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ABSTRACT. A display of a topological group G on a Banach space X is a topological
isomorphism of G with the isometry group Isom(X , ||| · |||) for some equivalent norm
||| · ||| on X , where the latter group is equipped with the strong operator topology.

Displays of Polish groups on separable real spaces are studied. It is proved that
any closed subgroup of the infinite symmetric group S∞ containing a non-trivial
central involution admits a display on any of the classical spaces c0, C([0,1]), `p and
Lp for 1 É p <∞. Also, for any Polish group G, there exists a separable space X on
which {−1,1}×G has a display.
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1. INTRODUCTION

The general objective of this paper is to determine, given a topological group G and
a Banach space X , whether G is isomorphic to the group Isom(X , ||| · |||) of isometries
on X equipped with the strong operator topology, under some adequate choice of
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equivalent norm ||| · ||| on X . Recall that the strong operator topology (or SOT), i.e., the
topology of pointwise convergence on X , is a group topology on Isom(X ), meaning
that the group operations are continuous. Moreover, when X is separable, Isom(X )
is a Polish group with respect to this topology, that is, it is separable and the topology
can be induced by a complete metric on Isom(X ). General results about isometry
groups as Polish groups may be found in [13].

The first important general results in the direction of this paper are due to K.
Jarosz [12], who, improving earlier results by S. Bellenot [2], proved that every real
or complex Banach space may be renormed so that the only isometries are scalar
multiples of the identity. Therefore, no information can be deduced from the fact
that X has only trivial isometries about the isomorphic structure of a Banach space
X , i.e., the structure invariant under equivalent renormings, such as, for example,
super-reflexivity as opposed to uniform convexity.

Since our subject matter in many ways touches the classical topic of linear repre-
sentations, we need a few definitions to dispel any possible confusions in terminology.

By a (linear) representation of a topological group G on a Banach space X we un-
derstand a homomorphism ρ : G →GL(X ) such that for any x ∈ X , the map g ∈G 7→
ρ(g)(x) ∈ X is continuous, or, equivalently, such that ρ is continuous with respect to
the strong operator topology on GL(X ). The representation is faithful if it is injective
and topologically faithful if ρ is a topological isomorphism between G and its image
ρ(G).

The even stronger concept that we shall be studying here is given by the following
definition.

Definition 1. A display of a topological group G on a Banach space X is a topolog-
ically faithful linear representation ρ : G →GL(X ) such that ρ(G) = Isom(X , ||| · |||) for
some equivalent norm ||| · ||| on X . We say that G is displayable on X whenever there
exists a display of G on X .

Using this terminology, the result of Jarosz simply states that the group {−1,1}
is displayable on any real Banach space, while the unit circle T is displayable on
any complex space. It is then quite natural to ask when a more general group G
is displayable on a Banach space X , and, more specifically, if some information on
the isomorphic structure of a space X may be recovered from which groups G are
displayable on it. In [19] , J. Stern observed that a necessary condition for G being
displayable on a real Banach space is that G contains a normal subgroup with 2
elements, corresponding to the subgroup {Id,−Id} of Isom(X) - or equivalently, that
the center of G contains a non-trivial involution, corresponding to −Id. On the other
hand, K. Jarosz [12] conjectured that for any discrete group G and any real Ba-
nach space X such that dim X Ê |G|, the group {−1,1}×G is abstractly isomorphic
to Isom(X , ||| · |||) for some equivalent renorming ||| · ||| of X . A counter-example to
this is the group Homeo+(R) of all increasing homeomorphisms of the unit interval
equipped with the discrete topology. While it has cardinality equal to that of the con-
tinuum, it is shown in [18] (see Corollary 9) that it admits no non-trivial linear rep-
resentation on a separable reflexive Banach space and, in particular, cannot be the
isometry group of such a space. Another and perhaps more striking example is the
construction in [8] of a separable, infinite-dimensional, reflexive, real Banach space
X such that for any equivalent norm on X , one can decompose X into an isometry
invariant direct sum X = H ⊕F, where any isometry of X acts by scalar multipli-
cation on H. It follows that the isometry group is a compact Lie group under any
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equivalent renorming and, in particular, is never countably infinite. So not even the
condition dens(X ) Ê |G| can guarantee that {−1,1}×G is isomorphic to Isom(X , ||| · |||)
for some equivalent norm ||| · |||.

In a more positive direction, partial answers to Jarosz’ conjecture were obtained
by the first author and E. Galego in [7]. There it was shown that for any finite
group G, the group {−1,1}×G is displayable on any separable real Banach space
X for which dim X Ê |G| and it was also noted that it is not possible to generalize
this result to all finite groups with a non-trivial central involution. On the other
hand, any countable discrete group G containing a non-trivial central involution is
displayable on any of the spaces c0, C([0,1]), `p and Lp, 1É p <∞.

In this paper, we shall generalize results of [7] to certain uncountable Polish
groups G, provided G admits a topologically faithful linear representation on a space
X inducing a sufficient number of countable orbits on X . Among our applications,
we deduce that any closed subgroup of the group S∞ of all permutations of N is dis-
playable on any of the classical spaces c0, C([0,1]), `p and Lp, 1É p <∞, provided it
fulfills the necessary condition of having a non-trivial central involution. Therefore,
one cannot distinguish these spaces by the countable discrete or even just closed
subgroups of S∞ displayable on them.

We shall also address and solve the question of the displayability of two well-
known uncountable groups, namely, the group of isometries and the group of rota-
tions of the 2-dimensional Hilbert space. Moreover, in a general direction, we show
that for any Polish group G, the group {−1,1}×G is displayable on some separable
real Banach space explicitly constructed from G.

Finally, we shall make some observations about the relation between so-called
LUR renormings, a crucial tool for our main result, and transitivity and maximality
of norms.

2. DISPLAYS: NECESSARY CONDITIONS

In what follows, the closed unit ball of a Banach space X will be denoted by BX
and the unit sphere by SX . The space of continuous linear operators on X will be de-
noted by L(X ) and the group of linear automorphisms on X by GL(X ). Furthermore,
the group Isom(X ) of surjective linear isometries on a Banach space X is a closed
subset of GL(X ) for the strong operator topology and, when X is separable, the unit
ball of (L(X ),‖·‖) is a Polish space for SOT. In this case, it follows that the group of
isometries on X is a Polish topological group with respect to SOT.

Let now X be a Banach space and assume G is a group of isometries or automor-
phisms on X . We wish to determine whether X admits an equivalent norm for which
the group of isometries is G, or, in other words, whether the canonical injection of
G into GL(X ) is a display. If G is a bounded group of automorphisms, meaning that
supT∈G‖T‖ <∞, it is always possible to renorm X to make these automorphisms into
isometries. Namely, just define the new norm by |||x||| = supT∈G ‖Tx‖. So, in what fol-
lows, we shall often assume that G is represented as a group of isometries on X and
then ask whether this representation is actually a display of G on X . Two necessary
conditions for this were considered in [7], and we will here use the concept of convex
transitivity, inspired by a definition of A. Pełczyński and S. Rolewicz [17], to add a
third necessary condition.
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Definition 2. Let (X ,‖·‖) be a real Banach space and G be a subgroup of Isom(X ).
We shall say that G acts convex transitively on X if, for any x ∈ SX , the closed unit
ball of X is the closed convex hull of the orbit Gx.

We have the following elementary reformulation.

Lemma 3. Let (X ,‖·‖) be a real Banach space and G be a subgroup of Isom(X ). Then
G acts convex transitively on X if and only if for all x ∈ SX and x∗ ∈ SX∗ ,

sup
T∈G

x∗(Tx)= 1.

Proof. Note that, if G does not act convex transitively on X , then we may find
x, y ∈ SX such that y ∉ conv Gx. Applying the Hahn-Banach Theorem, we then ob-
tain a normalized functional x∗ such that supT∈G x∗(Tx) < x∗(y) É 1. Conversely,
if supT∈G x∗(Tx) < 1 for some normalized x ∈ X and x∗ ∈ X∗, then sup {x∗(y) : y ∈
conv Gx} = δ < 1, and therefore, if y is some normalized vector such that x∗(y) > δ,
then y does not belong to the closed convex hull of Gx. So the action of G is not
convex transitive. �

A typical example of a proper subgroup G of Isom(X ), that acts convex transitively
(and even transitively) on X , is the group of rotations in the 2-dimensional euclidean
space.

Proposition 4 (Necessary conditions). Let X be a real Banach space and G be a
proper subgroup of Isom(X ,‖·‖), which is the group of isometries on X in some equiv-
alent norm ||| · |||. Then

(i) G contains −Id,
(ii) G is closed,

(iii) there exist x ∈ S‖·‖
X , x∗ ∈ S‖·‖

X∗ such that supT∈G x∗(Tx)< 1.

Proof. The first two conditions are obvious. For the third condition, we shall imitate
E. Cowie’s proof [4] to the effect that convex transitive norms are uniquely maximal.
So suppose towards a contradiction that (iii) fails, which by Lemma 3 means that
G acts convex transitively on (X ,‖·‖), and assume, without loss of generality, that
||| · ||| É ‖·‖. If x has ‖·‖-norm 1, then by convex transitivity,

conv Gx = B‖·‖
X .

Given y ∈ S‖·‖
X and ε > 0, there exists U1, . . . ,Un in G and a convex combination∑

iλiUi such that ∥∥y−∑
i
λiUi(x)

∥∥É ε,

and hence
|||y||| É ∣∣∣∣∣∣y−∑

i
λiUi(x)

∣∣∣∣∣∣+ ∣∣∣∣∣∣∑
i
λiUi(x)

∣∣∣∣∣∣
É ∥∥y−∑

i
λiUi(x)

∥∥+∑
i
λi

∣∣∣∣∣∣Ui(x)
∣∣∣∣∣∣É ε+|||x|||,

since each Ui is also a |||·|||-isometry. As ε> 0 was arbitrary, we deduce that |||y||| É |||x|||
and by symmetry that |||y||| = |||x|||. Therefore |||x||| is constant on the unit sphere S‖·‖

X
of X , which means that ||| · ||| is a multiple of ‖·‖. In particular,

G = Isom(X , ||| · |||)= Isom(X ,‖·‖),

contradicting that G is a proper subgroup of Isom(X ,‖·‖). �
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It would certainly be optimistic to hope these necessary conditions to be sufficient
in general. However, instead, we may try to diminish the gap between our necessary
and sufficient conditions and shall therefore now turn our attention to sufficient
conditions.

