BANACH SPACES WITHOUT MINIMAL SUBSPACES -
EXAMPLES
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ABSTRACT. We analyse several examples of spaces, some of them new, and
relate them to several dichotomies obtained in [5] by classifying them according
to which side of the dichotomies they fall.
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1. INTRODUCTION

In this article we give several new examples of Banach spaces, corresponding to
different classes of a list defined in [5]. This paper may be seen as a more empirical
continuation of [5] in which our stress is on the study of examples for the new
classes of Banach spaces considered in that work.

1.1. Gowers’ list of inevitable classes. In the paper [9], W.T. Gowers had
defined a program of isomorphic classification of Banach spaces. The aim of this
program is a loose classification of Banach spaces up to subspaces, by producing a
list of classes of Banach spaces such that:

(a) if a space belongs to a class, then every subspace belongs to the same class,
or maybe, in the case when the properties defining the class depend on a basis of
the space, every block subspace belongs to the same class,

(b) the classes are inevitable, i.e., every Banach space contains a subspace in one
of the classes,

(c) any two classes in the list are disjoint,
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(d) belonging to one class gives a lot of information about operators that may
be defined on the space or on its subspaces.

We shall refer to such a list as a list of inevitable classes of Gowers. For the
motivation of Gowers’ program as well as the relation of this program to classical
problems in Banach space theory we refer to [5]. Let us just say that the class of
spaces cg and £, is seen as the nicest or most regular class, and so, the objective
of Gowers’ program really is the classification of those spaces (such as Tsirelson’s
space T') which do not contain a copy of ¢ or £,. Actually, in [5], mainly spaces
without minimal subspaces are classified, and so in this article, we shall consider
various examples of Banach spaces without minimal subspaces. We shall first give
a summary of the classification obtained in [5] and of the results that led to that
classification.

After the construction by Gowers and Maurey of a hereditarily indecomposable
(or HI) space GM, i.e., a space such that no subspace may be written as the
direct sum of infinite dimensional subspaces [10], Gowers proved that every Banach
space contains either an HI subspace or a subspace with an unconditional basis
[8]. This dichotomy is called first dichotomy of Gowers in [5]. These were the
first two examples of inevitable classes. He then refined the list by proving a
second dichotomy: any Banach space contains a subspace with a basis such that
either no two disjointly supported block subspaces are isomorphic, or such that any
two subspaces have further subspaces which are isomorphic. He called the second
property quasi minimality. Finally, H. Rosenthal had defined a space to be minimal
if it embeds into any of its subspaces. A quasi minimal space which does not contain
a minimal subspace is called strictly quasi minimal, so Gowers again divided the
class of quasi minimal spaces into the class of strictly quasi minimal spaces and the
class of minimal spaces.

Gowers therefore produced a list of four classes of Banach spaces, correspond-
ing to classical examples, or more recent couterexamples to classical questions: HI
spaces, such as GM; spaces with bases such that no disjointly supported subspaces
are isomorphic, such as the couterexample G,, of Gowers to the hyperplane’s prob-
lem of Banach; strictly quasi minimal spaces with an unconditional basis, such as
T'; and finally, minimal spaces, such as ¢g or £, but also T, Schlumprecht’s space
S, or as proved recently in [12], its dual S*.

In [5] three new dichotomies for Banach spaces were obtained. The first one of
these new dichotomies, the third dichotomy, concerns the property of minimality
defined by Rosenthal. Recall that a Banach space is minimal if it embeds into any
of its infinite dimensional subspaces. On the other hand, a space Y is tight in a
basic sequence (e;) if there is a sequence of successive intervals Iy < Iy < Is < ...
of N such that for all infinite subsets A C N, we have

YZlen|ng L]
icA
A tight basis is a basis such that every subspace is tight in it, and a tight space
is a space with a tight basis.
It is then observed in [5] that the tightness property is hereditary, incompatible
with minimality, and it is proved that:
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Theorem 1.1 (3rd dichotomy, Ferenczi-Rosendal 2007). Let E be a Banach space
without minimal subspaces. Then E has a tight subspace.

Actual examples of tight spaces in [5] turn out to satisfy one of two stronger
forms of tightness. The first was called tightness with constants. A basis (e,) is
tight with constants when for for every infinite dimensional space Y, the sequence
of successive intervals Iy < I; < ... of N witnessing the tightness of Y in (e, ) may
be chosen so that Y g [e, ] n ¢ Ik] for each K. This is the case for Tsirelson’s
space.

The second kind of tightness was called tightness by range. Here the range,
range x, of a vector x is the smallest interval of integers containing its support, and
the range of a block subspace [z,] is | J,, range x,. A basis (e,) is tight by range
when for every block subspace Y = [y,], the sequence of successive intervals I <
I < ... of N witnessing the tightness of Y in (e,,) may be defined by I}, = range y
for each k. This is equivalent to no two block subspaces with disjoint ranges being
comparable.

When the definition of tightness may be checked with I = supp y; instead of
range yx, then a stronger property is obtained which is called tightness by support,
and is equivalent to the property defined by Gowers in the second dichotomy that
no disjointly supported block subspaces are isomorphic, Therefore G, is an example
of space with a basis which is tight by support and therefore by range.

As we shall see, one of the aims of this paper is to present various examples of
tight spaces of these two forms.

In [5] it was proved that there are natural dichotomies between each of these
strong forms of tightness and respective weak forms of minimality. For the first no-
tion, recall that given two Banach spaces X and Y, we say that X is crudely finitely
representable in Y if there is a constant K such that for any finite-dimensional sub-
space F' C X there is an embedding T: F — Y with constant K, i.e., [|T||-[|T7}] <
K. A space X is said to be locally minimal if for some constant K, X is K-crudely
finitely representable in any of its subspaces.

Theorem 1.2 (5th dichotomy, Ferenczi-Rosendal 2007). Any Banach space E
contains a subspace with a basis that is either tight with constants or is locally
minimal.

There is also a dichotomy concerning tightness by range. A space X with a
basis (x,) is said to be subsequentially minimal if every subspace of X contains
an isomorphic copy of a subsequence of (x,). Essentially this notion had been
previously considered by Kutzarova, Leung, Manoussakis and Tang in the context
of modified partially mixed Tsirelson spaces [11].

Theorem 1.3 (4th dichotomy, Ferenczi-Rosendal 2007). Any Banach space E
contains a subspace with a basis that is either tight by range or is subsequentially
minimal.

The second case in Theorem 1.3 may be improved to the following hereditary
property of a basis (x,), that we call sequential minimality: (z,) is quasi minimal
and every block sequence of [z,] has a subsequentially minimal block sequence.
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Finally there exists a sixth dichotomy theorem due to A. Tcaciuc [16], stated
here in a slightly strengthened form. A space X is uniformly inhomogeneous when

VM >13n e NVYY,..., Yo, €Y 3y € Sy, (vi)iey #ar (i)ilnin-

On the contrary, a basis (e,) is said to be strongly asymptotically ¢,, 1 < p < 400,
[3], if there exists a constant C' and a function f : N — N such that for any n,
any family of n unit vectors which are disjointly supported in [ej | k> f(n)] is
C-equivalent to the canonical basis of £;;. Tcaciuc then proves [16] :

Theorem 1.4 (Tcaciuc’s dichotomy, 2005). Any Banach space contains a subspace
with a basis which is either uniformly inhomogeneous or strongly asymptotically £,
for some 1 < p < +o0.

The six dichotomies and the interdependence of the properties involved can be
visualised in the following diagram, see [5].

Strongly asymptotic £, *x* Tcaciuc’s dichotomy **  Uniformly inhomogeneous

U 1)
Unconditional basis % % 1st dichotomy * x Hereditarily indecomposable
r 4
Tight by support * % 2nd dichotomy * * Quasi minimal
4 1)
Tight by range * % 4th dichotomy x* Sequentially minimal
4 i)
Tight %% 3rd dichotomy * x Minimal
) I
Tight with constants * % Hth dichotomy * Locally minimal

Combining the six dichotomies and the relations between them, the following
list of 19 classes of Banach spaces contained in any Banach space is obtained in [5]:

Theorem 1.5 (Ferenczi - Rosendal 2007). Any infinite dimensional Banach space
contains a subspace of one of the types listed in the following diagram.:
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Type | Properties FExamples
(1a) | HI, tight by range and with constants ?

(1b) | HI, tight by range, locally minimal G*

(2) HI, tight, sequentially minimal ?

