THE SPINOR L-FUNCTION

RAMIN TAKLOO-BIGHASH

ABSTRACT. In this paper we survey some recent results regarding au-
tomorphic forms on the similitude symplectic group of order four. We
will also explain recent progress on analytic properties of L-functions
associated to such automorphic forms.
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INTRODUCTION

The purpose of this note is to put together in a suggestive way some
of the recent result in the theory of automorphic forms on the similitude
symplectic group of order four. Our emphasis will be on spinor L-function
as the title indicates. This is by no means to suggest that the standard
L-function is not equally as interesting. A quick search in mathscinet
reveals however that the standard L-function is better understood, and
it may be time to devote some energy to the spinor L-function. There is
nothing new in these notes. In fact, this paper is what a pirate’s closet
might have looked like.

The paper is roughly organized as follows. In the first section we
review the basic structure of the group under study. We also define
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Siegel modular forms and explain how one might associate adelic auto-
morphic forms to them. In the next section, we describe the theory of
the spinor L-function. Here we will define two integral representations
for the L-function; one due to Novodvorsky and one due to Piatetski-
Shapiro. The latter integral works for all automorphic representations,
whereas the former works only for generic representation. We include a
resume of the results of the author on the determination of the local non-
archimedean Euler factors of the Novodvorsky’s integral. We will also
review Moriyama’s result on the archimedean representations. Piatetski-
Shapiro’s integral representation involve the Bessel functionals. For this
reason, we have devoted the third section to the study of Bessel function-
als and their existence. As an application of the spinor L-function, we
have consider CAP representations in the fourth section where a theorem
of Piatetski-Shapiro is discussed. In the last paragraph we have listed a
number of recent developments which have a bearing on our understand-
ing of the spinor L-function, e.g. Asgari-Shahidi’s transfer of generic
cusp forms on GSp(4) to GL(4) which among other things implies the
holomorphy of the spinor L-function of such forms.

There are many interesting and important topics that are not men-
tioned in these notes; in particular no connection to the arithmetic of
special values of L-functions is discussed. This is the topic that has fu-
eled this author’s interest in the subject. These notes are based on the
talks given by the author at the Summer School on Algebraic Groups
at the Mathematisches Institut at Gottingen during June and July of
2005. The author wishes to thank the hospitality of the Mathematisches
Institut. He also wishes to thank Yuri Tschinkel for making the visit
possible. The author was partially supported by the NSA.

1. CLASSICAL SIEGEL FORMS AND AUTOMORPHIC REPRESENTATIONS

1.1. Preliminaries on GSp(4). In this paper, the group GSp(4) over
an arbitrary field K is the group of all matrices g € GL4(K) that satisfy
the following equation for some scalar v(g) € K:

tgJg =v(g)J,
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where J = 1 L . It is a standard fact that G = GSp(4) is
—1

a reductive group. The map (F*)3 — G, given by
(a,b,\) — diag(a, b, \a™ ", \b™ 1)

gives a parameterization of a maximal torus 7" in G. The Weyl group is
a dihedral group of order eight. We have three standard parabolic sub-
groups: The Borel subgroup B, The Siegel subgroup P, and the Klingen
subgroup () with the following Levi decompositions:

a 1 z 1 s T
B b Ty 1 ) 1 1‘ t 7
b=\ ! 1
1 s r
TGP ) I ICPER

and finally @) is the maximal parabolic subgroup with non-abelian unipo-
tent radical associated to the long simple root. If ¢ is an additive char-
acter of the field K, we define a character 0, of the unipotent radical
N(B) of the Borel subgroup by the following:

1 =z 1 T
t

—
—_
—_ 3 ®»

) =(x+1).
—x 1 1

When K is a local field, we take always take ¢ to be an unramified Tate
character.

We define various subgroups of the group G = Sp(4) over the real
numbers. We have

G(R) = {g € GL4s(R) | 'gJg = J},

where as before J = ( OI %) Then the Lie algebra g of G will be
—1I

the set of matrices X € sly(R) such that ‘XJ + JX = 0. The Cartan
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involution is given by #(X) = —*X. Then we let € and p be the +1 and
—1 eigen-spaces of 6, respectively. We have

A B .
t= {(—B A) |A+iB e U(2)},
and
p= {(é _BA) |A=tA,B="'B).
Let K be the analytic subgroup defined by ¢.

1.2. From classical Siegel forms to GSp(4). In this section we re-
view the relation between classical Siegel modular forms and automor-
phic forms on the group GSp(4). We will follows the exposition of [2].
Let H,, be the complex manifold consisting of complex symmetric n X n
matrices with positive definite imaginary part. Let I'y = Sp(4,Z), and let
f be a Siegel modular form with respect to I'y of weight k. By definition,
f is a holormophic function on Hs satisfying

(1.1) fliv="f
for each v € I'y. Here
(1.2) flh = p(h)™2j(h, 2)" f(h < Z >)

for h € GSp,(R)™ and Z € H,,. In this equation, p is the multiplier,

J(h, Z) = det(CZ + D) for h = (é g), and h(Z) = (AZ + B)(CZ +

D)~!. We now associate to f an adelic function ®; as follows. By strong
approximation

(1.3) GSp(4,A) = GSp(4,Q)GSp(4,R)* ] GSp(4.Z,).

According to this decomposition, write an element g € GSp(4,A) as
g = goPgsoko With the obvious notation. Define

(1.4) ®(9) = (flegse) (1),

where I = diag(s,4,...,1) € H,. The function ® = &, has the following
properties:

(1) @(vg) = ®(g) for v € GSp(4,Q);

(2) ®(gko) = ®(g) for ko € Ko;
(3) ®(ghoo = P(9)j(koo, I)7F for ke € Ko;
(4) ©(zg) = @(g) for g € Z(A).
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The map f — @y send Si(I',,) to the space of cusp forms. This map is also
a Hecke-equivariant isometry between the L2-spaces for appropriately
normalized invariant measures.

Let f be a cuspidal Hecke eigenform for the full Hecke algebra. Denote
by V; the subspace of L3(GSp(4,Q)Z(A)\GSp(4, A)) spanned by all the
right translates of ®;. We let 7, be the irreducible automorphic cuspidal
representation obtained from the right action of GSp(4, A) on V;. Notice
that here we are ignoring the issue of L-indistinguishability. As f is
modular for I'y, the representation 7y will be unramified at all finite
places. Fix a finite place v, then by general theory the v-component of
7 will be a representation of the form y; X x2 % x3. As usual we call the
complex numbers yo(w@), x1(w), and xo(w) the v-Satake parameters of
the local v-component of the representation . There is a simple relation
relating these Satake parameters to the classical Satake parameters which
will then induce a shift in the functional equation of the L-functions. In
fact, the new Satake parameters are equal to p%_kao, a1, and ay with
ag, a1, as the classical ones.

Let us also say a word about the archimedean component of the rep-
resentation 7y. Let

(1.5)

K = {(_AB ﬁ) € GLy,(R)JA'"A+ B+ 'B=1,A'B = BtA} ;
the Lie algebra of K, denoted by &, is the collection of matrices of
the same shape with A anti-symmetric and B symmetric. This is the
+1-eigen-space of the Cartan involution X = —!X. We let p be the
(—1)-eigenspace of the Cartan involution. Clearly g = € @ p. One can
see that pc = pg @ pe with

(1.6) Pt = {(ﬁA ifj) € My, (R)[A = tA}.
Let
(1.7) Ty = —i (_%i %’)

where D; is the diagonal matrix with entry 1 at position (i,4) and zero
everywhere else. Now Lemma 11 of [2] states that the representation 7,
contains a smooth vector v, with the following properties

(1) m(koo)Voo = j(koo, ) vy for all kg, € K.