Definition 5. Let X be a Banach space, G a group of automorphisms on X and x ∈ X .
We shall say that x is distinguished by G if infT∈G\{Id}‖Tx− x‖ > 0.

In other words, x is distinguished by G if the orbit map T ∈G 7→ Tx ∈ X is injective
and, moreover, the orbit Gx is discrete. It follows that if G is an SOT-closed group
of isometries with a distinguished point, then G must be SOT-discrete, and hence
countable whenever X is separable.

Theorem 6 (V. Ferenczi and E. M. Galego [7]). Let X be a separable real Banach
space with an LUR norm. Let G be a group of isometries on X which contains −Id
and admits a distinguished point. Then there exists an equivalent norm ||| · ||| on X
such that G = Isom(X , ||| · |||).

Here we recall that a norm ‖·‖ is locally uniformly rotund or LUR at a point x ∈ SX
if the following condition holds

∀ε> 0 ∃δ> 0 ∀y ∈ SX
(‖x− y‖ Ê ε⇒‖x+ y‖ É 2−δ)

.

Equivalently, the norm is LUR at x if limn xn = x whenever limn‖xn‖ = ‖x‖ and
limn‖x+ xn‖ = 2‖x‖. Also, the norm of X is said to be locally uniformly rotund if
it is locally uniformly rotund at every point of SX . It may be seen directly that a
group of isometries on a space with LUR norm and with a distinguished point must
satisfy the last necessary condition of Proposition 4. In other words, we have the
following.

Observation 7. Let X be a real Banach space, y be a point of SX where the norm
is LUR and let G É Isom(X ) be such that the orbit G y is discrete. Then there exist
x ∈ SX , x∗ ∈ SX∗ such that supT∈G x∗(Tx)< 1.

Proof. Let α> 0 be such that ‖y−T y‖ Êα whenever T y 6= y. Since the norm is LUR
at y, it follows that there is some ε> 0 such that ‖y+T y‖ É 2−2ε whenever T y 6= y.
Moreover, we may assume that 2ε < α. Pick some x ∈ SX such that 0 < ‖x− y‖ < ε,
and let x∗ ∈ SX∗ be such that x∗(y) = 1. By the LUR property in y, let β> 0 be such
that

‖y− z‖ Ê ‖y− x‖⇒‖z+ y‖ É 2−β.
Now, if for some T ∈ G, T y = y, then ‖y−Tx‖ = ‖T y−Tx‖ = ‖y− x‖. If, on the other
hand, T y 6= y, then

‖y−Tx‖ Ê ‖T y− y‖−‖T y−Tx‖ Êα−‖y− x‖ Ê ‖y− x‖.

In either case, ‖y−Tx‖ Ê ‖y− x‖ and therefore ‖Tx+ y‖ É 2−β and

x∗(Tx)= x∗(Tx+ y)− x∗(y)É 1−β.

As this holds for any T ∈G, this completes the proof. �

This result suggests the existence of positive results about displays of groups un-
der hypotheses of existence of discrete orbits, weaker than the existence of a dis-
tinguished point. So, in what follows, we shall consider a closed subgroup G of S∞
represented as a group of isometries on a Banach space X and characterize when
such a representation is a display. We first consider the case when X = c0 and shall
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see that there are explicit definitions of renormings on c0 which transform a repre-
sentation into a display.

3. SUBGROUPS OF S∞ AND THE SPACE c0

We recall that the infinite symmetric group, S∞, is the group of all permutations
of the natural numbers N= {0,1,2, . . .}, which becomes a Polish group when equipped
with the permutation group topology whose basic open sets are of the form

V ( f , x1, . . . , xn)= {g ∈ S∞
∣∣ g(xi)= f (xi) for all i = 1, . . . ,n},

where f ∈ S∞ and x1, . . . , xn ∈N.

3.1. Groups of automorphism on graphs. We shall need the following folklore
result.

Proposition 8. Any closed subgroup of S∞ is topologically isomorphic to the full
automorphism group of a countable connected graph.

Proof. Suppose G É S∞ is a closed subgroup. The action of G on N extends canon-
ically to a continuous action of G on the countable discrete set N<N of all finite se-
quences of natural numbers by

g · (x1, . . . , xn)= (g(x1), . . . , g(xn)).

Let also X = N0 ∪N1 ∪N2 ∪N4 ∪N8 ∪ . . . and let o : X → {n ∈ N ∣∣ n Ê 7} be a function
satisfying

o(s)= o(t) ⇐⇒ ∃g ∈G g · s = t.

We can now define a countable graph Γ with vertex set V (Γ) and edge set E(Γ) as
follows.

Using X as an initial set of vertices, we define Γ as follows:

• If s = x1 . . . xn ∈ X and t = y1 . . . yn ∈ X , n Ê 1, we connect s to st as follows.

• •

•

•s st
as,t

bs,t

and connect t to st as follows

• •

• •

•�
�
�

A
A
A

t st
cs,t

ds,tes,t

• Also, we connect any x ∈N1 to ;∈N0 by a simple edge

• •x ;
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• Moreover, for any s = x1 . . . xn ∈ X , n Ê 0, we add o(s) new neighbouring ver-
tices

• •
•

••

•

�
�
�
��

��
��
�

���
���

@
@
@
@@

s
}

o(s) many vertices

This ends the description of Γ. We now see that every vertex in X has infinite va-
lence, while every vertex in V (Γ) \ X has finite valence. Thus, X is invariant under
automorphisms of Γ. Moreover, every vertex s ∈ X neighbours exactly o(s) vertices of
valence 1, which shows that also o(·) is invariant under automorphisms of Γ.

Now, suppose g is an automorphism of Γ. Then g induces a permutation of X
preserving o(·) and, in particular, g[Nn]=Nn for all even n. We claim that if s, t,u,v ∈
Nn and g(st) = uv, then also g(s) = u and g(t) = v. But this is easy to see since s and
t are the unique vertices connected to st by the schema above and similarly for u, v
and uv.

It follows from this that g(x1, . . . , xn)= (g(x1), . . . , g(xn)) for any (x1, . . . , xn) ∈ X . And
so g as a permutation on X satisfies

g(s)= t ⇒ o(s)= o(t) ⇒ ∃ f ∈G f · s = t

for any s, t ∈ X . Since G is closed in S∞ it follows that the induced permutation g of
N belongs to G. Conversely, any element of G easily induces an automorphism of Γ.
Furthermore, it is clear that the corresponding map is a topological isomorphism. �

3.2. New norms on c0. Suppose Γ is a connected graph on N with corresponding
path metric dΓ and let c00 denote the vector space with basis (en)n∈N. We define a
norm ‖ ·‖Γ on c00 by

‖∑
anen‖Γ = sup

{∣∣an + am

1+2dΓ(n,m)

∣∣ : n 6= m
}

(1) ∨
sup

{∣∣an − am

2+2dΓ(n,m)

∣∣ : n 6= m
}

(2) ∨ ‖(an)‖∞.(3)

Then clearly ‖ · ‖∞ É ‖ · ‖Γ É 4
3‖ · ‖∞, and hence the completion of c00 with respect to

the norm ‖ ·‖Γ is just c0. Note that for any
∑

anen ∈ c0, we have

‖∑
anen‖Γ = ‖∑

anen‖∞
if and only if

∑
anen = ap ep for some p ∈N.

We denote by B(c0,‖ ·‖Γ) the closed unit ball of (c0,‖ ·‖Γ).

Lemma 9. For every p ∈N, ep is an extreme point of B(c0,‖ ·‖Γ).

Proof. Note that if 0<λ< 1,
∑

anen,
∑

bnen ∈ B(c0,‖ ·‖Γ) and

ep =λ∑
anen + (1−λ)

∑
bnen =∑(

λan + (1−λ)bn
)
en,

then, as |an|, |bn| É 1 for all n, we have ap = bp = 1 and so ‖∑
anen‖∞ = 1= ‖∑

anen‖Γ
and ‖∑

bnen‖∞ = 1 = ‖∑
bnen‖Γ. It thus follows that an = bn = 0 for all n 6= p, i.e.,∑

anen =∑
bnen = ep, showing that ep is an extreme point. �
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Lemma 10. If
∑

anen ∈ B(c0,‖ · ‖Γ) is an extreme point, then
∑

anen =±ep for some
p ∈N.

Proof. By the comments above, it suffices to show that ‖∑
anen‖∞ = ‖∑

anen‖Γ. So
suppose towards a contradiction that ‖∑

anen‖∞ < 1 and find some 0 < δ < 1
2 such

that ‖∑
anen‖∞ < 1−δ. Pick also some p such that |ap| < δ

2 . Then for all m 6= p,∣∣∣ap ± δ

2
+ am

1+2dΓ(p,m)

∣∣∣< 1,

∣∣∣am + ap ± δ
2

1+2dΓ(m, p)

∣∣∣< 1.∣∣∣ap ± δ

2
+ am

2+2dΓ(p,m)

∣∣∣< 1,

∣∣∣am + ap ± δ
2

2+2dΓ(m, p)

∣∣∣< 1.

and
|ap ± δ

2
| < 1,

from which is follows that
∥∥∑

anen ± δ
2 ap

∥∥= 1. But∑
anen = 1

2
(∑

anen + δ

2
ap

)+ 1
2

(∑
anen − δ

2
ap

)
,

contradicting that
∑

anen is an extreme point. �

So the extreme points of B(c0,‖ ·‖Γ) are just ±ep for p ∈N.

