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What’s Fair? – Math & Social Justice Unit Outline        	Steve Starr
Overview:   This unit introduces students at high school or junior high to some of the mathematics involved with social issues relating to fairness and allocation of resources.
I began using this unit in the spring of 2004 after the PSAE exam, first with regular and inclusion juniors and later also with honor juniors and seniors.  Other teachers including Rania Hahn and Rob Linxweiler have used the unit and made suggestions that have been incorporated in the current version.

	Duration:  Approximately 3-4 weeks. 

 
	day 2-7     
day 8-11 
day 12-14   

	Fair Division Methods 
Introduction to Game Theory   
Equal Chances and Fair  
  Distribution of Resources



	Day 1.  

	What's Fair?  Students write about their ideas
            Equal Division and Equal Chances
	Fair Division Intro hw

	Day 2. 
(may need two days) 
	Divide it Up   Review distribution using percentages, coping with remainders, continuous and discrete quantities.
	

	Day 3.  
	Fair Division –‘Sealed Bids’ An amazing algorithm for dividing discrete quantities  
	Division by sealed bids hw

	Day 4. 
	Fair Division –‘Sealed Bids II’  practice using “sealed bids”
 
	Division by Sealed Bids quiz (4-up)

	Day 5.  
	Fair and Unfair Division – Fair Representation
Some mathematics of apportioning representative districts.
	Fair Representation hw

	Day 6.  
	Gerrymandering quiz.  Real Ward Maps -extension
	

	Day 7.  
	Discussion about game theory- What’s a game?
GameTheory Games
	Prisoner’s Dilemma hw Introduction to a next day

	Day 8.  
	Prisoner’s Dilemma day 2  representations of the problem  
	

	Day 9
	Gone Fishin'  Introduction to the “Tragedy of the Commons”
	

	Day 10
	Fishin’ Again   consolidation
	

	Day 11
	How Fair? (equal chances)  
	

	Day 12
	So How Much?
Extensive exploration of fair distribution in society
	Income Quintiles hw

	Day 13
	Yourlandia  (½ sheet introduction to-) 
Income quintiles in the USA
	

	Day 14
	Reflection, comprehensive unit test.

	(Unit test)



(Resources and Related Materials at end of packet)





 ALIGNMENT TO COMMON CORE STANDARDS FOR MATHEMATICAL PRACTICE:

	day
	topic
	CCMS

	1
	What's Fair?  

	3. Construct viable arguments and critique the reasoning of others. 

	2
	Divide it Up   
	1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively. 
3. Construct viable arguments and critique the reasoning of others. 
5. Use appropriate tools strategically. 
6. Attend to precision.

	3
4
	Sealed Bids 

 
	1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively. 
3. Construct viable arguments and critique the reasoning of others.
4. Model with mathematics.


	5
6
	Fair Representation

	1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively. 
3. Construct viable arguments and critique the reasoning of others.
4. Model with mathematics.
6. Attend to precision.
7. Look for and make use of structure. 
8. Look for and express regularity in repeated reasoning.


	7
	GameTheory Games
	3. Construct viable arguments and critique the reasoning of others.
4. Model with mathematics.
7. Look for and make use of structure. 
8. Look for and express regularity in repeated reasoning.


	8
	Prisoner’s Dilemma 
	1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively. 
3. Construct viable arguments and critique the reasoning of others.
4. Model with mathematics.
7. Look for and make use of structure. 
8. Look for and express regularity in repeated reasoning.


	9
	Gone Fishin'  
	1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively. 
4. Model with mathematics.
5. Use appropriate tools strategically. 
6. Attend to precision.
7. Look for and make use of structure. 
8. Look for and express regularity in repeated reasonin

	10
	Fishin’ Again   
	1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively. 
3. Construct viable arguments and critique the reasoning of others.
4. Model with mathematics.
5. Use appropriate tools strategically. 
6. Attend to precision.
7. Look for and make use of structure. 
8. Look for and express regularity in repeated reasoning.


	11
	How Fair? 
	2. Reason abstractly and quantitatively. 
3. Construct viable arguments and critique the reasoning of others.
4. Model with mathematics.


	12
	So How Much?

	1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively. 
3. Construct viable arguments and critique the reasoning of others.
4. Model with mathematics.
5. Use appropriate tools strategically. 
6. Attend to precision.
7. Look for and make use of structure. 
8. Look for and express regularity in repeated reasoning.


	13
	Income in the USA
	1. Make sense of problems and persevere in solving them.
2. Reason abstractly and quantitatively. 
3. Construct viable arguments and critique the reasoning of others.
4. Model with mathematics.
5. Use appropriate tools strategically. 
6. Attend to precision.
7. Look for and make use of structure. 
8. Look for and express regularity in repeated reasoning.










	

	topic

	1. Make sense of problems and persevere in solving them.
	 2. Reason abstractly and quantitatively. 

	3. Construct viable arguments and critique the reasoning of others.
	4. Model with mathematics.
	5. Use appropriate tools strategically.
	 6. Attend to precision.

	7. Look for and make use of structure.
	8. Look for and express regularity in repeated reasoning.

	1
	What's Fair?  
	
	
	X
	
	
	
	
	

	2
	Divide it Up   
	X
	X
	X
	
	X
	X
	
	

	3 & 4
	Sealed Bids 
	X
	X
	X
	X
	
	
	
	

	5 & 6
	Fair Representation
	X
	X
	X
	X
	
	X
	X
	X

	7
	GameTheory Games
	
	
	X
	X
	
	
	X
	X

	8
	Prisoner’s Dilemma 
	X
	X
	X
	X
	
	
	X
	X

	9
	Gone Fishin'  
	X
	X
	
	X
	X
	X
	X
	X

	10
	Fishin’ Again   
	X
	X
	X
	X
	X
	X
	X
	X

	11
	How Fair? 
	
	X
	X
	X
	
	
	
	

	12
	So How Much?
	X
	X
	X
	X
	X
	X
	X
	X

	13
	Income in the USA
	X
	X
	X
	X
	X
	X
	X
	X
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What's Fair?    (Unit introduction) –Lesson Plan

Objective:  Students will begin to appreciate the social relevance of mathematics to issues related to fairness and equity.  They will come up basic examples of fair division and equal chances.

Prerequisites:  Experience in groupwork recommended.

Materials:  Worksheet. –but not necessary:  Questions can be presented on an overhead and responses written on student’s paper, and later in their math journal. 

Procedure:  The teacher introduces the central unit theme of how mathematics relates to our world, not just in money or technology, but through critical issues such as justice and fairness.  Can mathematics help us settle differences and conflicts; can it help us build a better world?  Explain that this unit will let students explore some of the most important ideas that mathematics is now being used to address.  But as with every beginning, we will start with some basic ideas and examples.  
	Explain that this assignment starts as an individual writing assignment, but after everyone in a group has finished the first two questions, they will get together as a group to discuss what they've written.  Students may add to what they've written if other people's ideas inspire them.  They should note any disagreements. One person will be chosen at random to present the group's ideas, to report on what everyone agreed to and what people may have disagreed about. 
 	After all groups have presented, the teacher should introduce the next section by emphasizing that we will be exploring two big ideas, EQUAL DIVISION and EQUAL CHANCES.  Students should reflect for a few minutes on how these might be different before beginning to work (in groups) on questions 3 & 4.
	After reviewing group responses to these questions as they finish, set groups to discuss and answer question 5.
     	After groups have finished, hold a whole class discussion about responses to questions 3, 4, & 5.   A very important distinction to draw from the discussion of question 4 can be made by contrasting examples of playing chess game to that of winning the lottery.
"The rules apply equally" does not equate to "They have an equal chance to win"
	Student responses to question 5 are the jumping off point for them to begin clarifying the distinction and interplay between personal responsibility and the social context of our actions.  This theme continues throughout the unit and returns most forcefully in the final exercises.































What’s Fair?     		        name ___________________
      We are beginning a section on how math applies to society and human interaction.  One very basic idea is the concept of fairness.  To start this off, you need to explore your own ideas of what makes something fair or not.  First write a sentence or two about what you think makes something fair or not.  Then write about any exceptions that might affect your the idea of what’s fair in specific cases.  (write in complete sentences)
1.  What’s “fair” mean?








2.  What are some of the hardest things to keep fair?







 3.  Mathematics relates to fairness in two major ways: the idea of equal division, and the idea of equal chances.   
     First of all, mathematics can help find fair ways to divide things up.   Give a simple real world example illustrating the idea of equal division, and explain how the concept of fairness relates to it.   













