Let ¢g =
P&
i 1¢allp

and {H ¢¢&| Dol 0} is a complete orthonormal basis of Fpy. The Bergman kernel Kp g
allD

vanish at the origin and the Bergman kernel Kp are given by

s

zic” dz1 Ndza N\ -+ Ndzn, a; € Z4. Then { } is a complete orthonormal base of Fp,

1

Kpo=0Opdzi Ndzi N+ Ndzp NdZp, (2.3.1)
and
1
Kp = (2-1—@1)) dzi NdzZi N - Ndzp, A\ dZy, (2.3.2)
o511
where
n e,
T Jzif2e
Op=>» S (2.3.3)
2 éal’
Proof. This is a consequence of the proof of Proposition 3.2 of (22). Q.E.D.

Proposition 2.3.1.2. Let D be a bounded complete Reinhardt domain in C™. With the
notations in the above proposition, ||¢5%©p is invariant under biholomorphic maps which

send the origin to the origin.

Proof. Let V: D1 — Dy be a biholomorphic map between two bounded complete Reinhardt

domains such that ¥(0) = 0. By Theorem 2.1.0.6 and Proposition 2.3.1.1, we have

Bp,(2) = Bp,(¥(z))
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©p, (2) ©p,(¥(2))

1 S|
Op, (¥
H¢6||%)1 +@D1(Z) H¢6|’%)2 + D2< (Z))

= [lé51D, Oy (2) = |51, 0D, (¥ (2))-

Q.E.D.

Theorem 2.3.1.3. Let D;, i = 1,2, be two bounded complete Reinhardt domains in C™. If
D is biholomorphically equivalent to Do, then there exists a biholomorphic map ¥, of the

following form

\IJU(Z) = (alza(l), e ,anza(n)) (2.3.4)

where o is in S,,, a symmetric group of order n, and

_ li¢gllo, lI#e ]l o,

a; = . (2.3.5)
" g, oy 9l

Proof. In view of Theorem 2.1.0.16, there exists a biholomorphism V,: Di — Dy of the form

Equation 2.3.4. By Proposition 2.3.1.2

19511, ©p1 (2) = ll511, O, (Vo (2))

n n
[T |zn]® [T laizy @) >
2 i=1 2 i=1
= H¢6HD1 E :W = ”¢6||D2 E W (2.3.6)
allDy all Dy

a#0 a#0
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Comparing the coefficient of |2;|? in Equation 2.3.6, we can get

1ocz — L ellbylo—l
=P _
T e, H¢5fl(i>”%z
51151192, ., I e
= a071(2~) — 0 1 6(7 1(2) 27 le o — H¢O||D1||¢61HD2

| be; [l o1 |65l D

T l9e, o llgglio,

Q.E.D.
Now we are ready to prove Theorem F.

Proof of Theorem F. Let Di and D be biholomorphically equivalent bounded complete

Reinhardt domains. By Theorem 2.3.1.3, there exists a biholomorphic map

\IJUZ Dl — D2
(21,5 20) — (A125(3)s - -+ OnZo(n))
where a; = 165l 01 (|92, | D,

e, D2 ll65]l D
By Proposition 2.3.1.2, we have Equation 2.3.6. Comparing the coefficient of | 21|21 |zo|2%2
... |zn[?** in Equation 2.3.6 both sides, we get

n
2 2a
- . A —1(; 7
H(ZS(‘)'H2D1 H¢OHD2 21;11| 7 1(2)|

H¢&’H2D1 a H(ba(&)HZDQ
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20
loglln,  lléglD, ﬁ<||¢a|D1H¢é;,_l(i)|lD2>

leallD, — leo@lh, i3\ l1¢a o, 650,
Sa;—1 Sa;—1 i—1
losllme ™ < Iesllo,  lloglioe™ - éo@lln,  o5l5," " I¢ow|ln,
= 0D = 10 = D e (2.3.7)
Qg ot
655 i, 128 1055
i=1 i=1 i=1
ie., gp,(d) = gp, (@)
Similarly, by comparing the coefficient of |21]2% (1) |25]2%) ... |2,|?* ™ in Equation 2.3.6 both

sides, we know

9D, (@) = gp; (@),

which implies

Y 9p@r=) gpl(@)-T=) gpl(@r-0-0t=0" (Z 9152(@’)T> :

TESH TESK TESH TESH

For the same reason, we have

Z 9p, (G3)T = o1 <Z gBQ(d’i)T> , t=1,...,nl (2.3.8)

TESn TESTL
From Equation 2.3.8, we have 5%’1'"’&"! ~ 5%’2'"’&"!. Q.E.D.

In order to prove Theorem G, we need to establish the following theorem.
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Theorem 2.3.1.4. Let D;, ¢« = 1,2, be two bounded complete Reinhardt domains in C™.

Suppose for all @y, ..., d, n-tuples of nonnegative integers, 5%11""’&"’ = 5%12""’&"’ in (R[S,] x

X R[S,])/ ~, i.e., g% In € S, such that
é‘%ll:-nyan! — O.al,...,ang (6%127..-,0471!) (239)
Then, there exists o € 5,, and a biholomorphic map

v,: C" — C"

(Zla cee 7Zn) B (alzo(i)7 ey anza(n)) )

where a; = a1 192 1o,

= , such that Bp, (2) = Bp,(V,(2)).
1Pe, iy | D2l 651 Do

=, =,

Proof. We claim that Jo € S, such that g7, (3) = 957 (8) V7 € S, and V3 n-tuple of nonnega-

tive integers. For any @ n-tuple of nonnegative integers, let
Ia = {O' c Snl 951 (0_2) = 953(&), Y7 e Sn}

If our claim is not true, then Vo; € S, = {o1,...,0n}, 3@;, n-tuple of nonnegative integers

such that o; ¢ I,. It follows that

n!

U (S \ 1z,)

=1

Sn,
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n!
which implies () Iz, = 0. On the other hand for these n-tuples of integers aj,. .., &y, we
i=1

have 5%11""’&"! = 5%12"“’&“’, i.e., ot ¢ S, such that Equation 2.3.9 hold. Let TG poosint) =

n!

77777

=1

a contradiction and our claim is proven.

We now take o in the claim and let

v,:.C" —C"

(Zlv o 7271) — (alza(i)7 ey anza(n)) )

H¢6||D1||¢é’¢HD2

where a; = . After computation as in the proof of Theorem F, we get
||¢60(i) | D2 ||¢6|’D2
[ laizo(o?
@iZg (i)~
|Zl|2a1 ... |Zn|2a" 2 i=1
léglD = [lo5llp
ol 2 | pall D, illb. 2 ¢0(a)l1D,
It follows that Bp,(z) = Bp, (¥4(2)). Q.E.D.

Now we are ready to prove Theorem G.

Proof of Theorem G. It is easy to see that the Bergman function Bp, is zero at the origin
and 0 < Bp, < 1 on D;\{(0,0,...,0)}. In view of Proposition 2.1.0.17, Bp, is identically equal
to 1 on dD;. By Theorem 2.3.1.4 there exists a biholomorphic map ¥, from C" to C" such
that Bp,(z) = Bp,(¥,(2)). In particular ¥, preserves the level sets of the Bergman functions.

It follows that ¥, sends 0D; to 0Ds. Q.E.D.
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2.3.2 Complete continuous numerical invariants and Hilbert 14" problem

We shall now construct the complete continuous numerical invariants for complete Reinhardt

domains with C! boundaries. For n = 2, we have Theorem H.

Proof of Theorem H. Since Equation 1.2.3, Equation 1.2.4 and Equation 1.2.5 hold for all

non-negative integers «;, 3;, we have either

(1) gp,(a1,02) = gp,(a1,02), ¢gp, (a2, 1) = gp, (a2, 1),

9D, (B1, 52) = 9p,(B1,B2), 9D, (B2, B1) = gp, (B2, B1),

or

(2) gp,(a1,a2) = gp,(a2, 1), gp, (a2, a1) = gp, (a1, a2),

9D, (51a 62) = gDQ(ﬁQa Bl)? 9D, (ﬁ%ﬁl) = 9D2(51752)a

for all nonnegative integers «;, ;. It is easy to see that in both cases we get

&l = (ng (a1, a2) - 1d + gp, (a2,1) - 0,
gp, (81, B2) - 1d + gp, (B2, B1) - 0>
af._ ) .
N§D2 = (gD2(a1,a2) Id+gD2(a2,a1) o,

90, (51, 2) - 14+ gp, (B2, B1) - ) (2.3.10)
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where Sy = {Id, o}. In view of Theorem B, we know that D; is biholomorphic to Ds.
Conversely, if Dy is biholomorphic to Dy then by Theorem F Equation 2.3.10 holds. Then

it is easy to check that Equation 1.2.3, Equation 1.2.4 and Equation 1.2.5 hold. Q.E.D.