Lemma 11. If T : (c0,‖ · ‖Γ) → (c0,‖ · ‖Γ) is a surjective linear isometry, then there is
an automorphism φ : Γ→Γ and ε=±1 such that

T(en)= εeφ(n)

for all n ∈N.

Proof. Note that T as well as T−1 preserves the extreme points of B(c0,‖ · ‖Γ) and so
for some permutation φ of N, we have T(en) =±eφ(n). We first show that the choice
of sign is uniform for all n. To see this, note that for any n 6= m,

‖en + em‖ = 1+ 1
1+2dΓ(n,m)

,

while
‖en − em‖ = 1+ 1

2+2dΓ(n,m)
.

So by considering the parity of the denominator in these fractions, we see that for all
n 6= m and p 6= q,

‖en + em‖ 6= ‖ep − eq‖,
whence if T(en)= eφ(n), also T(em)= eφ(m) for all m ∈N. This accounts for the choice
of ε = ±1. Now, to see that φ is an automorphism, we simply note that for any
n 6= m, the distance dΓ(n,m) can be read off from ‖en + em‖ = ‖eφ(n) + eφ(m)‖. So
dΓ(n,m)= dΓ(φ(n),φ(m)), and hence φ preserves the edge relation. �

Theorem 12. Let G be a closed subgroup of S∞. Then there exists Γ a connected
graph on N such that the group of isometries on (c0,‖ · ‖Γ) is topologically isomorphic
to {−1,1}×G. Therefore {−1,1}×G is displayable on c0.
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Proof. Use Proposition 8 to pick Γ such that Aut(Γ) is topologically isomorphic to G.
Then apply Lemma 11. �

4. RENORMINGS OF SEPARABLE BANACH SPACES

This section is devoted to displaying subgroups of S∞ on spaces with a symmetric
basis, such as `p,1 É p < +∞, or with a symmetric decomposition, such as Lp,1 É
p < +∞ or C([0,1]). In order to do this, we shall extend Theorem 6 by proving that
any representation of a group G on a separable real space X with an LUR norm, as a
closed group of isometries containing −Id and with sufficiently many discrete orbits,
is actually a display. We first recall a definition from [7] which is an extension of
ideas and terminology of Bellenot [2].

4.1. Bellenot’s renormings.

Definition 13. Let X be a real Banach space with norm ‖·‖, G be a group of isome-
tries on X containing −Id and let (xk)k∈K be a possibly finite sequence of normalized
vectors of X . Let Λ= (λk)k∈K be such that 1/2 < λk < 1 for all k ∈ K . The Λ,G-pimple
norm at (xk)k for ‖·‖ is the equivalent norm on X defined by

‖y‖Λ,G = inf{
∑

[[yi]]Λ,G
∣∣ y=∑

yi},

where [[y]]Λ,G = λk‖y‖, whenever y ∈ R · gxk for some k ∈ K and g ∈G, and [[y]]Λ,G =
‖y‖ otherwise.

In other words, the closed unit ball for ‖·‖Λ,G is the closure of the convexification
of the union of the closed unit ball for ‖·‖ with line segments between gxk/λk and
−gxk/λk for each k ∈ K and g ∈G.

When there is just one point x0 associated to λ0 and if G = {Id}, then we just add
two spikes to the ball on x0 and −x0. This is the original λ0-pimple norm ‖·‖λ0,x0 at
x0 defined by S. Bellenot in [2]. In the following, we shall denote the λk-pimple norm
at gxk by ‖·‖λk ,g and relate the properties of the norm ‖·‖Λ,G to the properties of each
of the norms ‖·‖λk ,g.

It may be observed that

( inf
k∈K

λk)‖·‖ É ‖·‖Λ,G É ‖·‖,

so that ‖·‖Λ,G is an equivalent norm on X , and that by definition, any g ∈G remains
an isometry in the norm ‖·‖Λ,G .

As in [2] we shall say that a normalized vector y is extremal for a norm ‖·‖ if it is
an extremal point of the closed unit ball for ‖·‖, that is, if whenever ‖y‖ = ‖z‖ = 1 and
x belongs to the segment [y, z], then y = x = z. A norm is strictly convex at a point x
of the unit sphere if x is extremal. Note that, if a norm is LUR at x, then it must be
strictly convex at x.

We recall a key result from [2] (Proposition p. 90).

Proposition 14. (S. Bellenot [2]) Let (X ,‖·‖) be a real Banach space and let x0 ∈ X
be normalized such that

(1) ‖·‖ is LUR at x0, and
(2) there exists ε> 0 such that if ‖y‖ = 1 and ‖x0−y‖ < ε, then ‖·‖ is strictly convex

in y.
Then given δ > 0, b > 0 and 0 < m < 1, there exists a real number 1/2 < λ0 < 1 such
that whenever λ0 Éλ< 1 and ‖·‖λ is the λ-pimple norm at x0, then
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(3) m‖·‖ É ‖·‖λ É ‖·‖,
(4) if 1= ‖y‖ > ‖y‖λ then ‖x0 − y‖ < δ or ‖x0 + y‖ < δ,
(5) xλ =λ−1x0 is the only isolated extremal point x for ‖·‖λ satisfying

∥∥ x
‖x‖ −x0

∥∥<
ε,

(6) if w is a vector so that xλ and xλ+w are endpoints of a maximal line segment
in the unit sphere of ‖·‖λ, then b Ê ‖w‖ Êλ−1 −1.

Our objective is to generalize this result to (Λ,G)-norms. This was done in [7]
when G was countable and we shall observe here that the result may be extended to
certain uncountable groups.

In the following, we let B denote the closed unit ball for ‖·‖, BG
Λ denote the closed

unit ball for the Λ,G-norm at (xk)k, Bg
k denote the closed unit ball for the λk-norm

‖·‖λk ,g at gxk and set

B0 =
⋃

k∈K

⋃
g∈G

Bg
k .

Clearly, B ⊆ B0 ⊆ BG
Λ .

If Λ = (λk)k∈K , Λ′ = (λ′
k)k∈K , and c,d ∈ R, we write Λ <Λ′ to mean λk < λ′

k for all
k ∈ K , c <Λ to mean c <λk for all k ∈ K , and Λ< d to mean λk < d for all k ∈ K .

We shall first show in Lemma 15 that for Λ close enough to 1, BG
Λ is actually

equal to B0. This implies that each spike associated to each point of the form gxk
is sufficiently small and separated from other spikes for us to be able to apply the
results of Proposition 14 independently for each point.

Lemma 15. Let (X ,‖·‖) be a real Banach space, −Id ∈G É Isom(X ,‖·‖) and let (xk)k∈K
be a finite or infinite sequence of normalized vectors of X . Assume also that the fol-
lowing conditions hold.

(1) For each k ∈ K there is εk > 0 such that ‖·‖ is LUR at xk and strictly convex in
any y such that ‖y− xk‖ É εk.

(2) For each k ∈ K there exists ck > 0 such that for all g ∈ G and j ∈ K , either
‖x j − gxk‖ Ê ck or x j = gxk.

(3) For each k ∈ K , xk ∉⋃
j<k Gx j.

Then there exists Λ0 = (λ0k)k, with 1/2 < Λ0 such that whenever Λ = (λk)k satisfies
Λ0 <Λ< 1, it follows that

(a) whenever x ∈ Bg
k \ B and y ∈ Bh

l \ B with gxk 6= hxl , then ‖x− y‖ Ê cmin(k,l)/3,
(b) BG

Λ = B0,
(c) ‖·‖Λ,G = infk∈K ,g∈G‖·‖λk ,g.
(d) whenever ‖x‖Λ,G < ‖x‖, there exists (k, g) such that ‖x‖Λ,G = ‖x‖λk ,g, k and the

pair {gxk,−gxk} are uniquely determined by this property, and for any (l,h)
such that gxk 6= ±hxl , ‖x‖λl ,h = ‖x‖.

Furthermore for each k, λ0k depends only on xi, ci,εi, 1É i É k.

Proof. This result was proved in [7], under some slightly stronger assumption on the
convexity of the norm, and under the stronger condition that ‖x j − gxk‖ Ê ck unless
j = k and g = Id, from which it followed that Bg

k = Bh
l if and only if k = l and g =±h. It

was then proved that the spikes associated to the points gxk were sufficiently distant
from each other. In the proof, the condition (k, g) 6= (l,±h) is sometimes considered,
but what really matters for is that Bg

k 6= Bh
l . Observe that the two balls Bg

k and Bh
l

are equal if and only if gxk =±hxl (which implies that k = l by condition (3)).
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Note that by (1), ‖·‖ is LUR at xk for each k, so Proposition 14 (1) is satisfied for
x0 = xk. By (1) again, ‖·‖ is strictly convex in a neighborhood of xk, so Proposition
14 (2) applies in (xk) for ε= εk. We may assume that εk É ck/2, and fix a decreasing
sequence (δk)k such that for all k Ê 1, δk É ck/4 and 4δk

3 É 1−λ(xk, ck), where λ(xk, ·)
is the LUR function associated to the norm ‖·‖ in xk, i.e.,

∀ε> 0 ∀y ∈ SX
(‖xk − y‖ Ê ε⇒

∥∥∥ xk + y
2

∥∥∥Éλ(xk,ε)
)
.

For each k, we let λ0k be the real λ0 associated by Proposition 14 to x0 = xk, ε= εk,
δ= δk, b = 1 and m = 1/2. Up to replacing each λ0k by a larger number in ]1/2,1[, we
may assume that λ−1

0k −1É δk/3 for all k ∈ K and that limk→∞λ0k = 1 if K is infinite.
We let Λ= (λk)k be such that Λ0 <Λ< 1.
We first prove (a). Whenever x ∈ Bg

k \ B we have, by Proposition 14 (4), that ‖z−
gxk‖ < δk or ‖z+ gxk‖ < δk, where z = x/‖x‖. Up to redefining g as −g if necessary
we may assume that the first holds. Then

‖x− gxk‖ É ‖z− x‖+‖z− gxk‖ < ‖x‖−1+δk Éλ−1
k −1+δk É 4δk

3
.

