VOLUME AND HOMOLOGY OF ONE-CUSPED HYPERBOLIC
3-MANIFOLDS

MARC CULLER AND PETER B. SHALEN

ABSTRACT. Let M be a complete, finite-volume, orientable hyperbolic manifold having
exactly one cusp. If we assume that 71 (M) has no subgroup isomorphic to a genus-2 surface
group, and that either (a) dimgz, Hy(M;Z,) > 5 for some prime p, or (b) dimgz, Hy(M;Z3) >
4, and the subspace of H?(M;Zs) spanned by the image of the cup product H'(M;Zsy) x
HY(M;Zy) — H?(M;Zs) has dimension at most 1, then vol M > 5.06. If we assume that
dimg, Hy(M;Zs) > 11, then vol M > 3.66; and furthermore, either vol M > 5.06, or the
compact core N of M contains a genus-2 connected incompressible surface S of a special
type (S is the frontier of some book of I-bundles, possibly with a hollow binding, contained
in N).

1. INTRODUCTION

In this paper we shall prove:

Theorem 1.1. Let M be a complete, finite-volume, orientable hyperbolic 3-manifold having
exactly one cusp, such that that w (N) has no subgroup isomorphic to a genus-2 surface

group. Suppose that either

(a) dimgz, H,(N;Z,) > 5 for some prime p, or
(b) dimg, H,(N;Zy) > 4, and the subspace of H?(M;Zsy) spanned by the image of the
cup product H'(M;Zy) x HY(M;Zy) — H*(M;Zs) has dimension at most 1.

Then
vol M > 5.06.

Contrapositively, one can think of Theorem 1.1 as saying that if the one-cusped hyperbolic
3-manifold has volume at most 5.06, then dimz, H,(N;Z,) < 4 for every prime p; and that
if in addition one assumes that the span of the image of the cup product has dimension at
most 1, then dimg, H,(N;Z,) < 3.

We do not know whether these bounds on homology are sharp. The Weeks-Hodgson cen-
sus [24] contains many examples of one-cusped manifolds with volume < 5.06 for which
dimg, Hy(N;Zs) = 3. We have not calculated the cup product for these examples.
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Theorem 1.1 is an immediate consequence of the following two results, Proposition 1.2 and
Theorem 1.3.

Recall that the rank of a group ® is the smallest cardinality of any generating set of ®. A
group I is said to be k-free, where k is a given integer, if every subgroup of I" whose rank is

at most k is a free group.

Proposition 1.2. Let N be a compact, orientable 3-manifold whose boundary is a torus,
and let k > 2 be an integer. Suppose that w(N) has no subgroup isomorphic to a genus-g
surface group for any integer g with k/2 < g < k. In addition, suppose that either

(a) dimg, H\(N;Z,) > k+2 for some prime p, or
(b) dimg, Hy(N;Zy) > k+1, and the subspace of H*(N;Zy) spanned by the image of the
cup product H'(M;Zy) x H'(M;Zy) — H*(M;Zsy) has dimension at most k — 2.

Then there is an infinite sequence of closed manifolds (M;);en, obtained by distinct Dehn
fillings of N, such that m(M;) is k-free for every j > 1.

Theorem 1.3. Let M be a complete, finite-volume, orientable hyperbolic manifold having
exactly one cusp. Suppose that there is an infinite sequence of closed manifolds (M;),en,
obtained by distinct Dehn fillings of the compact core of M, such that 7 (M;) is 3-free for
every 7 > 0. Then

vol M > 5.06.

The proof of Proposition 1.2 will be given in Section 4. The proof of Theorem 1.3 will be

given in Section 9.

In Section 10 we prove a result, Theorem 10.12, which asserts that if a one-cusped (complete,
finite-volume, orientable) hyperbolic manifold M satisfies dimy, Hy(M;Zsy) > 11, then either
vol M > 5.06 or N contains a genus-2 (embedded) incompressible surface S of a special kind.
We may think of this as saying that the restriction on surface subgroups in Theorem 1.1
can be relaxed at the expense of strengthening the lower bound on homology. The proof
combines Theorem 1.3 with the results of [?].

A corollary of Theorem 10.12, Corollary 10.14, asserts that if the one-cusped hyperbolic
manifold M satisfies dimy, Hy(M;Zs) > 11, then vol M > 3.66.