(2) Tive = kvo for i =1, 2.
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This last condition is equivalent to the holomorphy of the starting func-
tion f. Because of this 7, is a holomorphic discrete series representation
if £ > 2 and it is a limit of discrete series when k = 2. There is a similar
description of the automorphic form associated to a vector-valued Siegel
cusp form which is nicely explained in paragraph 4.5 of [2].

In the classical setting, if for each prime p, ag,a1,as are the Satake
parameters of the form f, we set

(L8) L1<s,f>=H((1—p—s>H<1—a,-p—8><1—aip-s>> ,

p =1
and
(1.9)
Ly(s, f) = H (1 = aop™)(1 — agarp™*)(1 — agasp™)(1 — aparazp™))
P
We now observe that
(1.10) Ly(s, f) = L(s, my, Standard),
and
(1.11) Lo(s, f) = L(s, ¢, Spinor)

with the right hand side of the equations being Langlands L-functions of
the associated representation ;. In this survey we will concentrate on
the spinor L-functions.

2. THE SPINOR L-FUNCTION FOR GSp(4)

In this section, we review the integral representation given by Novod-
vorsky [28] for G = GSp(4). The details of the material in the following
paragraphs appear in [5], [416]. In the last paragraph, we will review a
different construction due to Piatetski-Shapiro that also works for non-
generic representations.

2.1. Whittaker models. As we will primarily be dealing with repre-
sentations which have Whittaker models, we take a moment to review
basic definition and properties of such models.
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Let m be an automorphic cuspidal representation of the group G. For
each ¢ € m, we set

1 2 1 Ty X3
1 1 z3 =z
Wy(g) = / ¢( ] D g)
(@\A)4
—XT9 1 1

x "Ny + 2) doy dag dvs day

Let N be the unipotent radical of the Borel subgroup. For each place
v of @, the restriction of # to N(Q,) is denoted by 6,. Consider the
representation of G induced from the character 6, of N(Q,):

smooth,
(2.1) G (N(Q)N\G(Qy)) = {W 1 G(Qu) = C| wingmo,mywig), } :
neN(Qv),9€G(Qyv)

The action of G(Q,) on Cg°(N(Q,)\G(Q,)) is by right translation.
If v is a finite place of Q, then for any irreducible admissible represen-
tation 7, of G(Q,), the intertwining space

Homg((@v) (7?1], Cg:(N(Qv)\G(Qv)))

is at most one dimensional ([37], Theorem 3). If there is a non-zero
intertwining operator
(2.2) ¥ € Homgg,)(m, Cg; (N(Qu)\G(Qu)))

then we say that 7, is generic, and call the image W, := ¥(u) of u € m,
the local Whittaker function corresponding to uw € m,. The space of all
W, (u € m,) is called the Whittaker model of m, with respect to 0,,.

Now let v = oo be the archimedean place. We say that a C-valued
function W on G(R) is of moderate growth if there exists C' > 0 and
M > 0 such that |[W(g)| < Cllg||* for all g € G(R). The form ||g| of
g = (gi;) is defined by [|g|| := max{|gi;|,[(¢7")i;}. The space of functions
W e Cg2(N(Q,)\G(Q,)) which is of moderate growth is denoted by
Ay (N(R)\G(R)). Improving Shalika’s local multiplicity one theorem
([44], Theorem 3.1), Wallach ([51], Theorem 8.8 (1)) showed that for an
arbitrary (g, K)-module 7, the intertwining space

Homg i) (oo, As. (N (R)\G(R)))

is at most one-dimensional. Again, if there is a non-zero intertwining
operator

(2.3) ¥ € Homyg i) (Too; As. (N(R)\G(R))),
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then we say 7., is generic and call the image W, := W¥(u) of u € 7, the
local Whittaker function corresponding to u.

2.2. Let ¢ be a cusp form on GSp(4, A), belonging to the space of an
irreducible cuspidal automorphic representation 7. Consider the integral

1z 14 Yy
1
ZN(Sagba”):/ / ¢( 1 Y 1 )
AX/Qx J(A/Q)3
z —x9 1 1

X (=) u(y)y|" dz dwy day d*y.

Since ¢ is left invariant under the matrix

this integral has a functional equation s — 1 — s. A usual unfolding
process as sketched in [5] then shows that

Yy
@) zyomw=[ [wil Y ulltdedy.
AxX JA

T 1

Here the Whittaker function W,, is given by

1 x 1 Ty T3
1 1 T3 T
Ws(9) = ¢ 1 1 g
(A/Q)*
—X2 1 1

x "Ny + 1) dvy dog dvs doy
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The basic idea in establishing the above identity is to show that
(2.5)

1 x, Ty
1
/ (b 1 —7 g w(—xz)diﬂgdle
(F\A)3 2
1
o
[0
o Z 4 af 1 9
aeFX
BeF 1

For this one uses the following identity from Fourier analysis

(2.6) FO)=>" | fla)(—aw)dry,

aeF F\A

for any reasonable F' invariant function f.

Equation (2.4) implies that, in order for Zy(p,s) to be non-zero, we
need to assume that W, is not identically equal to zero. A representa-
tion satisfying this condition is called “generic.” Every irreducible cusp-
idal representation of GL(2) is generic. On other groups, however, there
may exist non-generic cuspidal representations. In fact, those representa-
tions of GSp(4) which correspond to holomorphic cuspidal Siegel modular
forms are not generic.

If ¢ is chosen correctly, the Whittaker function may be assumed to
decompose locally as W(g) = [[, Wu(9v), a product of local Whittaker
functions. Hence, for Rs large, we obtain

(27) Z(QO, S) = HZ(WU,S),

where

Y
@8z = [ [wi(| Y Pl tdedy
F1)>< v

T 1

As usual, we have a functional equation: There exists a meromorphic
function y(m,, 1y, s) (rational function in Nv™® when v < 0o) such that

(2'9) ZN(WM 5) = ’Y(Wu, (2 S)Z(Wéﬂa 1-— 8),



10 RAMIN TAKLOO-BIGHASH

with w as above,

Yy
2w = [ [wdl T @l dedy,

T 1

and y, the central character of ,.

We also consider the unramified calculations. Suppose v is any nonar-
chimedean place of F' such that W, is right invariant by GSp(4, O,) and
such that the largest fractional ideal on which 1, is trivial is O. Then
the Casselman-Shalika formula [7] allows us to calculate the last integral
(cf. [5]). Let us review the computation. For this, we need to recall what
the Casselman-Shalika formula says in this context. Set

5152
(210) u(€1;€27§37§4> = 5153 5254

€364
Then the Weyl group acts on the polynomial ring Clzi!, 25!, xgtl, z

The action is in such a way that the two generators

1 1
(2.11) wy =

act via Wy X1y — g — T1,T3 — Tyg — T3 and W9 : X1y — X1,Tg — T3 —
Zo, x4y — x4. Now define a group algebra element

(2.12) B=Y (-1)™u,

weW
where [(w) is the length function on the Weyl group. Let

ki+ko+3 k142 —ka
B(xy Ty sy )

(2.13) Ty oo (21, @2, T3, T4) =

B(zix3s)

The Casselman-Shalika formula states the following: Let X = w(&1, &2, &3, &4)
be the semi-simple conjugacy class in GSp,(C) associated to the unram-
ified representation 7, and W the normalized Whittaker function for .
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Then if ord(y;) = k;, then
(2.14)

YoY1Y2
EEV
wW o Yo =qn 2k2(§1§2§3§4)k0Tk1,k2(51752753754)
Yoy '

if k1, ko > 0, and zero otherwise.
The result is the following:

(2.15) Z(W,,s) = L(s,m,, Spin).

