Name (Print): Solutidms

NetlD:

Math 210: Introduction to Advanced Mathematics
Midterm #1

October 5, 2018: 4-4:50pm

This exam contains 7 pages and 9 problems worth a total of 100 points. Please check to make sure
your exam contains all pages and problems!

No notes, books, calculators or other electronic devices should be out at any point during the exam.
Phones should be off and put away. *

Write all proofs in complete sentences. Be sure to define any notation you introduce if it wasn’t used
in class. If proving a statement by induction, carefully state what you are proving, and what vour
inductive hypothesis is. If necessary, draw a box around your proof to separate it from any scratch
work.

Good luck!
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1. (10 points) Using the provided grid, give a truth table for the propositional form:

QA(Pe (-PAQ))
PlQ |1P | BPAQ [P (2Pr8)| QA(Pes(-P1B))
e v b F F [ F
fully e T el F = £
row/ 1 T+7 - =T F g
EIF 18 ¥ X 3
Is this a tautology, contradiction, or neither?
v € »
i R R contraditsion

2. (5 points) Fill in the set-builder notation below so that A is the set of positive real roots of the
polynomial p(z) = 4z° — 3z% — 8z + 6:

A={z€ [R]oc)O and p(x) =0 }
>°lag(>\’) etc.

of the l'ollowmg notions.

N T P
3. (12 pomts) Give a completc definition of e

(a) B x C (give a definition, not just the word)

Cortesion prodult A B and C:
BxC={(b,c)| beB and ceC T
(b) additive identity

O (zen0)
or - the UNTY e x such that oy 5\},

reals a, a+xX=a=2x4a

(¢) rangeof f: A—= B

[yeBlu=40) for some xeh)
W{-FB()I’XGA}
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4. (12 points) Below are several claims with attempts at proofs. For each “proof”, decide whether the
argument is correct; if it is incorrect, say precisely what the error in reasoning is.

(a) Claim. For all sets a, @ C a. Lalse
Proof. Fix a set a. Clearly we hav4 either @ CaoraC Q}y the definition of @ as the empty
set, we have a ¢ @, therefore a € @. By cases, we conclude that @ C a. O
3 doesnt follow. ¢
T correct .

(b) Claim. For all integers =, if z = 10k — 5, then 5 divides z.

Proof. Suppose z is an integer such that £ = 10k — 5 for some k € Z. Then x = 5(2k — 1), and it
follows that 5 divides z, completing the proof. O

3

Covrect

(¢) Claim For all reals z, |z — 7| < 2% — 7.

Proof. We have thecases z > 7Tand z < 7. fx > 7then 7z < z?, and we have |z - 7| =z~ 7 <
7z — 7 < 22 — 7. In the other case that £ < 7, we have z — 7 < 0 and since z2 > 0, we gel

3 |z — 7] < %2 — 7. In cither case we obtain the desired inequality. O
w—/

Inwovrect. The underimed mmference does
ot Gollow  from  previcws M%u\qhﬁ“@.

(d) Claim. For all functions f : R — R, if f is differentiable. then f is continmous.

Proof. Suppose for a contradiction that for all functions f R — R, if [ is differentiable then
J is not contimious. But then we have that f(z) = z* is a function which is both differentiable
and continuous, a contradiction. This contradiction gives us that all differentiable functions are

3 continuous, as desired. 0O

Incofrect
Desived claw : V')L -f-drf @ @Cfx

Negated, ¥hx

3L bbb Ghiets)
So the assumprion L a comvadTh™ R
net- ad'W(l~7 the vegah v ot e claim.
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5. (20 points) Show for all naturals n > 4 that 3" > 2n? + 3n.

We prave thi (97 Mductimm .

In de basc cage, n=4H e hane
3" = 3%= Q|
In"+3n = 44

Since Bl>4UY, we hane bhae caye

For the Mduche step, we AdJUme that
3> 23k
fx sove KREIN wam k=z4 Oar goul i3
to show 310_') Z_(J‘H)z et 1)
- 2R +Hk +2 +3k +3
= 2k>+ 7k 4 5
S0 we mq(ﬂ‘\o(7 ouv  MduchVe hy pothooS (07 3,
and.  obtam i
3.3 26k +Tk ., 5
5> gk »(2RT +Fk +Q) sk +2k-%5

e 3“*“)2(&”)2*“%
o s
Smce. ozt we hane 3(kt+l) HHk*+ 3

Up* ¢ 2 -5 3 EH+E-SIS0,
SO we MM,QL\DWn
BaH 5 o i) 3CLr).

By mduction, we  have chown fhe vy v o e
Nz



Math 210: Introduction to Advanced Mathematics, Midterm #1 Page 5 of 7

6. (14 points) (a) Show {z+13|zis prime} C {n€N|nis composite}.

We jwrv\wl t svow; 2 n=x+3 whh X prine,
hay n T composie.

Cos | : x=2. TThem n=x+13 =2+(3 =15, whith is <owpe.
Cue 2 - x £ 27 P X i | 2uean x i3 azU, X >2.
Then e XHD =(cdd +odd), S0 h 13 Lo

and. Wf&r B S We hq e
n=2h sove J>I, and n T  wnapishe.

(b) Show that part (a) is false if the inclusion “C” is replaced with “=".

T3 & the Sme o thw@ that- # ‘2"
AOCS '\_Oi (/\o(ti. That @,

there ¥ Some  composke M Hoat- I
M+ evvc( t X+ (3 for any EOE K.

For example: 18 n=7 them N=3F T @m
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7. (12 points) In each part of this problem, you are given an attempted definition of a function. For each
attempt, determine whether or not it yields a well-defined function. If it does not, explain why not.

(a) ]:R-—»R,f(a:)=\thelargatyeNsuchthat.y<z.

’\Io-i— w@“*&bg'lv"d .
£ ~xk96, thaon, +hove 7 nat fn's \ae[N

(b) g:R—2Z,g(x)=nsuchthatn <z <n+1.

9 wel| -defved .

(c) h:ZxZ > Z, h(z,y) = |z —y|.

l »u\/e[l‘—du}md.

(d) 1:ZxZ— N, i(z,y) = the least n with z < n and n < .

Net well-defined
H Thre ragdnt e any Swd m,
(2 for E-q. (xey) = W
cyplaMﬁd“) (/, =1}
thare = o ne wdy 140" Ww<=]
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For the next two problems, define the symmetric difference of sets A and B, written AA B,

AAB:=(AUB) - (ANB)

8. (3 points) Draw a Venn diagram of A and B, with A A B shaded in.

9. (12 points) Decide whether each stated relationship is true for all sets A, B or not:
(a) 3z A(zx¢ AAB)

False. (could have AnB =4.)
(b) AAB=BAA

Trwe .
(c) (AAB)N(ANB) =2

T .
(d) (A-B)CAAB

True .

() AABC A°NB°

Fa‘&z :
(f) AAB=(A- B)U(B - A).

True .