Our proof of Proposition 1.2 depends on the following result, Theorem 1.5, which is of
independent interest and is related to a result of Oertel [20, Proposition 1.1].

Definition 1.4. Let N be a compact, orientable 3-manifold whose boundary is a torus, and
let g > 0 be an integer. A slope (2.3) « in ON will be called a genus-g singular boundary
slope if there exist a compact orientable surface F', with genus g and non-empty boundary,
and a map f : F — N, such that (i) f; : m(F) — m(N) and fy : m(F,0F) — w1 (N,0N)
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are injective, and (ii) f maps each component of 9F homeomorphically onto a simple closed
curve in ON representing the slope «.

(We show in Proposition 4.1 that injectivity of f; : m(F) — m (V) implies injectivity of
fi i m(FOF) — m(N,0N).)

Theorem 1.5. Let N be a compact, orientable 3-manifold whose boundary is a torus, let
a be a slope (see 2.3) in ON, and let g > 0 be an integer. Suppose that the fundamental
group of the manifold N(«) obtained from N by the surgery corresponding to o (see 2.3)
has a subgroup isomorphic to a genus-g surface group. Then either m(N) has a subgroup

isomorphic to a genus-g surface group, or « is a singular genus-g boundary slope.

The proof of Theorem 1.5 will also be given in Section 4.

A crucial ingredient in the proof of Theorem 1.3 is a result, Proposition 6.3, which asserts
that if ¢ is a suitably short geodesic in a hyperbolic 3-manifold M, and 7 (M) is k-free for
a given k > 3, then there exists a point () € M which is far from c¢; the precise lower bound
for the distance from @ to (a suitably chosen point of) ¢ is a function of k£ and of the length
[ of ¢, which increases when one decreases [ or increases k. For small [, this function is
strictly greater than the lower bound for the radius of an embedded tube about ¢ given by
[4, Corollary 10.2]. Proposition 6.3 also asserts that () may be taken to be a (log3)-thick
point, in the sense that it is the center of an embedded hyperbolic ball of radius (log 3)/2.

The proof of Proposition 6.3 is based on a new application of the Generalized log(2k — 1)
Theorem ([4, Theorem 4.1], which we combine with the Tameness Theorem of [1] or [9]),

and may be regarded as an analogue of [4, Corollary 10.2] for k& > 2.

We prove Proposition 6.3 in Section 6, after some algebraic preliminaries in Section 5. We
deduce Proposition 6.3, via the topology of Margulis tubes, from a result, Proposition 6.1,

which applies in a more general setting and which we expect to have other applications.

In Section 7, we combine Proposition 6.3 with geometric convergence techniques based on
Thurston’s Dehn filling theorem to prove a result, Theorem 7.3, which asserts that if M
satisfies the hypotheses of Theorem 1.3, there is a (log3)-thick point @) which is suitably
distant from a maximal standard neighborhood (2.4) of the cusp of M. Much of the general
information about Dehn filling and geometric convergence that we needed is contained in
our Proposition 7.2.

In Section 9 we deduce Theorem 1.3 from Theorem 7.3. This step requires the use of a
stronger form of Boréckzy’s results on density of sphere-packing [7] than has previously been
used in the study of volumes of hyperbolic 3-manifolds. The needed background is explained
in Section 8.

Section 2 is devoted to establishing some conventions that are used in the rest of the paper.
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We are grateful to Rosemary Guzman for correcting a number of errors in an earlier version
of the paper.

2. GENERAL CONVENTIONS

2.1. A manifold may have a boundary. If M is a manifold, we shall denote the boundary of
M by OM and its interior M — OM by int M.

In some of our topological results about manifolds of dimension < 3, specifically those in
Section 4, we do not specify a category. These results may be interpreted in the category
in which manifolds are topological, PL or smooth, and submanifolds are respectively locally
flat, PL or smooth; these three categories are equivalent in these low dimensions as far as
classification is concerned. Some of the proofs in Section 3 are done in the PL category,
but the applications to hyperbolic manifolds in later sections are carried out in the smooth

category.