Let us explain the notation. The connected L-group “G° is GSp,(C).
Let “T be the maximal torus of elements of the form
aq
a
t(a170527a37044) = ? a )
3
Oy

where ajay = asas. The fundamental dominant weights of the torus are
A1 and Ay where
it g, a3, ) = g,
and
)\gt(Oél, g, O3, Oé4) = OélOégl.

The dimensions of the representation spaces associated with these dom-
inant weights are four and five, respectively. In our notation, Spin is
the representation of GSp(4,C) associated with the dominant weight
A1, i.e. the standard representation of GSp(4,C) on C*. The L-function
L(s,m,Spin) is called the Spinor, or simply the Spin, L-function of GSp(4).

Next step is to use the integral introduced above to extend the defini-
tion of the Spinor L-function to ramified non-archimedean and archimedean
places.

Remark 2.1. There are constructions for the degree 8 (resp. 12) L-
function for generic representations of GSp(4) x GLg (resp. GSp(4) X
GL;). For a review see [5].

2.3. Local Euler factors of the spinor L-function. We now sketch
the computation of the local non-archimedean Euler factors of the Spin
L-function of generic representations given by the integral representation
introduced above. In order for this to make sense, we need the following
lemma:
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Lemma 2.2 (Theorem 2.1 of [10]). Suppose Il is a generic representation
of GSp(4) over a non-archimedean local field K, q order of the residue
field. For each W € W(IL,v), the function Z(W,s) is a rational function
of q°, and the ideal {Z(W, s)} is principal.

Sketch of proof. For W € W(IL, ¢), we set

)
21z = [wll Y
K
1

The first step of the proof is to show that the vector space {Z(W,s)}
is the same as {Z(W,s)} (cf. Proposition 3.2 of [10]). Next, we use
the asymptotic expansions of the Whittaker functions along the torus
to prove the existence of the g.c.d. for the ideal {Z(W,s)}. Indeed,
Proposition 3.5 of [10] (originally a theorem in [7]) states that there is a
finite set of finite functions Sy, depending only on II, with the following
property: for any W € W(IL, ¢), and ¢ € Sp, there is a Schwartz-Bruhat
function ®.y on K such that

Y
wil )= eyl

1 ceST

The lemma is now immediate. [
We have the following theorem:

Theorem 2.3. Suppose Il is a generic representation of the group GSp(4)
over a non-archimedean local field K. Then

(1) If I is supercuspidal, or is a sub-quotient of a representation in-
duced from a supercuspidal representation of the Klingen parabolic
subgroup, then L(s,m,Spin) = 1.

(2) If m is a supercuspidal representation of GL(2) and x a quasi-
character of K*, and 11 = 7w % x is irreducible, we have

L(s,11,Spin) = L(s, x).L(s, X.wr)-

(3) If x1, x2, and x3 are quasi-characters of K*, and IT = x1 X x2 X x3
15 1rreducible, we have

L(s,II,Spin) = L(s, x3)-L(s, x1x3)-L(s, x2X3)-L(s, X1 X2X3)-
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(4) When 11 is not irreducible, one can prove similar statements for
the generic subquotients of Il = m x x (resp. I = x1 X X2 X x3)
according to the classification theorems of Sally-Tadic [38] and
Shahidi [11] (cf. theorems 4.1 and 5.1 of [10]).

Remark 2.4. Sally and Tadic [38] and Shahidi [11] have completed the
classification of representations supported in the Borel and Siegel para-
bolic subgroups. In particular, they have determined for which represen-
tations the parabolic induction is reducible. From their result, one can
immediately establish a classification for all the generic representations
supported in the Borel or Siegel parabolic subgroups.

Sketch of proof. By the proof of the lemma, we need to determine the
asymptotic expansion of the Whittaker functions in each case. The ar-
gument consists of several steps:

Step 1. Bound the size of Sp. Fix ¢ € Sy, and define a functional A. on
W(IL, ) by

If ¢,d € Sy, and ¢ # ¢, the two functionals A, and A, are linearly
independent. Furthermore, the functionals A, belong to the dual of a
certain twisted Jacquet module IIy, (notation from [16], page 1095).
Hence #Sn = dimIly,. Then one uses an argument similar to those
of [14], distribution theory on p-adic manifolds, to bound the dimension
of the Jacquet module. The result (proposition 3.9 of [10]) is that if II
is supercuspidal or supported in the Klingen parabolic subgroup (resp.
Siegel parabolic, resp. Borel parabolic), then #S = 0 (resp. < 2, resp.
< 4). Note that this already implies the first part of the theorem.

From this point on, we concentrate on the Siegel parabolic subgroup,
the Borel subgroup case being similar. We fix some notation. Suppose
II = 7 x x, with 7 supercuspidal of GL(2). Let Ay (resp. A;) be the
Whittaker functional of IT (resp. 7) from [10]. It follows from the proof
of the lemma 2.2 that, for f € II, there is a positive number §(f), such
that

Y

(- DH =2 AdDewlyl?,

1 ceS

for |y| < d(f). Here, A, is the obvious functional on the space of II.
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Step 2. Uniformity. For f € Ind(m x x|PN K, K), and 7 € C, define f,
on GG by

fr(pk) = 0p(p)™ 21 @ x(p) f (k).

It is clear that f, is a well-defined function on G, and that it belongs
to the space of a certain induced representation IL.. The Uniformity
Theorem (Proposition 3.9 of [1(]) asserts that one can take 6(f;) = d(f).

Step 3. Regular representations. This is the case where w, # 1. In this
situation, we have

(2.18)
Y
1
Ar(A(w, T(F) (@) x()ly]? + C Il w™) " A (F(€))X(w)wn ()],
1
1

for |y| < 6(f). Here w = , A(w,II) is the intertwining

-1

-1
integral of [10], and C'(wIl,w™") is the local coefficient of [10]. The proof
of this identity follows from the the above lemma 2.2, and the Multiplic-
ity One Theorem [11]. The idea is to find one term of the asymptotic
expansion using the open cell; then apply the long intertwining operator
to find the other term.

Note that the identity of Step 3 also applies to reducible cases. For
example, if f € II is in the kernel of the intertwining operator A(w,II),
the first term of the right hand side vanishes.

Step 4. Irregular Representations. The idea is the following: we twist
everything in Step 3 by the complex number 7, so that the resulting
representation II, is regular. By Step 2, the identity still holds uniformly
for all 7. By a theorem of Shahidi [10] (essentially due to Casselman and
Shalika [7]), we know that the left hand side of the identity is an entire
function of 7. This implies that the poles of the right hand side, coming
from the intertwining operator and the local coefficient, must cancel out.
Next, we let 7 — 0. An easy argument (I’'Hopital’s rule!) shows the

appearance of x(y)|y|? and x(y)|y|? log, |y| in the asymptotic expansion.
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This finishes the sketch of proof of the theorem. [

Corollary 2.5. Let 7 be an irreducible generic representation of GSp(4)
over a non-archimedean local field K. Let pu be a quasi-character of K*.
If 1 is highly ramified, we have

L(s,m®@pu) = 1.

2.4. Moriyama’s results at the archimedean place. In this para-
graph we review Moriyama’s computation of the archimedean Euler fac-
tors of Novodvorsky’s integral for generic linits of discrete series. In order
to state his results, however, we need to set up some notation.