4.  Second of all, mathematics can help us understand what to expect in situations where luck, or chance, or probability are involved.   Give an example of equal chances, and again, be sure to explain how fairness enters into it.   



















5. There are many ways in which people are different, and many ways in which they are not equal.  Write about
a) Several ways that all people really are equal, and 
b) Several ways that you think they should be equal.


What’s Fair?  	 		date _________ 	name _____________________________________ 
Fair Division homework 

1.  Name some things that can be divided fairly and others that are harder to divide fairly.
Give a reason for each thing you name (use the word “because”)  Give at least 3 examples.

2.  Give some examples of situations where everyone involved has an equal chance to succeed, and then some examples where not everyone has an equal chance.  Again, give a reason for each example.



Divide It Up!   –Lesson Plan

Objective:  This lesson begins the sub-unit on Fair Division.  
Students explore simple division situations, and confront the problem of dealing with remainders or indivisible units.  They are introduced to (or review) the concepts and vocabulary of continuous and discrete quantities.    They review division in contexts that require use of percents and/or ratios.  
NOTE:  This lesson was given over two days the second year it was presented, when given to regular/inclusion Junior classes.  The front was given the first day and the back the second.

Materials:  Worksheet. 
Procedure:  After an opener or other quick exercise, the worksheet is distributed.  
                   Students should work in groups.
I  (review question: "did you pay attention yesterday?")

II  Question II1a  may require more space for thoughtful responses- encourage students to have supplementary paper ready to staple to the worksheet.  Students may want to describe actual techniques of division.  Discussion:  How could you accurately divide a pizza into thirds?  (I prefer using a pizza protractor, but it gets messy) How would you actually measure 1/3 of a liter?   
   1b.  Students should realize in their discussion that remainders pose a problem- but if possible, let them explore ideas about what to do with remainders without deciding that there's only one best way to deal with them.
3.  Praise any reasonable words that students come up with, then provide the mathematical vocabulary of "continuous" and "discrete"

(possibly day 2)
 
III  Reviewing percents and fractions.  Make sure students see examples of solving problems both as percents and as fractions of the whole.  
Solutions to #1 are "nice" integers: $40, $36, $16, $8; 
Solutions to #2 are "messy" $35.29, $29.41, $23.53, $11.76 –if students round to the nearest cent, there's a penny missing!  -this segues into the next problem: what to do with remainders?

IV 	This problem confronts students with the problem of indivisible remainders -don't allow the solution of selling the jewels and splitting the money!   
  Using the percentages of hours worked, we get:

	Abo	35.3% of 16  5.6  -rounds to 6 jewels
	Bobo	29.4% of 16  4.7  -rounds to 5 jewels
	Coco	23.5% of 16  3.8  -rounds to 4jewels
	Dodo	11.7% of 16  1.9  -rounds to 2 jewels    …but the total is 17 jewels!

What can be done? 

One major point to make here is that mathematics has given us a rough idea of what to do, but has not given us a definitive answer.  In real world situations, this is the power, and the weakness, of mathematics.

No solution is perfect, although justifications can be made for many distributions.  Have students come up with their own solutions, but raise other reasons or objections if they believe that their answer is the only one:

5, 5, 4, 2  -because Abo needs to round up the most to get to an integer.  -But Abo has worked the most, so why should he be the one to lose a jewel?
6, 4, 4, 2  -because the difference between the hours from Bobo to Abo and from Coco to Bobo are both ½ , but the difference from Dodo to Coco is 1.  –But Bobo worked the second most, and the percent difference between Bobo and Abo is less than the percent difference between Coco and Bobo.
6, 5, 3, 2  -because the top two should be rewarded the most.  –But why?
6, 5, 4, 1  -because Dodo worked the least.  –But Coco worked twice as much as Dodo; should she get four times as much value?


Possible extension, report, extra credit:
    Problem IV  is related to the very real problem of apportioning representatives by population,  which gave the greatest minds of the founding fathers a serious challenge.  They came up with at least four different methods, called "Jefferson's method", "Hamilton's Method", "Adam's Method", and  "Webster's Method".  
    The different methods tended to favor either large states or smaller states  depending upon how remainders were distributed.  
   The current method was developed around 1911 by Huntington Hill, a statistician with the US Census bureau, and is called.  "Huntington Hill's Method".    

V.  It should be interesting to see what students say, and why.














Divide it Up!          		        name _______________________
03  Divide it Up.doc   6/16/13  	         (If you need more paper for your answers, please staple extra pages to this one)

I.  Yesterday we began to look at how mathematics can help us decide what's fair.  What were the two big ideas that we discussed?



II. Today we begin to look at ways that mathematics helps us with fair division.
1a.  Three people decide to divide things equally.  They have a pizza and a one liter bottle of pop.  Explain and describe realistically how they would divide the pizza equally, and the pop equally.  






b.  Then they are given concert tickets.  Can they be divided equally?  What could be done?






2. In your group, come up with several other examples for things that can always be divided equally without remainders, and things that may have remainders that can't be divided.




3. Decide on one word to describe things that can always be divided equally without remainders and another word to describe things where any remainders are not divisible.  After you get your words, call me over.
Things that can always be divided equally:      _______________
Things that may have indivisible remainders:  _______________

4.  Can money always be divided into equal parts? _________.  
Explain your answer.  Use an example if you'd like.




III  Here's a different kind of division that comes up.  
1. Four friends agree to do a job for  $100.  Abo works  5 hours, Bobo works  4½ hours, 
Coco works  2 hours and Dodo works only  1 hour.  Explain how you should decide how much each person gets.  How much money does each get?  What percent does each person get?






 

2.  This time, the four friends work 3 hours, 2½ hours, 2 hours and  1 hour.
Again they get $100.  Calculate the amount each should get this time.  What are the percents here?





IV.  Another employer was so impressed with Abo, Bobo, Coco, and Dodo that he offered to give them 16 identical small but valuable jewels for doing a job.  The jewels cannot be divided.  For this job, they also work 3 hours, 2½ hours, 2 hours and  1 hour.  How many jewels should each person get?   Justify your decision.
 





 

V  In a small class, 6 students get 100% on a chapter test, 6 get 80%, and  6 get 60% (barely passing).  How much time should the teacher spend with each group of students?  Explain what factors you considered for your answer.



Method of Sealed Bids   –Lesson Plan

Objective:  Students will experience and master the method of sealed bids for dividing indivisible objects.

Materials:  Worksheet, and half sheet ("sealed bids record") for each person.
One "bucket" page for each group.  
Although not necessary, play money can be very helpful for this activity.  
Each student will need $2000 in many denominations, and each group will need a plastic cup or container instead of the paper “bucket” page.

Teacher’s Note:  This method of fair division depends upon the fact that different items are worth different amounts to different people.  

Procedure:  Teacher's introduction should be something like:
 "Yesterday we looked at methods of division as they apply in the real world.  Mathematicians have taken some of these strategies much farther.  For example- the "I cut, you choose" method of dividing works fine for two people dividing a cake, (make sure students know this-), but what about situations with more than two?  Amazingly, no one knew how to generalize this situation until very recently (1960s).  And what about dividing things with indivisible remainders, -what are they called again? (discrete objects).  Again, mathematicians have recently developed methods that are now used to settle legal claims, business disputes, and even help people divide up property during divorces or after some one dies.  Today we're going to look at one of these more sophisticated methods called 'The method of Sealed Bids' "  

Students should work in groups.  Worksheets and half sheets are distributed.  Students should figure out what to do by reading and discussing the directions.  
One observation: some students may begin discussing what the items are worth- warn them that they can easily be outbid if they let other people know what they want or how much they think things are worth.  
NOTE; the list of 6 items should be updated each year to reflect desirable items.
 
"Sealed Bids II" is another situation to give more practice using this method.  

A homework and assessment (quiz) are also included.  The quiz has four versions for use as group assessment, or to prevent cheating.



Fair Division:  “Sealed Bids”      name ___________________
One way to divide things fairly is called “The method of sealed bids”. Here's an amazing story that shows how this method can be used:
You had a very distant relative who was living in Chicago and, sad to say, passed away last month.  This person named you and the other people in your group as the sole beneficiaries of their estate, which, after funeral expenses, fees and taxes, etc. consisted of the following items:

1)  Smartphone	  		Samsung Galaxy S3 (Android)
2)  HDTV  (3D)Television	Panasonic TC-P55ST50,  55 in.  
3)  Video Game Console	Xbox 360, 4GB
4)  Tablet:       	Apple iPad Mini, 16GB, Wi-Fi
	
5)  Lovable and well-trained two year old Springer Spaniel Dog  
6)  Cubs Tickets:		4 box seats each for 2 Sunday games,  1st  base side, 						lower level  -  Cubs vs. Mets   and   Cubs vs. St. Louis.