Theorem H says that

gp(a1, ) + gp(az,ar),

gp(a1,a2) - gp(az, a1),

and

(g9p(a1,a2) — gp(az, a1)) (9p(B1, B2) — gp(B2, 1)),

Yoy, 8; =2 0, ay, B; € Z, are complete numerical biholomorphic invariants of bounded complete
Reinhardt pseudoconvex domains in C" with C' boundaries. If we want to find the complete
numerical biholomorphic invariants for bounded complete Reinhardt pseudoconvex domains

in C", n > 3, we need to consider the following problem.

Let S,, be the symmetric group of order n. S,, acts on C[z,,. ..,y in the following manner.
T € Sp, T(xa) =Tgry--- 7T(y0) = Yo-r
Let R be subring of invariants in C[z,,...,ys|. In other words,

R = (C[xg,...,yg]S" ={feClzy,...,ys|: V7T €Sy, 7(f) = f}.
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We want to know whether R is finitely generated and what are the generators of R. Actually
the first problem is a special case of Hilbert’s 14" problem. At the International Congress of

Mathematicians at Paris in 1900, David Hilbert asked the following question.

Hilbert 14" Problem. If an algebraic group acts linearly on a polynomial ring in finitely

many variables, is the ring of invariants always finitely generated?

Recall that an algebraic group G is said to be linearly reductive if, for every epimorphism
¢: V — W of G representations, the induced map on G-invariants ¢©: V¢ — W is surjective.
The answer to the Hilbert 14" problem is positive if the group G is linearly reductive (30). In
fact, the answer is also positive if G is additive (non-reductive) group C (or, more generally, the
field k. See (35) and (36)). In view of the following lemma, we know that finding the complete

numerical biholomorphic invariants is equivalent to finding the generators of R.

Lemma 2.3.2.1. Let the symmetric group S, = {o1,...,0u} act on C™™ via the following
formula
TE€SH, P=(Tors s Topys-esYors- s Yo,,) € crin!
T(p) - (1.0'17'7"' y Loty Yor7y - - - 7y0'n!.r) .

Let m: C"™ — (C”!"!/Sn be the quotient map. For any p and p’ in C*™, the following two

statements are equivalent

(1) m(p) ==(p)
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(2) For any f cekR=C [513017 s oy Yoys e e - ayan[]sn7 f(p) = f(p/)'
Proof. See Theorem 5.16 on p. 167 of (37).

In view of Lemma 2.3.2.1, we want to show that R = Clz1,..., %1, ..., Y1, ., Yu]>" is

finitely generated.
Proposition 2.3.2.2. Every finite group is linearly reductive.

Theorem 2.3.2.3 (Hilbert (30)). For linearly reductive group, the ring of invariant polynomials

is finitely generated.

From Proposition 2.3.2.2 and Theorem 2.3.2.3, we know that
5

R=Clzoy,---sTo, s Yors- s Yo

is finitely generated. Now we assume that the generators of R are f1(Zs,. .., Ys), -5 IN(Toy -+, Ys)

where o runs over all the elements in 5,,. We want to show that

fl (g%(&l)v cee )g%(&n!))ggsn PR 7fN (QE(O_Z]_), cee 79% (&n!))gesn y

for all n-tuples of nonnegative integers @y, . . . , @1, are complete numerical invariants of bounded

complete Reinhardt pseudoconvex domains in C".
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Proof of Theorem J. Let D1, D1 be two bounded complete Reinhardt domains in C™. If

Dy is biholomorphic to Da, then there exists 7 € S, such that g7, (@) = g%é(o‘i), Yo € S, Va

n-tuple of nonnegative integers. We take

Ol

= <g;31i(&1),...,gDi» (@), ...

where i = 1,2 and S,, = {01,079, ..

the quotient map in Lemma 2.3.2.1. It follows that

G5 (@) .

On!

.y0m}. Then 7(Py) = n(P;) where 7: C*"™ — C™"/S,, is

fi (99, (@1), ... 79D(07n!))0_65n = fi (9%, (1), 79%)2(0771!))065” )
1<i<N
Q.E.D.
Proof of Theorem K. Since
fi (ggh (0_21>7 79%1 (&n!))aeS7L fi (9%2 (&1)7 ’g%2 (O_Z”!))JESTL ’
1=1,2,...,N
and {f1,..., fn} generates CTo,, .. To s sYors-- - Yo, ) ", we know by Lemma 2.3.2.1 that

—

P, = (ggl(azl), gD, g (o

Ol

7gD1'

)o g (@)



89

and Py = (9‘17)12 (@1)s 900 (@n1)s -+, 95, (@), - -y 9T (Oénl)) are in the same S,, orbit. Hence

there exists 0@ %! ¢ S such that

b, (@) = gpg (), 9D, (@) = 957 () (2.3.11)

Equation 2.3.11 implies that §a1’ st = gal’ "9 (R[S,] x -+ x R[S,])/ ~. By Theo-
rem 2.3.1.4, there exists o € S,, and a biholomorphic map ¥,: C" — C” such that Bp, (z) =

Bp,(¥,(z)). The proof of Theorem B shows that ¥, sends D; onto Ds. Q.E.D.

For complete Reinhardt pseudoconvex domains with real analytic boundaries, we can use

fewer numerical invariants to characterize these domains.
Proof of Theorem G'.

“=" This follows from the proof of Theorem F.

“«<"” Suppose that for all @& n-tuple nonnegative integers,
£, = &b, in R[Sh]/ ~

Then Jogz € S, such that

> gp (@) =05 (Z 9}32(62)7> 95, (@)T-0a=Y_ gp.° % (@) (2.3.12)
TGSn

TESK TESK TESY
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Let S, = {m,....,ma}. Denote I; = {a@ € (Zy": o' = 7},
j = 1,2,...,nl. We shall introduce the concept of partial Bergman function in the follow-

ing manner. Let

ﬁ ‘%‘2% ()
R
aer; 7allD +0WU)(2)
’ S
Clearly we have
H !Zk!zak
Op(z) = Z el (2.3.13)
In view of Equation 2.3.12, by routine computation we get
|65, 09, (=) = llgllh, 05 (¥, (2)) (2:3.14)
and
BY)(2) = BY)(,,(2)), (2.3.15)
where
v, :C" — C"
(Z17 SRR Zn) — (alsz(l)a s 7a/nsz(TL)>

a; = ”¢0HD1H¢61”D2
i
e, o lD: 9G]l D,
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By Proposition 2.1.0.17, the Bergman kernel and hence © p, blows up at the boundary points. It

follows from Equation 2.3.13 that there exists some m such that @g?) is infinite on a nonempty

open set Uy of 9D;. It follows that Bg’f)(z) is equal to 1 in the nonempty open set U of 0D;.
Recall that by the definition, Bg;) is zero at the origin and is 0 < B(Dn:) < 1on D;\{(0,...,0)}.
Since Bgrf)(z) = B(DTZ (¥, (%)), we see immediately that ¥, sends Uy C 0D; to an open
subset of 0Ds. In view of the fact that dD;, i = 1,2, are real analytic and compact, it follows

easily that ¥, sends 0D to 0Ds. Q.E.D.
Proof of Theorem H'. This follows immediately from Theorem G'. Q.E.D.
Proof of Theorem K'.

“=" This follows from the proof of Theorem J.

“«<" Suppose that for all @ n-tuple nonnegative integers, we have
5i (95, (@), cq. = Fi (99,(@) g, i=1,....N.

Then by the analogy of Lemma 2.3.2.1, we have

™ (95,(@) - 951(@) = 7 (97,(@). . 97(@))

when m: C™ — c™/S,. Therefore  there exist o5 such that
95, (@) = g5 %(a@) for all 0 € S,. By the proof similar to the proof of Theorem G', we

get a biholomorphic map ¥, which sends D; onto Ds. Q.E.D.
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2.3.3 Application in concrete examples

In In 1907 Poincaré discovered the following theorem ((38), p. 24).

n

Theorem 2.3.3.1 (Poincaré). Let B, = {z € C" | 3_ |2/?> < 1} be the unit ball and A,, =
i=1

{z€C"||z| <1,i=1,...,n} be the unit polydisc in C", then there exists no biholomorphic

map between A, and B,.

Using our method, we can easily get this result.

Notation: 0 = (0,...,0), & = (0,...,1,...,0), @ = (2,0,...,0).

Proof of Theorem 2.3.3.1.

For any ez D= {z€C"| f(z1,...,2n) <0} is the bounded Reinhardt domain.

H¢g||D=/D¢g/\¢g

:/ |21z PPrdz A Adz AdZLA - A dZy,
D

= (4m)" / Hr?6j+1dT1A---Adrn
=1

{7 f(rlrl..,rn)<0} !