Here let G = GSp(4) and Gy = Sp(4,R). A maximal compact sub-
group K (resp. Kj) of G(R) (resp. Gy) is given by K := G(R) N O(4)
(resp. Ko := GoNO(4)). The group Kj is isomorphic to the unitary group
U(2) :={g € GL(2,C)|'gg = I,}. Define an isomorphism « : U(2) = K
by

(2.19) A+ y7IB (_AB ﬁ) € K,

if A+ +/—1B € U(2). We write the Lie algebra of G(R), Gy, and Kj
by g, go and € respectively. For an arbitrary Lie algebra [, we denote its
complexification by [c. The differential k, of x defines an isomorphism
of complex Lie algebras gl(2,C) = €c. The simple Lie algebra go has a
compact Cartan subalgebra § := RT} & RT5, where

(2.20) T = k. (\/5_1 8) Ty = k. (8 \/0__1)

Define a C-basis {31, 3.} of b by 3;(Tj) = /=145, and fix an inner
product <,> on hg by < 3,8, >= 9d;;. Then the root system A =
A((go)c, be) is given by {2051, £20,5, 01 + B2}. Denote by A, the set
of compact root {£(/; — 2} and take as a positive system of compact
roots the set AT = {5, — 52 }.

The irreducible finite dimensional representations of K are parametrized
by the set of their highest weights relative to Af:

(2.21) {0=qb+ @B = (01,0) €054 € Z,q1 > ¢2}-

For each dominant weight ¢ = (¢1, ¢2), we set d, = g1 — g2 > 0. Then the
degree of the representation (7(q, ¢,) Vigi,g2)) With highest weight (g1, ¢2)
is dg + 1. We can take a basis {v;|0 < k < d} of V(g 4,) so that the
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representation of ¢ associated to (qi,q2) is given by

7(F ((1) 8))% = (g2 + k)u;
(k. (8 (1)>)vk — (= K)o

(2.22) (5. (8 é))vk = (k + 1)vgi1;

(ks ((1) 8>)vk — (41— ko,

We call {v,.} the standard basis of V(g 4,).
There are four positive systems of A containing A.:

A7 ={(1,-1),(2,0),(1,1),(0,2)};

A7 ={(1,-1),(0,-2),(2,0), (1, D}
Af=A{1,=1),(=1,-1),(0,-2),(2,0) };
Afy ={(1,-1),(=2,0),(-1,-1),(0, -2)}.

Let J € {I,1I,I11,1V}. Set A}, = AJ\Af. For each index J, we
denote by =, the set of integral weight A = (A1,A2) € b, A; € Z,
satisfying (i) < A, 8 >> 0 for all § € A;n and (ii)) < A, 3 >> 0 for all
B € A that is a simple root in A%, Then the set {(J,A)|A € =} gives
the collection of Harish-Chandra parameters of the (limits of) discrete
series representations for Gy. We denote by m(A, AT) the representation
of Gy associated to the parameter. If < A, >> 0 for all 8 € A}, then
m = m(A,A}) is a discrete series representations; otherwise a limit of
discrete series. The Blattner parameter \,,;, € h of 7 is given by

1
(2.24) Amin = A+ 5 da=-> s

aeAT Bent

(2.23)

The highest weights of the Ky-types of m are of the form /\mi”+za€ A% Mal
with m, integral and non-negative. Furthermore, 7, _, occurs in 7 with
multiplcity one, and we call it the minimal K, type of m. We de-
note by D4 4) the representation of this form with minimal Ky-type
equal t0 T(g ). A (limit of) discrete series representation (A, AT) is
called large if J = II or III1. Observe that m(A,A}; = Axia,) and
T(A, AL = Apso-1)-
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Now suppose Ilg is a representation of GSp(4, R) whose restriction to
Sp(4, R) is the direct sum of two (limits of) discrete series representation
Dy 20y and Di_y, _»,). Let wry, be the central character of IIr and define
a complex number wy, by wrp, (t) = t¥= (t € R, ¢ > 0). Assume that the
representation Iz has a local Whittaker model. Hence by a theorem of
Kostant on the existence of local Whittaker models, the representation
of Gy occurring in I, must be large. This means that we must have
1= <X <0or 1+ X < =X\ <0. Without loss of generality we will
assume that 1 — Ay < Ay < 0. Set

ot A — 1
(2.25) L(s,Tlg) = Te(s+ 22T T2~ fyp

Define the e-factor by (s, IIg, ¥y ) 1= (—1)*.

Let {vx|0 < k < d = A\; — A2} be the standard basis of the minimal
Ko-type T(—x,,—x,) of D(_x,,—»,)- We denote by W), € W(Ilg, ¥ ) the local
Whittaker function corresponding to v, € Ilg. Define a vector subgroup
A of GSp(4,R) by

(226) A= ~1 \ai > 0}

Moriyama [27] proves the following explicit formula for the value of the
function W, on A:

Theorem 2.6. For each 0 < k < d, the support of Wy is contained in
the identity component of GSp(4,R). Furthermore, if (01,02) is a pair
of real numbers satisfying

(2.27) o14+09+1>0, o1>0> 09,
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then there is a non-zero constant C' € C* independent of 0 < k < d such
that

(2.28)

el | =) eV ent-2n

Qg

ds; F(Sl + k) 3 g\ ZS1tAi+1-k / dss o\ Z52t Aotk

X 41°a 2 ———(4ma 2
/L(o'l) 2my/—1 F(Sl) ( 1) L(o2) 271'\/—1( 2)
Sl+52—2>\2+1 51—|—82+1 S1 —So

S TR T (=),

Here for a real number o, L(o) denotes the path o —+/—100 to o++/—100.

For an outline of the proof, which involves solving partial differential
equations, see 3.2 in [20].
Moriyama then introduces the following slightly more general integral

Y1
(2.29) Z]‘i,o(s,yl,W):/ /W 4o |y|5_%d:1:dyx.
Rx JR h

T 1

Clearly we are interested in the value of this integral when y; = 1.

Theorem 2.7 (Proposition 8 of [26]). The integrals Z35 (s, y1, W), 0 <
k < d, converge absolutely for Rs > (= A1 — Ay +1)/2 and

(2.30)
ZNL(Z:U;[,RI;VU e (Z) (\/_—1)—k(47r)s

/ dSl (47Ty )_81—3+A1+1F(81 + #)F(Sl + %)
1 §1—8— S S—
L(o1) 2/ —1 F( 1 Qd—i-k—i-?)r( 1+ > k-l-l)

with a non-zero constant Cy € C independent of 0 < k < d. Here 0 € R
is taken so that o1 > (A — Ao — 1)/2. Moreover, for each fixed y; > 0,
the integral in the above expression extends to an entire function of s.
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The proof of this theorem involves a very clever application of Barnes’
first lemma. Barnes’ first lemma says

(2.31)
1

2w/ —1

/ I'(a+ s)L'(b+ s)I'(c — s)['(d — s) ds
L(0)

F(a+c)l(a+d)(b+c)I'(b+d)
B ['a+b+c+d)
for all complex numbers a, b, ¢, d, provided that neither of the numbers
a+c,a+b,b+c b+ dis anon-positive integer.
When y; = 1, one can simplify this expression in the theorem even
further. For Ay = 0, the expression turns out to be zero for all k£ (!). For
Ay < 0, we have

(2.32)
732 (s, W) d = L, (=1
SNAD TR V=1 Y L G L
Lis) ~ C1 <k)< ) ;( (2o vy
(S o k + l + )\1+é\2+1 >,1F(_S + k + l + *)\14*5))\24’3)71
2 2 '

This is about the best one could have hoped for. Clearly, the expression
on the right hand side has a very strong arithmetic scent. It should now
be possible to obtain arithmeticity results for generic automorphic forms
with archimedean components in the generic limits of discrete series.