Likewise if y ∈ Bh
l \ B then up to redefining h as −h,

‖y−hxl‖ <
4δl

3
.

If now gxk 6= hxl and say k É l, we have, that

‖x− y‖ Ê ‖gxk −hxl‖−‖x− gxk‖−‖y−hxl‖ Ê ck −
4

3δk
− 4

3δl
,

so since δl É δk,

‖x− y‖ Ê ck −
8δk

3
Ê ck/3.

Therefore, (a) is proved.
We shall now prove (b). First we observe that B0 is closed. Indeed, suppose that x

is the limit of a convergent sequence (xn) in B0, and let kn, gn be such that xn ∈ Bgn
kn

.
We claim that x ∈ B0. For if xn ∈ B for infinitely many n, then x ∈ B and we are
done, so we may assume that xn ∈ Bgn

kn
\ B for each n. If kn is bounded, then we can

assume that kn is constantly equal to some k and that ‖xm − xn‖ < ck/3 for all n,m.
But then by (a), Bgn

k = Bgm
k for all n,m, so x also belongs to Bgn

k for any choice of n
and therefore to B0, and we are done. So we may assume that kn converges to ∞.
Since λ0kn converges to 1, λkn also converges to 1, and since ‖xn‖ É 1/λkn for each n,
‖x‖ É 1. Therefore, x ∈ B ⊆ B0, which proves the claim. Finally, B0 is closed.

Next we observe that B0 is convex. Assuming towards a contradiction that x, y ∈
B0 and x+y

2 ∉ B0, let (k, g) and (l,h) be such that x ∈ Bg
k and y ∈ Bh

l , and without
loss of generality assume that k É l. By convexity of Bg

k and Bh
l , these two balls

are different, otherwise x+y
2 would belong to either of them and therefore to B0.

This means that gxk 6= ±hxl . Furthermore, x ∈ Bg
k \ B, otherwise x ∈ B ⊆ Bh

l and
x+y

2 ∈ Bh
l ⊆ B0. In other words, ‖x‖λk ,g < ‖x‖. Likewise, ‖y‖λl ,h < ‖y‖. Therefore, by

Proposition 14 (4) applied to x/‖x‖ for the λk-pimple norm at gxk, and up to replacing
g by −g if necessary,

∥∥gxk − x
‖x‖

∥∥< δk. Then

‖gxk − x‖ É
∥∥∥gxk −

x
‖x‖

∥∥∥+∥∥∥x− x
‖x‖

∥∥∥É δk +λ−1
k −1É 4δk

3
.
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Likewise, ‖hxl − y‖ < 4δl
3 and so∥∥∥ x+ y
2

− gxk +hxl

2

∥∥∥É 2(δk +δl)
3

É 4δk

3
.

Since ‖gxk −hxl‖ Ê ck by (2), it follows by the LUR-property of ‖·‖ in gxk that∥∥∥ gxk +hxl

2

∥∥∥Éλ(gxk, ck)=λ(xk, ck),

and ∥∥∥ x+ y
2

∥∥∥É 4δk

3
+λ(xk, ck)É 1,

a contradiction, since x+y
2 does not belong to B0 and therefore neither to B. This

contradiction proves that B0 is convex.
Finally we have proved that B0 is closed convex. Since it contains B and each

segment [−gxk/λk, gxk/λk], it therefore contains BG
Λ , and since also B0 is included in

BG
Λ , it follows that B0 = BG

Λ , that is, (b) is proved.
The equality in (c),

‖·‖Λ,G = inf
k∈K ,g∈G

‖·‖λk ,g,

follows immediately from (b).
To prove (d), let x be such that ‖x‖Λ,G < ‖x‖. Then by (c) there exists λk, g such

that ‖x‖λk ,g < ‖x‖. Therefore, z = x/‖x‖λk ,g ∈ Bg
k \ B. Since in (a), the real cmin(k,l) is

positive, there exists no Bh
l with hxl 6= ±gxk such that z ∈ Bh

l \ B. In other words,
z ∉ Bh

l for gxk 6= ±hxl .
If we had that ‖x‖λl ,h < ‖x‖ for some hxl 6= ±gxk , then z′ = x/‖x‖λl ,h would belong

to Bh
l \ B. If ‖x‖λl ,h É ‖x‖λk ,g then by convexity of Bh

l , z ∈ Bh
l and so z ∈ Bh

l \ B, a
contradiction. If ‖x‖λl ,h Ê ‖x‖λk ,g, then we obtain a similar contradiction using z′.
Therefore ‖x‖λl ,h Ê ‖x‖. Finally we have proved that ‖x‖λl ,h < ‖x‖ only if l = k and
hxl =±gxk. From (c) we therefore deduce that ‖x‖Λ,G = ‖x‖λk ,g. This concludes the
proof of (d). �

Proposition 16. Let (X ,‖·‖) be a real Banach space, −Id ∈ G É Isom(X ,‖·‖) and let
(xk)k∈K be a finite or infinite sequence of normalized vectors of X . Assume that the
following conditions are satisfied.

(1) For each k ∈ K there is εk > 0 such that ‖·‖ is LUR at xk and strictly convex in
any y such that ‖y− xk‖ É εk.

(2) For all k ∈ K there is ck > 0 such that for any g ∈ G and j ∈ K , either ‖x j −
gxk‖ Ê ck or x j = gxk.

(3) For each k ∈ K , xk ∉⋃
j<k Gx j.

Then given (δk)k > 0, (bk)k > 0 and 0 < m < 1, there exists Λ0 = (λ0k)k, with 1/2 <Λ0
such that whenever Λ= (λk)k satisfies Λ0 <Λ< 1, we have

(3’) m‖·‖ É ‖·‖Λ,G É ‖·‖,
(4’) if 1= ‖y‖ > ‖y‖Λ,G then there are g ∈G and k ∈ K such that ‖gxk − y‖ < δk,
(5’) xk,λ = λ−1

k xk is the only isolated extremal point x of ‖·‖Λ,G satisfying
∥∥ x
‖x‖ −

xk
∥∥< ck/2,

(6’) if w is a vector so that xk,λ and xk,λ + w are endpoints of a maximal line
segment in the unit sphere of ‖·‖Λ,G , then bk Ê ‖w‖ Êλ−1

k −1.
Furthermore for each k, λ0k depends only on m and xi, ci, δi, bi, 1É i É k.
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Proof. Once again the proof is not too different from the one in [7].
Fix G, (xk)k∈K and (δk)k > 0, (bk)k > 0 and 0< m < 1 as in the hypotheses. We may

again assume that (δk)k is decreasing and that for all k Ê 1, δk É ck/4, δk É εk/2 and
3δk

2 É 1−λ(xk, ck), and we may also assume that εk É ck/2 and δk ÉminiÉk ci/4.
Note that as in Lemma 15, by (1), Proposition 14 (1) is satisfied for x0 = xk and

Proposition 14 (2) applies in (xk) for ε= εk.
Let therefore, for each k, λ0k be the λ0 given by Proposition 14 for x0 = xk, ε= εk,

δ= δk, b = bk and m. Up to replacing each λ0k by a larger number in ]1/2,1[, we may
also assume that (a) to (d) of Lemma 15 are satisfied whenever Λ0 <Λ< 1.

We now fix some Λ such that Λ0 <Λ< 1 and verify (3’) to (6’).
Affirmation (3’) is obvious from Proposition 14 (3) for each (λk, g), that is

m‖·‖ É ‖·‖λk ,g É ‖·‖,

and from Lemma 15 (c), that is

‖·‖Λ,G = inf
k∈K ,g∈G

‖·‖λk ,g.

For (4’) assume 1 = ‖y‖ > ‖y‖Λ,G . Then by Lemma 15 (d), there exist g,k such
that 1= ‖y‖ > ‖y‖λk ,g, so from Proposition 14 (4) applied for ‖·‖λk ,g, ‖gxk − y‖ < δk or
‖−gxk − y‖ < δk. This proves (4’).

To prove (5’) we note that if
∥∥ x
‖x‖ − xk

∥∥< ck/2 then whenever gxk 6= ±hxl ,∥∥∥ x
‖x‖ − gxl

∥∥∥> ‖gxl − xk‖− ck/2Ê ck/2Ê δk,

and likewise ∥∥∥ x
‖x‖ + gxl

∥∥∥Ê δk.

Applying Proposition 14 (4) to y= x/‖x‖ and ‖·‖λl ,h we deduce that

‖x‖ = ‖x‖λl ,h

whenever Bh
l 6= Bg

k . From Lemma 15 (c) it follows that

‖x‖Λ,G = ‖x‖λk ,g.

Thus, if
∥∥ x
‖x‖ − xk

∥∥ < εk, then x is an isolated extremal point for ‖·‖Λ,G if and only if
it is an isolated extremal point for ‖·‖λk ,g, which, by an application of Proposition 14
(5) for xk and εk, is equivalent to saying that x = xk,Λ. Therefore, (5’) is proved.

For the proof of (6’), denote by Sg
k the unit sphere for ‖·‖λk ,g, by SG

Λ the unit sphere
for ‖·‖Λ,G , by S the unit sphere for ‖·‖, S′ the set of points of S on which ‖·‖Λ,G = ‖·‖.
By Lemma 15 (c) and (d), SG

Λ = S′∪ (
⋃

k,g(Sg
k \ S)). Let [xk,Λ, xk,Λ+w] be a maximal

line segment in SG
Λ .

We claim that ‖w‖ É δk. To see this assume that ‖w‖ > δk, then we find a non
trivial segment [w1,w2] in SG

Λ such that all points of the segment are at distance
strictly more than δk and strictly less than δk+(dk/12) to xk,Λ, where dk =miniÉk ci.
Then, because of the lower estimate, no point on the segment may belong to Sg

k \
S, nor can it belong to Sh

l \ S for hxl 6= gxk, as otherwise d(Sg
k ,Sh

l ) < δk + dk/12 <
dk/4+ dk/12 = dk/3, contradicting Lemma 15 (a). This means that the segment is
included in S′. But this will then contradict the strict convexity of the norm ‖·‖ in
the hypothesis, since δk + (dk/12)É dk/3É εk/6. So the claim is proved.
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Going back to xk,Λ, since this vector belongs to SId
k \ S, we deduce, from the claim

and the fact that ‖y‖Λ,G coincides with ‖y‖λk ,Id for any y of SG
Λ with ‖xk,Λ − y‖ É

4δk/3, that [xk,Λ, xk,Λ+w] should be a maximal line segment in SId
k .