After computation, we get

”¢6H2An = (47™) rire...rpdry...dr, = (21)",

N |

I¢allA, = (47™) ro...rpdry.. . dr, =

/]
o 1A, = (4wn)/.--/r§r2...rndr1...drn: - (2m)",
I

W



l6ll3, = (4ﬂ")/--~/r1r2...rndr1..
B

1613, = (47r>//3d
B

.T'ndT’1 .

l6all%, = (4r™ / /
Bn

For A,, and B, are symmetric domains

pella, = 9z lla,, 10z l8, = llde 5.,

9alla, = llér@llan

i—1
l611% % llballan

9A, (@) = 9K, (@) = =

Ldry, =

Ldr, =

Ldr, =

—
N
3

N—

3

I
w

Vi, j € {l,...,n},

pallB, = llér@)ll B>

2v/3

n @
1 19a1%,
1=

i—1
) gl sl .
95, (@) = g4 (@) = E =

3 )

V1 €S,

V2(n + 1)(n+2)‘

n
I1 16 1I%,
=1

So > ga, (@) -7# 3 gp, (@) -7 in R[Sy]/ ~.

TESn TESn

Then A,, is not biholomorphic to B, by Theorem F.

n—+2
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Q.E.D.
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n
Example 2.3.3.2. In addition, we can show A,, = {z € C" | }_ |z,| < 1} is not biholomorphic
i=1

to B,

o5l A, = (47T")/‘--/r1r2...rndr1...drn =
Ap

4 )"
HqﬁngAn:(471”)/“-/r:frg...rndn...drn: )
Apn

|ésla, = <4w“>/~--/r§r2 v dr . dr —
An

Using the same method, we get

_ lealE" M oalla, _ BEatDEn+2)
ﬁ e || V/3(2n + 3)(2n + 4)
i=1 "

- Id /-
94, (@) = g4, (@)

So >, gp,(@)-T# X g, (@) 7 inR[Sy]/ ~.

TESH TESH

Then B,, is not biholomorphic to A4,, by Theorem F.

Example 2.3.3.3. A,, is not biholomorphic to A,,.

According to the computation above,

> ga (@) T # Y gh (@) T in R[S,]/ ~.

TESH TESH

So A, is not biholomorphic to A,.
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From the examples above, it is reasonable to suspect the problem lies with the fact that B,,
has a C*° smooth boundary, whereas A,, and A, have “corners” in its boundaries. However A,
is not biholomorphic to A, though their boundaries both have “corners”. So the biholomorphic

equivalence problem of domains in C™ is very complicated even in the Reinhardt domain case.



CHAPTER 3

COMPLEX PLATEAU PROBLEM

3.1 Preliminaries

Kohn-Rossi cohomology was first introduced by Kohn-Rossi. Following Tanaka (28), we

reformulate the definition in a way independent of the interior manifold.

Definition 3.1.0.4. Let X be a connected orientable manifold of real dimension 2n—1. A CR

structure on X is a rank n — 1 subbundle S of CT(X) (complexified tangent bundle) such that

1. SN S = {o},

2. If L, L' are local sections of S, then so is [L,L'].

Such a manifold with a C'R structure is called a C'R manifold. There is a unique subbundle
H of T(X) such that CH = S @ S. Furthermore, there is a unique homomorphism J : H — H
such that J2 = —1 and S = {v —iJv : v € H}. The pair (H,J) is called the real expression of
the C'R structure.

Let X be a C'R manifold with structure S. For a complex valued C'*° function u defined on

X, the section dyu € T'(9) is defined by

Opu(L) = L(u),L € S.
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The differential operator d, is called the (tangential) Cauchy-Riemann operator, and a solution

u of the equation Jyu = 0 is called a holomorphic function.

Definition 3.1.0.5. A complex vector bundle E over X is said to be holomorphic if there is a

differential operator

O :T(E) —T'(E)® S*

satisfying the following conditions:

1. 9p(fu)(L1) = (Opf)(Lr)u+ f(Opu)(L1) = (Lif)u + f(Opu)(L1),

2. (9pu)[Ly, L] = 9p(9pu(L2))(L1) — Op(dpu(L1))(Le),
where u € I'(E), f € C®(X) and L1, Ly € T'(S).

The operator O is called the Cauchy-Riemann operator and a solution u of the equation
Opu = 0 is called a holomorphic cross section.

A basic holomorphic vector bundle over a CR manifold X is the vector bundle f(X ) =

CT(X)/S. The corresponding operator 0 = 7 x 18 defined as follows. Let p be the projection

(X)
from CT(X) to T(X). Take any u € I'(T(X)) and express it as u = p(Z), Z € T(CT(X)). For
any L € T'(S), define a cross section (Ou)(L) of T\(X) by (0u)(L) = p([L, Z]). One can show
that (Ou)(L) does not depend on the choice of Z and that Ju gives a cross section of f(X )®S*.
Furthermore one can show that the operator u — OQu satisfies (1) and (2) of Definition 3.1.0.5,

using the Jacobi identity in the Lie algebra I'(CT'(X)). The resulting holomorphic vector bundle

T (X) is called the holomorphic tangent bundle of X.
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If X is a real hypersurface in a complex manifold M, we may identify f(X ) with the
holomorphic vector bundle of all (1,0) tangent vectors to M and T(X ) with the restriction of
T (M) to X. In fact, since the structure S of X is the bundle of all (1,0) tangent vectors to
X, the inclusion map CT(X) — CT'(X) induces a natural map f(X) N f(X)]X which is

a bundle isomorphism satisfying (¢ (u))(L) = ¢(du(L)), u € D(T(X)), L € S.

For a holomorphic vector bundle F over X, set

CY(X,E) = E® N§*, ¢1(X,E) = [(CY(X,E))

and define a differential operator

L ¢1X,E) — €T(X,E)

(0L6) (L1, .., Lypr) = > (1) 0p(¢(Ly, ..., Li,. .., Lgs1)) (L)

%

+ S (-1 (L0 Ll Lus -, Ly o, Lyit)

1<j
for all ¢ € €9(X,E) and Ly,...,Lgr1 € T(S). One shows by standard arguments that 9%¢
gives an element of €91 (X, E) and that 5%“5% = 0. The cohomology groups of the resulting
complex {€9(X, E), 0%} is denoted by HI(X, E).
Let {&/*(X),d} be the De Rham complex of X with complex coefficients, and let H*(X)

be the De Rham cohomology groups. There is a natural filtration of the De Rham complex,
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as follows. For any integer p and k, put A¥(X) = AF(CT(X)* and denote by FP(A*(X)) the

subbundle of A*(X) consisting of all ¢ € A*(X) which satisfy the equality

¢(Y1,. . Yp 1,21,y Zjpy1) =0

for all Y1,...,Y,—1 € CT'(X)g and Z1, ..., Z_p+1 € So, 0 being the origin of ¢. Then

AF(X) = FO(AF(X)) > FYAF (X)) > ---

o FFARX)) o FFYAFX) =0

Setting FP(«/*(X)) = T'(FP(A*(X))), we have

FH(X) = FO(ar" (X)) o FH(o/F(X)) D -+

o FF¥a*(X)) o FFYak (X)) = 0.

Since clearly dFP(a7/*(X)) C FP(a/*t1(X)), the collection {FP(«/*(X))} gives a filtration of

the De Rham complex.
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We denote by Hi2%(X) the groups EY?(X) of the spectral sequence {EFX?(X)} associated
with the filtration {FP(«/*(X))}. We call H2%(X) the Kohn-Rossi cohomology group of type

(p,q). More explicitly, let
AP,Q(X) — FP(AP"“?(X)), WWI(X) — F(Ap’q(X))’

CPI(X) = AP9(X) /APFHI7H(X), 67(X) = T(CPI(X)).

Since d : @P4(X) — &/P9(X) maps &/PT1971(X) into &/PT19(X), it induces an opera-
tor d’ : €P4(X) — EPIT(X). HLL(X) are then the cohomology groups of the complex
{Era(X),d"}.

Alternatively H2%(X) may be described in terms of the vector bundle EP = AP(T(X)*). If

for ¢ € D(EP), ui,...,u, € I(T(X)), Y € S, we define (9pr¢)(Y) = Y¢ by

Yo(ur, ... up) =Y ($(ur,. .. up)) + Y (1) d(Yus,ur,... G, . .. up)

where Yu; = (8f(X)u7;

)(Y), then we easily verify that EP with Ogpr is a holomorphic vector
bundle. Tanaka [Ta] proves that C??(X) may be identified with C?(X, EP) in a natural manner
such that

d"¢p = (=1)POmrg,d € €PI(X).

Thus, H%(X) may be identified with H?(X, EP).
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We denote by HF(X) the groups Eg (X)) of the spectral sequence {EF?(X)} associated
with the filtration {FP(«/*(X))}. We call Hf(X) the holomorphic De Rham cohomology
groups. The groups HF(X) are the cohomology groups of the complex {.#*(X),d}, where we
put *(X) = EF0(X) and d = dy : EFY — EFT0. Recall that .#%(X) is the kernel of the

following mapping:
do : EY? = Fra® — o/"0(X)

N E(I)@,l _ Fk,,Q{k+1/Fk+1,,Q{k+1 — szk’l(X)/ﬂk+1’0.

Note that . may be characterized as the space of holomorphic k-forms, namely holomorphic
cross sections of E¥. Thus the complex {.#*(X),d} (respectively, the groups HF(X) will be
called the holomorphic De Rham complex (respectively, the holomorphic De Rham cohomology
groups).

