
FORCING EXERCISES

FOR THE SECOND WEEKEND

Problem 1. Suppose p 
 φ and ZFC ` (φ → ψ). Then p 
 ψ. (You can
assume M [G] is a model of ZFC).

Problem 2. Do the following:

1. Show that for any formulas φ and ψ and τ1, . . . , τn ∈MP and σ1, . . . , σm ∈
MP we have that p 
 φ(τ1, . . . , τn) ∧ ψ(σ1, . . . , σm) if and only if both
p 
 φ(τ1, . . . , τn) and p 
 ψ(τ1, . . . , τm).

2. Show that for any formula φ and τ1, . . . , τn ∈ MP, p 
 ¬φ(τ1, . . . , τn) if
and only if there is no q ≤ p such that q 
 φ.

Problem 3. Suppose X is a proper elementary substructure of some Hθ,
where θ > ω1 is regular. Let M be the transitive collapse of X, with π : M →
X ≺ Hθ the inverse of the collapse map. The least ordinal α so that π(α) 6= α is
called the critical point of π, crit(π). Let κ be the image of the critical point,
κ = π(crit(π)).

1. Show κ is a regular cardinal.
2. Suppose C ∈ X is a club in κ. Show X ∩ κ ∈ C.
3. Suppose κ > ω1. Show there is a stationary S ∈ X with X ∩ κ /∈ S.

Definition 1. Let M be a structure, and fix an ultrafilter U on a set X.
We define the ultrapower of M by U , Ult(M,U), to be the ultraproduct of
{Mi}i∈U , where every Mi is M. The ultrapower embedding is the map
jU :M→ Ult(M,U) that takes an element a ∈M to the constant function with
value a, jU (a) = [i 7→ a].

Problem 4. Show jU is an elementary embedding.

Problem 5. Suppose that Vδ is a model of ZFC, and that U ∈ Vδ is a non-
principal countably complete ultrafilter; that is, if {Ai}i∈ω is a collection of
sets in U , then

⋂
i∈ω Ai ∈ U .

1. Show that ∈ as interpreted in Ult(Vδ,U) is a well-founded relation.
In light of this, we identify Ult(Vδ,U) with its transitive collapse, so that

jU : Vδ → Ult(Vδ,U) is a map between transitive sets.
2. Show there is an ordinal κ < δ so that jU (κ) 6= κ. Prove the least such,

crit(jU ), is a strongly inaccessible cardinal.
3. (*) Show Vδ and Ult(Vδ,U) have the same ordinals, but are not the same

set.
4. (*) Show there is a nonprincipal normal ultrafilter µ on κ = crit(jU ). Fur-

ther show that crit(jµ) = κ = [id]µ ∈ Ult(Vδ, µ), where id : κ → κ is the
identity.

A cardinal bearing a normal ultrafilter is said to be measurable.
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