(8a) | tight by support and with constants, uniformly inhomogeneous | ¢

(8b) | tight by support, locally minimal, uniformly inhomogeneous Gy

(3¢c) | tight by support, strongly asymptotically ,,, 1 < p < 00 X

(8d) | tight by support, strongly asymptotically £so X

(4) | unconditional basis, quasi minimal, tight by range ?

(5a) | unconditional basis, tight with constants, sequentially minimal, | ¢
uniformly inhomogeneous

(5b) | unconditional basis, tight, sequentially and locally minimal, ?
uniformly inhomogeneous

(5¢) | tight with constants, sequentially minimal, T, T®
strongly asymptotically £p, 1 < p < 0o

(5d) | tight, sequentially minimal, strongly asymptotically €, ?

(6a) | unconditional basis, minimal, uniformly inhomogeneous S, 5*

(6b) | minimal, reflexive, strongly asymptotically L T*

(6¢) | isomorphic to ¢y orl,, 1 <p < o0 co, Up

In [5] the properties of the spaces S, G, G, and the existence and properties of
X,, are mentioned without proof. It is the main objective of this paper to prove
the results about these spaces which appear in the above diagram.

So in what follows various (and for some of them new) examples of “pure” tight
spaces are analysed combining some of the properties of tightness or minimality
associated to each dichotomy. We shall provide several examples of tight spaces
from the two main families of exotic Banach spaces: spaces of the type of Gowers
and Maurey [10] and spaces of the type of Argyros and Deliyanni [1]. Recall that
both types of spaces are defined using a coding procedure to “conditionalise” the
norm of some ground space defined by induction. In spaces of the type of Gowers
and Maurey, the ground space is the space S of Schlumprecht, and in spaces of the
type of Argyros and Deliyanni, it is a mixed (in further versions modified or partly
modified) Tsirelson space associated to the sequence of Schreier families. The space
S is far from being asymptotic ¢, and is actually uniformly inhomogeneous, and this
is the case for our examples of the type of Gowers-Maurey as well. On the other
hand, we use a space in the second family, inspired by an example of Argyros,
Deliyanni, Kutzarova and Manoussakis [2], to produce strongly asymptotically ¢;
and /., examples with strong tightness properties.

2. TIGHT UNCONDITIONAL SPACES OF THE TYPE OF GOWERS AND MAUREY

In this section we prove that the dual of the type (3) space G, constructed by
Gowers in [6] is locally minimal of type (3), that Gowers’ hereditarily indecompos-
able and asymptotically unconditional space G defined in [7] is of type (1), and
that its dual G* is locally minimal of type (1). These spaces are natural variations
on Gowers and Maurey’s space GM, and so familiarity with that construction will
be assumed: we shall not redefine the now classical notation relative to GM, such
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as the sets of integers K and L, R.1.S. sequences, the set Q of functionals, special
functionals, etc., instead we shall try to give details on the parts in which G, or G
differ from GM.

The idea of the proofs is similar to [6]. The HI property for Gowers-Maurey’s
spaces is obtained as follows. Some vector z is constructed such that ||z is large,
but so that if ' is obtained from x by changing signs of the components of z, then
x*(z') is small for any norming functional 2*, and so ||2’|| is small. The upper bound
for 2*(z') is obtained by a combination of unconditional estimates (not depending
on the signs) and of conditional estimates (i.e., based on the fact that |y ., €] is
much smaller than n if ¢; = (—1)* for all 7).

For our examples we shall need to prove that some operator T' is unbounded.
Thus we shall construct a vector z such that say Tz has large norm, and such that
a*(z) is small for any norming x*. The upper bound for z*(z) will be obtained by
the same unconditional estimates as in the HI case, while conditional estimates will
be trivial due to disjointness of supports of the corresponding component vectors
and functionals. The method will be similar for the dual spaces.

Recall that if X is a space with a bimonotone basis, an £, -average with constant
1+ is a normalised vector of the form Y7 | x;, where z1 < -+ < x, and [|z;|| < 1E€
for all i. An £, -average with constant 1 + € is a normalised vector of the form
o, @i, where 1y < --+ < @, and ||z;]| > 1%‘_5 for all i. An (7 -vector (resp. (2, -
vector) is a non zero multiple of an (7 -average (resp. {7, -average). The function

f is defined by f(n) =logy(n+1). The space X is said to satisfy a lower f-estimate
if for any x1 < -+ < xp,

1 n n
- il < ill-
) ;llﬁC [ ||;€U [

Lemma 2.1. Let X be a reflexive space with a bimonotone basis and satisfying a
lower f-estimate. Let (y3) be a normalised block sequence of X*, n € N, ¢,a > 0.
Then there exists a constant N (n,€), successive subsets F; of [1, N(n,€)], 1 <i < n,
and XA > 0 such that if x7 == X3 cp yy for all i, then z* = S xrods an 0 -
average with constant 1 + €. Furthermore, if for each i, x; is such that ||z;|| < 1,
range ; C range ; and x}(x;) > oz}, then x = Y | x; is an (], -vector with
1 *
constant 1< such that z*(x) > 15|z
Proof. Since X satisfies a lower f-estimate, it follows by duality that any sequence
of successive functionals 2] < --- < z} in G}, satisfies the following upper estimate:

n
LS Il < 7o) o
=

Let N = n* where k is such that (1+¢)* > f(n*). Assume towards a contradiction
that the result is false for N(n,e) = N, then
Y=t Y)W e oY)

is not an £7_, -vector with constant 1+ ¢, and therefore, for some i,

* * 1 *
Hyink*1+1 +.. +y(i+1)nk*1” < ﬁHy -
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Applying the same reasoning to the above sum instead of y*, we obtain, for some

Js
1

[Yjnr—2q0 + - Y ayme2ll < m“y -
By induction we obtain that
1 1
1< ——— * <— k ,
el < e

a contradiction.
Let therefore z* be such an £7, | -average with constant 1+ € of the form ), z7.
Let for each 4, x; be such that ||z;|| < 1, range x; C range =} and x(z;) > oz}

Then on o
zi|| = x* i) = = il
Il >t () > 1 > I

and in particular for each i,

«

1+e
Jaall < =1 il
i
O

The following lemma is fundamental and therefore worth stating explicitly. It
appears for example as Lemma 4 in [7]. Recall that an (M, g)-form is a functional
of the form g(M)~!(z} + ...+ %), with 7 < --- < 2}, of norm at most 1.

Lemma 2.2 (Lemma 4 in [7]). Let f,g € F with g > /[, let X be a space with a
bimonotone basis satisfying a lower f-estimate, let € > 0, let x1,...,xn be a R.1.S.
in X for f with constant 1 + € and let © = Zf\il x;. Suppose that

|Ez| < sup{|x*(Ex)\ M > 2,0" is an (M, g)—form}
for every interval E such that ||Ez| > 1/3. Then ||z|| < (1+¢€+€)Ng(N)™ L.

2.1. A locally minimal space tight by support. Let G, be the space defined
in [6]. This space has a suppression unconditional basis, is tight by support and
therefore reflexive, and its norm is given by the following implicit equation, for all
X € Cpo:

Izl = |zlleo V sup{f(n)*l S lIEa| ] 2< B <...< En}
=1

\Y sup{\x* ()] ‘ k € K, z* special of length k}
where E1, ..., E, are successive subsets (not necessarily intervals) of N.
Proposition 2.3. The dual G}, of G, is tight by support and locally minimal.

Proof. Given n € N and ¢ = 1/10 we may by Lemma 2.1 find some N such that
there exists in the span of any 2] < ... < 3, an /7, -average with constant
1+ €. By unconditionality we deduce that any block-subspace of G}, contains ¢2.’s
uniformly, and therefore G}, is locally minimal.

Assume now towards a contradiction that (z) and (y) are disjointly supported

and equivalent block sequences in G, and let T': [z}] — [y] be defined by Tz} =
Yn-
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We may assume that each z;, is an £, -average with constant 1+e¢. Using Hahn-
Banach theorem, the 1-unconditionality of the basis, and Lemma 2.1, we may also
find for each n an (7, -average x,, with constant 1+ € such that supp z,, C supp z},
and z*(z,) > 1/2. By construction, for each n, Tz} is disjointly supported from
[z1], and up to modifying T', we may assume that Tz} is in Q and of norm at most
1 for each n.