Definition 3.1.0.6. Let Li,...,L,_1 be a local frame of the CR structure S on X so that

Li,...,Ly_1 is a local frame of S. Since S ® S has complex codimension one in CT(X), we

may choose a local section N of CT(X) such that Ly,...,Ly,_1,L1,...,L,_1, N span CT(X).

We may assume that N is purely imaginary. Then the matriz (c;j) defined by
[L;, Ej] = Z aﬁij + Z bﬁjik +cijN
k k

1s Hermitian, and is called the Levi form of X.
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Proposition 3.1.0.7. The number of non-zero eigenvalues and the absolute value of the sig-

nature of (¢;;) at each point are independent of the choice of L1, ..., Ly—1,N.

Definition 3.1.0.8. X is said to be strictly pseudoconvex if the Levi form is positive definite

at each point of X.

Definition 3.1.0.9. Let X be a CR manifold of real dimension 2n —1. X is said to be Calabi-
Yau if there exists a nowhere vanishing holomorphic section in T(A"T(X)*), where T(X) is the

holomorphic tangent bundle of X.
Remark. :
1. Let X be a CR manifold of real dimension 2n — 1 in C”. Then X is a Calabi-Yau CR
manifold.

2. Let X be a strictly pseudoconvex C'R manifold of real dimension 2n — 1 contained in the
boundary of bounded strictly pseudoconvex domain in C**!. Then X is a Calabi-Yau

C R manifold.

3.2 Invariants of singularities and C'R-invariants

3.2.1 Sheaves of germs of holomorphic p-forms

Let V be a n-dimensional complex analytic subvariety in CV with only isolated singularities.

In (39), Yau considered four kinds of sheaves of germs of holomorphic p-forms

1. QF :=m. QL where 7 : M — V is a resolution of singularities of V,

2. ) = H*Q"'}\VA where 0 : V\Vying — V is the inclusion map and Vg is the singular
sing

set of V,
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3. Qp = Wy /AP, where AP = {fa+dgnf:ac QéN;ﬁGQZ}l;f,g € #} and ¢ is the

ideal sheaf of V in CV,
4. Q= Oy /AP, where AP = {w € Wyt whny,,, =0}
Clearly Q7 §~27€/ are coherent. (), is a coherent sheaf because  is a proper map. SZ){), is also

a coherent sheaf by a theorem of Siu (cf Theorem A of (40)). In case V is a normal variety, the

dualizing sheaf wy of Grothendieck is actually the sheaf (ZZQ

Definition 3.2.1.1. The Siu complex is a complex of coherent sheaves J* supported on the

singular points of V' which is defined by the following exact sequence

0— O —Q° — J*—0. (3.2.1)

Definition 3.2.1.2. Let V be a n-dimensional Stein space with 0 as its only singular point. Let
m: (M, A) — (V,0) be a resolution of the singularity with A as exceptional set. The geometric

genus pg, the irreqularity q and g -invariant of the singularity are defined as follows (cf. (39),

(41)):

pg = dimD'(M\ A, Q") /T (M, Q"), (3.2.2)
q := dimI(M\A, Q"1 /T(M, Q" 1), (3.2.3)

9P == dimD (M, Q") /7*T(V, Q). (3.2.4)
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The s-invariant of the singularity is defined as follows

s 1= dimD(M\A, Q") /[['(M, Q") + dT(M\A, Q" 1)]. (3.2.5)

Lemma 3.2.1.3. (27) Let V be a n-dimensional Stein space with O as its only singular point.
Let : (M, A) — (V,0) be a resolution of the singularity with A as exceptional set. Let J* be
the Siu complex of coherent sheaves supported on 0. Then

1. dimJ"™ = py,

2. dimJ" ! = q,

3. dimJ' =0, for1 <i<mn-—2
Proposition 3.2.1.4. (27) Let V' be a n-dimensional Stein space with 0 as its only singular

point. Let w: (M, A) — (V,0) be a resolution of the singularity with A as exceptional set. Let

J*® be the Siu complex of coherent sheaves supported on 0. Then the s-invariant is given by

s:=dimH"(J®*) =py — q (3.2.6)

and

dimH"Y(J®*) =0 (3.2.7)
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3.2.2 New invariants

Definition 3.2.2.1. Let (V,0) be a Stein germ of a 2-dimensional analytic space with an isolated
singularity at 0. Let w: (M, A) — (V,0) be a resolution of the singularity with A as exceptional

set. Define a sheaf of germs Q}wl by the sheaf associated to the presheaf

U —<T(U Q) AT(U,QL) >,

where U is an open set of M. Let Q%}l = F*Q}\’Jl.

Lemma 3.2.2.2. Let (V,0) be a Stein germ of a 2-dimensional analytic space with an isolated
singularity at 0. Let 7 : (M, A) — (V,0) be a resolution of the singularity with A as exceptional

set. Then Q%}l 1s coherent and there is a short exact sequence

0 Q%/,l — 02— FOD (3.2.8)

where F 1V s a sheaf supported on the singular point of V. Let

FUOU(M) :=T(M,03,)/ < T(M, Q%) AT(M,Q},) >, (3.2.9)

then dimﬁo(l’l) = dimFLY (M),

Proof. Since the sheaf of germ Q}\/[ is coherent, for any point w € M there exists an open
neighborhood U of w in M such that I'(U,Q},) is finitely generated over I'(U, Oy). So

L(U, Q%) AT(U, QL) is finitely generated over T'(U, O)), which means T'(U, Q]l‘}ll) is finitely
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generated over I'(U, Oyy), i.e. le\}ll is a sheaf of finite type. It is obvious that QJl\}Il is a subsheaf
of Q?M which is also coherent. So Q}V[l is coherent. And 7 is a proper map, therefore Q%}l is also

coherent.

Notice that the stalk of Q‘l}l and Q%, coincide at each point different from the singular point

0, Z®Y is supported at 0. And from Cartan Theorem B

dimFY = dimT(V, Q%) /T(V, QL) = dimFOD (M),

Q.E.D.

Observe that I'(M,Q3,) and < I'(M,Q},) AT(M,Q},) > are birational invariants. Thus,
from Lemma 3.2.2.2, we can define a local invariant of a singularity which is independent of

resolution.

Definition 3.2.2.3. Let V' be a 2-dimensional Stein space with 0 as its only singular point.

Let w: (M, A) — (V,0) be a resolution of the singularity with A as exceptional set. Let

FAED(0) = dimF§Y = dimFOD (M), (3-2.10)

We will omit 0 in f(11)(0) if there is no confusion from the context.
Let X be a compact connected strictly pseudoconvex C'R manifold of real dimension 3, in
the boundary of a bounded strictly pseudoconvex domain D in CV. By Harvey and Lawson

[Ha-La], there is a unique complex variety V in CV such that the boundary of V is X. Let
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7 (M, Ay, ,Ay) — (V,0q,---,0;) be a resolution of the singularities with A; = 771(0;),

1 <1 <k, as exceptional sets. Then the dimension of the following vector space

FOD(M) :=T(M,Q3,)/ < T(M,Q},) AT(M,Q},) >

is an invariant of strictly pseudoconvex C'R manifold X. Moreover s-invariant defined in Defi-

nition 3.2.1.2 is also C'R invariant which was also called s(X).

Definition 3.2.2.4. Let X be a compact connected strictly pseudoconvex CR manifold of real
dimension 3, in the boundary of a bounded strictly pseudoconver domain D in CV. Suppose
V in CV such that the boundary of V is X. Let © : (M, Ay,--- ,Ay) — (V,01,--- ,04) be a
resolution of the singularities with A; = 7=(0;), 1 < i < k, as exceptional sets. Then we set
C R-invariant

FOV(X) := dim POV (M), (3.2.11)

fD(X) is independent of the resolution of V' in view of the following Lemma 3.2.2.5, which

is an easy consequence of Lemma 3.2.2.2.

Lemma 3.2.2.5. If X is a compact connected strictly pseudoconver CR manifold of real di-
mension 3, in the boundary of a bounded strictly pseudoconvexr domain D in CN. Suppose
V in CN such that the boundary of V is X. Let m : (M,Ay,---,Ar) — (V,01,---,0) be
a resolution of the singularities with A; = 7= 1(0;), 1 < i < k, as exceptional sets. Then

FOD(X) =33, FBD(0;) = 3, dz‘mﬁéj’l).
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The following proposition is to show that f(1'1) is bounded above by ¢(2.

Proposition 3.2.2.6. Let V be a 2-dimensional Stein space with 0 as its only singular point.

Then f(1D < ¢(2),

Proof. Since

FY = dimT (M, Q3)/ < T(M,Q}) AT(M, Q) >,
g = dimI (M, Q%) /7" (V, Q%).

and

T D(V,Q%) =< 7' T(V, QL) AT TD(V, Q) >C< T(M, QL) AT(M, QL)) >,
the result follows. Q.E.D.

We want to use the C'R-invariant (') (X) to solve the classical Plateau problem. However
fAED(X) is in terms of M although it is independent of M. It will be nice to find some
C R-invariant which can be calculated directly from the boundary X.