[20] contains the treatment of some other representations which are in-
duced from (limits of) discrete series representations of the Levi factor of
the Klingen parabolic subgroups. The main result of [20] is the statement
that if I is a generic irreducible automorphic cuspidal representation of
GSp(4) over a totally real field, then L(s,II, spin) is entire, and satis-
fies the correct functional equation. This statement now trivially follows
from the general results of Asgari and Shahidi [/]. But what does not
follow from [1] is the explicit computation of the integral as in equation
(2.32).

2.5. A different construction. Here we review the article [32] which
contains a construction for L-functions of automorphic representations of
GSp(4) which works for representations that are not necessarily generic.
This is a construction of the spinor L-function that also works for non-
generic representations. This is also very closely related to the Bessel
functional. The genesis of this method is an idea of Andrianov for the
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case of holomorphic Siegel modular forms. Let the base field be Q. Let
K be a quadratic extension of Q such that ¢, which in our case is an
automorphic form coming from a Siegel cusp form, has a non-zero Fourier
coefficient parametrized by a symmetric matrix having eigenvalues in K;
K is then an imaginary quadratic field. Then Sp(4) contains a copy of
Resg gSL(2) the restriction of scalars of SL from K to Q. Andrianov
then proved that restricting to this subgroup and integrating against an
Eisenstein series gives the degree four L-function of ¢. Piatetski-Shapiro’s
contribution was to interpret this adelically and apply it to cusp forms
that were not necessarily associated to holomorphic Siegel cusp forms.

Let P be the Siegel parabolic subgroup, and let S be its unipotent
radical. Let ¢ be a non-degenerate linear form on S, and let D be the
connected component of the stabilizer of ¢ in M, the Levi component of
P. Then there is a unique semisimple algebra K over the base field k of
degree two, such that D = K*. It is known that either K =k ® k or K
is a quadratic extension of k. The important subgroup is R = DS. Let
N = {s € S|{(s) =0}. Set V = K? and consider the group

(2.33) G = {g € GLy(K)| det(g) € k*}.

We will write vectors in V' in row form and let G act on the right. On V'
we consider the skew symmetric form

(2.34) p(x,y) = U”K/k(l"lyz — Za¥1)

where x = (x1,x2) and y = (y1,y2) as elements of V. Then G preserves p
up to a factor in k™. If we consider V' as a four dimensional vector space
over k then we obtain an embedding

(2.35) G — GSp,,.
If we define the k-linear transformation ¢ on V' by
(236) (l’l, .732) — (fl, .CZ'Q)

then ¢ preserves p and gives a well-defined element of GSp,,.

Let v be a non-degenerate character on Sy, and v a character on
Dy = Ig. Let V be the adelic points of the vector space on which Gy
acts. Take ® € §(Vj,), the Schwartz-Bruhat functions on Vj. Let p be
a Hecke character on k. Then we can associate to ® a function on Gy
defined by

(237) (g, v, 5) = p(det g)| det g|**2 / ®((0,)g)[t#]" 2u(t)d*t.

Ik
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Here |.| is the idele norm on . Note that f®(g, u,v,s) € Indgix where
X is a character on Bj defined by

es () () (M) = sl

We then form the Eisenstein series

(2.39) E*(g,mv,8) = > [*(vg1,0,5).

vEB;\Gh,

Then E? is a meromorphic function on C, and satisfies a functional equa-
tion of the usual type. Furthermore, if u(tt)v(t) # 1, E® has no poles.
If p(tt)v(t) = 1, poles are only at s = —3 with residue ®(0)u(det g), and

at s = 3 with residue $(0)p~ 1 (det g)vg(det g), where 1, is obtained by
restricting v to .
Now let 7 be an automorphic cuspidal representation of GSp(4) acting

on V. Suppose for ) and v as above we have

(2.40) /Z . gp(r)&;ﬂlp(r) dr #0

for some ¢ € V. Here R = SD, and a;ﬂlb(sd) = Y(s)v(d) if s € S and
d € D. If the above integral is non-zero for some choice of ¢, we may set

(2.41) Waio)= [ elrgaidn
ZyRi\Ra
These functions satisfy

(2.42) Wo(rg) = auy(r)We(g),

for r € Ry. Denote the space of all such functions by W*¥. The action
of GSp,(A) on W"¥ is equivalent to 7. As in the case of the Whittaker
model, there will be local models for the the representations m,, and the
uniqueness of the global model follows from the uniqueness of the local
models.

For ¢ € V, set

(2.43) (s, 6, p1) = / o GO 5)dy

Then Z(s, ¢) converges in some right half plane, and has a meromorphic
continuation, and furthermore satisfies a functional equation dictated by
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that of the Eisenstein series. In fact, if u(tt)v(t) # 1, then Z(¢, s, u) is
entire; otherwise it has a poles at s = —% with residue

(2.44) 3(0) / . et 0)oto)do

and at s = % with residue

(2.45) b0 [ detghudetg)ols) dy
ZyGR\Ga
One can also show that

(2.46) (s, 6.11) = /D o, Wl g, ov. ) o

If the data is chosen correctly the latter integral is an infinite product,
and this gives us a definition of the local zeta integral. One then proceeds
to define the local L-factors L(s, m,, 11,,). It turns out that if 7, is unram-
ified, then the resulting L-factors is the same as the Langlands L-factors
obtained from tensoring the natural embedding GSp(4,C) — GL4(C)
with C*. The global L-function L(s, 7, ) defined by this zeta integral
then converges in some right half plane, and has a meromorphic continu-
ation to the entire complex plane. It also satisfies the appropriate func-
tional equation. Furthermore, if some local component of 7 is generic,
the L-function L(s,m, i) is entire.

Remark 2.8. It is likely that the construction reviewed in this paragraph
is the one needed in [39].

3. BESSEL FUNCTIONALS

3.1. Bessel functionals. Here we study the unique models introduced
in the previous section in more details. We recall the notion of Bessel
model introduced by Novodvorsky and Piatetski-Shapiro [29]. We follow
the exposition of [3]. Let S € M(Q) be such that S = S. We define the
discriminant d = d(S) of S by d(S) = —4 det S. Let us define a subgroup
T = Ts of GL(2) by

T ={g€GL(?2)| 'gSg = det g.S}.
Then we consider 1" as a subgroup of GSp(4) via

t— t
dett.tt=1 )"
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tefT.
Let us denote by U the subgroup of GSp(4) defined by

U = {u(X) = (IZ z) X = 'X}.

Finally, we define a subgroup R of GSp(4) by R = TU.

Let 1 be a non-trivial character of Q\A. Then we define a character
g on U(A) by ¢¥g(u(X)) = ¢(tr(SX)) for X = *X € My(A). Usually
when there is no danger of confusion, we abbreviate g to 1. Let A be a
character of T(Q)\T'(A). Denote by A®1)g the character of R(A) defined
by (A ® ¢)(tu) = A(t)g(u) for t € T(A) and u € U(A).

Let m be an automorphic cuspidal representation of GSp,(A) and V;
its space of automorphic functions. We assume that

(31) A‘Ax = Wsr.

Then for ¢ € V,, we define a function B, on GSp,(A) by

3:2) Bo)= [ (A@us)r) plrh)dn
ZyRo\Ry

We say that 7 has a global Bessel model of type (S, A, ¢) for 7 if for some
¢ € V4, the function B, is non-zero. In this case, the C-vector space of
functions on GSp,(A) spanned by {B, |y € V;} is called the space of
the global Bessel model of .

Similarly, one can consider local Bessel models. Fix a local field Q,.
Define the algebraic groups Ts, U, and R as above. Also, consider the
characters A, ¥, g, and A ® 1)g of the corresponding local groups. Let
(7, V) be an irreducible admissible representation of the group GSp(4)
over Q,, when v is finite, or a (g, K)-module when v is archimedean.
Then we say that the representation 7 has a local Bessel model of type
(S, A, ) if there is a non-zero map in

(3.3) Hom(m,, Ind(A ® ¥|R, G)).