If z1,..., 2y is a R.LS. of these {7 -averages x, with constant 1 + ¢, with m €
[log N,exp N], N € L, and z7,...,2" are the functionals associated to z1, ..., Zm,

then by [6] Lemma 7, the (m, f)-form z* = f(m) 1 (2f + ...+ 27,) satisfies

Pt ) B e 3 Lz 2
1 m /Qf(m)/4 1 m s
and furthermore T'z* is also an (m, f)-form. Therefore we may build R.I.S. vectors
z with constant 1 + € of arbitrary length m in [log N,exp N], N € L, so that z
is 4 1-mormed by an (m, f)-form z* such that Tz* is also an (m, f)-form. We
may then consider a sequence z1,...,z2; of length k € K of such R.I.S. vectors
of length m;, and some corresponding (m;, f)-forms 27,...,z} (i.e 2z 4 '-norms
z; and Tz is also an (m;, f)-form for all ¢), such that T27,...,T%} is a special
sequence. Then we let z = 21 + -+ z;, and z* = f(k)"Y/2(2f +... + z}). Since
Tz* = f(k)"Y2(Tzf + ...+ Tz}) is a special functional it follows that

1T < 1.
Our aim is now to show that ||z|| < 3kf(k)~!. It will then follow that
12*1l = 2" (2)/l12]l > f (k)2 /12,

Since k was arbitrary in K this will imply that 7! is unbounded and provide the
desired contradiction.

The proof is almost exactly the same as in [6]. Let Ky = K \ {k} and let g be
the corresponding function given by [6] Lemma 6. To prove that ||z < 3kf(k)™*
it is enough by [6] Lemma 8 and Lemma 2.2 to prove that for any interval E such
that |Ez|| > 1/3, Ez is normed by some (M, g)-form with M > 2.

By the discussion in the proof of the main theorem in [6], the only possible
norming functionals apart from (M, g)-forms are special functionals of length k. So
let w* = f(k)™'/2(w} + -+ +w}) be a special functional of length k, and E be an
interval such that ||Ez|| > 1/3. We need to show that w* does not norm Ez.

Let ¢ be minimal such that w; # Tz;. If i # j or i« = j > t then by definition
of special sequences there exist M # N € L, min(M, N) > jai, such that w} is an
(M, f)-form and z; is an R.I.S. vector of size N and constant 14¢. By [6] Lemma 8,
zj is an E{V;/lo-average with constant 2. If M < N then 2M < logloglog N so, by
[6] Corollary 3, |w;(Ez;)| < 6f(M)~. If M > N then logloglog M > 2N so, by
[6] Lemma 4, |w} (Ez;)| < 2f(N)/N. In both cases it follows that |w}(Ez;)| < k2.

If i = j =t we have |w](Ez;)| < 1. Finally if i = j < ¢ then w} = T2}. Since
Tz} is disjointly supported from [zj] and therefore from z;, it follows simply that
wy(Ez;) = 0 in that case.

Summing up we have obtained that

lw*(B2)| < f(k)"2 (K52 +1) = 2f(k)"/? < 1/3 < || B2,

Therefore w* does not norm Ez and this finishes the proof. ([l
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It may be observed that G, is uniformly inhomogeneous. We state this in a
general form which implies the result for G, Schlumprecht’s space S and its dual
S*. This is also true Gowers-Maurey’s space GM and its dual GM™*, as well as
for G and G*, where G is the HI asymptotically unconditional space of Gowers
from [7], which we shall redefine and study later on. As HI spaces are always
uniformly inhomogeneous however, we need to observe that a slightly stronger
result is obtained by the proof of the next statement to see that Proposition 2.4
is not trivial in the case of GM, G or their duals - see the three paragraphs after
Proposition 2.4.

Proposition 2.4. Let f € F and let X be a space with a bimonotone basis
satisfying a lower f-estimate. Let ¢¢ = 1/10, and assume that for every n €
[log N,expN|,N € L, z1,...,2, a R.LS. in X with constant 1 + ¢y and x =

Z;\Ll .'L'i,
|IEx| < sup{\x*(Exﬂ M =2 2,2" is an (M,f)-form}
for every interval E such that |Ex|| > 1/3. Then X and X* are uniformly inho-

mogeneous.

Proof. Given € > 0, let m € L be such that f(m) > 24e!. Let Yi,...,Ys,, be
arbitrary block subspaces of X. By the classical method for spaces with a lower f
estimate, we may find a R.I.S. sequence y; < -+ < y,, with constant 1 + ¢y with
Y; € Yoi_1,Vi. By Lemma 2.2,

||Zyl|| 2m f (m) "

Let on the other hand n € [m1 ,expm| and By < --- < E,, be sets such that
Ujz1 £ = {1,...,n} and |E;| is within 1 of ;- for all j. We may construct a R.LS.

sequence I1,...,T, With constant 1 + ey such that x; € Y5; whenever i € E;.
By Lemma 2.2,
n n
il < (A4 2e0)(— + 1) f(——1)71 <2 “Imh
I3 =l < (L 2e0) G+ DS =) < 20
i€E;

Let z; = ||ZieEj o e ZieEj x;. Then z; € Ys; for all j and

IIZZ;-II > f) 7 Y1 @l ™ Y ) = m/2.

j=1 i€E; i€E;
Therefore
m
HZyzH m) Dzl < 6IIZ:%II
=1

Obviously (y;)i2, is not e l-equivalent to (z;)™,, and thls means that X is uni-
formly inhomogeneous.

The proof concerning the dual is quite similar and uses the same notation. Let
Y14, ..., Yoms be arbitrary block subspaces of X*. By Lemma 2.1 we may find a
R.IS. sequence y; < -+ < y,, with constant 1+ ¢y and functionals y; € Y2;_1. such
that range y; C range y; and y} (y;) > 1/2 for all 4. Since ||}, v;|| < 2mf(m)~!

it follows that . . -
I il = 1D wll ™D v wi) = f(m)/4.
i=1 i=1 i=1
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On the other hand we may construct a R.I.S. sequence z1,...,z, with constant
14 €o and functionals z} such that range z} C range x;, 2} (x;) > 1/2 for all ¢, and
such that =} € Y5, whenever i € Ej;. Since ||Zi€Ej z;|| < 2nf(n)~tm™1, it follows

that
13wl > = iy,

3m  2n
i€E;

Let 25 = [[X;cp, 277" Xicp, 7+ Then zj € Yo, for all j and

< =S pn) =
H;zjns Ty () =6

Therefore

HZZ*II 24f(m 1IIZylH el > vl
i=1
O

Corollary 2.5. The spaces S, S*, GM, GM*, G, G*, G, and G}, are uniformly
inhomogeneous.

A slightly stronger statement may be obtained by the proof of Proposition 2.4,
in the sense that the vectors y; in the definition of uniform inhomogeneity may be
chosen to be successive. More explicitely, the conclusion may be replaced by the
statement that

VM >13n e NVYL,...,Ys, CY Jy; € Sy, (Wi)iy #m ()7 01

where y; < -+ < yp and yYp41 < -+ < Yon-

This property is therefore a block version of the property of uniform inhomo-
geneity. It was observed in [5] that the sixth dichomoty had the following “block”
version: any Schauder basis of a Banach space contains a block sequence which is
either block uniformly inhomogeneous in the above sense or asymptotically £, for
some p € [1, 4o0].

It is interesting to observe that either side of this dichotomy corresponds to
one of the two main families of HI spaces, namely spaces of the type of Gowers-
Maurey, based on the example of Schlumprecht, and spaces of the type of Argyros-
Deliyanni, based on Tsirelson’s type spaces. More precisely, spaces of the type
of Gowers-Maurey are block uniformly inhomogeneous, while spaces of the type
of Argyros-Deliyanni are asymptotically #;. Observe that the original dichotomy
of Tcaciuc fails to distinguish between these two families, since any HI space is
trivially uniformly inhomogeneous, see [5].

3. TigHT HI SPACES OF THE TYPE OF GOWERS AND MAUREY

In this section we show that Gowers’ space G constructed in [7] and its dual are
of type (1). The proof is a refinement of the proof that G, or G% is of type (3),
in which we observe that the hypothesis of unconditionality may be replaced by
asymptotic unconditionality. The idea is to produce constituent parts of vectors or
functionals in Gowers’ construction with sufficient control on their supports (and
not just on their ranges, as would be enough to obtain the HI property for example).
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The space G has a norm defined by induction as in GM, with the addition of
a new term which guarantees that its basis (e,) is 2-asymptotically unconditional,
that is for any sequence of normalised vectors N < x1 < ... < xy, any sequence of
scalars aq,...,ay and any sequence of signs €1, ..., €n,

N N
1> enanzall < 21 anzall.
n=1 n=1

The basis is bimonotone and, although this is not stated in [7], it may be proved
as for GM that G is reflexive. It follows that the dual basis of (e,) is also 2-
asymptotically unconditional. The norm on G is defined by the implicit equation,
for all = € cqq:

n
Jall = lelley v sup{ () S Bsal |2 <, By <. < By )

i=1

v sup{\x*(Exﬂ ‘ k € K,x* special of length k, E C N}

v sup{||SzH ‘ S is an admissible opera‘cor}7

where E, E1,..., E, are intervals of integers, and S is an admissible operator
if Sz = LN e Ena f f si d
if So = 53, _; e,Eyx for some sequence of signs €1,...,exy and some sequence
Ey, ..., Ey of intervals which is admissible, i.e. N < Fy and 14+ max F; = min F;

for every i < N.