By Proposition 14 (6) applied to ‖·‖λk ,Id, we therefore deduce that bk Ê ‖w‖ Ê
λ−1

k −1, which proves (6’) and concludes the proof. �

4.2. Distinguished sequences of vectors. We now define a new notion. For G É
Isom(X ) and x1, . . . , xn ∈ X , denote by G(x1, . . . , xn) the closed subgroup of G which
fixes all xi, that is

G(x1, . . . , xn)= {g ∈G
∣∣∀i = 1, . . .n gxi = xi},

and note that G(;)=G.

Definition 17. Let X be a Banach space, G be a group of isomorphims on X , and
(xn)n be a finite or infinite sequence of vectors in X . We shall say that (xn)n is distin-
guished by G if for any n Ê 0, the G(x0, . . . , xn−1)-orbit of xn is discrete.

A simple occurence of this is when the G-orbit of each xn is discrete. Note that
when a sequence (xn)n with dense linear span is distinguished by G, we have that
any two distinct elements g and g′ of G may be differentiated by their values gxn
and g′xn in at least some xn, and with some lower uniform estimate for d(gxn, g′xn)
depending only on n.

Observe also that the point x0 must have discrete orbit for the sequence (xn)n to
be distinguished by G, but x0 itself need not be a distinguished point, that is, some
non-trivial elements of G may fix x0.

Lemma 18. Let X be a Banach space, G be a group of isometries on X , and suppose
that (xn)nÊ0 is a possibly finite, linearly independent, G-distinguished sequence of
points of SX . Let dn be the distance of xn to [x0, . . . , xn−1] and let ε be positive. Then
there exist functions µn

0 :Rn−1 →R, n Ê 1, such that whenever a real positive sequence
(µn)n satisfies µ0 = 1, µ1 É µ0

1 and µn É µ0
n(µ1, . . . ,µn−1) for all n, then the sequence

(yn)nÊ0 defined by

yn =
∑n

0 µkxk

‖∑n
0 µkxk‖

satisfies:
(a) for any n Ê 0 and for any g ∈G, either yn = gyn or ‖yn−gyn‖ Ê (1−ε)µn+1dn+1,
(b) for any n > m Ê 0 and for any g ∈G, ‖yn − gym‖ Ê (1−ε)µm+1dm+1.

Proof. Since the G(x0, . . . , xn−1)-orbit of xn is discrete for each n, let (αn)n be a de-
creasing sequence of positive numbers such that for any n and g ∈ G(x0, . . . , xn−1),
either gxn = xn or ‖gxn − xn‖ Êαn.

Observe also that by the definition of (dn)n and Hahn-Banach theorem,

‖y+ txn‖ Ê dn|t|
whenever n Ê 1, y is in the linear span of [x0, . . . , xn−1] and t ∈R.

We may assume that ε< 1, and pick µk
0 , so that if µk É µk

0(µ1, . . . ,µk−1) for each k,
then the sequence (µk) is decreasing sufficiently fast to ensure the following condi-
tions, which may be redundant.

• for each k, ‖∑k
j=0µ j x j‖ ∈ [1−ε/2,1+ε/2] and ‖∑k

j=0µ j x j‖−1 ∈ [1−ε/2,1+ε/2],
• for each k,

∑
j>kµ j <min{αkµk/4,αk/16,µk},

• for each k, 8µk+1 Émin{αkµk/24,εdkµk},
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• for each k, (1−ε)dk+1µk+1 Éαkµk/8.

Now given m Ê 0, we compute ‖yn − gym‖, for n Ê m.
If n = m then it is clear that either gxk = xk for all k É n, in which case yn = gyn; or

that, if K =min{k É n : gxk 6= xk}, then by hypothesis ‖gxk − xk‖ ÊαK , and therefore

‖yn − gyn‖ = ‖∑
kÊK µk(xk − gxk)‖
‖∑n

k=0µkxk‖
Ê 1

2
(αKµK −2

∑
k>K

µk)

Ê 1
4
αKµK Ê 1

4
αnµn Ê (1−ε)µn+1dn+1,

proving (a).
Assume now that n > m. Let K be the first integer k less than or equal to m such

that gxk 6= xk, if such an integer exists, or K = m+1 otherwise. Then

‖yn − gym‖ =
∥∥∥∑K−1

k=0 µkxk +
∑n

k=K µkxk

‖∑n
0 µkxk‖

−
∑K−1

k=0 µkxk +
∑m

k=K µk gxk

‖∑m
0 µkxk‖

∥∥∥. (1)

First assume that K É m. Then the part of the sum in (1) corresponding to xK and
gxK is equal to

µK xK

‖∑n
0 µkxk‖

− µK gxK

‖∑m
0 µkxk‖

,

whose norm is equal to∥∥∥µK (xK − gxK )
‖∑m

0 µkxk‖
+

( 1
‖∑n

0 µkxk‖
− 1
‖∑m

0 µkxk‖
)
µK xK

∥∥∥,

which is greater than

µKαK

2
−4µK

∣∣∣∥∥ n∑
0
µkxk

∥∥−∥∥ m∑
0
µkxk

∥∥∣∣∣Ê µK

2

(
αK −8

∥∥ n∑
m+1

µkxk
∥∥)

Ê

µK

2

(
αK −8

∑
k>m

µk

)
Ê µK

2

(
αK −8

∑
k>K

µk

)
ÊµKαK /4. (2)

Now in the sum in (1) the linear combination of the xk ’s for k < K is equal to( 1
‖∑n

0 µkxk‖
− 1
‖∑m

0 µkxk‖
)K−1∑

0
µkxk,

of norm less than or equal to

8
∥∥ n∑

m+1
µkxk

∥∥É 8
m∑

K+1
µk É 16µK+1. (3)

The linear combination of xk ’s and gxk ’s for k > K on the other hand, is equal to∑n
K+1µkxk

‖∑n
0 µkxk‖

−
∑m

K+1µk gxk

‖∑m
0 µkxk‖

of norm less than or equal to

4
∑

k>K
µk É 8µK+1. (4)

Putting (2),(3) and (4) together we obtain that when K ≤ m,

‖yn − gym‖ ÊµKαK /4−24µK+1 ÊµKαK /8Êµmαm/8 (5)
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Assume now that K = m+ 1, that is, assume that gxk = xk for all k ≤ m, then
yn − gym is the sum of two terms, namely,

yn − gym =
(∑m

0 µkxk +µm+1xm+1

‖∑n
0 µkxk‖

−
∑m

0 µkxk

‖∑m
0 µkxk‖

)
+

(∑
k>m+1µkxk∥∥∑n

0 µkxk
∥∥ )

By definition of dm+1, the norm of the first term is at least
dm+1µm+1∥∥∑n

0 µkxk
∥∥ Ê (1−ε/2)dm+1µm+1, (6)

while the norm of the second is at most

2
∑

k>m+1
µk É 4µm+2 (7).

Putting (6) and (7) together we have that when K = m+1,

‖yn − gym‖ Ê (1−ε/2)dm+1µm+1 −4µm+2 Ê (1−ε)dm+1µm+1. (8)

Now by (5) or (8) and the properties of the sequence (µn)n, we have that whenever
g ∈G and n > m, ‖yn − gym‖ Ê (1−ε)dm+1µm+1, which proves (b). As ε was arbitrary
this concludes the proof of the lemma. �

Theorem 19. Let (X ,‖ · ‖) be a separable real Banach space and G be a closed sub-
group of Isom(X ,‖ · ‖) containing −Id. Assume that there exists a possibly finite G-
distinguished sequence (xn)n≥0 of points of SX with dense linear span, such that the
norm ‖ · ‖ is LUR in a neighborhood of x0. Then there exists an equivalent norm ||| · |||
on X such that G = Isom(X , ||| · |||).
Proof. By passing to a subsequence, we may without loss of generality assume that
the sequence (xn)n is linearly independent.

Choose a sequence (µn)n satisfying the conditions defined in Lemma 18. So, in
particular, µ0 = 1 and 4

∑
k>nµk < µnαn, where αn > 0 is fixed such that any g ∈ Gn

satisfies gxn = xn or ‖gxn − xn‖ Êαn. Set y0 = x0 and for n Ê 1 let zn =∑n
k=0µkxk and

yn = zn
‖zn‖ . By choosing the µn sufficiently small, we may therefore also assume that

every yn belongs to an open neighborhood of x0 where the norm is LUR.
By the fact that the norm is LUR in a neighborhood of every yn, condition (1)

for the sequence (yn)n in Proposition 16 holds, and conditions (2)-(3) follow from the
conclusion of Lemma 18. So let (λn) be a sequence satisfying the conditions given
by the conclusion of Proposition 16 for the sequence (yn)n, let Λ= (λn)n and consider
the associated Λ,G-pimple norm ||| · ||| . As was already observed, any g in G is still
an isometry for the norm ||| · |||.

Let now T be a ||| · |||-isometry. We shall prove that T belongs to G. Observe that
E = {λ−1

n gyn
∣∣ g ∈ G,n ∈ K} is the set of isolated extremal points of ||| · |||. Indeed for

an x of Λ,G-pimple norm 1, either
∥∥ x
‖x‖ − gyn

∥∥< cn/2 for some g,n, in which case by
(5’) x =λ−1

n yn if it is an isolated extremal point; or
∥∥ x
‖x‖ − gyn

∥∥Ê ck/2> δn for all g,n
then by (4’) the Λ,G-pimple norm coincides with ‖·‖ in a neighborhood of x and then
x is not an isolated extremal point since ‖·‖ is strictly convex in x.