Here the Hom space is the collection of G(Q,)-intertwining maps when
v is finite, and the collection of all (g, K')-maps when v is archimedean.
Also in the archimedean case, as in the Whittaker case, we work with
that subspace of Ind which consists of functions of moderate growth.

Typically one is interested in two different types of Bessel models cor-
responding to two choices of the symmetric matrix S. The two choices
of S are:
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ws=(, ')

(2) S = (1 d)’ with d a positive square-free rational number.

Below, we will determine the subgroups T, and R, and explicitly write
down the corresponding global Bessel functionals. We fix an irreducible
automorphic cuspidal representation 7m of GSp,(A) and a unitary char-
acter ¥ of A throughout.

(1) S = 1 1). This is the case of interest for us in this work. In

this case, the subgroup Ty is equal to the subgroup consisting of di-
agonal matrices. A straightforward analysis then shows that for every

character A of T(Q)\Ts(A) subject to (3.1), there is a Hecke character
of A* such that the global Bessel functional (3.2) is given by

y
spli 1
BYM(g; 90)—/ " ( L X dy.
FX\AX
y

Here when ¢ is a cusp form on GSp(4), we have set

1
U =
¢’ (g) /(F\A)3 o

1

U
1 w
1

)~ H(w) du dv dw.

In this case, the subgroup Ty is equal to a non-split

(2)5:( )

torus. Then there is a Hecke character of the torus T, say Y, in such a
way that

o
BQ;SOZ/ 90U< >Xada,
(g:¢) ) (7 qeta ta-t )x(@)

with ¢V defined as before. The case of immediate interest is the case
where d = 1, in which case,

Ts ={g € GLy| ‘g.g = det g }

a b
:{(—b CL) |a2—i—b26GL1}.
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The problems of existence of Bessel functionals for this choice of the
matrix S seem to be more delicate.

3.2. An interesting relevant pair. In this paragraph, we explain how
Bessel functionals are related to the setup of [11]. Here we follow the
conventions of [30]. Let k be a field of characteristic not equal to two.
The space

V ={T € My(k) | T Js is skew-symmeric and tr7 = 0}

. L,
is a five dimensional vector space over k. Here .J, = ( ) The

I,
group GSp(4, k) acts on V by
g: T g 'Tg.

A symmetric non-degenerate form on V' is given by
1
(Tl,Tg) = ZtI'TlTQ.

If we set Q(T") = (T, T'), then we have Q(g.7") = Q(T) for all g € GSp(4)
and T' € V. In fact, we have an isomorphism PGSp(4) ~ SO(5).
More explicitly, the vector space V' can be given in the following way:

V= {(gj\f}[ qxj}) | M € I\/lg(k:),trM:O,x,yEk}.
1

Also, the quadratic form @ is given by
Q(T) = —det M — zy,

for T' = <y]\§ ?ﬁ) We will denote the element T by [M,x,y]. The
1

action of the group GSp(4) on the space V is explicitly given by the
following relations:

(A )\TAI) T =[A""MA, xX(det A)~' yA~ ! det A,

(IQ f) T =[M—ySJh,(x—ydetS)J; + MS — T(MS), ]
2

where S = 7S, and

(12 42) T ="M, —y, —al.
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We will also need the following even more explicit realization. The
space is given by

t V4w 0 T
V— W —t —x 0
V=qT= 0 y t v—w

-y 0 v+w  —t
equipped with the quadratic form
Q(T) =t* +v* —w? — 2.

Then V has a two dimensional quadratic subspace

t v
w=ldr=|"
t v
v —t
equipped with
Q/(T/> — t2 + 1)2.
The pair (V, W) is relevant, as dim V' — dim W = 3 is odd, and
0 w 0 x
J_ o /i _ _w 0 —.CL’ 0
We=q1"= 0 vy 0 —w
—y 0 w 0

equipped with Q"(T") = —w? — zy is split. We set
X ={[02,2,0],x € k},
X' = {[02,0,3/], y e k}

Then X and X’ are isotropic dual spaces. The stabilizer of X is the
Siegel parabolic subgroup given by

P ) (M 1))

The group SO(W) has the following realization

{<A TA_1>,A:(_‘Lb 2) witha2+62:1}.

We note that SO(W) C P. Then we consider a character of the unipotent
radical N of the parabolic subgroup P. The subgroup N is abelian. The
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stabilizer of this character will just be a subgroup isomorphic to SO(W)
in M. So in this case, the spherical subgroup is simply SO(WW) x Np.

It remains to say something about the pure inner forms. We know from
the discussion following corollary 8.10 of [11] that the only relevant inner
form of the above G = SO(V') x SO(W), which is SO(3,2) x SO(2,0), is
G' =S0(1,4) x SO(0,2). Here we give a realization for this group. Here
we will copy the first couple of pages of [9].

Let D be the division algebra of Hamiltonian quaternions over R, and
let us denote the canonical involution of D by x +— z. Then we define
Gp, the quaternion similitude unitary group of degree two over D, by

Gp = {9 € GLx(D) |g" (? é) = (g) (2 é) u(g) € DX},

where
«_ (a0 ¢ L _ (a0
9=\ 4 where g=1{_ .

We regard Gp as an algebraic group over R. The group Gp is an inner
form of GSp(4). In fact, if D = My(R), then in GL4(R) we have

o O O
—_ o O

1 0

o o1
EGpE™ =G where &= 00
00 -1 0

We refer the reader to lemma 1.2 of [9] for the proof of the last statement.

3.3. Existence. The existence of Bessel functionals of various types
poses an interesting problem. It is a theorem of Li [25] that any auto-
morphic cuspidal representation of GSp(4) either has a Whittaker model,
or some Bessel model. When S = 1 1 , it follows from [16] that
the existence of the the local Bessel functional, at least at the non-
archimedean places, is equivalent to the existence of Whittaker models.
At the archimedean place, the existence of the Bessel functional certainly
implies the genericity. We certainly expect the converse too as suggested
by the results of [26, 47]. If this is indeed the case, we will have the
following global result:

Theorem 3.1. Let (mw,V;) be an irreducible generic automorphic cuspidal
representation. Let S = Iy, and x a finite order Hecke character with
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Xoo trivial. Then 7 has a non-zero global (S, x)-Bessel model if and only
if L(3,m® x) # 0.

This is of course not a hard theorem, and follows from simple obser-
vations.

It is well-known that automorphic representations associated to holo-
morphic Siegel modular forms are not generic; that is, they fail to have
Whittaker models. It is also known that the genericity of such repre-
sentations certainly fails at the archimedean place. For this reason it is
desirable to determine when holomorphic discrete series representations
posses Bessel models which seem to be the next best thing in applica-
tions to L-functions [3, 9]. We now turn our attention to the case where

1

S = 4) For simplicity, assume d = 1. The conjecture of Gross

and Prasad (Conjecture 6.9 of [11]) predicts that the existence of Bessel
models for holomorphic discrete series is intertwined with the existence
of such models for other members of the Vogan L-packet of the given
discrete series representation, in particular the generic discrete series.
Let IT be a generic discrete series representation of GSp(4,R), with
trivial central character. Then there is a pair (Dy, D;) of discrete series
representations of GL(2,R) with trivial central character such that II is
obtained by a theta lift from GO(2,2) by the representation that the pair
(Dy, Dy) defines. In order to land in generic discrete series, we need to
assume that k,[ > 2 satisfy k # [ and they have the same parity. Let n
be an integer with n > max(k, (), and with different parity from & (or 1).

We set xy, ((_C(;Snee :g; Z)) = ¢ With these notations, we prove in
[17] that

Theorem 3.2. II has a ((1 1) » Xn, ¥)-Bessel model.