For this purpose, we define another sheaf of germs le%,l

Definition 3.2.2.7. Let (V,0) be a Stein germ of a 2-dimensional analytic space with an isolated
singularity at 0. Let 0 : V\{0} < V be the embedding map. Define a sheaf of germs Q%/’io by

the sheaf associated to the presheaf

U—<T(UQ)AT(U,QY) >,
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where U is an open set of V\0. Let ﬁ%}l = 0*(9%/’10).

Lemma 3.2.2.8. Let V be a 2-dimensional Stein space with 0 as its only singular point in C.
Let m: (M, A) — (V,0) be a resolution of the singularity with A as exceptional set. Then 522%/1

18 coherent and there is a short exact sequence

0—Qyt — 0 — ) —0 (3.2.12)

where 41V s a sheaf supported on the singular point of V.. Let

GUD(M\A) :=T(M\A, Q%)) < T(M\A,Q},) AT(M\A,Q};) >, (3.2.13)

then dimgo(l’l) = dimGD (M\A).

Proof. Since the sheaf of germ (ZZ%/ is coherent by a theorem of Siu (cf Theorem A of [Si]), for
any point w € V there exists an open neighborhood U of w in V' such that T'(U, Szl%/) is finitely
generated over I'(U, Oy). So I'(U, Szl%/) AT(U, (:2%/) is finitely generated over I'(U, Oy ), which
means I'(U, 522%/’1) is finitely generated over I'(U, Oy), i.e. é%/’l is a sheaf of finite type. It is
obvious that 52%,1 is a subsheaf of Szl%, which is also coherent. So (:2%/1 is coherent.

Notice that the stalk of S:)%/l and (zl%/ coincide at each point different from the singular point

0, ¢4 is supported at 0. And from Cartan Theorem B

dim@\"" = dimT(V, Q%) /T(V,Q4Y) = dimGD (M\ A).
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Q.E.D.

Thus, from Lemma 3.2.2.8, we can define another local invariant of a singularity which is

independent on resolution.
Definition 3.2.2.9. Let V' be a 2-dimensional Stein space with 0 as its only singular point.
Let w: (M, A) — (V,0) be a resolution of the singularity with A as exceptional set. Let

gD(0) := dim@ Y = dimGUD (M) A). (3.2.14)

We will omit 0 in ¢g(»1)(0) if there is no confusion from the context.
Let m: (M, Ay, ,Ax) — (V,01,---,0x) be a resolution of the singularities with A; =

771(0;), 1 < i < k, as exceptional sets. In this case we still let

GID(M\A) :=T(M\A,Q3%,)/ < T(M\A, QL) AD(M\A,Q},) > .

Definition 3.2.2.10. If X is a compact connected strictly pseudoconvexr C' R manifold of real
dimension 3, in the boundary of a bounded strictly pseudoconvexr domain D in CV. Suppose
V in CN such that the boundary of V is X. Let m: (M, A = |J; 4;) — (V,01,---,0x) be a

resolution of the singularities with A; = m=(0;), 1 <i < k, as exceptional sets. Let

GUD(M\A) :=T(M\A,Q3,)/ < T(M\A, Q) AT(M\A,Q},) > (3.2.15)
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and

GIY(X) = .7%(X)) < SHUX) A FHX)) > (3.2.16)

~

where SP are holomorphic cross sections of NP(T(X)*). Then we set

g(l,l)(M\A) — dimG(l’l)(M\A), (3.2.17)

gIY(X) == dimGIY(X). (3.2.18)

Lemma 3.2.2.11. If X is a compact connected strictly pseudoconver CR manifold of real
dimension 3, in the boundary of a bounded strictly pseudoconvexr domain D in CV. Suppose
V in CN such that the boundary of V is X. Let m : (M, Ay, -+, Ar) — (V,01,---,0) be
a resolution of the singularities with A; = 7= 1(0;), 1 < i < k, as exceptional sets. Then

gtI(X) = gD (M\A).

Proof. Take a one-convex exhausting function ¢ on M such that ¢ > 0 on M and ¢(y) = 0
if and only if y € A. Set M, = {y € M,¢(y) > r}. Since X = OM is strictly pseudoconvex,
any holomorphic p-form 0 € .#P(X) can be extended to a one side neighborhood of X in M.
Hence, 6 can be thought of as holomorphic p-form on M,, i.e. an element in I'(M,, QIJDWT). By
Andreotti and Grauert ([An-Gr]), I'(M,, Q% ) is isomorphic to I'(M\A, Q). So gV (X) =

g(l,l)(M\A). Q.E.D.

By Lemma 3.2.2.8 and 3.2.2.11, we can get the following lemma easily.
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Lemma 3.2.2.12. If X is a compact connected strictly pseudoconvex C'R manifold of real
dimension 3, in the boundary of a bounded strictly pseudoconver domain D in CV. Suppose
V in CN such that the boundary of V is X. Let m : (M, Ay, ,A) — (V,01,---,0;) be
a resolution of the singularities with A; = 7= 1(0;), 1 < i < k, as exceptional sets. Then

gID(X) =3, g00(0;) = X, dim@Y.
The following proposition is to show that ¢(''!) is bounded above.

Proposition 3.2.2.13. Let V be a 2-dimensional Stein space with 0 as its only singular point.

Then g1 < Dy + g?.

Proof. Since

gD = dimD(M\A, Q3)/ < T(M\A, Qjy) AT(M\A, Q) >,

9@ = dimD (M, Q%) /7*T(V, Q%).
and

T T(V, Q%/) =< 7'T(V, Q%/) AT T(V, Q%/) >
CT(M, Q) AT(M, QL)) (3.2.19)

CT(M\A, QL) AT(M\A, Q})),

the result follows. Q.E.D.
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The following two theorems are the crucial parts for the classical Plateau problem.

Theorem 3.2.2.14. Let V be a 2-dimensional Stein space with 0 as its only normal singular
point with C*-action. Let 7 : (M, A) — (V,0) be a minimal good resolution of the singularity

with A as exceptional set, then f01) > 1.

Proof. 1t suffices to prove there is a holomorphic 2-form w on M which is not contained in
< T(M,Q%,) AT(M,Q},) >. Embed (V, 0) locally into C™ and let 21,..., 2, be coordinate
function of C™.

If p, > 0, there exists a holomorphic 2-form wy on M\A but not on M, ie. wy €
D(M\A, Q3 )\I'(M,Q3%,). So wp must have pole along some irreducible component A; of A.
Suppose w; has the lowest order of pole along A; such that w; € T'(M\A,Q2,)\I'(M, Q%,).
Then 7*(zj)w; is holomorphic along A; for all j, 1 < j < m. If 7*(z;)w1 ¢ T(M,Q3,), it
must has pole along another irreducible component Ay of A. Suppose we € I'(M\A,Q3%,) has
the lowest order of poles along Ay and holomorphic along A;. Then 7*(z;)ws is holomorphic
along A; and As, for all j, 1 < j < m. Since the number of irreducible components of A is
finite, by induction, there exists a holomorphic 2-form wy, € I'(M\ A, Q%,) which has the lowest
order of pole along some irreducible component Aj and holomorphic along Ay, ..., Ax_1, and
7 (z;)wi € T(M,Q3,) for all j, 1 < j < m. Choose a point b in Aj which is a smooth point of
A. Let(x1,x2) be a coordinate system centered at b such that Ay is given locally by 21 = 0 at

b. Take the power series expansion of 7*(z;) around b:

™ (zj) = 2y f;,1 < j < m, (3.2.20)
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where f; is holomorphic function such that f;(0,z2) # 0 and “=” means local equality around
b. Without loss of generity, we can suppose r1 = min{ry,...,rn}. By local calculation,
we know that for any element ¢ in 7*I'(V,Q%), the vanishing order of ¢ along Ay , which
is denoted by Orda, v, is at least 2ry — 1. However Ordy, 7*(21)wy is at most r1 — 1. So
™ (z1)wy € T(M,Q3,)\7*T'(V,Q%,). We pick such kind w € I'(M, Q3,)\n*T'(V, Q%) which has
the lowest order of zeros, r, along Ay, i.e. Ordg,w =r. Sor <r1.

Let &y € I'(V, ©y), where Oy := Homg, (Q%,, Oy ), denote the generating vector field of
the C*-action and let i¢,, denote the contraction map. For some o € I'(V, Q{,), write o as a sum

Y ad of quasi-homogeneous elements where o/ is a quasi-homogeous element of degree l; > 0.

Let L¢, = i¢, d + dig, be the Lie derivation. Then
lekj = Lgvaj = igvd<aj) + diév (Oéj).