Therefore any isometry T for ||| · ||| maps E onto itself. If n < m and g ∈ G, then T
cannot map λ−1

n yn to λ−1
m gym. Indeed if w (resp. w′) is a vector so that λ−1

n yn and
λ−1

n yn +w (resp. λ−1
m gym and λ−1

m gym +w′) are endpoints of a maximal line segment
in S|||·|||

X , then, since g is a ||| · |||-isometry, we may assume g = Id and by (3’) and (6’)

|||w||| Ê 1
2
‖w‖ Ê 1

2
(λ−1

n −1)> bn+1 Ê bm Ê ‖w′‖ Ê |||w|||′,
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and |||w||| 6= |||w|||′, a contradiction. Likewise, if n > m, we may by using T−1 deduce
that T cannot map λ−1

n yn to λ−1
m gym.

Finally it follows that for each n, the orbit G yn is preserved by T. Then there
exists for each n a gn in G such that T yn = gn yn, or equivalently

n∑
k=0

µk(Txk − gnxk)= 0.

Now given n we claim that Txk = gnxk for every k É n. This is clear for n = 0.
Assuming this holds for n−1, the previous equality becomes

n−1∑
k=0

µk(gn−1xk − gnxk)+ (Txn − gnxn)= 0.

Now if Txk = gn−1xk = gnxk for all k É n−1, then it follows that Txn − gnxn = 0 and
we are done. Assume therefore that there exists k É n−1 such that gn−1xk 6= gnxk
and let K be the first such k, we would deduce that

µK (gn−1xK − gnxK )=− ∑
k>K

µk(Txk − gnxk).

Since g−1
n gn−1 belongs to G(x0, . . . , xK−1) and g−1

n gn−1xK 6= xK , the left hand part has
‖·‖-norm at least µKαK . The right hand part has ‖·‖-norm at most 3

∑
k>K µk. By the

condition on (µn)n this is a contradiction. So for any n and any k É n, Txk = gnxk.
If the distinguished sequence (xn)n is finite, of the form (xn)0ÉnÉN , then we deduce

that T = gN ∈G. If it is infinite, then for each k ∈N we deduce that limn gnxk = Txk.
Since X is the closed linear span of the xk ’ s this means that gn converges to T in the
strong operator topology. Since G is closed we conclude that T must belong to G. �

4.3. Displays on the spaces `p, Lp and C([0,1]). Note that if we let S∞ act on the
compact group ZN2 by permutations of the coordinates, we can form the correspond-
ing topological semidirect product S∞nZN2 . In other words, S∞nZN2 is the cartesian
product S∞×ZN2 equipped with the product topology and the following group opera-
tion

(g, (an)n∈N)∗ ( f , (bn)n∈N)= (gf , (anbg−1(n))n∈N),

where g, f ∈ S∞ and (an)n∈N, (bn)n∈N ∈ZN2 . In the following, we shall identify Z2 with
the multiplicative group {−1,1}.

Suppose X is a Banach space with a symmetric Schauder decomposition X =∑
n∈N Xn, i.e., such that for some equivalent norm ‖·‖ the Xn are isometric copies

of the same space Y 6= {0} and there is a symmetric Schauder basis (en)n∈N for which∥∥ ∑
n∈N

xn
∥∥= ∥∥ ∑

n∈N
‖xn‖en

∥∥,

for xn ∈ Xn. Then we can define a topologically faithful bounded linear representa-
tion ρ : S∞ nZN2 →GL(X ) by setting

ρ
(
g, (an)n∈N

)( ∑
n∈N

xn

)
= ∑

n∈N
anxg−1(n).

In other words, ρ is the canonical action of S∞ nZN2 on X = ∑
n∈N Xn by change

of signs and permutation of coordinates. Since the representation is bounded and
topologically faithful it is easy to check that ρ

(
S∞ nZN2

)
is a SOT-closed subgroup of

GL(X ), though it is not SOT-closed in L(X ).



18 VALENTIN FERENCZI AND CHRISTIAN ROSENDAL

Lemma 20. Let G be a closed subgroup of S∞ containing a non-trivial central
involution s. Then there is a topological embedding π : G → S∞ nZN2 such that
π(s)= (1S∞ , (−1,−1, . . .)).

Proof. As s is central, the set

B = {n ∈N ∣∣ s(n) 6= n}

is G-invariant, so we can define a faithful action of G on B×N by g(n,m)= (g(n), g(m)).
It follows that G is topologically isomorphic to its image in the group Sym(B×N) of
all permutations of the countable set B×N and, moreover, s(n,m) 6= (n,m) for any
(n,m) ∈ B×N.

Let (On)n∈N denote the orbits of s on B×N and note that, as s is an involution
without fixed points, |On| = 2 for all n ∈N. Moreover, since s is central, G permutes
the orbits of s and so we obtain a homomorphism σ : G → S∞ given by

σg(n)= k ⇐⇒ g[On]=Ok.

Also, if ≺ denotes a linear ordering on B×N, we can define a map ρ : G →ZN2 by

ρ(g)n =
{

1 if g : Oσ−1
g (n) 7→On preserves ≺,

−1 if g : Oσ−1
g (n) 7→On reverses ≺.

It follows that the map π : G → S∞ nZN2 defined by

π(g)= (σg, (ρ(g)n)n∈N)

is a embedding of G into S∞ nZN2 . To see this, note that, as the action of G on B×N
is faithful, the map is clearly injective. On the other hand, to verify that it is a
homomorphism, note that for g, f ∈G,

π(g)∗π( f )= (
σg,

(
ρ(g)n

)
n∈N

)∗ (
σ f ,

(
ρ( f )n

)
n∈N

)
= (

σgσ f ,
(
ρ(g)nρ( f )σ−1

g (n)
)
n∈N

)
= (

σgf ,
(
ρ(gf )n

)
n∈N

)
=π(gf ).

Finally, π is now easily checked to be a homeomorphism of G with its image in S∞n
ZN2 and hence a topological group embedding. Moreover, π(s)= (

1S∞ , (−1,−1, . . .)
)
. �

Lemma 21. Let X be a separable real Banach space with an LUR norm, which is a
Schauder sum of an infinite number of isometric copies of some space Y , and let G be
represented as a closed subgroup of Isom(X ) containing −Id and acting by change of
signs and/or permutations of the coordinates relative to the Schauder sum. Then the
representation is a display.

Proof. We may pick a sequence (xn) with dense linear span and such that each xn
is in some summand of the decomposition. It follows that Gxn is discrete for each
n. Therefore (xn) is a distinguished sequence with dense linear span and hence
Theorem 19 applies. �

Theorem 22. Any closed subgroup G É S∞ with a non-trivial central involution is
displayable on c0, C([0,1]), `p and Lp, for 1É p <∞.
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Proof. The spaces c0 and `p have a symmetric basis, while Lp and C([0,1]) have
symmetric decompositions of the form C([0,1])' c0

(
C([0,1])

)
and Lp = `p(Lp). So let

X be one of these and let X =∑
i∈N X i be the corresponding Schauder decomposition

into isometric copies X i of some space Y . We note that in [7] these spaces are shown
to admit equivalent LUR norms such that ρ : S∞ nZN2 → GL(X ) defined above is
an isometric representation (the original norm will do for `p, 1 < p <∞, and Day’s
norm will do for c0). Moreover, by Lemma 20, G can be seen as a closed subgroup of
ρ(S∞nZN2 ) containing −Id and hence by Lemma 21 this identification is a display of
G on X . �

Observe that if X is a separable Banach space and G is a group of isometries on
X which distinguishes some point y ∈ X , then it will distinguish any sequence of X
all of whose terms are sufficiently close to y. This is an easy consequence of the fact
that the set of points (not sequences) distinguished by G is open in X . So G will
distinguish some sequence with dense linear span. Therefore, we have obtained an
easier proof of a result of [7].

Corollary 23. Let X be a separable real Banach space and G be a group of isometries
on X containing −Id. Assume that X contains a point y distinguished by G, and that
the norm is LUR in some neighbourhood of y. Then there exists an equivalent norm
on X such that G = Isom(X ,‖·‖).

Suppose now that G is a bounded group of automorphisms of X containing −Id.
Then G will be a group of isometries for the equivalent norm supg∈G ‖gx‖. Further-
more, a result of G. Lancien in [14] asserts that any separable Banach space with
the Radon-Nikodym Property (RNP) may be renormed with an equivalent LUR norm
without diminishing the group of isometries. Using this fact we obtain generaliza-
tions of the previous results to the case of bounded groups of isomorphisms on spaces
with the RNP. For example, Theorem 19 implies the following.

Corollary 24. Let X be a separable real Banach space with the Radon-Nikodym
Property and G be a closed bounded subgroup of GL(X ) containing −Id. Assume that
some sequence in X is distinguished by G and has dense linear span. Then there
exists an equivalent norm ‖·‖ on X such that G = Isom(X ,‖·‖).

4.4. Displays and representations. We shall now see that under certain mild con-
ditions on a separable space X , any bounded, countable closed (or equivalently dis-
crete), subgroup of GL(X ) containing −Id is displayable on some power of X .

Proposition 25. Let X be a separable real Banach space with an LUR norm and G
be a discrete group of isometries on X containing −Id. Then G is displayable on X n

for some n ∈N.

Proof. Since Id is isolated in G, we may find α > 0 and x1, . . . , xn ∈ X such that for
any g 6= Id, ‖gxi − xi‖ Êα for some i = 1, . . . ,n. If we let G act on X n by g(y1, . . . , yn)=
(gy1, . . . , gyn) and equip X n with the `2-sum of the norm on X , we see that G can
be identified with a closed subgroup of Isom(X n) containing −Id and such that the
point x0 = (x1, . . . , xn) is distinguished by G. Since, by classical arguments, the norm
on X n is again LUR (see Fact 2.3 p. of [5]), Theorem 6 then applies to prove that G
is displayable on X n. �

Corollary 26. Let X be a separable real Banach space with an LUR norm and iso-
morphic to its square. Then any discrete group of isometries on X containing −Id is
displayable on X .
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Note here that the original representation itself need not be a display.