Here are the five steps you need to use this method to divide things fairly:  

1. Each person decides how much each thing is worth to them in money, and writes down their “bid” on the ½ page "SEALED BIDS RECORD" Do this on your own; don’t discuss it with anyone. This is how much you will pay if you are the highest bidder. (note, you do not have to spend all of your $2000- you may just want to keep some money)  For this example, assume you each have about $2000 to spend if you want to. 
2. Each person adds up all of their own bids.  This sum is how much everything would be worth to them.  Then they divide by the number of people.  The result is called their fair share: it’s what each person thinks would be fair for them to get. Fair shares will be different for different people.  
3. All of the bids are shown to everyone else in the group.  On the back of this page, fill in each person's name and their bids.  Then circle the highest bid for each item.  The person with the highest bid on each item buys the item, and puts the money in the “bucket”.  Some people may not buy anything; some may buy more than one thing.  
4. Add up all the money in the "bucket" 
5. Use the money in the bucket to pay each person their fair share.  These shares will usually be different. Then, there will still be money left in the “bucket”!  Divide this “extra money” equally among everyone in the group.




  STEP 3. (fill in the table)Smartphone
Television
Game Console
Tablet
Dog
Cubs Tickets
 Person 1 

 Person 2

 Person 3

 Person 4











What is the total amount that each person thinks everything is worth ? Total amount


So what does each person think is their fair share? Fair share


step 4  Circle the highest bid for each item.  The highest bidder should pay for the 
items they won and put that money in the bucket.  How much is in the bucket? _______
step 5  What is the total value of all the fair shares? _______
  Now pay each person their fair share.  How much is left over in the bucket? ________ 
  Divide it by the number of people; how much extra does each person get?     ________
What is the result for each person?  First fill out the back of your ½ sheet paper for yourself, and then put down the results here for each person in the group.  

	
	Cash from Fair Share and Extra
	Money paid 
for things
	Things they bought

	Person 1.  
	
	
	

	Person 2.   
	
	
	

	Person 3.   
	
	
	

	Person 4.   
	
	
	



BIG QUESTION:  Did the result seem fair to you and to everyone in your group?  Why or why not?

STEP 1.   SEALED BIDS RECORD   		name ______________________________
Write down your bids for each item                         YOUR BID
NOTE:  THIS IS THE           ½ SHEET FRONT

($2000 total maximum)

1)  Smartphone	 	 	 	_______

2)  HDTV	   				_______

3)  Game Console	 	  		_______

4)  Tablet   	_______	       

5)  Springer Spaniel Dog   		_______	

6)  Cubs Tickets:		 		_______	

		Now the most important thing:  
STEP 2	What is the total worth of all the items to you?  ________.  
		So what would be your fair share of the total?  _________ .

-----------------------------------------------------------------------------------
RESULTS:  ½ SHEET BACK


What items did you get to buy? ________________________________
If you bought items, what is the total you paid for them?     ___________

How much money did you get?  
Add your fair share and the extra from the bucket 	      	___________

Was the result fair to you ?  Explain why or why not.







The "Bucket"					       (group _________)
   
 (
Money paid for purchases 
  
from
 
(initials)
 ______  $ ________________
  
from
 
(initials)
 ______  $ ________________
  
from
 
(initials)
 ______  $ ________________
  
from
 
(initials)
 ______  $ ________________
TOTAL IN BUCKET: ________________
Now 
pay everyone their Fair Share
        
Total of fair 
shares  _
______________
Total remaining in 
bucket 
 
_
______________
Divide the total remaining by the
 
number
     
 
of
 people.  How much extra does 
each
 
       
person
 get?
_______________
)

























































$$      		This is			$$

_______________________’s  Money
(name)

amount:  ___________________

$$      						$$
$$      		This is			$$

_______________________’s  Money
(name)

amount:  ___________________

$$      						$$











$$      		This is			$$

_______________________’s  Money
(name)

amount:  ___________________

$$      						$$
$$      		This is			$$

_______________________’s  Money
(name)

amount:  ___________________

$$      						$$














$$      		This is			$$

_______________________’s  Money
(name)

amount:  ___________________

$$      						$$
$$      		This is			$$

_______________________’s  Money
(name)

amount:  ___________________

$$      						$$
















HW What’s Fair?         date ___________        name ________________________
Method of Sealed Bids
 (
house
SUV
boat
  
250,000
Bill
Bob
Bobo
Benny
200,000
250,000
280,000
50,000
30,000
0
40,000
100,000
120,000
100,000
80,000
) Here are the results for 4 people using the “Method of Sealed Bids” to divide up a house, an suv, and a boat.









Calculate each person’s fair share.
 (
 Fair Share
)


 What’s the total amount paid for all the winning bids?  _____________
 After each person is paid their fair share, how much is left?: ___________   

Divide what’s left by the number of people: ________

 What would each person get? –list both the money they receive and the things they paid for and their value (if any) 
	    Bill	




	   Bob	
	      Bobo
	     Benny


Now subtract what they pay for anything they buy, and put the results here below.
	
	
	
	


And finally, calculate how much more (or less) than their Fair Share did they get.
	
	
	
	


Do you think the results will seem fair to everyone?  On the back of this page, xxplain why –especially explain how the results could seem fair to Bobo, even though he didn’t buy any of the three items.




Sealed Bids II             		        name ___________________

 (
   
  ILLA
 
  
  IRA
  
  IGON
 
  IDORA
Grandmother’s Table
Coin Collection
Jewelry
Dining Room Set
1994 Buick 
LeSabre
What is each 
person’s
Fair 
Share ?
 1
2
0
 200
1200
400
2000
 
300
 200
500
200
200
0
 
2
00
300
100
0
400
0
50
2
00
 
250
300
1700
)
 Here’s another example
 of a sealed bid division










Circle the winning bids for the items.  What was the total amount paid by 
the highest bidders for the five items?   _____________
After everyone was paid what they said was their fair share, how much was 
left over?       _____________
How much extra did each person get?  ______________
> Now summarize what each person gets, both things and money:   
Illa   got what things?  ______________________, 
         She paid _____________    
         She got _______________ in cash.  (fair share plus the “extra”)   
   Add the value of things she got plus the cash, and subtract what she paid:  __________
	How much more than her fair share did she get?  ____________
	Did it seem fair to her?  ____
Ira   got what things?  ______________________, 
         He paid _____________    
         He got _______________ in cash.  (fair share plus the “extra”)     
    Add the value of things he got plus the cash, and subtract what he paid:  __________
	How much more than his fair share did he get?  ____________
	Did it seem fair to him?  ____


Igon  got what things?  ______________________, 
         He paid _____________    
         He got _______________ in cash.    (fair share plus the “extra”)   
    Add the value of things he got plus the cash, and subtract what he paid:  __________
	How much more than his fair share did he get?  ____________
	Did it seem fair to him?  ____
Idora got what things?  ______________________, 
         She paid _____________    
         She got _______________ in cash.   (fair share plus the “extra”)    
   Add the value of things she got plus the cash, and subtract what she paid:  __________
	How much more than her fair share did she get?  ____________
	Did it seem fair to her?  ____
     
1. Did each person get the same amount of money?  _____  
Did each person get the same cash value of things? _____
2. Look at your answer to #1, and explain how this “method of sealed bids” is fair, even though no one got the same amount.







3. What could go wrong with this method, even if everyone follows the rules?  Why could someone think that the result was not fair to them even if everyone followed the rules?




Quiz 	date __________        		        name ___________________
 (
   
DONNA
 
  
  DAN
  
DAISY
  DVD Set
Leather Jacket
Bicycle
Recliner Chair
 
45
 215
300
160
 
50
 200
200
90
 
30
200
290
140
)Three people need to divide four objects, so they decide to use the method of sealed bids.  The results are shown on the table below.  
 