R.I.S. pairs and special pairs are considered in [7]; first we shall need a more
general definition of these. Let z1,...,z, be a R.LS. with constant C, m €
[log N,expN], N € L, and let «7,...,z} be successive normalised functionals.
Then we call generalised R.I1.S. pair with constant C the pair (x,2*) defined by
= IS0 U, @) and @ = f(m) LS, @

Let z1, ..., 2z be a sequence of successive normalised R.I.S. vectors with constant
C, and let z7,. ..,z be a special sequence such that (z;, z}) is a generalized R.L.S.
pair for each i¢. Then we shall call generalised special pair with constant C the pair
(z,2*) defined by z = Ele z; and z* = f(k)_l/Q(Zf:1 2f). The pair (||z]| 71z, 2*)
will be called normalised generalised special pair.

Lemma 3.1. Let (z,2%) be a generalised special pair in G, of length k € K, with
constant 2 and such that supp z* Nsupp z = 0. Then

5k

fk)
Proof. The proof follows classically the methods of [10] or [6]. Let Ko = K \ {k}
and let g be the corresponding function given by [7] Lemma 5. To prove that
|lz|l < 5kf(k)~! it is enough by Lemma 2.2 to prove that for any interval E such
that ||Ez| > 1/3, Ez is normed by some (M, g)-form with M > 2.

By the discussion in [7] after the definition of the norm, the only possible norming
functionals apart from (M, g)-forms are of the form Sw* where w* is a special
functional of length k£ and S is an “acceptable” operator. We shall not state the
definition of an acceptable operator S, we shall just need to know that since such
an operator is diagonal of norm at most 1, it preserves support and (M, g)-forms,
[7] Lemma 6. So let w* = f(k)~'/2(w} + - - +w}) be a special functional of length

2]l <
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k, S be an acceptable operator, and E be an interval such that |[Ez|| > 1/3. We
need to show that Sw* does not norm Ez.

Let t be minimal such that w; # 2;. If i # j or i = j > t then by definition
of special sequences there exist M # N € L, min(M, N) > jo, such that w} and
therefore Sw} is an (M, f)-form and z; is an R.I.S. vector of size N and constant

2. By [7] Lemma 8, z; is an K{V;/m—average with constant 4. If M < N then
2M < logloglog N so, by [7] Lemma 2, |Sw;(Ez;)| < 12f(M)~'. If M > N then
logloglog M > 2N so, by [7] Lemma 3, |Sw;(Ez;)| < 3f(N)/N. In both cases it
follows that |Sw}(Ez;)| < k=2

If i = j =t we simply have |Sw](Ez;)| < 1. Finally if i = j < ¢ then w} = 2.
and since supp Sz C supp z; and supp Ez; C supp z;, it follows that Sw} (Ez;) =0
in this case.

Summing up we have obtained that

[Sw*(B2)] < F() VAR5 4 1) = 2£ ()2 < 1/3 < || B2
Therefore Sw* does not norm Ez and this finishes the proof. (I

The next lemma is expressed in a version which may seem technical but this will
make the proof that G is of type (1) more pleasant to read. At first reading, the
reader may simply assume that T' = Id in its hypothesis.

Lemma 3.2. Let n € N and let € > 0. Let (x;); be a normalised block basis in
G of length n* and supported after 2n*, where k = min{i | f(nY) < (1+ €)'}, and
T : [x;] — G be an isomorphism such that (Tx;) is also a normalised block basis.
Then for any n € N and € > 0, there exist a finite interval F' and a multiple x
of 3 ,cp xi such that Tx is an (7, -average with constant 1+ €, and a normalised
functional x* such that x*(x) > 1/2 and supp x* C |J,cprange ;.

Proof. The proof from [7] that the block basis (T'z;) contains an (7 -average with
constant 1+ € is the same as for GM, and gives that such a vector exists of the form
Tz = X} ,cp Tx;, thanks to the condition on the length of (;). We may therefore
deduce that 2|F| —1 < supp «. Let y* be a unit functional which norms z and such
that range y* C range x. Let 2* = FEy* where E is the union of the |F| intervals
range z;,¢ € F. Then z*(xz) = y*(z) = 1 and by unconditional asymptoticity of
G, 2| < Slly*ll < 2. 0

The proof that G is HI requires defining “extra-special sequences” after having
defined special sequences in the usual GM way. However, to prove that G is tight
by range, we shall not need to enter that level of complexity and shall just use
special sequences.

Proposition 3.3. The space G is of type (1).

Proof. Assume some normalised block-sequence (z,,) is such that [x,] embeds into
Y = [e;,i ¢ |, range x,] and look for a contradiction. Passing to a subsequence
and by reflexivity we may assume that there is some isomorphism 7T : [z,] — Y
satisfying the hypothesis of Lemma 3.2, that is, (T'x,) is a normalised block basis
in Y. Fixing ¢ = 1/10 we may construct by Lemma 3.2 some block-sequence of
vectors in [z,] which are 1/2-normed by functionals in Q of support included in
U,, range x,, and whose images by 7' form a sequence of increasing length /7, -
averages with constant 1 +e. If T2y,...,Tz, is a R.I.S. of these (7, -averages
with constant 1 + ¢, with m € [logN,expN], N € L, and z27,...,z}, are the

1 m
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functionals associated to z1,..., 2z, then by [7] Lemma 7, the (m, f)-form z* =

f(m)~Y(zr + ...+ 27, satisfies

Pt et mm) E o s T L Tl = @) et 2
1 m /Zf(m)/4 1 ml|| = 1 ml|-

Therefore we may build R.I.S. vectors Tz with constant 1+ € of arbitrary length m
in [log N,exp N|, N € L, so that z is (4]|7!||)~!-normed by an (m, f)-form z* of
support included in | J,, range x,,. For such (z,z*), (T'z, z*) is a generalised R.I.S.
pair. We then consider a sequence T'zq,...,Tz; of length k € K of such R.L.S.
vectors, such that there exists some special sequence of corresponding functionals
2%,..., 2, and finally the pair (2, 2*) where 2z = 2+ - -4z, and 2* = f(k)~"/?(2 +
...+ 2;): observe that the support of z* is still included in [ J, range z,. Since
(T'z, z*) is a generalised special pair, it follows from Lemma 3.1 that

172 < 5k f(k)~.
On the other hand,
21l = 2*(2) = AT )~ R f (k)72

Since k was arbitrary in K this implies that 7! is unbounded and provides the
desired contradiction. (I

As we shall now prove, the dual G* of G is of type (1) as well, but also locally
minimal.

Lemma 3.4. Let (x}) be a normalised block basis in G*. Then for any n € N
and € > 0, there exists N(n,¢€), a finite interval F C [1,N(n,€)], a multiple z* of
Y icr Ti which is an (3 -average with constant 1+ € and an (], -average x with
constant 2 such that x*(x) > 1/2 and supp = C |J;.p range ;.

Proof. We may assume that ¢ < 1/6. By Lemma 2.1 we may find for each i < n
an interval Fj, with |F;[ < 2min F, and a vector y; of the form A}, .z}, such
that y* = Y1, yF is an ¢, -average with constant 1 + e. Let, for each i, z; be
normalised such that yf(x;) = ||y/|| and range x; C range y. Let y; = E;x,,
where E; denotes the canonical projection on [e,,,m € UkeF,; range ;). By the
asymptotic unconditionality of (e, ), we have that |jy;|| < 3/2. Let yi = |jy;| ~tvi,
then

I~

* * — * 2
yr () = il =ty () = llwill (xi)>§lly2‘|\~

By Lemma 2.1, the vector = ).y, is an ¢} -vector with constant 2, such that
x*(x) > ||z /2, and clearly supp x C |J,cp range ;. O

Proposition 3.5. The space G* is locally minimal and tight by range.

Proof. By Lemma 3.4 we may find in any finite block subspace of G* of length
N(n,e€) and supported after N(n,¢) an £ -average with constant 1 + €. By as-
ymptotic unconditionality we deduce that uniformly, any block-subspace of G*
contains /7 ’s, and therefore G* is locally minimal.