Proposition 27. Let X be a separable real Banach space with the Radon-Nikodym
Property and G be a discrete bounded subgroup of GL(X ) containing −Id. Then G is
displayable on X n for some n ∈N.

Proof. We renorm X with the norm supg∈G ‖gx‖ to make any element of G into an
isometry. Since X has the Radon-Nikodym Property, we may apply the result of
Lancien to obtain a LUR norm on X for which each element of G is still an isometry.
Then we may apply Proposition 25. �

Finally we may conclude that for spaces with the Radon-Nikodym Property and
isomorphic to their square, and for countable groups, the necessary conditions of the
second section are sufficient for the existence of a display.

Corollary 28. Let X be separable real Banach space with the Radon-Nikodym Prop-
erty and isomorphic to its square, and let G be a countable topological group. Then
G is displayable on X if and only if it is faithfully topologically representable as a
discrete bounded subgroup of GL(X ) containing −Id.

5. CONTINUOUS GROUPS OF TRANSFORMATIONS OF R2

In this section we look at the displayability some of the simplest uncountable com-
pact metric groups, namely, the circle group T = {z ∈ C ∣∣ |z| = 1}, and the orthogonal
group O(2)= {U ∈ M2(R)

∣∣UU t =U tU = 1}.
Recall that a real Banach space X is said to admit a complex structure when there

exists some operator J on X such that J2 =−Id. This means that X may be seen as
a complex space, with the scalar multiplication defined by

(a+ ib) · x = ax+bJx

and the equivalent renorming

|||x||| = sup
0ÉθÉ2π

‖cosθx+sinθJx‖.

If X is isomorphic to a Cartesian square Y 2, then it admits a complex structure,
associated to the operator J defined by J(y, z) = (−z, y) for y, z ∈ Y . But examples of
real spaces admitting a complex structure without being isomorphic to a Cartesian
square also exist, see e.g. [6] about these.

Theorem 29. Let X be a real Banach space. Then T is displayable on X if and only
if X admits a complex structure and dim X > 2.

Proof. The ‘if ’ part was proved in [7], Corollary 45. For the ‘only if ’ part, assume
ρ : T→ GL(X ) is a display of X and let ‖·‖ be the corresponding norm on X . Then,
as −1 is the unique non-trivial involution in T, we must have ρ(−1) =−Id, whereby
ρ(i)2 = ρ(i2)=−Id and hence X will admit a complex structure.

Now, assume towards a contradiction that dim X = 2, i.e., X =R2. Since T is com-
pact, by a standard result of representation theory, ρ is orthogonalisable, meaning
that there is a T ∈GL(R2) such that Tρ(λ)T−1 is an isometry for the euclidean norm
‖·‖2 for any λ ∈T. In other words,

TρT−1 : T→O(2)
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and, as T is connected, so is its image, which thus must lie in the connected com-
ponent of Id, which is the group SO(2) ' T of rotations of R2. Again, as TρT−1 has
non-trivial image, it must be surjective.

On the other hand, if U ∈O(2)\ SO(2), then for any x ∈R2 there is B ∈ SO(2) such
that U(Tx)= B(Tx), and, therefore, if Tρ(λ)T−1 = B,

‖T−1UTx‖ = ‖T−1BTx‖ = ‖ρ(λ)x‖ = ‖x‖.

It follows that T−1UT is an isometry for ‖·‖ not belonging to ρ(T), contradicting that
ρ(T)= Isom(R2,‖·‖). �

Theorem 30. Let X be a non-trivial real Banach space. Then O(2) is displayable on
X if and only if X is isomorphic to a Cartesian square.

Proof. The ‘if ’ part was proved in [7], Corollary 46.
For the ‘only if ’ part, assume that ρ : O(2) → GL(X ) is a display of the group

O(2) = Isom(R2,‖·‖2) on X . Since −IdR2 is the unique non-trivial central involution
in O(2), we have ρ(−IdR2 ) = −Id. So, if R denotes the rotation of angle π/2 on R2

and J = ρ(R), we have J2 =−Id. Also, letting S denote the reflection of R2 about the
x-axis and M = ρ(S), we have JMJ = ρ(RSR)= M.

Now, as M2 = Id, P = (Id+M)/2 is idempotent, i.e., a projection with complemen-
tary projection Q = (Id−M)/2 and associated decomposition X = Y ⊕Z, Y = PX and
Z =QX .

Define T ∈ L(Y , Z) by T y = QJ y and U ∈ L(Z,Y ) by Uz = −PJz. Then for any
y ∈Y ,

2UT y=−2PJQJ y=−PJ(Id−M)J y= P(Id+ JMJ)y= P(Id+M)y= 2P y= 2y,

whence UT = IdY . Likewise TU = IdZ , which implies that Y and Z are isomorphic.
In other words, X is isomorphic to a Cartesian square. �

6. REPRESENTATION OF POLISH GROUPS AND UNIVERSALITY

Theorem 31. For any Polish group G, there exists a separable Banach space X such
that {−1,1}×G is displayable on X .

Proof. Let G be a Polish group. Then, by Theorem 3.1(i) of [10], there is a separable
complete metric space (Y ,d1) such that

G ' Isom(Y ,d1),

where the latter is equipped with the topology of pointwise convergence on Y . More-
over, without loss of generality, we can suppose that Y contains at least 3 points.

Let now d2 = d1
1+d1

. Then d2 is a complete metric on Y inducing the same topology
and, moreover, since the function t 7→ t

1+t is strictly increasing from [0,∞[ to [0,1[,

Isom(Y ,d2)= Isom(Y ,d1).

Again, let d3 = p
d2 and note that, by the same arguments as for d2, d3 is a

complete metric on Y with d3 < 1 and

Isom(Y ,d3)= Isom(Y ,d2).

Furthermore, in the terminology of [21], d3 is a concave metric on Y .
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Let now Æ(Y ,d3) denote the R-vector space of all finitely supported functions
m : Y →R satisfying ∑

y∈Y
m(y)= 0,

so formally Æ(Y ,d3) can be identified with a hyperplane in the free R-vector space
over the basis Y . Elements of Æ(Y ,d3) are called molecules and basic among these
are the atoms, i.e., the molecules of the form

mx,y = 1x − 1y,

where x, y ∈Y and 1x is 1 on x and 0 elsewhere and similarly for 1y. As can easily be
seen by induction on the cardinality of its support, any molecule m can be written as

m =
n∑

i=1
aimxi ,yi ,

for some xi, yi ∈Y and ai ∈R.
We equip Æ(Y ,d3) with the norm ‖·‖Æ, defined by

‖m‖Æ =min
( n∑

i=1
|ai|d3(xi, yi)

∣∣ m =
n∑

i=1
aimxi ,yi

)
,

and remark that the norm is equivalently computed by

‖m‖Æ = sup
( ∑

y∈Y
m(y) f (y)

∣∣ f : (Y ,d3)→R is 1-Lipschitz
)
.

Abusing notation, the completion of Æ(Y ,d3) with respect to ‖·‖Æ will also be de-
noted by Æ(Y ,d3). It is not difficult to verify that the set of molecules that are
rational linear combinations of atoms with support in a countable dense subset of Y
is dense in Æ(Y ,d3) and thus Æ(Y ,d3) is a separable Banach space.

The space Æ(Y ,d3) is called the Arens–Eells space of Y and a fuller account of its
properties and uses can be found in N. Weaver’s book [21]. Of particular importance
to us is the following result relying on the concavity of (Y ,d3), here stated slightly
differently from Theorem 2.7.2 in [21]. Namely, for any surjective linear isometry

T : Æ(Y ,d3)→Æ(Y ,d3)

there are some σ = ±1, λ > 0 and a bijective λ-dilation g : (Y ,d3) → (Y ,d3), i.e.,
d3(gx, gy)=λd3(x, y) for all x, y ∈Y , such that for any molecule

∑n
i=1 aimxi ,yi ,

T
( n∑

i=1
aimxi ,yi

)= σ

λ

n∑
i=1

aimgxi ,gyi .

However, as (Y ,d3) has finite diameter > 0, there are no surjective λ-dilations from
Y to Y for λ 6= 1, from which it follows that g ∈ Isom(Y ,d3).

We claim that since |Y | Ê 3, σ = ±1 and g ∈ Isom(Y ,d3) are uniquely determined
as a function of T. To see this, note that since

T(mx,y)=σmgx,gy,

we have {gx, gy} = {x, y} for all x, y ∈ Y . So the action of g on doubletons is uniquely
given, whence, as |T| Ê 3, the action of g on Y is also completely determined by T.
Moreover, once g is given, T(mx,y)=σmgx,gy also describes σ in terms of T.

Thus, T 7→ (σ, g) is a function from Isom(Æ(Y ,d3)) to {−1,1}× Isom(Y ,d3), which
is easily seen to be injective, and considering

T(mx,y)=σmgx,gy,
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one finds that it is a group homomorphism. Conversely, as any (σ, g) ∈ {−1,1}×
Isom(Y ,d3) defines a linear isometry T of Æ(Y ,d3) by the above, the map T 7→ (σ, g)
is an isomorphism of Isom(Æ(Y ,d3)) with {−1,1}× Isom(Y ,d3). Being a definable
isomorphism between Polish groups, it must be a topological isomorphism and, sim-
ilarly, Isom(Y ,d3) is topologically isomorphic with G. It follows that {−1,1}×G can
be displayed as Isom(Æ(Y ,d3)). �

The above construction coupled with a well-known result of V.V. Uspenskij [20]
immediately gives us the existence of a separable Banach space whose isometry
group is universal for all Polish groups. Namely, let U denote the so-called Urysohn
metric space, which is the unique (up to isometry) separable complete metric space
such that any isometry between finite subsets extends to a full isometry of U. Then,
as shown in [20], any Polish group G embeds as a closed subgroup into Isom(U).