 (
240
180
2200
7250
1.  Each person is paid their fair share, and $85 remains.  
2.  One third of this, $28.33 is the "extra" -which is paid to each person
NOTE: 
no credit for this question if the answer is “divide
 this up”
268.33
208.33
248.33
   NOTE: answer must reference “fair share” e.g.  “
they
 each got what they believed was their fair share..” (
plus
 some extra)
)1.  What does each person think is their fair share of the four items  (3pts) ?
          Donna  __________   Dan __________  Daisy ___________
2.  How much money is collected from the winning bids (2pts) ?   _______
3.  Explain, step by step, what is done with this money (4pts). 
 
	 










4.  How much money will each person get after the process is complete ? (2pts). 
          Donna  __________   Dan __________  Daisy ___________
5.  The people do not all get the same amount of money.  How is this process fair?  (2pts).






Quiz 	date __________        		        name ___________________
 (
   
DONNA
 
  
  DAN
  
DAISY
  DVD Set
Leather Jacket
Bicycle
Recliner Chair
 
45
 215
360
160
 
50
 200
200
150
 
30
200
260
140
)Three people need to divide four objects, so they decide to use the method of sealed bids.  The results are shown on the table below.  
 









 (
260
200
2100
7850
1.  Each person is paid their fair share, and $115 remains.  
2.  One third of this, $38.33 is the "extra" -which is paid to each person
NOTE: 
no credit for this question if the answer is “divide
 this up”
298.33
238.33
248.33
   NOTE: answer must reference “fair share” e.g.  “
they
 each got what they believed was their fair share..” (
plus
 some extra)
)1.  What does each person think is their fair share of the four items  (3pts) ?
          Donna  __________   Dan __________  Daisy ___________
2.  How much money is collected from the winning bids (2pts) ?   _______
3.  Explain, step by step, what is done with this money (4pts). 
 
	 










4.  How much money will each person get after the process is complete ? (2pts). 
          Donna  __________   Dan __________  Daisy ___________
5.  The people do not all get the same amount of money.  How is this process fair?  (2pts).







Quiz 	date __________        		        name ___________________
 (
   
DONNA
 
  
  DAN
  
DAISY
  DVD Set
Leather Jacket
Bicycle
Recliner Chair
 
45
 215
360
160
 
50
 200
200
90
 
30
200
290
170
)Three people need to divide four objects, so they decide to use the method of sealed bids.  The results are shown on the table below.  
 









 (
260
180
2300
7950
1.  Each person is paid their fair share, and 125 remains.  
2.  One third of this, $41.67 is the "extra" -which is paid to each person
NOTE: 
no credit for this question if the answer is “divide
 this up”
301.67
221.67
271.67
   NOTE: answer must reference “fair share” e.g.  “
they
 each got what they believed was their fair share..” (
plus
 some extra)
)1.  What does each person think is their fair share of the four items  (3pts) ?
          Donna  __________   Dan __________  Daisy ___________
2.  How much money is collected from the winning bids (2pts) ?   _______
3.  Explain, step by step, what is done with this money (4pts). 
 
	 










.  How much money will each person get after the process is complete ? (2pts). 
          Donna  __________   Dan __________  Daisy ___________
5.  The people do not all get the same amount of money.  How is this process fair?  (2pts).







Quiz 	date __________        		        name ___________________
Three people need to divide four objects, so they decide to use the method of sealed bids.  The results are shown on the table below.  
 (
   
DONNA
 
  
  DAN
  
DAISY
  DVD Set
Leather Jacket
Bicycle
Recliner Chair
 
30
 250
360
140
 
50
 200
200
150
 
30
200
260
140
) 









 (
260
200
2100
810
1.  Each person is paid their fair share, and $140 remains.  
2.  One third of this, $46.67 is the "extra" -which is paid to each person
NOTE: 
no credit for this question if the answer is “divide
 this up”
306.67
246.67
256.67
   NOTE: answer must reference “fair share” e.g.  “
they
 each got what they believed was their fair share..” (
plus
 some extra)
)1.  What does each person think is their fair share of the four items  (3pts) ?
          Donna  __________   Dan __________  Daisy ___________
2.  How much money is collected from the winning bids (2pts) ?   _______
3.  Explain, step by step, what is done with this money (4pts). 
 
	 










4.  How much money will each person get after the process is complete ? (2pts). 
          Donna  __________   Dan __________  Daisy ___________
5.  The people do not all get the same amount of money.  How is this process fair?  (2pts).








Fair and Unfair division- Fair Representation  –Lesson Plan 

Objective:  Students will continue their exploration of “fair division” by looking at legislative apportionment on a map of a hypothetical city.  They will attempt to make a division of districts so as to give all ethnic groups fair representation, and then look at less fair representations.
 
Materials:  Worksheets, one enlarged overhead transparency copy of the city map for each group, markers.

Procedure:  The teacher's introduction is brief; perhaps just to say that this is another very real example of fair and unfair division in our world.  
	Worksheets, overheads and markers are passed out.  Students read the instructions and decide where to put ward boundaries on their overhead map.  Instruct students to agree as a group, and have one student draw the boundaries on their transparency.  All students in one group should then copy their groups map onto their own.  		Students may ask if they must follow the dotted lines.  I think it's best to answer "not absolutely, but try to" –because later when they see real legislative district maps it will be obvious that political maps "don't follow the lines"

Discussion points:  
Does this really happen?  
Is it necessarily a good thing for districts to be divided by ethnic groups?  Does this increase or decrease the influence of any one group? –in what ways?  Does this help or hurt the ability of the city to work together to solve common problems?


Other resources: Homework, Quiz.



 


   
Fair and Unfair division- Fair Representation   name ___________________
Here’s the story: The citizens of the city came from three different ethnic/cultural heritages: Diamondarian-Americans, Crossarian-Americans, and Circlarian-Americans,  -but they called themselves and each other “Dimes”, “Crossas”, and “Circs”.  Although they tended to live in their own neighborhoods, they mostly got along well with each other.  This was partly because they elected leaders who made sure the city was run fairly.  

The government was made up of a mayor and a council of 10 aldermen elected from 10 wards of 60,000 people each.  After the census, they needed to make new boundaries for their ten wards.  On the map below, each symbol represents about 10,000 people of one of the groups.  Work with your group to draw ward boundaries for the 10 wards of 60,000 people each.  The only other requirement is that the wards be contiguous, that is, not split into separate parts.
     

Think about these questions below as you make your wards, 
and give answers:

1.   What is the percentage of 
Diamondarians, Crossarians,
and Circlarians in the city?










2. On your map, how many wards 
have no group in majority?	 ____
have a majority of “Dimes”   ____
have a majority of “Crossas” ____
have a majority of “Circs” 	 ____

3.  Write at least a couple of sentences about why you think your map is fair.




Gerrymandering
The story continues:  Unfortunately, the leaders of one of groups wanted to get more than their fair share, and after the next census, they re-drew the ward maps to gain an unfair advantage.  This is called “Gerrymandering”.

Show how the map could be drawn
to give an unfair advantage to the Circs.  
How many wards would they control?

















The Crossas are already the largest
group ( 41 %).  Show how they could
draw the ward map to maximize their
control of the council.

















(transparency master)













Hw What’s Fair?      date ________    name _________________________
Fair Representation 

I.   Look at the map of the city below, where each symbol represents 10,000 people.
a. What percent of the population is Diamondarian?  ________
b. What percent of the population is Crossarian?  ________
c. What percent of the population is Circlarian?  ________
II.  Divide the city into 8 wards of 50,000 each, 




 











How many wards have no group in majority?  ________
How many have majority Diamondarian?  ________
How many have majority Crossarian?  ________
How many have majority Circlarian?  ________
III.  Are there any groups that might think your division is unfair?  ______
        Which one(s) ? _________________________  Why?











(over)

IV.  If the population of this city grew by 3% each year, how many people would it have
	after one year?
	after two years?
	after 10 years?
V.  If the map was gerrymandered to benefit the Diamondarians, what would be the greatest number of wards they could control?

If the map was gerrymandered to benefit the Crossarians, what would be the greatest number of wards they could control?

How did you arrive at your answer?