A few remarks are in order. It is clear from the setup that the proof of
the theorem uses theta correspondence; in fact, we will use the pull-back
of the Bessel functional via the global theta correspondence, along with
various substantial local and global results from the theory of automor-
phic forms [15, 23, 33, 50]. It may be desirable to find a direct local
proof of the existence theorem as in [53]. Our attempts in this direction,
however, have not been successful. Inspired by [12, 13], one is tempted
to write down an integral and try to prove that the integral does not
vanish for the correct choice of the data. There are convergence issues
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that one needs to deal with. In the Whittaker situation, what saves the
day is the fact that one can do the analysis of the integrals “one root at
a time”; we have not been able to successfully follow such an approach
for the Bessel integrals. In order to establish the conjecture of Gross-
Prasad for the pair (SO(5),S0O(2)) for discrete series packets, one needs
to study generic discrete series representations of PGSp(4), holomorphic
discrete series representations of PGSp(4), and related representations
of SO(4,1). The case of SO(4,1) is simpler as the group in question
has rank one. Here we have considered the representations of the group
PGSp(4). Thanks to Wallach’s recent paper [53], the case of holomorphic
representations is much better understood. This is the reason why we
can concentrated our efforts on the generic case. Shalika has informed
the author that he can prove the converse statement of the theorem using
local methods based on [22]. Consequently, the “if” in the theorem may
be replaced by “if and only if.” Perhaps, it should also be pointed out
here that, in light of Theorem 3.4 of [52], our results automatically extend
to generic limits of discrete series. In [17] we have used the same idea
of pulling back global Bessel functional via the theta correspondence to
prove the analytic continuation of the spinor L-function of a large class
of automorphic cusp forms. The class of cuspidal representation to which
our result applies is restricted by a condition at the archimedean place,
and for this reason our theorem is weaker than those obtained by Asgari
and Shahidi. At a crucial point in our argument we have to use twisting
with highly ramified characters and a density result from [19].

4. SAITO-KUROKAWA AND CAP REPRESENTATIONS

4.1. The failure of multiplicity one. One of the features that distin-
guishes the symplectic group from the general linear groups is the failure
of the multiplicity one phenomena. We know by the results of Jacquet
and Shalika that if II; = ®,II;, and I, = ®,Il,, are two automorphic
cuspidal representations of GL,, such that II;, ~ I, for almost all v,
then II; = II,. This means that first of all Il;, ~ Ily, for all v, and
that the representations II; and Il correspond to the same irreducible
subspace of L2. Let us construct two irreducible cuspidal representa-
tions of GSp(4) that agree at almost all places, but are not isomorphic
globally. Let D be a quaternion algebra over Q@ and compact at infinity.
Let m,m be two cuspidal representations of D* with, say, trivial cen-
tral character. Also assume that 7m; and 7, are not equal. Then we know
that the pair (7, m2) defines a cuspidal representation of GSO(4); extend
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this representation trivially to GO(4). Then if we consider the dual pair
(GO(4),GSp(4)), we can transfer the resulting representation to GSp(4)
and obtain a non-zero automorphic cuspidal representation I1; of GSp(4)
which is globally non-generic. On the other hand, let /% and 73 be
the representations of GL(2) which are the respective images of 7, 7o
under the Jacquet-Langlands correspondence. Then we can construct an
automorphic cuspidal representation of GO(2,2), and by considering the
pair (GO(2,2),GSp(4)), a non-zero automorphic cuspidal representation
of GSp(4) which is globally generic. Then it follows that the the rep-
resentations II; and II, agree at all those places where D is split. For
details of these constructions, see [15].

4.2. CAP representations. Another feature of sympletic groups that
puts them in sharp contrast with the general linear groups is the exis-
tence of representations that are Cuspidal Associated to a Parabolic. In
general, let G be a quasi-split reductive group, and let P = MU be a
parabolic subgroup of GG. Also let 7 be an automorphic representation
of M. It is well-known that any irreducible constituent of I ndgéig is an
automorphic representation, and that if II; = ®,II;, and I, = ®,11,,
are two irreducible constituents then II;, = Il,, for almost all v.

Definition 4.1. Let 7 = ®,7m, be an irreducible automorphic cuspidal
representation of G. We say « is Cuspidal Associated to a Parabolic, or
simply CAP, if there is a parabolic subgroup P = MU and an automor-
phic representation 7 of M, and an irreducible constituent I = ®,II, of
Indggg such that 7, ~ II, for almost all v.

When G is not quasi-split over the number field F', then it has an inner
form G’ that is quasi-split over F. Note that for almost all v, we have
G(F,) = G'(F,). In that situation, we call a cuspidal representation 7
of G Cuspidal Associated to a Parabolic if there is a parabolic subgroup
P = MU of G' and an automorphic representation 7 of M such that
7 agrees locally at almost all places with an irreducible constituent of
I ndgl(i@). This definition is suggested in [L0].

In the case of GSp(4) we have three conjugacy classes of parabolic sub-
groups: the Borel subgroup B, the Siegel parabolic subgroup P, and the
Klingen parabolic subgroup (). So we may have representations that are
CAP with respect to either of these parabolics. Note that if a representa-
tion is CAP with respect to B then it is CAP with respect to P and Q) as
B C P and B C Q. For this reason, we introduce the notion of Strongly
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Cluspidal Associated to a parabolic. This means that the representation 7
in the definition is cuspidal. In the sequel, unless otherwise noted, CAP
with respect to a parabolic subgroup is always to mean strongly CAP
with respect to that parabolic.

4.3. CAP representations for GSp(4) and its inner forms. The
following theorem is due to Piatetski-Shapiro [30]:

Theorem 4.2. If w is CAP with respect to B or P with central character
Wy, then there is a representation ' of GSp(4), CAP with respect to B
or P and with trivial central character, such that for all g € GSp(4, A)
we have

(4.1) m(g) = 7' (g)w(v(g))-
A representation of GSp(4) with trivial central character is nothing but
a representation of PGSp(4). We have identified the latter group with

SO(3,2). We may then consider the dual reductive pair (SLy, PGSp(4)).
The following theorem is one of the main results of [30]:

Theorem 4.3. Let 7 be an irreducible cuspidal representation of PGSp(4).
Then the following are equivalent:

(1) m is CAP with respect to B or P;

(2) L(s,m,spin) has poles;

(3) 7 is the theta lift of an irreducible cuspidal automorphic represen-
tation o of SLa(A).

Observe that implicit in the theorem is the statement that the theta lift
of any representation o as in the last part of the theorem is always a non-
trivial representation; this is Theorem 5.1 of [30]. This follows from the
Rallis inner product formula and the fact that the pair (SLy, PGSp(4))
is in the stable range. For details see Theorem 2.9, 2.16, and 2.17 of [10)].
The proof in [30] is more direct.

E. Sayag has proved the analogous statement for rank one inner form
of the group PGSp(4); see [10] for the description of the results. Sayag’s
argument does not work in the anisotropic situation. [10] contains an
interesting result for all inner forms, but Gan’s result falls short of the
complete characterization of the collection of CAP representations.