So

L(V,Qy) = d(T(V, Ov)) + ig, (T(V,03))). (3.2.21)

Since for minimal good resolution, we have 7,0 = Oy (cf (42)), where ©); is the vector
field on M. Thus, there exists {3y which is a lift of &y, i.e. m&y = . We know that &)y is

tangential to the exceptional set, so

. 0
Em = a{'p— +27%¢

0
—,a1>1,a2 >0
8:61

8%2
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where p and ¢ are holomorphic functions.
Let ig,, : [(M,Q3%,) — T'(M,Q},) be the contraction map corresponding to ig,. If ¢ €

[(M,Q3%,) and ¢ = x¥%gdxy A dxa, then

ien (Q) = gy, (2 gday A dxo) = —$11”+a2 qgdxy + xﬁ”ralpgdxg.

From Equation 3.2.21,

F(M7 Q}\J) = d(P(M7 ﬁM)) + if]\{ (F(M7 Q%J))

Since V is normal , g9 = 0, i.e. T'(M, Oyf) = 7*(T(V, OV)).
We now prove that w is not contained in < I'(M,Q},) AT(M,Q},) >. Consider n,¢ €

(M, Q},) locally around b.

Suppose i = n1+12 and ¢ = 1+, where i1, @1 € d(T'(M, Onr)), n2, @2 € g, (T(M,Q3))).

Let

m = ifM (C)? C = Zqung:‘l A d$2> g(O,ZL'Q) 7& 07

and

02 =g, (s), s =aihdry Ndxa, h(0,z2) # 0.

Then

nApe=mAer+ (mAp2+mAe1)+n2 A ps.
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Since

ritri— a 1 Ti+ri— al
dr*(z) A d*(z) = (riz} " lfiafz‘mxﬁf lfjai;)d"’“d“’“%

Ordaym Ap1 >2-11—1>r.

Write 12 and 9 locally around b:

o u+az
e = —I

qgdry + z}y T pgdws,

g = —2V T qhdry + 2V phds.
So m2 A e = 0.
Also notice that
dr*(zj) = rjaz;j_lfjdxl + :E;jgij;dazg
So

Orda,m ANp2 >r1+v>r

and

Orda,m Np1r >r14+u>r.

From the discussion above, we can get Orda,n A ¢ > r.
Therefore w is not a linear combination of elements in < I'(M, Q) AT(M,Q},) >

If pg = 0, from (43), the canonical bundle K is generated by its global sections in a

neighborhood of the exceptional set. So there exists w € I'(M,Q3,) such that w does not vanish
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along some irreducible component Ay of A. The rest of the argument is same as those in the

case of p, > 0, with r is 0. Q.E.D.

Theorem 3.2.2.15. Let V' be a 2-dimensional Stein space with 0 as its only normal singular
point with C*-action. Let 7 : (M, A) — (V,0) be a minimal good resolution of the singularity

with A as exceptional set, then ¢tb1) > 1.

Proof. If dimI'(M\A,Q3%,)/T(M,Q3,) > 0, then there exists

wo € T(M\A, 2 )\I(M, Q3)).

So wp must have pole along some irreducible component Ay of A. Suppose w has the highest
order of pole along A and w € F(M\A,Q%J). Denote Orda,w = r < 0. Let 21, -+, 2, be
coordinate function of C™. Choose a point b in Ay which is a smooth point of A. Let(z1,x2)
be a coordinate system centered at b such that Ay is given locally by 1 = 0 at b. Take the

power series expansion of 7*(z;) around b.

™ (zj) = 2y f;,1 < j < m, (3.2.22)

where f; is holomorphic function such that f;(0,z2) # 0. So by the choice of w, min{ry,...,rp} >
0>r.

Let & € I'(V, Oy ), where Oy := Jomg, (Q%/, Oy ), denote the generating vector field of

the C*-action, i¢, the contraction map. For some a € I'(V, SZZ%,), write a as a sum Y. o of
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quasi-homogeneous elements where o/ is a quasi-homogeous element of degree l; > 0. Let

L¢, = i¢,d + dig, be the Lie derivation. Then
leéj = L&V()éj = igvd(aj) + digv (ozj).

So

D(V, ) = d(T(V, 6v)) +ig, (C(V, 2F)). (3.2.23)
Let &7 be a lift of &, which is mentioned in the last theorem.

. 0
Em = 21" po— + 21%q

o7 ya1 2> 1,a2 >0
1

Oy

where p and ¢ are holomorphic functions.
Let i¢,, : D(M\A,Q3,) — I'(M\A,Q]},) be the contraction map corresponding to ig, . If

¢ e T(M\A,Q3,) and ¢ = zYgdzy A dzo, then

3% (€)= 3y (xYgdr1 N dxo) = _quH_aqudxl + qul—mlpgdx%

From Equation 3.2.23,

F(M\Aa Q}W) = d(F(M\Av ﬁM)) + ifM(F(M\Aa Q?M))
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Since V is normal , ¢© = 0, i.e. T'(M, Oy) = 7 (T(V, Oy)). Moreover, by the normality of
(V,0), T(M, Or) = T(M\A, Oup).

We now prove that w is not contained in < T'(M\A, QL) AT(M\A, QL) >. Consider
n,¢ € D(M\A, Q},) locally around b

Suppose ) = n1+12 and ¢ = @1+p2, where n1, @1 € d(D(M, Our)), n2, o2 € i, (D(M\A, Q3))).

Let

e =gy (C), ¢ =atgder Adwa,  g(0,22) # 0,

and

w2 =g, (s), s =aihdry ANdxa, h(0,z2) # 0.

So u and v are bounded lower by 7.

Then
nAp=mAe1+ ([ Ap2+nm2Ae1)+nA .
Since
1 OFs e 1. Of:
dr*(z;) Ndm*(z5) = (rix?wj lfii — rjx;ﬁrj lfj Ji )dx1 A dza,
8562 8562

OrdAknl Nppr 2> 2- min{rl, . ,Tm} —1>r.
Write 12 and 9 locally around b:
+
xzy "

n = — qgdzy + YT pgdas,

v+ay

g = —2y T qhdry + 2V phdzs.
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So m2 A o == 0.

Also notice that
r; 0f;

ri—1
dr*(zj) = rjzy  fidz + x4 D1y

dxo

So

Orda,m N g2 >min{ri,...,rm}+v>r

and

Orda,ne AN p1 > min{ry,...,rp}+u>r.

From the discussion above, we can get Orda,n A ¢ > r.

Therefore w is not a linear combination of elements in < I'(M\A, Q) AT(M\A,QY,) >

If dimT'(M\A,Q32,)/T(M,Q32,) = 0, the singularity is rational. So irregularity ¢ = 0 (cf.
(44)). Then

I(M\A,Q3)) _ I(M,Q3)
<T(M\A, Q) AT(M\A, QL) > <T(M, QL) AT(M, QL) >’

(M, Q3%))
<D(M, Q%) AT(M, QL) >

g = dim = fOD > 1.

Q.E.D.

3.3 The complex Plateau problem

In 1981, Yau (26) solved the classical complex Plateau problem for the case n > 3.
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Theorem 3.3.0.1. (26) Let X is a compact connected strictly pseudoconvex C'R manifold of
real dimension 2n — 1, n > 3, in the boundary of a bounded strictly pseudoconver domain D in
Cn*tL. Then X is a boundary of the complex sub-manifold V C D — X if and only if Kohn-Rossi

cohomology groups HY%.(X) are zeros for 1 < g <n—2

Next we want to use our new invariants introduced in § 3 to solve the classical complex
Plateau problem for the case n = 2.

First, we present some known results in the paper (27).

Theorem 3.3.0.2. (27) Let X be a compact connected (2n — 1)-dimensional (n > 2) strictly
pseudoconvexr CR manifold. Suppose that X is the boundary of a n-dimensional strictly pseudo-
convexr manifold M which is a modification of a Stein space V' with only isolated singularities

{01,...,0mm}. Let A be the maximal compact analytic set in M which can be blown down to

{01,...,0,,}. Then
1. HI(X) = H(M\A) = H!(M) 1<g<n-—1
2. H(X) = H(M\A),dimH} (M\A) = dimH}!(M) + s, where s = s1 + -+ + sy, S; is the
s-invariant of the singularity (V,0;).
Theorem 3.3.0.3. (27) Let (V,0) be a Gorenstein surface singularity. Let m : M — V be
a good resolution with A = 771(0) as exceptional set. Assume that M is contractible to A.

If s = 0, then (V,0) is a quasi-homogeneous singularity, H'(A,C) = 0, dimH'(M,Q') =

dimH?*(A,C) + dimH'(M, 0), and Hj.(M) = H}(M) = 0. Conversely, if (V,0) is a two
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dimensional quasi-homogeneous Gorenstein singularity and H'(A,C) = 0, then the s-invariant

vanishes.

Theorem 3.3.0.4. (27) Let X be a strictly pseudoconvex compact Calabi-Yau C R manifold of
dimension 3. Suppose that X is contained in the boundary of a strictly pseudoconvexr bounded
domain D in CN. If the holomorphic De Rham cohomology H,%(X) =0, then X is a boundary
of a complex variety V in D with boundary reqularity and V' has only isolated singularities in
the interior and the normalizations of these singularities are Gorenstein surface singularities

with vanishing s-invariant.