Review Sealed Bids:  If these five people divided up a Telescope, a Hot Tub, and a Pizza 
Oven using the method of sealed bids, determine what each person would get:
	
	
Ron
	
Rona
	
Ralla
	
Ramon
	
Reba

	Telescope
	1000
	500
	0
	1200
	750

	Hot Tub
	1000
	1000
	1500
	1300
	1250

	Pizza Oven
	1500
	1800
	2000
	2500
	800





 Quiz     date ______ 		        name ___________________

I.   Look at the map of the city below, where each symbol represents 10,000 people.
d. What percent of the population is Diamondarian?  ________
e. What percent of the population is Crossarian?  ________
f. What percent of the population is Circlarian?  ________
II.   Divide the city into 6 wards of 50,000 each, 



 









How many wards have no group in majority?  ________
How many have majority Diamondarian?  ________
How many have majority Crossarian?  ________
How many have majority Circlarian?  ________

III.   Now make a make a map to give the Crossarians as many wards as possible:
    Now how many do they have? ______






Real Maps        		name ___________________

1.  Look at the Chicago Ward Map on the back.  List the 5 wards in the city that you think 
look most gerrymandered.  For each one, give a brief explanation why you think so.
Ward  ___	why?

Ward  ___	why?

Ward  ___	why?

Ward  ___	why?

Ward  ___	why?

2.  List 5 wards that look relatively “normal” to you:
Wards  ____    ____   ____    ____    ____

3.  Put a small “X” at the location of your school, and put a small circle at where you live.
Which ward do you live in?  _____  Who is your alderman?  _____________________

4.  Homework:  Look up the number and call the office of one of the alderman in any ward you listed in question 1.  Ask them (or someone in their office) why their ward has such a strange shape, and write down their answer:







 (
Ward
Name
1
Proco
 Joe Moreno
2
Robert 
Fioretti
3
Pat Dowell
4
Will Burns
5
Leslie Hairston
6
Roderick Sawyer
7
Sandi Jackson
8
Michelle A. Harris
9
Anthony Beale
10
John Pope
11
James 
Balcer
12
George Cardenas
13
Marty Quinn
14
Edward M. Burke
15
Toni 
Foulkes
16
Joann Thompson
17
Latasha Thomas
18
Lona
 Lane
19
Matthew O'Shea
20
Willie Cochran
21
Howard 
Brookins
 Jr.
22
Ricardo Muñoz
23
Michael 
Zalewski
24
Michael Chandler
25
Daniel Solis
26
Roberto Maldonado
27
Walter Burnett, Jr.
28
Jason Ervin
29
Deborah L. Graham
30
Ariel 
Reboyras
31
Ray Suarez
32
Scott Waguespack
33
Richard 
Mell
34
Carrie Austin
35
Rey Colón
36
Nicholas 
Sposato
37
Emma Mitts
38
Timothy 
Cullerton
39
Margaret 
Laurino
40
Patrick J. O'Connor
41
Mary O'Connor
42
Brendan Reilly
43
Michele Smith
44
Thomas M. Tunney
45
John Arena
46
James 
Cappleman
47
Ameya
 
Pawar
48
Harry 
Osterman
49
Joe Moore
50
Debra Silverstein
)
 


Game Theory Games  - Lesson Plan
Objective:  students will experience game theory models demonstrating the consequences of narrow vs. broader self-interest.

Materials: Worksheet, separate round "tickets" for each round of the two games, one medium manila envelope.  

Procedure:
  Teacher's introduction goes something like this: "We've looked at how the mathematics of division plays an important role in society.  Now we're going to begin a section that takes the idea of "What's fair?" in another direction: we're going to look at Games.  What does mathematics have to say about games, and what's fair in games?  When I first studied this, I was really surprised to see how many things can be thought of as a game, and how mathematics gives us ways to understand them.  
   But first of all, we need to know what we mean by a game."
Have students write as much as they can quickly about what makes a game (brainstorm writing).  Avoid specific examples and try to get at the ideas that all games have in common.   
After a minute or two, lead a whole class discussion and elicit the parts of a definition of game from the students.  They will almost always come up with the essential elements of a game: it has players, it has rules, and there is a way to determine who wins.
   Now continue with a brief introduction to Game Theory: "Game Theory is a branch of mathematics that has grown far beyond study of games like cards or chess- it's used extensively in economics, and it really took off during the cold war, when politicians and statesmen turned to mathematicians to analyze situations that could lead to the destruction of the world through nuclear war.  Who has seen the movie "A Beautiful Mind? –John Nash, the mathematician in the movie, was one of the founders of game theory.  So as we study some important games, let's keep in mind the power of mathematics."

	Each student gets one copy of the worksheet “Game Theory Games” to record their results and observations.

Game 1  “The Max Box Game” 
Materials and preparation:  Make copies and cut up the Max Box tickets so that each student will have one ticket for each round.  
	Have groups of four arrange their seats so their backs are to each other, either around a square or in a pinwheel arrangement, so that students cannot see each other’s writing.  
	Explain that the object of the game is simply to get the most points for yourself.  You can get as many points as you like, but if the group total exceeds the maximum, then no one in the group gets anything.  NO TALKING AMONG GROUP MEMBERS (although this is really not a bad thing if they’re strategizing)
	The teacher passes around tickets for round one; students write their desired points and fold over their paper.  Teacher collects them by group, then quickly and dramatically reads off the points desired from each person without identifying them.  If the total is below the maximum, say “Everyone gets their points!” If the group goes over, say “No one in that group gets anything for this round!”  Then tell everyone to enter the number of points they got on the worksheet.  Make a big show of putting all the tickets in an envelope to check with when you grade the assignment, to ensure that students record what they actually got.  (are you really going to check?!!)
	After four rounds, have students write about their experience by answering the questions on the worksheet.

Game 2  “Us-Me” 
Materials and preparation:  Make copies and cut up the “Us-Me” tickets so you have enough for four rounds.  Keep the same seating as before.
	Students read the directions, then you simply pass out a ticket to everyone, have them fill it out and circle US or ME, fold them over and return them to you by group.  As in MaxBox, read the results from each group and announce how many points they’ve earned.  Again, after four rounds, have students write about their experience by answering the questions on the worksheet.

Note- both of these games have been successful activities in that students all participated and really reflected on their choices.  Even so, I wonder if the US-ME game would be better with a different set of rewards:   
		for 1 ME  - the ME gets 4 and the WEs only get 1 each
                    for  more than 1 ME – no one gets anything.

Game Theory Games  		        name ___________________

I. Record your results and your group’s results for the MaxBox Game.
	
	YOUR SCORE
	GROUP TOTAL

	Round ONE
	
	

	Round TWO
	
	

	Round THREE
	
	

	Round FOUR
	
	



2a.  Write about: what is your best strategy to win points in the MaxBox Game?  What would happen if you followed your best strategy?













b.  What would happen if everyone followed the strategy that you followed?














II.  In the second game, each player has two choices : US or ME.  They choose one or the other without others seeing their choice.  Here’s the payoff:

· If a person chooses ME and nobody else does, they get 4 points, and everyone else gets 2 points each.
· If a person chooses ME and anyone else does, everyone in the group gets 1 point. 
· If a person chooses US and so does everyone else, everyone gets 3 points each.   
· If a person chooses US and one other person chooses ME, they get 2 points and the person choosing ME gets 4 points.
· If a person chooses US and two or three other people choose ME, everyone gets 1 point.

Again, record your results and your group’s results for the US-ME Game.
	
	YOUR SCORE
	GROUP TOTAL

	Round ONE
	
	

	Round TWO
	
	

	Round THREE
	
	

	Round FOUR
	
	



4.  Again, write about: What is your best strategy to win points in the US-ME Game?  
a.  What would happen if you followed your best strategy?






b.  What would happen if everyone followed the strategy that you followed?






5.  How is this game like or unlike the MaxBox Game?


	 (
4
4
)Round ONE.  		   MaxBox Game
Max total points ____

Grp. # ____  your initials _______

How many of the points
                 do you want?  _____


	Round ONE.  		   MaxBox Game      
Max total points ____

Grp. # ____  your initials _______

How many of the points
                 do you want?  _____


	 (
5
) (
5
)Round TWO.  		   MaxBox Game  
Max total points ____

Grp. # ____  your initials _______

How many of the points
                 do you want?  _____

	Round TWO.  		   MaxBox Game  
Max total points ____

Grp. # ____  your initials _______

How many of the points
                 do you want?  _____


	 (
7
) (
7
)Round THREE.  		   MaxBox Game  
Max total points ____

Grp. # ____  your initials _______

How many of the points
                 do you want?  _____
	Round THREE.  		   MaxBox Game  
Max total points ____

Grp. # ____  your initials _______

How many of the points
                 do you want?  _____


	 (
 8
) (
8
)Round FOUR.  		   MaxBox Game  
Max total points ____

Grp. # ____  your initials _______

How many of the points
                 do you want?  _____
	Round FOUR.  		   MaxBox Game  
Max total points ____

Grp. # ____  your initials _______

How many of the points
                 do you want?  _____


    





	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME


	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME
 

	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME


	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME
 

	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME


	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME
 

	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME


	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME
 

	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME
	   US-ME   Game

Grp. # ____  your initials _______

Choose  (circle one)   	  US    ME 





HW What’s Fair?       date ________                name ___________________
Game Theory

  Here’s a game theory situation:

	Two people at one computer are arrested and accused of illegally downloading music.  Under the new law, they could get 5 years in jail if convicted.  The only way for them to be convicted, however, is if they confess or for a witness to testify against them.  If neither one says anything, they will each get only 1 month in jail for being around a computer that was used for downloading music.  The Music Police take each person into a separate room and make them a deal.  If one of them testifies against the other person and other person keeps silent, the person who keeps silent will get the full five years and the person who testifies will get off with nothing.  If it happens that both testify against the other person, the police will give both of them a break and they’ll each get 4 years.  
1. If one person refuses to say anything, what two things could happen 
to them?