Theorem 32. Any Polish group G is topologically isomorphic to a closed subgroup of
Isom(Æ(U)), where U is the Urysohn space.

Proof. It suffices to show that Isom(U) embeds into Isom(Æ(U)), since, being Polish,
the image of Isom(U) will automatically be closed.

So let T : Isom(U)→ Isom(Æ(U)) be defined by

Tg
( n∑

i=1
aimxi ,yi

)= n∑
i=1

aimgxi ,gyi

for any molecule
∑n

i=1 aimxi ,yi , g ∈ Isom(U), extending Tg continuously to the com-
pletion Æ(U). �

7. TRANSITIVITY OF NORMS AND LUR RENORMINGS

In this section, we relate the question of diplayability of groups on Banach spaces
to the classical theory of transitivity of norms. A norm on a space X is said to be
transitive if for any x, y in the unit sphere of X , there exists a surjective isometry
T on X such that T(x) = y. Whether any separable Banach space with a transitive
norm must be isometric to `2 is a longstanding open problem known as the Mazur
rotation problem.

We begin by recalling weaker notions of transitivity introduced by A. Pełczyński
and S. Rolewicz at the International Mathematical Congress in Stockholm in 1964
(see also [17]). After this, we shall clarify the relations between LUR renormings
and transitivity of norms. Related results may be found in some earlier work of F.
Cabello-Sanchez [3] and of J. Becerra Guerrero and A. Rodríguez-Palacios [1].

Definition 33. Let (X ,‖·‖) be a Banach space and for any x ∈ SX , let O (x) denote the
orbit of x under the action of Isom(X ,‖·‖). The norm ‖·‖ on X is

(i) transitive if for any x ∈ SX , O (x)= SX ,
(ii) almost transitive if for any x ∈ SX , O (x) is dense in SX ,

(iii) convex transitive if for any x ∈ SX , convO (x) is dense in BX ,
(iv) uniquely maximal if whenever ||| · ||| is an equivalent norm on X such that

Isom(X ,‖·‖)⊆ Isom(X , ||| · |||), then ||| · ||| is a multiple of ‖·‖.
(v) maximal if whenever ||| · ||| is an equivalent norm on X such that Isom(X ,‖·‖)⊆

Isom(X , ||| · |||), then Isom(X ,‖·‖)= Isom(X , ||| · |||).
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The implications transitive ⇒ almost transitive ⇒ convex transitive, as well as
uniquely maximal ⇒ maximal are obvious, and convex transitivity and unique max-
imality are equivalent by a result of E. Cowie [4].

Given a Banach space X with norm ‖·‖, we shall say that an equivalent norm ||| · |||
on X does not diminish the group of isometries when

Isom(X ,‖·‖)⊆ Isom(X , ||| · |||).
G. Lancien [14] has proved that if a separable Banach space X has the Radon-

Nikodym Property, then there exists an equivalent LUR norm on X , which does not
diminish the group of isometries; and that if X∗ is separable, then there exists an
equivalent norm on X whose dual norm is LUR and which does not diminish the
group of isometries. In [8] it is observed that if X satisfies the two properties, then
one can find a norm not diminishing the group of isometries, which is both LUR and
with LUR dual norm.

Note that it is a classical result of renorming theory, due to M. Kadec, see [5], that
any separable space admits an equivalent LUR norm, but of course, this renorm-
ing may alter the group of isometries, and we shall actually see that the results of
Lancien do not extend to all separable spaces.

Lemma 34. If an almost transitive norm on a Banach space is LUR in some point of
the unit sphere, then it is uniformly convex.

Proof. Fix x0 ∈ SX in which the norm is LUR. For any ε> 0, let δ> 0 such that

‖x− x0‖ Ê ε/2⇒‖x+ x0‖ É 2−δ.

Let x be arbitrary in SX , and let g ∈G be such that ‖x− gx0‖ Émax(ε/2,δ/2). For any
y in SX such that ‖x− y‖ Ê ε, we deduce ‖y− gx0‖ Ê ε/2 and therefore, since g is an
isometry,

‖y+ gx0‖ É 2−δ,
whereby

‖y+ x‖ É ‖y+ gx0‖+‖gx0 − x‖ É 2−δ/2.
This proves that the norm is uniformly convex. �

Lemma 35. If a convex transitive norm on a Banach space is LUR on a dense subset
of the unit sphere, then it is almost transitive and uniformly convex.

Proof. By Lemma 34, it suffices to prove that the norm is almost transitive. Let X
be a Banach space and set G = Isom(X ). Assume that the norm is LUR on a dense
subset of SX and not almost transitive, and let x0, x ∈ SX and ε> 0 be such that the
orbit Gx0 is at distance at least ε from x. By density we may assume that the norm
is LUR in x, so let α > 0 be such that ‖x+ y‖ É 2−α whenever y ∈ SX is such that
‖x− y‖ Ê ε. Let φ be a normalized functional such that φ(x) = 1. Then whenever
g ∈G,

‖x− gx0‖ Ê ε,
and therefore

φ(x+ gx0)É ‖x+ gx0‖ É 2−α,
whereby

φ(gx0)É 1−α.
It follows that for any y in the closed convex hull of Gx0, φ(y) É 1−α, which proves
that x does not belong to the closed convex hull of Gx0. Therefore the norm is not
convex transitive. �
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Question 36. Let X be a separable real Banach space and G be a countable bounded
subgroup of GL(X ) containing −Id and admitting a distinguished point. Does there
exist an equivalent norm on X for which G is the group of isometries on X?

That is, for X real separable, we ask whether any representation of a countable
group G by a bounded subgroup of GL(X ) containing −Id and admitting a distin-
guished point is always a display. Or in other words, we ask whether it is possible to
remove the Radon-Nikodym Property condition from Theorem 6. This would follow
if we could remove the RNP condition from Lancien’s result, that is if every sepa-
rable space could be renormed with an LUR norm without diminishing the group of
isometries. This, however is false, as proved by the following examples:

Example 37. The space C([0,1]2) cannot be renormed with an equivalent LUR norm
without diminishing the group of isometries.

Proof. It is well-known that if a norm on a Banach space X is LUR, then the strong
and the weak operator topology must coincide on Isom(X ). Indeed let (Tn) be a
sequence of isometries, not SOT-converging to some isometry T, and fix x ∈ BX such
that Tnx does not converge in norm to Tx. We may assume that ‖Tx−Tnx‖ Ê ε for
some fixed ε, so by the LUR property in Tx, ‖Tx+Tnx‖ É 2−α for some fixed α> 0.
Let then x∗ be some norm one functional such that x∗(Tx)= 1. Then

x∗(Tnx)= x∗(Tnx+Tx−Tx)É 1−α= (1−α)x∗(Tx),

and therefore Tnx cannot converge weakly to Tx, and Tn does not converge to T in
the weak operator topology.

Now it was proved by Megrelishvili [16] that the weak and the strong operator
topology do not coincide on G = Isom(C([0,1]2)). If C([0,1]2) could be renormed with
an equivalent LUR norm, such that the group of isometries G′ in the new norm
contained G, then by the above the weak and strong operator topology would coincide
on G′ and therefore on the subgroup G, a contradiction. �

Not even a weak version of a theorem about LUR renormings not diminishing the
group of isometries can be hoped for:

Example 38. Any equivalent renorming ‖·‖ of the space L1([0,1]), which does not
diminish the group of isometries, is nowhere LUR.

Proof. By [9] Theorem 12.4.3, the norm on L1([0,1]) is almost transitive, and there-
fore uniquely maximal. So any renorming which does not diminish the group of
isometries must be a multiple of the original norm. On the other hand, Lemma 34
tells us that the norm of L1([0,1]) is nowhere LUR. �

8. OPEN QUESTIONS AND COMMENTS

8.1. Displays and distinguished points. In general, the group of isometries on a
separable Banach space need not be associated to a distinguished point or even a dis-
tinguished sequence. However, this question apparently remains open for countable
groups.

Question 39. Let X be a Banach space. Let G be a countable group of isomorphisms
on X which is the group of isometries on X in some equivalent norm. Must X contain
a point distinguished by G? Must X contain a sequence distinguished by G?
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In the separable case, a partial answer is that the countability of G implies that
there must be some n-uplet x1, . . . , xn of points and some α > 0 such that whenever
g 6= Id, d(gxi, xi)Êα for some i = 1, . . . ,n.

What we already observed is that the condition that there exist a distinguished
point for a group G implies that G is discrete for SOT. When X is separable, this also
implies that G is countable. Observe that in the metric space context, there does not
need to exist a distinguished point, by an example due to G. Godefroy:

Example 40 (G. Godefroy). There exists a complete separable metric space M on
which the group of isometries is countable and no point is distinguished by Isom(M).

Proof. Consider the union M in R2 of the real line R× {0} and of the segments {q}×
[0,1], for q ∈Q, with the metric defined by

d((x, y), (x′, y′))= |y|+ |x− x′|+ |y′|.
It is clear that any isometry on M is uniquely associated to an isometry on R which is
either a rational translation or a symmetry with respect to a rational point, therefore
Isom(M) is countable.

Any point m of M is either a point of R×{0}, and then infT∈Isom(M)\{Id} d(T(m),m)=
0, or a point of some segment {q}× [0,1], in which case the isometry associated to the
symmetry with respect to q will leave m invariant. Therefore there is no distin-
guished point for Isom(M). �

Observe however that there exists a sequence of two points which will be distin-
guished by Isom(M): any non-trivial "translation" isometry will send the point (0,1)
to a point at distance at least 2, as well as any "symmetry" isometry with respect to
a rational point which is not 0. Finally to distinguish the symmetry isometry with
respect to 0, which fixes (0,1), we may use the point (1,0), which will also be sent to
a point at distance 2.

8.2. Displays and universality. Finally, we note that it remains unknown whether
Theorem 31 admits one of the following generalisations.

Question 41. Let G be a Polish group with a non-trivial central involution. Is G
displayable on some separable Banach space?

Question 42. Does there exist a separable Banach space X such that {−1,1}×G is
displayable on X for all Polish groups G?
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