Corollary 3.3.0.5. (27) Let X be a strictly pseudoconver compact CR manifold of dimension
3. Suppose that X is contained in the boundary of a strictly pseudoconver bounded domain
D in C3. If the holomorphic De Rham cohomology H%(X) = 0, then X is a boundary of a
complex variety V in D with boundary regularity and V' has only isolated quasi-homogeneous
singularities such that the dual graphs of the exceptional sets in the resolution are star shaped

and all the curves are rational.

So from several theorems above we can see that, in the paper (27), Luk and Yau give a
sufficent condition H?(X) = 0 to determine when X can bound some special singularities.
However, even if both H}(X) and H?(X) vanish, V still can be singular.

We use C'R invariants given in the last section to get sufficent and necessary conditions for

the variety bounded by X being smooth.
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Lemma 3.3.0.6. Let (V,0) be the germ of a 2-dimesional isolated Gorenstein singularity, then

the singularity is normal.

Proof. For a variety, the dualing sheaf of module is always reflexive, which means that the depth
of the module at the singularity is at least 2. If (V, 0) is an isolated non-normal singularites, then
the local ring at the singular point has depth 1. So the dualizing sheaf can not be invertable

which contradicts to the singularity being Gorenstein. Q.E.D.

Theorem 3.3.0.7. Let X be a strictly pseudoconver compact Calabi-Yau CR manifold of di-
mension 3. Suppose that X is contained in the boundary of a strictly pseudoconver bounded
domain D in CN. Then X is a boundary of the complex sub-manifold V. C D— X with boundary

reqularity if and only if s-invariant s(X) and fOV(X) vanish.

Proof. (=): By Theorem 3.3.0.2 s-invariant s(X) = 0. Since every holomorphic 2 form can
be expressed by linear combination of exterior product of two holomorphic 1 forms locally in
manifold V, f(L1(X) = 0 follows from Lemma 3.2.2.5.

(«<): It is well known that X is a boundary of a variety V in D with boundary regularity
(21). Since s = 0, X is a boundary of the complex sub-manifold V' C D — X with only
isolated Gorenstein quasi-homogeneous singularities {01, - ,0x}. Recall the singularities are
normal by Lemma 3.3.0.6. From Theorem 3.3.0.3, H} (M;) = 0, where M; is the minimal good
resolution of a sufficently small neighborhood of 0; in V', 1 < ¢ < k. From Theorem 3.2.2.14,

dimF®D (M) > 0 which contradict to f(11)(X) = 0. So V is smooth. Q.E.D.
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Corollary 3.3.0.8. Let X be a strictly pseudoconvexr compact CR manifold of dimension 3.
Suppose that X is contained in the boundary of a strictly pseudoconvexr bounded domain D in
C3. Then X is a boundary of the complex sub-manifold V. .C D — X if and only if s-invariant

s(X) and fOD(X) vanish.

Theorem 3.3.0.9. Let X be a strictly pseudoconvexr compact Calabi-Yau CR manifold of di-
mension 3. Suppose that X is contained in the boundary of a strictly pseudoconvex bounded
domain D in CN. Then X is a boundary of the complex sub-manifold V. C D — X with boundary

reqularity and the variety is smooth if and only if s-invariant and g(l’l)(X) vanish.

Proof. (=) : Since V is smooth, gtV (X) = f(LD(X). The result is from Theorem 3.3.0.7.
(<) :It is well known that X is a boundary of a variety V' in D with boundary regularity
(21). Since s = 0, X is a boundary of the complex sub-manifold V' C D — X with only isolated
Gorenstein quasi-homogeneous singularities {0y,---,0x}. Recall the singularities are normal
by Lemma 3.3.0.6. Let m; : M; — V; be the minimal good resolution of a sufficently small
neighborhood V; of 0; in V, 1 < i < k. From Theorem 3.2.2.15, dimG™Y (M;) > 0 which

contradict to g(l’l)(X) = 0. So V is smooth. Q.E.D.

Corollary 3.3.0.10. Let X be a strictly pseudoconver compact CR manifold of dimension 3.
Suppose that X is contained in the boundary of a strictly pseudoconvex bounded domain D in
C3. Then X is a boundary of the complex sub-manifold V .C D — X if and only if s-invariant

and g(WV(X) vanish.
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From Theorem 3.3.0.2, we know that if H?(X) = 0, then s = 0. So we can get a necessary
and sufficient condition in terms of boundary X with H?(X) = 0 to determine when X is a

boundary of a manifold.

Corollary 3.3.0.11. Let X be a strictly pseudoconver compact Calabi-Yau CR manifold of
dimension 3. Suppose that X is contained in the boundary of a strictly pseudoconvexr bounded
domain D in CN with H}QL(X) = 0. Then X is a boundary of the complex sub-manifold V' C

D — X with boundary regularity if and only if g(bV)(X) = 0.

Corollary 3.3.0.12. Let X be a strictly pseudoconver compact CR manifold of dimension 3.
Suppose that X is contained in the boundary of a strictly pseudoconvexr bounded domain D in
C? with H}QL(X) = 0. Then X is a boundary of the complex sub-manifold V. C D — X if and

only if gWD(X) =0 .



10.

11.

126

CITED LITERATURE

. Du, R. and Yau, S. S.-T.: Higher order Bergman functions and explicit construction of

moduli space for complete Reinhardt domains. Journal of Differential Geometry,
to appear.

. Du, R. and Yau, S. S.-T.: New CR invariants and its application to the complex Plateau

problem. Submitted.

Du, R., Gao, Y., and Yau, S. S.-T.: Explicit construction of moduli space of bounded
complete Reinhardt domains in C” and Hilbert 14" problems. Submitted.

. Riemann, B.: Theorie der Abelschen Funktionen. Journ. Reine angew. Math., 54:115-155,

1857.

Noether, M.: Anzahl der Modulen einer Classe algebraischer Flachen, pages 123-127. Sitz.
Koniglich. Preuss. Akad. der Wiss. zu Berlin, erster Halbband, 1888.

. Frolicher, A. and Nijenhuis, A.: A theorem on stability of complex structures. Proc. Nat.

Acad. Sci., U.S.A., 43:239-241, 1957.

Kodaira, K. and Spencer, D.: On deformations of complex analytic structures, I-II, IV.
Annals of Math., 67:328-466, 1958. vol. 71 (1960), pp. 43-76.

. Kuranishi, M.: On the locally complete families of complex analytic structures. Annals of

Math., 75:536-577, 1962.

Mumford, D.: Geometric invariant theory. Berlin, Heidelberg, New York, Springer, 1965.
second enlarged edition: D. Mumford, and J. Fogarty: Ergebnisse der Mathematik
(3. Folge) 34 (1982).

Gieseker, D.: Global moduli for surface of general type. Invent. Math., 43:233-282, 1977.

Viehweg, E.: Quasi-projective moduli for polarized manifolds. In Ergebnisse der
Mathematik und ihrer Grenzgebiete (3. Folge) Band 30, A series of Modern Sur-
veys in Mathematics. Springer, 1995.




12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

127

Poincaré, H.: Les fonctions analytiques de deux variables et la représentation conforme.
Rend. Circ. Mat. Palermo, 23:185-220, 1907.

Cartan, E.: Sur la géometrie pseudo-conforme des hypersurfaces de deux variables com-
plexes, I-1I. Ann. Math. Pura Appl., 11(4):17-90, 1932. Ann. Scuola Norm. Sup.
Pisa 1 (1932), no. 2, 333-354.

Chern, S. S. and Moser, J.: Real hypersurfaces in complex manifolds. Acta Math., 133:219-
271, 1974.

Fefferman, C.: Monge-Ampére equations, the Bergman kernel, and geometry of pseudo-
convex domains. Ann. of Math., 103(2):395-416, 1976.

Burns, D. Shnider, S. and Wells, R. O.: Deformations of strictly pseudoconvex domains.
Invent. Math., 46:237-253, 1978.

Webster, S. M.: Pseudo-Hermitian structures on a real hypersurface. Journal of Differential
Geometry, 13:25-41, 1978.

Lempert, L.: Holomorphic invariants, normal forms, and the moduli space of convex
domains. Ann. of Math., 128:43-78, 1988.

Monvel, B. D.: Integration des equation de Cauchy-Riemann. Seminaire
Goulaouic-Lions-Schwartz, Ex ré IX, 1974-1975.

Kohn, J.: The range of the tangential Cauchy-Riemann operator. Duke Math. J., 53:525—
545, 1986.

Harvey, R. and Lawson, B.: On boundaries of complex analytic varieties. Ann. of Math.,
102:233-290, 1975.

Yau, S. S.-T.: Global invariants for strongly pseudoconvex varieties with isolated singular-
ities: Bergman functions. Math. Research Letters, 11:809-832, 2004.

Fefferman, C.: The Bergman kernel and biholomorphic mappings of pseudoconvex domains.
Invent. Math., 26:1-65, 1974.

Sunada, T.: Holomorphic equivalence problem for bounded Reinhardt domains. Math.
Ann., 235:111-128, 1978.