2. If the person testifies against the other person, what two things could happen?



3. Try to make a diagram showing all the things that could happen to one person, depending upon what they do and what the other person does :







4. (write this on the back)  What should they do? Explain and defend your opinion.




The Prisoner’s Dilemma Day2  -lesson plan

Objective:  Students will analyze the classic game theory problem of "The Prisoner's Dilemma", and create several results matrices based on differing rewards and penalties.
They will discuss strategies to use in "PD" situations.

Materials:  Worksheet

Procedure:  This lesson is called "Day 2"  because it follows upon the previous night's homework.  See how students have created their own diagrams of the situation on the homework.  Point out that the matrix on the worksheet is only one way to show the outcomes.  
	Hold classroom discussions after finishing the front, and again after finishing the back.  The central paradox that I would like them to see is that rational self-interest may actually result in the best outcome.   Encourage students to both make connections to yesterday's Game Theory Games and to other real life situations.



The Prisoner’s Dilemma         name ___________________
Last night’s homework had this story:
	Two people at one computer are arrested and accused of illegally downloading music.  Under the new law, they could get 5 years in jail if convicted.  The only way for them to be convicted, however, is if they confess or for a witness to testify against them.  If neither one says anything, they will each get only 1 month in jail for being around a computer that was used for downloading music.  The Music Police take each person into a separate room and make them a deal.  If one of them testifies against the other person and other person keeps silent, the person who keeps silent will get the full five years and the person who testifies will get off with nothing.  If it happens that both testify against the other person, the police will give both of 
them a break and they’ll each get 4 years.  
This situation is called the “Prisoner’s Dilemma”.  A “dilemma” is a difficult choice.  A dilemma sometimes means that each choice can lead to the opposite of what you wanted.
	The Prisoner’s Dilemma is an important idea that comes up in mathematics, economics, law and ethics, sociology, biology and environmental science.
One way to analyze the situation is with a table, like this:
 (
               
PERSON TWO
KEEP SILENT
  
TESTIFY
  
TESTIFY
KEEP SILENT
   PERSON
     ONE
 5yr
     0
 
4yr
    4yr
1mo
   1mo
 
 0
    5yr
)










What is the best strategy for each person?   What makes the choice a “dilemma”?








Now, say that two people are playing the “Us-Me” game like we did yesterday.  Here are the new rules:
    If one player picks Me and the other picks Us, the Me player gets 4 and the Us gets 2
    If both players pick Me, they each get nothing.
 (
           
PERSON TWO
 
  
  
PERSON
   
ONE
  
   
 
   
)    If both players pick Us, they each get three.

Fill in the table to show this situation:







 What is the best strategy for each player?







But what happens if the rewards and penalties are modified?  Fill in the table below to show this situation:
    If one player picks Me and the other picks Us, the Me player gets 5 and the Us gets 0.
 (
           
PERSON TWO
 
  
  
PERSON
   
ONE
  
   
 
   
)    If both players pick Me, they each get 0.
    If both players pick Us, they each get 2.







How is this situation different?  Does it change the best strategy?






GONE FISHIN'         -Lesson Plan

Objective:  Students will experience and analyze a simulation that connects the Prisoner's Dilemma with the other central paradigm of game theory, namely, the Tragedy of the Commons.  (Also review or preview exponential growth)

Materials:  Fishin' Pole (can be real or just a meter stick with some string)
	Worksheets, and an overhead transparency
	(60+)  Paper Fish (copied front and back and cut out earlier)
	Manila envelopes to put the fish (so they won’t be written on and can be re-used)    

Procedure:  
	Before students arrive- make a tape outline lake in the middle of the room, scatter 40 fish in the lake, and arrange groups around the lake.  Sit by the lake "fishing" as students arrive.  This is just an attention getter.  Put the "fishing pole" away and jump right into the activity.  
	Have students pick up worksheets and find their groups.  Have a student or students read the scenario out loud.  Explain that the first part is an introduction, just to see how the population of fish could increase.  Make sure that all groups get the correct answer- that after six years, there will be about 119.439 tons of fish.  (What % increase is that?)  Explain that from now on, we will round to the nearest ton.
 	Students then read "The object of this activity…" and discuss in their groups how they will decide how many fish to harvest each year.  Be prepared, however, to have a whole class discussion about what "in the long run" means.  For this simulation, it will mean until about the end of the period, or maybe sooner. (Its up to you).  Pass out a manila envelope to each group to keep the fish they've harvested.
   	Routine for each round –quickly go around to each group and write down the number that they tell you they will harvest. Then say “Everyone get their fish!” –and one person from each group takes the number that the group agreed to.  (It may be necessary to check on number in the lake from time to time to keep people honest).  You then announce the total harvest- then the groups do their calculations for one line on their worksheets.  You or one of the students should also do it on the overhead transparency for at least a couple of rounds.  After the amount of fish left in the lake is calculated, the groups again decide on how many to take.

	If one group gets too greedy and the population crashes- 
1.  remind students about "in the long run"  -if the fish are all gone, you will give them story problems, or long division, for the rest of the period.
2.  tell them about another class that harvested much more than their class did,  Try to change the goal to having the class (all groups) get the greatest amount of fish.
3.  remind them of how fast the population grows or re-grows.




GONE FISHIN ’    group # ___      name ___________________
All of the groups represent countries that border on a large lake, which is home to an amazingly tasty, nutritious, and prolific species of fish.  There are 40 tons of fish in the lake to start with.  Each year the fish population grows by 20%.  If no fish are harvested, find how many there would be in the years to come:  (and show how you got your answers).
after  1 year   __________
after 2 years  __________
after 3 years  __________
after 4 years  __________
 (
After 6 years, the amount of fish has increased from 40 tons to ________ tons.
)after 5 years  __________
after 6 years  __________
The object for this activity is to harvest as much fish as you can over the long run.  Every turn represents a year.  Decide with your group how much fish you will harvest, then write it down and let me know what you have decided.  
For each year, after all the groups have reported, we will fill in one line below and find how many fish are left after each year.     		
	time
	how many will your group harvest?
	total harvested by everyone this year.  (# and %)
	Fish left after harvest
	Population growth for the next year.
	How many Fish are now in the lake?



1st  year 	______	 __________         _______	       _______           _______
2nd  yr. 	______	 __________         _______	       _______           _______
3rd  yr.	______	 __________         _______	       _______           _______

4 yr. 		______	   _______           _______	       _______           _______
5 yr. 		______	   _______           _______	       _______           _______
6 yr.		______	   _______           _______	       _______           _______
7 yr. 		______	   _______           _______	       _______           _______
8 yr. 		______	   _______           _______	       _______           _______
	time
	how many will your group harvest?
	total harvested by everyone this year.
	Fish left after harvest
	Population growth for the next year.
	How many Fish are now in the lake?


__________________________________________________________
__________________________________________________________
__________________________________________________________
__________________________________________________________
__________________________________________________________
__________________________________________________________
__________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________


(FRONT)



















(BACK)





















FISHIN' AGAIN      Lesson Plan

Objective:  This lesson explores the concept of sustainable yield, 
Although the mathematics of this lesson resembles that of an annuity, I would have students explore the change of population more simply by iteration on their calculators:
enter the starting population, then repeat “ *1.17 - (annual harvest) “ for each year. On most calculators this can be done by simply repeating “enter” and counting the number of years that the population remains positive.
The back of the worksheet reviews some simple percent problems in the context of a fish population.





Fishin’ Again            		        name ___________________

 A population of fish starts at 5600 fish, and increases by 17% each year.  
1.  How many fish are there at the end of one year?