We prove that G* is tight by range. Assume towards a contradiction that
some normalised block-sequence (z7}) is such that [z}] embeds into Y = [ef,i ¢

\U,, range z},] and look for a contradiction. If T" is the associated isomorphism, we
may by passing to a subsequence and perturbating 7" assume that Tz} is successive.
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Let € = 1/10. By Lemma 3.4, we find in [z}] and for each n, an 7, -average y;,
with constant 1+ € and an £, -average y,, with constant 2, such that y;: (y,) > 1/2
and supp ¥, C |J, range z;. By construction, for each n, Ty}, is disjointly supported
from [z}], and up to modifying T', we may assume that 7y is in Q and of norm
at most 1 for each n.

If z1,...,2m is a RLS. of these {7, -averages y, with constant 2, with m €
[log N,exp N|, N € L, and 27, ..., 2, are the {7, -averages associated to 21, ..., zm,
then by [6] Lemma 7, the (m, f)-form z* = f(m)~1(2f + ... + 2},) satisfies

* m 1
2+t am) = W > 6||,zl—|—...—|—zm||7

and furthermore T'z* is also an (m, f)-form. Therefore we may build R.L.S. vectors
z with constant 2 of arbitrary length m in [log N,exp N|, N € L, so that z is 671-
normed by an (m, f)-form z* such that Tz* is also an (m, f)-form. We may then

consider a sequence 21, ..., 2 of length £ € K of such R.L.S. vectors of length m,,
and some corresponding functionals z7, ..., 2} (i.e., 2 6~ '-norms z; and 7'z} is also
an (m;, f)-form for all ¢), such that Tz7,...,T%; is a special sequence. Then we

let 2 =2 + -+ 2 and z* = f(k)"/2(2f + ...+ z}), and observe that (z,Tz*)
is a generalised special pair. Since Tz* = f(k)™Y/?(Tz} + ...+ Tz}) is a special
functional it follows that

T2 < 1.

But it follows from Lemma 3.1 that ||z|| < 5k f(k)~!. Therefore
12*1l = 2*(2)/l12]l > £ (k)*/2/30.

Since k was arbitrary in K this implies that 7! is unbounded and provides the
desired contradiction. ([

It remains to check that G* is HI. The proof is very similar to the one in [7] that
G is HI, and we shall therefore not give all details. There are two main differences
between the two proofs. In [7] some special vectors and functionals are constructed,
and the vectors are taken alternatively in arbitrary block subspaces Y and Z of G.
In our case we need to take the functionals in arbitrary subspaces Y, and Z, of G*
instead. This is possible because of Lemma 3.4. We also need to correct what seems
to be a slight imprecision in the proof of [7] about the value of some normalising
factors, and therefore we also get worst constants for our estimates.

Let € = 1/10. Following Gowers we define an R.I.S. pair of size N to be a
generalised R.I.S. pair (z, 2*) with constant 1+ of the form (||z1+...+x x|t (21 +
cootan), F(N) "zt +- - +ay)), where 27 (z,,) > 1/3 and range z;, C range x,, for
each n. A special pair is a normalised generalised special pair with constant 1+ ¢ of
the form (z,2*) where x = ||z1 +...+ 2] " (z1 +... +2x) and 2* = f(k) V2 (27 +
.-+ + x) with range z} C range x, and for each n, z} € Q, |z} (z,) — 1/2] <
10~ minsupp Zn - By [7] Lemma 8, z is a R.I.S. vector with constant 2 whenever
(z,2%) is a special pair. We shall also require that £ < minsupp z;, which will
imply by [7] Lemma 9 that for m < k¥/10, 2 is a £]" -average with constant 8 (see
the beginning of the proof of Proposition 3.6).

Going up a level of “specialness”, a special R.1.S.-pair is a generalised R.1.S.-pair
with constant 8 of the form (||z1+...+an|| " (z1+. . .+zn), F(N) @i+ +ay)),
where range x; C range z, for each n, and with the additional condition that
(zn,xk) is a special pair of length at least minsupp x,. Finally, an extra-special
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pair of size k is a normalised generalised special pair (x,z*) with constant 8 of the
form z = ||z + ... + o) " (21 + ...+ 25) and * = f(k)"V2(z} + - + 2}) with
range = C range T, such that, for each n, (x,,z}) is a special R.1.S.-pair of length
o(xf,...,xh_1).

Given Y, Z, block subspaces of G* we shall show how to find an extra-special
pair (z,z*) of size k, with z* built out of vectors in Y, or Z,, such that the signs of
these constituent parts of z* can be changed according to belonging to Y, or Z, to
produce a vector '* with ||z’*|| < 12f(k)~/?||z*||. This will then prove the result.

Consider then an extra-special pair (z,2*). Then z splits up as

k N; kij
-1 —1 —1
14 E v, E Z/ij E Tijr
=1 Jj=1 r=1

and x* as .
k ij
Y F(N) Zf i) DT
i=1 r=1

where the numbers v, v; and v;; are the norms of what appears to the right. These
special sequences are chosen far enough “to the right” so that k;; < minsupp x;;1,
and also so that (maxsupp ;;— 1) k L < 4=06+) We shall also write x; for
1N 1 ki
v; ! ijl l/ijl 2y %r and x;; for l/Ul Zr 1 Tijr-
We define a vector z’ by

2: /— 1§:
v; wz_]ra

=1 r= 1
where the numbers v and Vij are the norms of what appears to the right. We shall
write @ for v/~ ZJ it i (=1)"xjr and aj; for vt i (=)
Fmally we define a functional z’* as

k N; kij
NG WLORD ST SIS
i=1 7j=1 r=1

Proposition 3.6. The space G* is HIL

Proof. Fix Y, and Z, block subspaces of G*. By Lemma 3.4 we may construct an
extra-special pair (z,z*) so that z7;,. belongs to Y. when r is odd and to Z. when
r is even.

We first discuss the normalisation of the vectors involved in the definition of z’.
By the increasing condition on k;; and x;;, and by asymptotic unconditionality, we

have that
kij
1> (=12l < QIIZ%TH,
r=1

which means that z/ < 2v;;. Furthermore it also follows that the functional
(1/2) (kij)~—1/? ZT 1( 1)"x};, is of norm at most 1, and therefore we have that
||Z V(=D me|| = (1/2)kij f (kij) "' /2. Lemma 9 from [7] therefore tells us that,

for every 4,7, =}, is an €1+ -average with constant 8, if m;; < kl/lo. But the k;;

/
ij
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increase so fast that, for any 4, this implies that the sequence zi,...,}y is a
rapidly increasing sequence with constant 8. By [7] Lemma 7, it follows that

IIZ%H IN;/ f(Ni)-

Therefore by the f-lower estimate in G we have that v} < 9v;.
We shall now prove that ||z'|] < 12kf(k)*1. This will imply that

||x’\|>x£‘(m/)>f 1/22f 1'1Zf 1/1Zx .
%l = Hl'/H = ].Qk 1] ijr z]r

k

N;
2 f(k)1/2(12k>_118_1[z f(N’i)_1V;1 Zf(klj - 71 qur xzﬂ”
j=1

=1

k
= f(k)"/2(216k) 7Y a7 (z;) > 64871 (k)12
i=1
By construction of z* and z'* this will imply that
ly™ = 2*[| > 64871 £ (k)2 ly” + 2|

for some non zero y* € Y, and z* € Z,, and since k € K was arbitrary, as well as
Y, and Z,, this will prove that G* is HI.

The proof that ||z’ < 12kf (k)™ is given in three steps:

Step 1. The vector x' is a R.I.S. vector with constant 11.

Proof. We already know the sequence 7, ...,y is a rapidly increasing sequence
with constant 8. Then by [7] Lemma 8 we get that x is also an Kfff-average with

constant 11, if M; < Nl/m. Finally, this implies that z’ is an R.I.S.-vector with
constant 11, as claimed. ([l

Step 2. Let Ky = K \ {k}, let g € F be the corresponding function given by [7]
Lemma 5. For every interval E such that ||Ex’|| > 1/3, Ex’ is normed by an
(M, g)-form.

