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Math 210: Introduction to Advanced Mathematics
Midterm #1

October 5, 2018: 10-10:50am

e This exam contains 7 pages and 9 problems worth a total of 100 points. Please check to make sure
your exam contains all pages and problems!

e No notes. books, calculators or other electronic devices should be out at any point during the exam.
Phones should be off and put away. .

e Write all proofs in complete sentences. Be sure to define any notation vou introduce if it wasn’t used
in class. If proving a statement by induction, carefully state what you are proving, and what vour
inductive hypothesis is. If necessary, draw a box around your proof to separate it from any scratch
work.

e Good luck!

- — —_—— -—
e t— e



Math 210: Introduction to Advanced Mathematics, Midterm #1 Page 2 of 7

1. (10 points) Using the provided grid, give a truth table for the propositional form:

P—(Q—(PAQ)
LLtup o | PAQ| B=3PAd | P2(G2(Pr0))
~mi B g ¢ e i B z
st T F [ F a4 i
colteh FLT Lk F X
e SERE 5

Is this a tautology, contradiction, or neither?

)
; ,(—d,m. ‘(’RU\“'D (6164.7
(ast wmn
2. (5 points) Fill in the set-builder notation below so that A is the set of rational roots of the polynomial

plz) = 42° — 32> — 8z + 6:

A={ze€ @ l L"xg—?Xz' 8)("'6:@

3. (12 points) Give a complete definition of each of the following notions.
(a) B C C (give a definition, not just the word)

B 3 a subsey o C-
&r all x€B,  we have xeC .

(b) additive inverse

The addfve Mvene ot a R -a.

or’,
Fofa” ~x 4here a ‘“’l/zy“& \a, SA.
x+y =0 y 4 S add (hwe MuUgrie ot X

(c) graphof f-A—= B

P<x, £6p | xe AT
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4. (12 points) Below are several claims with attempts at proofs., For each “proof”, decide whether the
argument is correct; if it is incorrect, say precisely what the error in reasoning is.

(a) Claim. For all sets a, @ C a.

Proof. For all sets a, either @ C a or @ € a. Suppose for a contradiction that 2 Z a. Then there
must exist some z € @ — a. In particular z € @. But this contradicts the definition of @ as the
set with no elements. 0

Corred .

(b) Claim For all reals z, |z — 7| < 2% — 7.
Proof. We have for z = 5, that |5 — 7| = 2 < 18 = 5% — 7. This proves the claim for reals z. O

Proses  exidient ot 1A
an A, ot tat clavm holdy -I—-o(,///_,c'

)
—
3
%

(¢) Claim. Let x € N. If x + 13 is composite, then = is prime.

Proof. We show the contrapositive. So suppose r is prime. We have the casesx =2 orx # 2. If
z = 2 then z + 13 = 15, which is composite. If z # 2 then because z is prime, x is odd. So z + 13
is a sum of two odds, and so is even. This proves = + 13 is composite if = is prime. O

Tn «ovre F. ’T&,promc I od He Wneygp
3 not- the m"‘)’afo“(h\'e ) i

(d) Claim. For all functions f : R — R, if f is differentiable. then f is continuous.

Proof. Suppose for a contradiction that for all functions f : R — R, if f is differentiable then
f is not continuous. But then we have that f(z) = z? is a function which is both differentiable

3 and continuous. a contradiction. This contradiction gives us that all differentiable functions are
continuous, as desired. 0O
Tneoyrect

Desed Clam: Y& (Fdf o £ k)
Negation  wodld ke - 3£ ( &t A d‘s))

for Wi Tpref T gredt WP (Lt o)
as the ntgafion.
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5. (20 points) Show for all naturals n > 7 that n®+4>7n.
Post = We shod 3 loy mduchin
Rose case: =73
Thom  m + 4 =-4q+4y=53 >49=7n.
Thiz shews “he bap Case .

For e ™mduchive step,. Ay
ssume sk 44> Fh oy some R2F, kel
We have -

(R* +4)>7k

2 R 2kt tH > Fh+A2L F
> uqu)" 4 > 9k +)
PRE ] o ?Jq.;_l +20Q5 smee zl¢.7/7/ [ 42k 27

-~

So Qh +) > Fh+F =R(he]).

Pod’hwa,  Yheoe W‘QL'HW//:
(h+)Z+4 > F(k+1).

s Complets +he mdachre  Step

87 (denw/ we. have  shagm, 4
clam gy o)/ Natumls N2
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6. (14 points) (a) Show {12z —3 |z € Z} C {n € Z | 3 divides n}.

We need to show R n=tax3 whh xeZ
than 7m B a4 m‘»\lhp*ﬁ T

Suppdse n= i l2x-3. Them n=I(Ux-1).
Snee Yx-| e 2, we have lhat
3 Ve M & neded.

(b) Show that part (a) is false if the inclusion “C” is replaced with “=".
For fhe eudty o holl we wodd gur
need “DY So we atneed Hat Fop
qhe oo Thar 3 there = p
dwrble b 3 Har 3 o+ o the
o SN B 8 e P

So +aulce n=6¢. Trhen ¥
[2x-3 =m,

fave =% = 'X:% ﬁ/l

SO 6 3 ih 2‘\A é—("‘/ ot ), GY.St
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7. (12 points) In each part of this problem, you are given an attempted definition of a function. For each
attempt, determine whether or not it yields a well-defined function. If it does not, explain why not.

(a) f:R =R, f(z) = the least y € N such that z < y.

2 We (I-defved .

(b) g: R R, g(x)=somencZwithn<zr<n+l.

Not woll-defved. There 3y No suth n
L+ whom X 3 an M‘Kﬂ»(/.

(2_ for
QNP‘MW)

(c) h:ZxZ—Z, h(z.y) = 2V.

Not-well defived . .
1€ (xeq) = (2,70), then xXT =) =4
hith g not- m e Coddwmam Z.

(d) i:ZxZ - N, i(z,y)=someneNwithzr—y=nory—z=n.

(2 well-dehined
1C x=y ey Xy SN0 ¢N,
. If o gprdbom s XSy and &
¢ Y <X, ’K‘“?-GN‘I ' %”X?é‘N.
60 W{fpu\{r (X W Cov oj/ PdlY_Y
o"(’lVHegc/.S xha.
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For the next two problems, define the symmetric difference of sets A and B, written A A B,

AAB:=(A-B)U(B- A).

8. (3 points) Draw a Venn diagram of A and B, with A A B shaded in.

9. (12 points) Decide whether each stated relationship is true for all sets A, B or not:
(a) Ve A(xze B>x¢ AAB)

True .

(b) A€cAAB
False .

(©) (AAB)N(B—-A) =0
False .

d) (A-B)CAAB

True
(¢) AABC AN B°
Fse

(f) AAB=(AUB)-(ANB)

Traue