2.  At the end of each year some of the fish are harvested for food.  Write about how to find the total number of fish harvested for these three different scenarios, and give the 
answer.  Remember, the fish population starts with 5600, and always increases by 17% during each year, and at the end of the year some are harvested.    

a.  1200 fish are harvested each year until they are all gone.
At the end of year 10,  47 fish are left (rounded), so at the end of year 11 there are 55 fish left.  Therefore the total is 10(1200) + 55 = 12,055





b.  1000 fish are harvested each year until they are all gone.

At the end of year 19,  306 fish are left (rounded), so at the end of year 19 there are 358 fish left.  Therefore the total is 19(1000) + 358  = 19,358




c.  800 fish are harvested each year for 25 years.
In this scenario, the population keeps increasing (diverges), and so the total is simply 25(800) = 20,000






In your opinion, which scenario gives the best result?  Why?






If you wanted the population to stay at 5600 fish, how many fish could be harvested each year?
17% of 5600 = 952





3.  Here’s a picture of 5600 fish.  





a.  How many fish does each symbol represent? (show how you get your answer)



b.  What percent of the fish are black, are striped, or are white?




c.  How many are black, striped, or white?




d.  Now 1400 more white fish join the group.  Draw them on this copy below:





e.  Now what percent are black, are striped, and are white?






f.  Sad Fish news:  85% of the fish are killed by a fish disease.  
     How many total fish are left?



    How many of each kind?



How Fair?                 - Lesson Plan

Objective:  This lesson lays the groundwork for the concluding section on the fairness of economies and fairness of opportunity.   Students begin by looking at three hypothetical teachers (I hope hypothetical) who have different grading systems, and extend their ideas to examine distribution of wealth in three hypothetical countries.  This lesson is meant to be open ended and encourage exchange of ideas and debate.

Materials:  Worksheet

Procedure:  This is a good time to have a brief discussion summarizing how we have looked at the idea of fairness using mathematics.  Try to have students recall the two main ideas we began with- fair division and equal chances.  
	Have students work individually. Pass out the worksheet and let the students begin.  Some students will object that one or two of the teachers are not fair at all –it's important for students to understand that in some weird way, these grading systems are still all predicated on the idea of equal chances.  After they have finished the first side, hold a whole class discussion.  Then move to the back.
	Again, try to stress the ways that the systems of each country are fair and unfair.
How can mathematics help us understand and compare the fairness of economic systems?
 



How Fair?                		        name ___________________

For the last few weeks, we’ve been looking at different ways that mathematics relates to the idea of fairness.  We looked at Fair Division, at Fair representation, at the Prisoner’s Dilemma, and at Fair division of resources (Fishin’).      
Another way math relates to fairness is by equal chances.  Read about these three grading systems:

Mr. Beat believes in rewarding the students who do the very best and work the hardest.  
He gives three “A”s and everyone else fails.
Mrs. Peet believes in rewarding the students who do the very best and work the hardest.
She always gives 8% As, 22% Bs, 40% Cs, 22% Ds, and 8% Fs.  
Mr. Cleet believes in being totally fair.  He puts all the students’ names on pieces of paper and puts them in a hat.  He pulls out four names at random.  Those students get an “A” and all the others fail.  

Even though these are extreme examples, write about at least one way that each one is fair and one way that each one is unfair:

Mr. Beat is fair because:



               is unfair because:



Mrs. Peet is fair because:



               is unfair because:



Mr. Cleet is fair because:



               is unfair because:



II.  The economic system of a country can also be judged in terms of fairness. 
Again, compare the following three systems.  How is each fair and unfair?

  In the country of Adonia, if you are really smart, or really talented, or really work hard, you succeed.  The top 5% of the people own 90% of the wealth.  The other 95% of the people own 10% of the wealth.     

  In the country of Bedonia, if you are really smart, or really talented, or really work hard, you succeed.  The top 15% of the people own 50% of the wealth, the middle 70% of the people own 47% of the wealth, and the bottom 15% of the people own 3% of the wealth.

  In the country of Cedonia, everyone has about the same amount of money, no matter how smart or talented or hard-working they are.  







So How Much ?    			-Lesson Plan
Objective:  Students attempt to quantify value judgments based on their own assessment of how much reward should be given to personal effort and how much to innate talent and ability.  They will see the consequences of their judgment as a model for distribution of the rewards for participating in society.

Materials:  Worksheet, (and optional, but strongly recommended: resource list of annual pay for occupations such as http://www.bls.gov/oes/current/oes_nat.htm  Project this document so that students can cal out occupations to check out.

Procedure:  Have someone read the first two sentences out loud.  Stop to discuss the implications of "People are born with…  and can use their own efforts…"  This distinction between innate qualities and conscious choice is central to social thought, ethics and morality, and especially important for young people building their own sense of personal and social responsibility.  Does this statement seem reasonable to your students?
	The activity asks that students make a value judgment about annual income.  Hold a brief discussion of what a variety of jobs and occupations get paid, and try to underscore where these values come from.  How much is due to effort and how much to innate characteristics, including opportunities given by status at birth?  Students may discuss this as they work, but it should be primarily an individual activity.  Go around questioning and encouraging students’ judgments.
	The next matrix asks for an estimation of the distribution of the classes of people identified in the first matrix.  Suggest that students identify the box or boxes that they feel would have the least number of people and put at least three X s there.  Then fill in more X s in other boxes where there are more people fitting the description for the box.
Two comments:
1. Putting in a bunch of Xs gives a more visual representation of the distribution intended.  Students may, however, want to use numbers for large numbers of Xs, which is all right.
2. Starting with 3 allows for finer gradation.  In other words, if one X was the lowest value, then two Xs would mean twice as many people –which may be more than  intended.

	On the back, we move to finding the consequences of our estimations from the front.  The students are led through a process for dividing the population into income quintiles.  

Stress to students that what they have created is their own estimation of a fair income distribution for society, based on what they feel people deserve due to their natural abilities and/or personal efforts.  We will be using this information to examine our own society next.   






 So How Much ?    	        name ___________________________
How much wealth or money does someone deserve?  It’s a hard question to answer, but mathematics can help our understanding.  
 	People are born with a certain amount of intelligence, strength, attractiveness, abilities and natural talents, and then they can use their own efforts to do the best with what they have.  To simplify things, we’re going to divide people into 5 levels of natural abilities and talents and 3 levels of personal effort (use “1” for highest)  The first thing here is for you to estimate what you think is an appropriate annual income (in thousands), on average, for each kind of person shown:
	Table 1
FAIR INCOMES
	Very low natural abilities  A5
	Slightly lower natural abilities  A4
	Average natural abilities  A3
	Slightly higher natural abilities  A2
	Very high natural abilities  A1

	High effort; really works hard    E1
	

E1-A5
	

E1-A4
	

E1-A3
	

E1-A2
	

E1-A1

	
Average effort
E2
	

E2-A5
	

E2-A4
	

E2-A3
	

E2-A2
	

E2-A1

	Low effort;  does not work very hard       E3
	

E3-A5
	

E3-A4
	

E3-A3
	

E3-A2
	

E3-A1



Now you need to estimate the proportion of people that belong in each box.  Are there a lot of people that fit the description for each box or just a few?  
Use little Xs to stand for equal amounts of people.  Some boxes are going to have a lot of Xs, some just a few.  Start by putting at least 3 Xs in the box that you think has the least people like that.  Then fill in the other boxes with 3 or more Xs.  The more people you think are like that, the more Xs you should put in the box.
	Table 2
PROPORTION OF PEOPLE
	Very low natural abilities
	Slightly lower natural abilities
	Average natural abilities
	Slightly higher natural abilities
	Very high natural abilities

	High effort; really works hard
	
	
	
	
	

	
Average effort

	
	
	
	
	

	Low effort;  does not work very hard
	
	
	
	
	



 Now you are going to create a picture of how you think income wealth should be distributed in society. 
 One of the most common ways to look at wealth distribution is by “quintiles”.  Each quintile is 1/5 or 20% of the population.  If you can see what percent of the total wealth the bottom quintile has, the next quintile, etc. up to the top quintile, then you have a pretty good idea of how wealth is distributed in a society.
· The first step is to arrange all 15 groups in order from the lowest income group to the highest.  Fill in the top row of Table 3.  If two or three groups should have the same income, put either of them first.  
· Next, use the Xs from your table 2 on the front to stand for people in one sample group of this population.  Count the Xs for each group and put their number in the box in the second row.
Table 3
	name of
group
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	Income

	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

	People
(Xs)
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	


     
Now you need to find how many people are in each quintile.  Add up all the Xs: _________     
Distribute them as equally as you can into the five quintiles.  How many will you have in each quintile?   
                         			1st:  _____  2nd:  _____  3rd :  _____  4th:  _____  5th:  _____  	
	Next, you need to divide the people listed in the bottom line of Table 3 into your five quintiles.  Start at the left below the table and put another arrow  after the first quintile – this arrow will probably split a box, -that’s ok.  Some of the Xs will go into the 1st quintile and some will go into the next one.  If a box is split, put two little numbers in it to show how many Xs go for 
each quintile.  Then place more arrows to show the 5 quintiles. 
 (
1
st
 quintile
2
nd
 quintile
3
rd
 quintile
4
th
 quintile
5
th
 quintile
)	Now determine the total income for all 
the people in each quintile.  Multiply each X by
their income.  Not all the Xs will have the same 
income, so be careful.  
And last, put the % of the total income under each box.