Proof. The proof is exactly the same as the one of Step 2 in the proof of Gowers
concerning G, apart from some constants which are modified due to the change of
constant in Step 1 and to the normalising constants relating v; and v;; respectively
to v; and v;;. The reader is therefore referred to [7]. ]

Step 3. The norm of 2’ is at most 12kg(k)~1 = 12k f(k)~!
Proof. This is an immediate consequence of Step 1, Step 2 and of Lemma 2.2. [
We conclude that the space G* is HI, and thus locally minimal of type (1). O

Let us observe that the examples of locally minimal, non-minimal, spaces we have
produced so far could be said to be so for trivial reasons: since they hereditarily
contain ¢2.’s uniformly, any Banach space is crudely finitely representable in any of
their subspaces. It remains open whether there exists a tight and locally minimal
Banach space which does not contain £2 ’s uniformly, i.e., which has finite cotype.
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4. UNCONDITIONAL TIGHT SPACES OF THE TYPE OF ARGYROS AND DELIYANNI

By Proposition 2.4, unconditional or HI spaces built on the model of Gowers-
Maurey’s spaces are uniformly inhomogeneous (and even block uniformly inhomoge-
neous). We shall now consider a space of Argyros-Deliyanni type, more specifically
of the type of a space constructed by Argyros, Deliyanni, Kutzarova and Manous-
sakis [2], with the opposite property, i.e., with a basis which is strongly asymptoti-
cally ¢;. This space will also be tight by support. By Proposition dddddd from [5]
this basis will therefore be tight with constants as well, making this example the
“worst” known so far in terms of minimality.

Again in this section block vectors will not necessarily be normalized and some
familiarity with the construction in [2] will be assumed.

4.1. A strongly asymptotically ¢; space tight by support. In [2] an example
of HI space Xp; is constructed, based on a “boundedly modified” mixed Tsirelson
space X M(1)u- We shall construct an unconditional version X,, of X}; in a similar
way as G, is an unconditional version of GM. The proof that X, is of type (3)
will be based on the proof that Xj; is HI, conditional estimates in the proof of [2]
becoming essentially trivial in our case due to disjointness of supports.

Fix a basis (e,) and M a family of finite subsets of N. Recall that a family
X1y..., Ty I8 M-admissible if x1 < -+ < x, and {minsupp 1, ..., minsupp z,} €
M, and M-allowable if x1,...,x, are vectors with disjoint supports such that
{minsupp z1,...,minsupp z,} € M. Let S denote the family of Schreier sets, i.e.,
of subsets F' of N such that |F| < min F, M; be the subsequence of the sequence
(Fi) of Schreier families associated to sequences of integers t; and k; defined in [2]
p 70.

We need to define a new notion. For W a set of functionals which is stable under
projections onto subsets of N, we let convgW denote the set of rational convex
combinations of elements of W. By the stability property of W we may write
any c¢* € convgW as a rational convex combination of the form ), Az} where
xf € W and supp xf C supp c* for each . In this case the set {zI}; will be called
a W-compatible decomposition of ¢*, and we let W(c¢*) C W be the union of all
W -compatible decompositions of ¢*. Note that if M is a family of finite subsets of
N, (c¢f,...,c}) is M-admissible, and «} € W(c}) for all ¢, then («7,...,2}) is also
M-admissible.

Let B={}, Aen : (An)n € coo, A\ € QN [—1,1]} and let ® be a 1-1 function
from B<N into 2N such that if (cf,...,c;) € B<N, j; is minimal such that ¢} €
convgA,,, and j; = ®(cf,...,¢_;) for each | = 2,3,..., then ®(cf,...,c}) >
max{ji,...,jx} (the set A; is defined in [2] p 71 by A; = Un (K} \ K°) where the
K7'’s are the sets corresponding to the inductive definition of X /(1))

For j =1,2,..., we set LY = {+e, : n € N}. Suppose that {L}}52, have been
defined. We set L" = U72, L’ and

1
L{H'l :j:L?U{§(xT+...+x§):deN,xf eL",

(x1,...,z))is S — allowable},

and for j > 1,

1
Lyt =+L5,U{—(} +... +2}) :deN,z}f € L,
maj
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(x71,...,xy) is Ma; — admissible},

1

Ll?;ill =+Ly; ., U {T(xf +...+z)) : d € N such that
25+1

(e, ..., ) Majr1 —admissible and k > 25 +1 with ¢} € convglLsy,, 2] € Ly, (c}),

cl e coanLg(cL”_,cll),xf € Lg(cf,...,c;‘,l)(cf) for 1 <i<d},

Lyl ={Ez*: 2" € Lyl E subset of N}.
We set B; = Up2; (L} \ L°) and we consider the norm on co defined by the set

L=1L"U (U321 B;). The space X, is the completion of coo under this norm.

In [2] the space Xp; is defined in the same way except that E is an interval of
integers in the definition of Lgf Jrll, and the definition of L/Q;lfll is simpler, i.e., the
coding ® is defined directly on May;i-admissible families 7, ...,z in L<N and in

the definition each z belongs to Lg(mT o ) To prove the desired properties for
1111 i—1

X, one could use the simpler definition of L’Q;?jll; however this definition doesn’t
seem to provide enough special functionals to obtain interesting properties for the
dual as well.

The ground space for Xj,; and for X, is the space Xj;(1),, associated to a norming
set K defined by the same procedure as L, except that K3, is defined in the same
way as K3}, i.e.

K3t = K35 U {mlzj(ﬂ +...+a8):deNzf € K",
(x1,...,xy) is Mo; 1 — admissible}.

Forn=0,1,2,..., we see that L} is a subset of K7', and therefore L C K. The
norming set L is closed under projections onto subsets of N, from which it follows
that its canonical basis is unconditional, and has the property that for every j and
every My;—admissible family fi, fa,... fa contained in L, f = 2 (f1 + - + fa)

maj
belongs to L. The weight of such an f is defined by w(f) = 1/mg;. It follows that
for every j = 1,2, ... and every My ;-admissible family z; < 2 < ... <z, in X,

n 1 n
1Yl > == 3 ol
k=1

J k=1
Likewise, for S—allowable families f1, ..., f, in L, we have f = %(fl +.-4fa) €L,
and we define w(f) = 1/2. The weight is defined similarly in the case 2j + 1.

Lemma 4.1. The canonical basis of X, is strongly asymptotically £1.

Proof. Fixn < z1,...,T, where x1, ..., x, are normalised and disjointly supported.
Fix € > 0 and let for each i, f; € L be such that f;(x;) > (1 +¢)~! and supp f; C
supp ;. The condition on the supports may be imposed because L is stable under
projections onto subsets of N. Then % i £fi; € L and therefore

n 1 n 1 n
el S = ) S —— )
H;/\leu Z 9 ; |\l fi(wi) > 201+ ¢) ;|>‘1|7

for any A;’s. Therefore 1, ..., x, is 2-equivalent to the canonical basis of /7. [
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It remains to prove that X, has type (3). Recall that an analysis (K*(f))s of
f € K is a decomposition of f corresponding to the inductive definition of K,
see the precise definition in Definition 2.3 [2]. We shall combine three types of
arguments. First L was constructed so that L < K, which means essentially that
each f € L has an analysis (K*(f))s whose elements actually belong to L (see the
definition on page 74 of [2]); so all the results obtained in Section 2 of [2] for spaces
defined through arbitrary K < K (and in particular the crucial Proposition 2.9)
are valid in our case. Then we shall produce estimates similar to those valid for
Xpi and which are of two forms: unconditional estimates, in which case the proofs
from [2] may be applied directly up to minor changes of notation, and thus we shall
refer to [2] for details of the proofs; and conditional estimates, which are different
from those of X},;, but easier due to hypotheses of disjointness of supports.

Recall that if F is a family of finite subsets of N, then

F'={AuUB: A BeF,AnB=10}.

Given ¢ > 0 and j = 2,3,..., an (&,j)-basic special convex combination ((e,j)-
basic s.c.c.) (relative to X pr(1y,.) is a vector of the form ), . apey, such that: F' €
Mj,ap 20,3, cpar = 1, {ar}rer is decreasing, and, for every G € ft’j(kj
ZkeG ap < €.

Given a block sequence (zj)ken in X, and j > 2, a convex combination Y ;| a;zx,
is said to be an (e, j)-special convex combination of (x)ren ((g,7)-s.c.c), if there
exist Iy < la < ... <, such that 2 < supp xg, < l1 <supp =, <la < ... <
supp g, < ln, and > i, a;ey, is an (g, j)-basic s.c.c. An (g,7)-s.c.c. Y1, a;xy, is
called seminormalised if ||z, || =1, i =1,...,n and

- 1
IIXQGMAI Z 5
1=

Rapidly increasing sequences and (g, j)—R.I. special convex combinations in X,
are defined by [2] Definitions 2.8 and 2.16 respectively, with K = L.

Using the lower estimate for Moj-admissible families in X, we get as in [2]
Lemma 3.1.