5. FURTHER DEVELOPMENTS

5.1. Roberts Packets. Here we have used the lecturenotes of a talk by
Roberts at Princeton seminar in February of 2002. Let F' be a totally
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real number field and let E be either a totally real quadratic extension of
For FxF. Let 7 be a tempered cuspidal automorphic representation of
GL2(Ag) such that 7 is not Galois invariant, and w, is Galois invariant.
Then there must exist a Hecke character x of F' such that w = x o Ng/p.
Then for each place v of ' Brooks defined a local L-packet of tempered
irreducible representations II(x,, 7,) of GSp,(F},) associated conjecturally
to an L-parameter ¢(xy,,7,) : Lp, — GSp,(C). It is shown that these
packets have many of the properties that one expects of Langlands pack-

ets. For example, |II(x,,7,)| = 1 or 2, and equal to 1 for almost all v.
One can also define global L-packets via
(5.1) (x, 7) = @uIL(x0, T0)-

Roberts further proves the following multiplicity statement which is com-
patible with Arthur’s conjectures:

Theorem 5.1. (1) If E is a field, then every element of I1(x,T) oc-
curs with multiplicity one in the cusp forms of GSp(4) of central
character x;

(2) Assume E = FxF, and 1l = ®,I1, € [I(x, 7). Let N be the num-
ber of times 11, is non-generic. Then 11 occurs with multiplicity
(1+ (=1)™)/2 in the cusp forms on GSp(4).

Note that one still does not know that the packets only depend on the

[a¥)

equivalent class of ¢(x,,7y), i.e. we do not know whether ¢(x,,,) =
/

o(x,, 7)) implies that II(x,,7,) = I(x),7,). Also, we do not have a
purely local construction of the packets i.e. one that does not require
global objects 7 and x. It would also be interesting to know exactly
which local or global packets are obtained this way. Locally, if v is
non-archimedean place not dividing 2, then ¢(x,, 7,) include all but one
parameter sp(2) ® p with dim p = 2 irreducible orthogonal. When v|2,
there a finite number of parameters not included. So most parameters
are covered. The situation is similar to GL(2) in that there are in fact
representations that cannot be obtained as theta lifts, namely the special

representation.

5.2. Asgari and Shahidi’s results. As explained earlier the connected
component of the identity of the L-group of GSp(4) is the group GSp,(C).
This group has an obvious embedding into the group GL4(C). Then
Langlands’ theory of functoriality predicts the existence of a map ¢ from
the collection of automorphic forms on GSp(4) over a global field F
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to those on GL(4) over the same field F' in such a way that for any
automorphic form 7 on GSp(4) we have

(5.2) L(s,m, Spin) = L(s, ¢(m)).
The right hand side of this equation is the standard L-function of the
automorphic form ¢(7) on GL(4). In a series of two paper [3, 1], Asgari

and Shahidi have established this transfer for the case where the repre-
sentation in question is generic. In [3] they establish the weak transfer
for split general spinor groups. This means that they can show that given
a globally generic representation 7 on a general spinor group, there is an
automorphic representation on the corresponding general linear group
such that the local representation match up via the local Langlands’ at
almost all places. Currently they cannot show the matching at all places.
Observing that GSp(4) is nothing but the split general spinor group of
order five, they get weak transfer in the case of GSp(4). Then they
use what is know about the theory of L-function a la Piatetski-Shapiro
and Piatetski-Shapiro and Soudry to get more precise information about
the transfer. Let us describe their result more carefully. By Langlands’
theory of Eisenstein series we just need to do the transfer for cuspidal
unitary automorphic representations.

Theorem 5.2 (Asgari and Shahidi). Let m be a unitary cuspidal repre-
sentation of GSp(4,A) which is globally generic. Then m has a unique
transfer to an automorphic representation I of GL(4,A). The trans-
fer is globally generic (hence locally generic). If w.,wn are the central
characters of m and 11, respectively, then wy = w? and TI ~ 1Q w,.

Asgari and Shahidi can also determine when the resulting represen-
tation on GL(4) is cuspidal. They show that it is cuspidal unless when
the starting representation 7 is in a Roberts packet, in which case the
resulting representation is an isobaric sum of two GL(2) cuspidal repre-
sentations. In [1] various applications of these important results are listed
including bounds towards Ramanujan, and the entireness of the global
spinor L-function for generic representations. It should be noted that
if the automorphic cuspidal representation 7 on GSp(4) is not generic,
then the L-function may not be entire.

Remark 5.3. The transfer of a general automorphic form on GSp(4)
to GL(4) should follow from the trace formula. This is explained in
the paper of Arthur in the Shalikafest [I]. There is the new thesis of
David Whitehouse under Dinakar Ramakrishnan which establishes the
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fundamental lemma for the situation under consideration. Here we should
also point that there is an unpublished manuscript due by Flicker in
which the author claims to have established the transfer from GSp(4) to
GL(4).

5.3. Roberts and Schmidt’s theory of new forms. The theory of
new forms in the context of classical modular forms is well-understood.
There is an interpretation and extension of this theory to the represen-
tation theory of the group GL(2) due to Casselman [6] who also found
interesting connections to Jacquet-Langlands theory. Casselman’s the-
ory of new vectors was then generalized to GL(n) by Jacquet, Piatetski-
Shapiro, and Shalika in an amazing beautiful work [21] who also showed
the connection to the theory of L-functions. Unfortunately, in general
we do not have a theory of new forms for a general reductive group, even
conjectural, except for a few isolated cases. One of the rare cases in
which there now seems to exist a nice theory of new forms is the case of
PGSp(4) where the theory is due to Roberts and Schmidt [36] where a
fairly precise conjecture has been formulated; they have recently claimed
to have proved their conjecture and are now preparing a manuscript. Let
us now explain their conjecture.

We work over a non-archimedean local field F' with ring of integers de-
noted by O, and suppose p be the prime idea, and w a local uniformizer.
We first define a compact open subgroup of the Klingen parabolic sub-
group. For a non-negative integer n, let KI(p™) be the collection of
matrices k in the subgroup

0 00
PO 0 0
5.3
PO 0 0

-+

subject to the extra condition that v(k) € O*. Define the Atkin-Lehner

element of level p™ by

(5.4) Uy = n

wTL

We finally define the paramodular group K(p") of level p” to the sub-
group of GSp(4, F) generated by Ki(p") and u, KI(p™)u,'. An equiva-
lent description is to say that K (p™) is the collection of matrices in the
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subgroup
O p»pm™ O
pr O O O
5.5
pr O O O

which have their similitude norm in the group O*.

Conjecture 5.4 (Roberts, Schmidt). Let w be a generic irreducible ad-
missible representation of GSp(4, F') with trivial central character. For
each non-negative integer n, let w(p™) be the subspace of m of vectors fixed
by K(p™). Then

(1) For some non-negative integer n, the space w(p™) is non-zero.

(2) If N, is the smallest n such that w(p™) is non-zero, then

dim 7 (p"~) = 1.
(3) There is a Wy in the Whittaker model of m coming from a non-
zero vector in w(pN*) such that

Z(s,Wy) = L(s,m).

As in the GL(n) theory there is a nice connection to e-factors. For
example it is shown in [30] that if the conjecture is true, then

(5.6) m(un, )Wy = €, W
for some €, € {+1}. Furthermore,
(5.7) e(5,m,) = exg N7,

Observe that the subgroups K (p™) do NOT form a descending chain
of subgroups. This is an indication of how strange a theory of new forms
for a general reductive group might seem at first. Recall that in the case
of GL(k), the role of the subgroups K (p") is played by the subgroup

u
(5.8) g | g € GLy_1(0),u,...,ve€ O,
' v ]’ r,...,s5=0 modp?,m=1 mod p"
ro... s m

and in this case, the subgroups clearly form a descending chain.

In an interesting recent paper, Schmidt considers the problem for the
case of non-generic representations and offers a theory for the square-free
case. Schmidt considers various congruence subgroups, and studies each
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case carefully. What is needed to complete the theory is a theory of
L functions of degree four for representations with Iwahori-fixed vectors
similar to the one proposed by Novodvorsky, and worked out by Bump,
Takloo-Bighash, and Moriyama for the generic situation.
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