HW What’s Fair?				date				name ___________________________
Income by Quintiles

The following table shows 12 groups by average income and total population living in a hypothetical state:

	Income
(thousands)

	20
	30
	40
	50
	60
	80
	100
	120
	150
	200
	250
	400

	People
(thousands)
	4
	8
	10
	25
	20
	20
	15
	9
	6
	4
	2
	1


    
1.  Find how many people are in each quintile.  Add up all the people: _________     
Distribute them as equally as you can into the five quintiles.  How many will you have in each quintile?   
                         			1st:  _____  2nd:  _____  3rd :  _____  4th:  _____  5th:  _____  	
	2.  Next divide the people listed in the bottom line of the table into your five quintiles.  Start at the left below the table and put another arrow  after the first quintile – this arrow will probably split a box, -that’s ok.  Some of the Xs will go into the 1st quintile and some will go into the next one.  If a box is split, put two little numbers in it to show how many Xs go for each quintile.  Then place more arrows to show the 5 quintiles. 

 (
1
st
 quintile
2
nd
 quintile
3
rd
 quintile
4
th
 quintile
5
th
 quintile
)	3.  Now determine the total income for all 
the people in each quintile.  Multiply each X by
their income.  Not all the Xs will have the same 
income, so be careful.  
And last, put the % of the total income for each
quintile under the box.




Yourlandonia and Income Distribution in the USA   –Lesson Plan

Objective:  Students will first create a thoughtful personal model for income distribution in society, and then compare it to census data for income distribution in the USA.  

Materials:  ½ sheet "Yourlandia" and Worksheet "Income Distribution in the USA"

Procedure:  Students work in pairs.  They discuss and decided on a fair income distribution by quintiles of population.  Both students do not have to agree, but they should discuss their reasons.  Hold a brief whole class discussion and look for different distribution patterns, with their accompanying rationales.  
	Then, let's compare the student's models with our society.  Pass out the worksheet and have students complete it.
[bookmark: _GoBack]	Finish with a whole class discussion.  If the USA is moving farther from students' models, what could be the reasons, and what are the implications?  Are we moving towards Masterland or Freedonia?  Are there problems with our model- can we really go from personal judgments about what people deserve to creating a social model based on those judgments?  Do we as a people share the assumptions and judgments implicit in the model?

 



Yourlandonia      name _________________ partner __________________
14a  Yourlandonia.doc  6/16/13(HALF PAGE)

 Based on what you in the activity “So How Much?”, discuss and decide with a partner what you think would be a fair distribution of income.  Remember that you are grouping people by a mix of their natural abilities and talents, and their effort.  Divide the population into five groups, from lowest ability and effort to highest ability and effort.  Assume that each group has an equal number of people.  Your job is to determine a fair percent of annual income for each group. (of course the percents must add up to 100%)

Many factors may go into your final numbers.  Several issues you should consider are:
   Is your distribution fair to all groups?
   If the lowest group gets too little or too much, they may have no reason to improve.
   If the highest group gets too little or too much, they may stop doing so well.
   If the lowest group gets too little, they may want to destroy the system.
   If the highest group gets too much, they may control everything.

	Ability &
Effort
	Lowest
	Lower
	Middle
	Higher
	Highest

	Percent of
Annual
Income
	
	
	
	
	


















Income Distribution in the USA            name ___________________
14b  Income Quintiles in the USA.doc  6/16/13

Here are some actual figures for household income distribution in the USA, from the department of the Census.  What do you think they mean by “household”?


   The actual means or averages have been adjusted by some statistical formulas to adjust for different family sizes  -it’s difficult to compare a household of just one person with a family of six!
What is meant by “MEAN” ?                          


What is meant by “QUINTILE”?


 
TABLE 2. MEAN EQUIVALENT INCOME BY INCOME QUINTILE  (In 2010 dollars)
	Year
	1st quintile
	2nd quintile
	3rd quintile
	4th quintile
	5th quintile

	1969
	10,158 
	27,425 
	43,824 
	61,385 
	107,890 

	1979
	11,213 
	27,889 
	45,981 
	67,477 
	121,097 

	1989
	11,874 
	29,543 
	49,108 
	74,283 
	145,209 

	1999
	12,974 
	31,856 
	53,323 
	82,992 
	176,980 

	2009
	11,743 
	29,740 
	50,352 
	79,993 
	173,664 



 Now, calculate the percents of total household income for the table:
	Year
	1st quintile
	2nd quintile
	3rd quintile
	4th quintile
	5th quintile

	1969
	4.1
	10.9
	17.5
	24.5
	43.0

	1979
	4.1
	10.2
	16.8
	24.7
	44.3

	1989
	3.8
	9.5
	15.8
	24.0
	46.8

	1999
	3.6
	8.9
	14.9
	23.2
	49.4

	2009
	3.4
	8.6
	14.6
	23.2
	50.3



Describe what is happening to the US income distribution over time:




In 1969, how many more times income did the top quintile have than the lowest quintile?





In 2009, how many more times income did the top quintile have than the lowest quintile?





There is one big difference between this data and what we’ve been doing up to now:  you have been estimating you think is a fair division of income based on what people deserve.   
In your opinion, is the US economy moving closer or farther from what you think is fair?  Give reasons for your answer.









 







     



Resources      

FAIR DIVISION   Many methods have been devised to deal the issues of fair division.
Some good sites to find additional resources are:

Cut-The-Knot: www.cut-the-knot.org  A great teacher-friendly site for puzzles, insights, and enrichments for school mathematics. They have excellent sections under “Social Sciences” for the method of sealed bids other distribution methods (the section on Lone Divider, however, is less accessible)

The Discrete Mathematics Project – University of Colorado at Boulder:
http://www.colorado.edu/education/DMP/fair_division.html   Excellent overview and clear description of methods

Chicago Ward Maps –it is surprisingly hard to find a useful current version from an official city site.   http://www.cityofchicago.org/content/dam/city/depts/doit/general/GIS/Chicago_Maps/Citywide_Maps/Wards.pdf    (pre 2011)
http://www.wbez.org/no-sidebar/approved-ward-map-95662
http://www.chicagoelections.com/dm/general/document_3685.pdf

Comap –online text Chapter 13  Fair Division, http://www.whfreeman.com/college/pdfs/comappdfs/CoMap_c13.pdf  
Chapter 14  apportionment 
http://www.whfreeman.com/college/pdfs/comappdfs/CoMap_c14.pdf  


GAME THEORY  Sites are also numerous. 
 I found Roger McCain's Strategy and Conflict:An Introductory Sketch of Game Theory to be most useful. Extensive excepts from his book are at http://faculty.lebow.drexel.edu/McCainR//top/eco/game/game.html 


INCOME DISTRIBUTION   
   For income by occupation, use data from the Bureau of Labor Statistic
         http://www.bls.gov/oes/current/oes_nat.htm
        -OR, just Google “annual income for (occupation)”
For household income by quintiles data up to 1999, I used  
    Shares of Income Received by Quintiles When Equivalent Income Is Used as the Measure of Income,  https://www.census.gov/hhes/www/income/publications/newydata.pdf, John McNeil, Special Assistant, Housing and Household Economic Statistics Division, U.S. Census Bureaum as it had a good explanation of the terminology.  Since that document had no data after 1999, I have used http://www.census.gov/hhes/www/income/data/historical/household/2010/H03AR_2010.xls
  For another measure of inequality, check out the “Gini Index”
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