_141)

Lemma 4.2. Fore >0, j =1,2,... and every normalised block sequence {x1}3°
in X, there exists a finite normalised block sequence (ys)7_, of (xy) and coefficients
(as)t_y such that Y ._, asys is a seminormalised (e,2j)=s.c.c..

The following definition is inspired from some of the hypotheses of [2] Proposition
3.3.

Definition 4.3. Let j > 100. Suppose that {ji}r_1, {ys}r_q, {citi_, and {bi}7_,
are such that

(i) There exists a rapidly increasing sequence
{Zgy: k=1,....n,i=1,...,n}

with Ty < T(kiv1) < Teg1,) for all k <n, i <ng, | <ngg1, such that:
a) Each .y, ; is a seminormalised (——, j(r.4)) —s.c.c. where, for each k, 2jp+2 <
(ki) m? (ki)
I (ki)
j(k,i)a 1= 1, N
(b) Fachyy is a (ﬁ 2jk)~ R.Ls.c.c. of {x )}ty of the form yy = Y1 b iy @ (i)

o0
gk

(¢c) The sequence {bk}Z:l is decreasing and Y, _, bryk is a (——,2j + 1)-s.c.c.

T s
Mojt1
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(ii) ¢ € convgLsj, , and max(supp c¢j_, Usupp yx—1) < min(supp c; Usupp yx),
VEk.

(iii) j1 > 2j + 1 and 25 = B(ct, ..., ciy), k=2,....n.

Then (ji, Yr, ¢k, bi)f_y is said to be a j-quadruple.

The following proposition is essential. It is the counterpart of Lemma 3.1 for the
space X,.

Proposition 4.4. Assume that (ji, Yk, ct, k)i, s a j-quadruple in X, such that

supp ¢ Nsupp yr =0 for allk =1,...,n. Then
n
75
1> bemag, il < R
k=1 2j+1

Proof. Our aim is to show that for every ¢ € U2, 5;,

- 75
<P(Z bmag yk) < W
k=1 J+1

The proof is given in several steps.
1st Case: w(p) = m;_ﬂ. Then ¢ has the form ¢ = m;ﬂ (Byi ++-+ By}, +
Eyj .1 + - Ey}) where E is a subset of N and where y; € Loj, (c;) Yk < k2 and
Y € Loj, (di) Vk > ko + 1, with df_ | # ¢, (this is similar to the form of such
a functional in Xp; but with the integer k; defined there equal to 1 in our case).
If k < ko then ¢! and therefore y¥ is disjointly supported from yi, so Ey(yx) =0
for all s, and therefore p(yx) = 0. If £ = ks + 1 then we simply have |p(yr)| <
llyell < 17m27jt, [2] Corollary 2.17. Finally if k& > ko + 1 then since ® is 1-1, we
have that jg,+1 # jr and for all s = ke + 1,...,d, d’ and therefore y* belong to
Bo:, with tg # ji. It is then easy to check that we may reproduce the proof of [2]

Lemma 3.5, applied to Eyj,..., Ey}, to obtain the unconditional estimate

(elma )] < —
PiMmz; Yk )| S
o m§j+1
In particular instead of [2] Proposition 3.2, which is a reformulation of [2] Corollary
2.17 for Xp,;, we simply use [2] Corollary 2.17 with K = L.
Summing up these estimates we obtain the desired result for the 1st Case.

2nd Case: w(p) < m21~+2' Then we get an unconditional estimate for the evalu-
J

ation of ©(>"r_, bimaj,y) directly, reproducing the short proof of [2] Lemma 3.7,
using again [2] Corollary 2.17 instead of [2] Proposition 3.2. Therefore

n
35 35

(D brmaj,yi)| < <——.

; " Majra | Miji
3rd Case: w(p) > m;jﬂ. We have yr, = >0 bk Tk, and the sequence
{Z@,i, k=1,...n,4a = 1,...nt} is a R.I.S. w.r.t. L. By [2] Proposition 2.9 there
exist a functional ¢ € K’ (see the definition in [2] p 71) and blocks of the basis
Uiy, K =1,...,n, i =1,...,ny with supp ;) C supp Tk, |[urle, < 16 and
such that

kn 1

00>~ bema OO by (k)| < mag b,y +0 (O bemas, (O b))+ —
k=1 i=1

k=1 i=1 2j+2
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kn

<V bemay, (O b)) +
k=1

=1

1

maj42

Therefore it suffices to estimate
n ng
1/1(2 bkm2jk(z (ki) U(k.i)))-
k=1 i=1

In [2] ¢ is decomposed as 11 + 1 and different estimates are applied to ¥ and
1y, Our case is easier as we may simply assume that ¥; = 0 and ¥9 = 1. We shall
therefore refer to some arguments of [2] concerning some 1 keeping in mind that
Yo = 1.

Let D¥, ..., D¥ be defined as in [2] Lemma 3.11 (a). Then as in [2],

4 Nk
U Dﬁ = U Supp U(,q;) M supp ¥.
p=1

i=1

The proof that

1
(1) Yy, Dg(zk: brmaj, (Zi: bkiyt(,i))) < P
2) Bl o5 (S bemag, (O bieiytiey) < —
U 2 bimain (0 bieyua)) < 07
and
|
3) Iy, D/;(Zk: brmaj, (Zi: by ) S S

may be easily reproduced from [2] Lemma 3.11. The case of DY is slightly different
from [2] and therefore we give more details. We claim

Claim: Let D = J, DY¥. Then

64
(4) ¢|D(Z bkm2jk(z b(k,iyU(k,iy)) <
k 7

)
Maj+2

Once the claim is proved it follows by adding the estimates that the 3rd Case is
proved, and this concludes the proof of the Proposition.

Proof of the claim: Recall that D} is defined by

ngk

DY ={me| |Au, :forall fe| |K*) withm € suppf,w(f) > and
f L:J1 (ki) U -
1
there exists f € UKS(z/)) with m € suppf,w(f) = and
s maj,
1
for every g € U K* () with supp f C supp g strictly,w(g) > .
3 maj41
For every k = 1,...,n, ¢ = 1,...,ny and every m € supp ) N D% there
exists a unique functional f*4™ € J K*(v) with m € supp f, w(f) = % and
25,

such that, for all g € |J, K*(¢) with supp f C supp g strictly, w(g) > L_ By

T
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definition, for k # pand i = 1,...,ng, m € supp u(,;), we have supp f (F-im) NnDY =
0. Also, if fFim) £ f(krn) then supp 4™ Nsupp fErm) = (.

For each k = 1,...,n, let {f**}7%, C |J K*(p) be a selection of mutually disjoint
such functionals with Df = J;%, supp f**. For each such functional f**, we set

g
(lfk,t = Z b(k,z) Z Ay -
i=1

mesupp fkt
Then,

(5) fk’t(bkmgjk (Z b(k,i)u(k,i))) < bkafk,t.

We define as in [2] a functional g € K’ with [g[5; < 1 (see definition [2] p 71), and
blocks uy, of the basis so that [lug|l¢, < 16, supp ux C |J; supp u,;) and

¥lp,( Z brmaj, Z b,y U(k,i))) Z brur),

hence by [2] Lemma 2.4(b) we shall have the result.
For f = LZZZI fp €U, K*(¥|p,) we set
J={1<p<d: fpffktforsomekfl an, t=1,..0 k)

T ={1<p<d: thereexists f*' with suppf™' C suppf, strictly}.

For every f € |J, K*(1|p,) we shall define by induction a functional g¢, by gy = 0
when JUT = @, while if JUT # () we shall construct g with the following properties.
Let Dy = UpeJuT suppfp, and ug = ) agr.cepr.e, Where ekt = €pip suppsk ¢, then:

(a) supp gy C supp f.

(b) g5 € K" and w(gy) = w(f),

(¢) flp, (g bemag, (2 bk,iyr.s))) < 97(2 D2, brug).

Let s > 0 and suppose that g¢ have been defined for all f € (J;_, ' Kt(¢|p,) and let
=i+ + fa) € K°(|p,)\K* "' (¢|p,) where the Family (fp)p=1 is Mg
admissible if g > 1, or S-allowable if ¢ = 1. The proofs of case (i) (1/mq = 1/maj,
for some k < n) and case (ii) (1/mq > 1/mo;41) are identical with [2] p 106.
Assume therefore that case (iii) holds, i.e., 1/mq = 1/mgj41. For the same reasons
as in [2] we have that T = 0.