25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

128

Luk, H. and Yau, S. S.-T.: Counterexample to boundary regularity of a strongly pseu-
doconvex CR manifold: An addendum to the paper of Harvey-Lawson. Annals of
Mathematics, 148:1153-1154, 1998.

Yau, S. S.-T.: Kohn-Rossi cohomology and its application to the complex Plateau problem,
i. Ann. of Math., 113:67-110, 1981.

Luk, H. and Yau, S. S.-T.: Kohn-Rossi cohomology and its application to the complex
Plateau problem, ii. J. Differential Geometry, 77:135-148, 2007.

Tanaka, N.: A differentail geometry study on strongly pseudoconvex manifolds. Lecture
in Mathematics, Kyoto University, 9. Kinokuniya Bookstroe Co. Ltd, 1975.

Luk, H.-S., Yau, S. S.-T., and Yeh, L.-Y.: Bergman kernels on resolutions of isolated
singularities. Math., Research Letters, 8:303—-319, 2001.

Hilbert, D.: Uber die Theorie der algebraischen Formen. Math. Annalen, 36:474-534, 1890.

Pflug, P.: Quadratintegrable holomorphe functionen und die serrevermutung. Math. Ann.,
216:285C288, 1975.

Henkin, G. M.: Integral representations of functions holomorphic in strictly pseudoconvex
domains and some applications. Math. USSR Sb., 11:597-616, 1969.

Ramirez, E.: Ein Divisionsproblem und Randintegraldarstellungen in der komplexen anal-
ysis. Math. Ann., 184:172-187, 1970.

Diederich, K. and Forne ss, J. E.: Pseudoconvex domains with real analytic boundary.
Ann. of Math, 107:371-384, 1978.

Weitzenbéch, R.: Uber die invariaten von Linear Gruppen. Acta Math., 58:230-250, 1932.

Seshadri, C. S.:  On a theorem of Weitzenbock in invariant theory. J. Math. Kyoto
University, 1:403-309, 1962.

Mukai, S.: An introduction to invariants and moduli. Cambridge University Press, 2003.

Range, R. M.:  Holomorphic functions and integral representations in several complex
variables. GTM 108. Springer-Verlag, 1986.




39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

129

Yau, S. S.-T.: Various numerical invariants for isolated singularities. Amer. J. Math.,
104(5):1063C1110, 1982.

Siu, Y.-T.: Analytic sheaves of local cohomology. Trans. AMS, 148:347C366, 1970.

Straten, D. and Steenbrink, J.: Extendability of holomorphic differential forms near isolated
hypersurface singularities. Abh. Math. Sem. Univ. Hamburg, 55:97C110, 1985.

Burns, D. and Wahl, J.: Local contributions to global deformations of surfaces. Inventiones
math., 26:67-88, 1974.

Yau, S. S.-T.: Existence of L%integrable holomorphic forms and low estimates of T%/.
Duke Math. J., 4(48), 1981.

Yau, S. S.-T.: s 1 invariant for isolated n-dimensional singularities and its application
to moduli problem. Amer. J. Math., 104:829-841, 1982.

Andreotti, A. and Grauert, H.: Théoremes de finitude pour la cohomologie des espaces
complexes. Bull. Soc. Mat. Fr., 90:193C259, 1962.

Diederich, K., Herbort, G., and Ohsawa, T.: The Bergman kernel on uniformly extendable
pseudoconvex domains. Math. Ann., 273:471-478, 1986.

Diederich, K.: Das Randverhalten der Bergmanschen Kernfuktion und Metrik in streng
pseudokonvexen Gebieten. Math. Ann., 187:9-36, 1970.

Herbort, G.: Logarithmic growth of the Bergman kernel for weakly pseudoconvex domains
in C3 of finite type. Manuscr. Math., 45:69-76, 1983.

Hironaka, H.: Resolution of singularities of an algebraic variety over a field of characteristic
zero: I, ii. Ann. of Math., 79:109-326, 1964.

Mukai, S.: Counterexample to Hilbert’s Fourteenth Problem for the 3-dimensional group.
Michigan Math. J., 53(1):123-132, 2005.

Nagata, M.: On the fourteenth problem of Hilbert. American Journal of Mathematics,
81(3):766-772, 1959.

Ohsawa, T.: On complete Kahler domains with C''-boundary. Publ. Res. Inst. Math. Sci.,
16(3):929-940, 1980.




130

53. Ohsawa, T.: Boundary behavior of the Bergman kernel function on pseudoconvex domains.
Publ. Res. Inst. Math. Sci., 20(5):897-902, 1984.




131

VITA

e Contact Information:

Rong Du

— Department of Mathematics Statistics and Computer Sciences

University of Illinois at Chicago 851 South Morgan Steet (M/C 249)

Chicago, Illinois, USA, 60607
— e-mail: rdu2@uic.edu
— Web page: http://www.math.uic.edu/ rongdu
e Research Interest: Algebraic Geometry and Complex Geometry.

e Education:

— University of Illinois at Chicago, Department of Mathematics, Ph.D. 2009. (EXP)

— East China Normal University, Department of Mathematics, M.A. 2005, B.A. 2002.

e Professional Experience:

— Teaching Assistant, University of Illinois at Chicago, 2005-2006.
— Research Assistant 2006-now, University of Illinois at Chicago.

— Assistant of Manage Editor of Journel of Algebraic Geometry 2006-now.

e Selected Professional Activities:



132

ICM Satellite Conference on Algebra (Suchow, China, 2002).

The 1st Conference in Number Theory and Algebraic Geometry (Beidai River, China,
2003).

The 2nd Conference in Number Theory and Algebraic Geometry (Si Chuan, China,
2004).

The 9th National Conference in Algebra (Huang Shan, China, 2004).

The 1st Chinese-German Conference in Complex Geometry (Beijing, China, 2004).
Conference on 3-manifold Topology in Honour of Peter Shalen’s 60th Birthday (Mon-
tral,Canada, 2006).

Complex Geometry Conference in Honor of Domingo Toledo’s 60th Birthday (Uni-
versity of Utah, Utah, USA, 2006).

UIC-Purdue Workshop on Algebraic Geometry and Commutative Algebra (Perdue-
University, West Lafayette, Indiana, USA, 2006).

Give a talk “Rational Double Points” at graduate Algebraic Geometry seminar (UIC,
Chicago, Illinois, USA, 2006).

Give a talk “One-parameter subgroups and limit points in toric variety” at graduate
Algebraic Geometry seminar (UIC, Chicago, Illinois, USA, 2007).

Give a talk “Cohomology of line bundles for toric variety I, II” at graduate Algebraic

Geometry seminar (UIC, Chicago, Illinois, USA, 2007).



133

— University of Michigan-Ohio State-UIC algebraic geometry workshop (University of

Michigan, Ann Arbor, Michigan, USA, 2007).

Midwest Workshop on Complex Analysis and Geometry (UIC, Chicago, Illinois,

USA, 2007).

The 4th International Congress of Chinese Mathematicians (Hangzhou, China, 2007).

Give a talk “Deformations in Algebraic Geometry” at graduate Algebraic Geometry

seminar (UIC, Chicago, Illinois, USA, 2007).

Algebraic Geometry and Commutative Algebra Conference to celebrate to Robin
Hartshorne’s 70th birthday (UIC, Chicago, Illinois, USA, 2008).
— The 2nd Bluegrass Algebra Conference (University of Kentucky, Lexington, Ken-

tucky, USA, 2009)

e Honors and Awards:

— China Undergraduate Mathematical Contest in Modeling, Shanghai district, second

prize, 1999, 2000.

Normal University Scholarship, East China Normal University, China, 1999, 2000,

2001.

Sony Scholarship, China, 2000.

Shanghai Excellent Graduates, China, 2002.

— Master Scholarship, East China Normal University, China, 2003.



134

— Invited to give a talk “The Equations of Rational Triple Points” at The 9th National
Algebraic Conference, Huang Shan, China, 2004.
— Master Thesis silver medal of New World Mathematics Awards in The 4th Interna-

tional Congress of Chinese Mathematicians, Hangzhou, China, 2007.
e Publications:

— Cubic equations of rational triple points of dimension two (with Zhijie Chen, Sheng-
Li Tan, and Fei Yu), Proceedings of the International Conference on Complex Ge-
ometry and Related Fields, 63—76, Amer. Math. Soc., Providence, RI, 2007.

— Higher order Bergman functions and complete numerical invariants for a family of
pseudoconvex CR manifolds (with Stephen Yau), 45 pp. in ms. (to appear) Journal
of Differential Geometry.

— Local holomorphic De Rham cohomology (with Stephen Yau), 7 pp. in ms., submit-
ted for publication.

— New CR invariants and its application to the complex Plateau problem (with Stephen
Yau), 18 pp. in ms., submitted for publication.

— Explicit construction of moduli space of bounded complete Reinhardt domains in
C™ and Hilbert 14" problems (with Yun Gao and Stephen Yau), 21 pp. in ms.,
submitted for publication.

— Complete invariants for special domains in D, E varieties (with Yun Gao and Stephen

Yau), in preparation.