Summing up we assume that f € K*(|p,)\K* 1 (¥|p,) is of the form

d
1 1
= - By +...+ By + By .\ +...+ EyY),
S = p§:1 fo mng( ui Yo T EViyia Ya)
where (y; ); is associated to (c7,...,cy,,dy o ,...) with d | # ¢ oy, that T =0

and J # (), and it only remains to define gy satisfying (a)(b)(c).
Now by the proof of [2] Proposition 2.9, ¢ = 1, was defined through the analysis
of ¢, in particular by [2] Remark 2.19 ( ),
Z wak

m23+1 kel

for some subset I of {1,...,d}. Furthermore, for I € I, I < ko and 1 < k < d,
supp Ey; Nsupp z = 0, therefore there is no functional in a family of type I
and II w.r.t. T of support included in supp Ey; (see [2] Definition 2.11 p 77).
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This implies that D, = 0 ([2] Definition p 85), and therefore that g, = 0 ([2]
bottom of p 85).

For 1 € I, 1 > ko + 1, then since ® is 1 — 1, w(Ey}) = w(Ed]) # 1/mo;,Vk.
Therefore w(pyx) # 1/ma;, Vk, [2] Remark 2.19 (a). Then by the definition of D¥%,
supp gy N DY = for all k.

Finally this means that ¢p, = 1/1Eyk +1‘D4 and J = {ko + 1}, Dy =

Supp fr,+1. Write then fi,11 = f*o! and set g; = efk2+1 therefore (a)(b) are

7?72 +1

trivially verified. It only remains to check (c). But by (5),

Fps O bkma O bikiythi.iy)) < iy,
k i

= ko iy 1€ 1 (€figin) = 9 (2roOfiy iy €5y iy)
=gs(2 Z bkoafk’tefk,t) =gs(2 Z brug).
t k

So (c) is proved. Therefore gy is defined for each f by induction, and the Claim is
verified. This concludes the proof of the Proposition. O

Proposition 4.5. The space X,, is of type (3).

Proof. Assume towards a contradiction that 7" is an isomorphism from some block-
subspace [z,] of X, into the subspace [e;,i ¢ |J,supp z,]. We may assume
that max(supp z,,supp T2,) < min(supp Z,i1,supp T2,+1) and minsupp z, <
min supp Tz, for each n, and by Lemma 4.2, that each z,, is a (ﬁ&’ 2n) R.Ls.c.c.

([2] Definition 2.16). We may write

Pn
= E An tTn,t
t=1

where (2,1, .-+, Tn,p, ) I8 Map-admissible. Let for each n,t, x}, , € L be such that
supp z, ; C supp T'zy; and such that

1

1
* T n 2 =T n 2 TNT—11"
xn,t( T ,t) 2” T ’t” 4HT_1||

and let 2% = #(xfll +...+x5 )€ Ly,. Note that supp =z Nsupp z,, = 0 and

n,pn
that
Pn

* 1 Qn,t -1 -1
z, (Tzy,) 2 — . = 4|17 ||may,
(o) > 23 gty = I )

We may therefore for any j > 100 construct a j-quadruple (ji, vy, cy,br)n_, sat-
isfying the hypotheses of Proposition 4.4 and such that yi € [x;]; and ¢ (Tyx) >
(4|7~ |ma;, )t for each k (note that we may assume that ¢} € Lj,, for each k).
From Proposition 4.4 we deduce

IIZ byma gkl <

J2k

2]+1
On the other hand ¢ = vy > r_y i belongs to L therefore
1
T(» b b —_—
|| Z km2]kyk} Z km2]k yk 4HT 1||m2]+1

k=1
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We deduce finally that
maj 1 < 300 T[T,
which contradicts the boundedness of T. O

4.2. A strongly asymptotically /., space tight by support. Since the canon-
ical basis of X, is tight and unconditional, it follows that X, is reflexive. In
particular this implies that the dual basis of the canonical basis of X, is a strongly
asymptotically fo, basis of X*. It remains to prove that this basis is tight with
support.

It is easy to prove by duality that for any My -admissible sequence of functionals
fi,-.+, fnin X, we have the upper estimate

||§ fill < ma; Supl|fi\|-
. 1
(]

We use this observation to prove a lemma about the existence of s.c.c. normed by
functionals belonging to an arbitrary subspace of X*. The proof is standard except
that estimates have to be taken in X instead of X,,.

Lemma 4.6. Fore >0, j =1,2,... and every normalised block sequence {fr}3,
in X, there exists a normalised functional f € [fx] and a seminormalised (e,25)—
s.c.c. x in X, such that supp f C supp x and f(x) > 1/2.

Proof. For each k let y; be normalised such that supp yx = supp fi and fi(yx) =
1. Recall that the integers k, and t, are defined by k; = 1, 2t» > m,% and
kn = tn(kn—1 +1) 41, and that M; = F, for all j.

Applying Lemma 4.2 we find a successive sequence of (e, 2j)-s.c.c. of (yi) of
the form (3_;c;, aiyi)r with {fi,i € I} Fy,; ,+1-admissible. If |32, fill <2 for
some k, we are done, for then

QO aiy) = %HZ fill-
i€l i€ly i€y,

So assume |3 _;c; fill > 2 for all k, apply the same procedure to the sequence
fl= 1> ser, fill " 22icy, fis and obtain a successive sequence of (¢, 2j)-s.c.c. of the
sequence (y} )i associated to (f})g, of the form (Zielé atyl)y, with {f; : supp f; C
Zielé [y a Fry, 41 Fry,_, +1]-admissible, and therefore My;-admissible set. Then

we are done unless ||, I fH| > 2 for all k, in which case we set
=1y firt Y 1
JeI} jel}
and observe by the upper estimate in X that
L= = 12 D00 A il fill < may /4
JEILi€l; jeI} i€l

Repeating this procedure we claim that we are done in at most t5; steps. Otherwise
we obtain that the set

A={fizsupp i C > f77'}

. toj—1
J
TEI,C
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is My;-admissible. Since f,zz" =1 ea@fi, where the normalising factor ay is less
than (1/2)%2 for each [, we deduce from the upper estimate that
to; b,
L= || A2 ]l < 27 my;,

a contradiction by definition of the integers ¢;’s. O

To prove the last proposition of this section we need to make two observations.
First if (f1,..., f,) € convgL is My,-admissible, then %, Soh_i fx € convgLy;.

m
Indeed using the stability of L under projections onto subsets of N we may easily

find convex rational coefficients A; such that each fj is of the form

fi = Z/\z—fﬁ f¥ e L, supp ff Csupp fi Vi,

Then m—zk =200 (m2 > y fF) and each - Zk 1 fF belongs to ng
Likewise if ¢ = m(c“{ +...+c), k> 25 + 17 ¢ € convgloy and ¢f
convoLa(ces,...c;_,) V1 > 2, then 9 € convgL. Indeed as above we may write

d
RPN DIy S € Lok, fl € Laey,er (€)Y 2 2,
P maj41 =1 €
and each m2 — Zl 1 1} belongs to L’Q';ﬁ C L.

Proposition 4.7. The space X is of type (3).

Proof. Assume towards a contradiction that 7" is an isomorphism from some block-
subspace [f,] of X into the subspace [ef,i ¢ Upsupp f,]. We may assume that
max(supp fpn,supp Tf,) < min(supp fn+1,supp T fnt+1) and minsupp Tf, <
minsupp f, for each n. Since the closed unit ball of X is equal to convglL we
may also assume that f,, € convglL for each n. Applying Lemma 4.6, we may also
suppose that each f, is associated to a (m%,Zn) s.c.c. x, with Tf,(x,) > 1/3
2n
and supp z, C supp T fn, and we shall also assume that | Tf,|| = 1 for each n.
Build then for each & a ( ,2k) R.Is.cc. yp = ZneAk any such that (T'f)nea,

and therefore (fp)nea, is /\/lgk admissible. Then note that by the first observation
before this proposition,

Ch 1= My, L g fn € convgLay,
neAg

and observe that supp c; Nsupp y, = 0 and that T'c}(yx) = (3max) .

We may therefore for any j > 100 construct a j-quadruple (jk, Yk, Cr, br)r—q
satisfying the hypotheses of Proposition 4.4 and such that ¢} € [f;]; and T¢} (yx) >
(3ma;, ) ™! for each k. From Proposition 4.4 we deduce

||Z bemaj, Yl <

2]+1

Therefore

d d 9
> b Tk ma.

HE Ter|| > k=L kmaj, T (yr) S M2j41
1> ke bz, Ykl 225
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but on the other hand

d
1D cill < majia
k=1

since by the second observation the functional m;jl_H ZZ:1 c;. belongs to convglL.
We deduce finally that

majr1 < 225( T,

which contradicts the boundedness of T'. O
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