Definitions 2.2. A 3-manifold M will be termed irreducible if every 2-sphere in M bounds
a ball in M. We shall say that M is boundary-irreducible if OM is m-injective in M, or
equivalently if for every properly embedded disk D C M the simple closed curve 9D bounds
a disk in OM. We shall say that a 3-manifold M is simple if (i) M is compact, connected,
orientable, irreducible and boundary-irreducible; (ii) every non-cyclic abelian subgroup of
m1(M) is carried (up to conjugacy) by a torus component of M; and (iii) M is not a closed
manifold with finite fundamental group, and is not homeomorphic to S* x St x [0, 1].

2.3. If X is a 2-torus, we define a slope in X to be an unoriented isotopy class of non-trivial
simple closed curves in X.

If N is a 3-manifold, X is a torus component of N, and « is a slope in X, we shall denote
by N(«) the manifold obtained from the disjoint union of N and D? x S* by identifying
D? x S! with X via a homeomorphism that maps D? x {1} onto a curve with slope a. We
shall say that N(«) is obtained from N by the Dehn filling corresponding to .

2.4. If P and () are points in a complete hyperbolic manifold M, we shall denote by
distp/ (P, @) the hyperbolic distance between P and () (which may be thought of as the
length of a shortest geodesic from P to @, if P # Q).

Let X be a subset of a complete hyperbolic 3-manifold M. For any point P € M we define
dist(P, X) = infgex dist(P, Q). We have dist(P, X) = dist(P, X), and dist(P, X) = 0 if and
only if P € X. If r is a real number, we shall denote by N(r, X) the set of all points P € M
such that dist(P, X) < r. Note that N(r, X) =0 if » < 0. If Q is a point of M and r is a
real number, we shall write N(r,Q) = N(r,{Q}).

By a cylinder in H" we mean a set of the form N(r, A), where r is a (strictly) positive real
number and A is a line in H".
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Let M be a complete hyperbolic n-manifold. We shall often identify M with a quotient
H"/T" where I' < Isom (H") is discrete and torsion-free. We define a tube (or, respectively,
a standard cusp neighborhood) in M to be the image in M of a cylinder (or, respectively,
a horoball) in H" which is precisely invariant under I". Note that tubes and standard cusp
neighborhoods are open subsets of M.

Every simple closed geodesic in M has a neighborhood which is a tube.

An orbit of points in the sphere at infinity which are fixed points of parabolic elements of T"
is said to define a cusp IC of M. If z is a point of the given orbit, some horoball based at z is
precisely invariant under I' and thus defines a standard cusp neighborhood, which we may

also refer to as a standard neighborhood of .

The tubes about a given simple geodesic ¢, or the standard neighborhoods of a given cusp IC,
are totally ordered by inclusion, and their union is the unique tube about ¢, or respectively
the unique maximal standard neighborhood of K.

2.5. Let M = H"/T be a complete hyperbolic n-manifold, and let ¢ : H* — M denote the
quotient map.

If X is a positive number, we shall denote by My, () the set of all points of M at which the
injectivity radius is strictly less than \/2. We shall denote by My (A) the set ¢~ (Mipin(N)).
Equivalently, Mipnin(A) is the set of all points z € H? such that dist(y(z),z) < A for some

vyel —{1}.
We set Mipia(A) = M — Mipin(A) and Mthick(A) = ¢ Y (Mipia(N)) = H" — Mthin()\)-

Each non-trivial element v of I' lies in a unique maximal abelian subgroup, which is the
centralizer of v. In particular, non-trivial elements which lie in distinct maximal abelian

subgroups do not commute.

The non-trivial elements of a maximal abelian subgroup C' either are all loxodromic isometries
with a common axis, which we shall denote by A¢, or are all parabolic isometries with a
common fixed point at infinity, which we shall denote by we. If C' is loxodromic it must
be cyclic. We shall denote by C(I') = C(M) the set of all maximal abelian subgroups of
I'. For any positive real number A\, we denote by C,(I') = C,(M) the set of all subgroups
C € C(TI") which are either parabolic or are generated by loxodromic elements of translation
length < .

Let v be an element of I', and let A be a positive real number. We shall denote by Z,(~) the
set of points z € H? such that dist(z,7(z)) < A. If « is parabolic then Z,(v) is a horoball
based at the fixed point of v. If v is loxodromic and the translation length [ of ~ is at least
A then Z,(v) = 0. If 7 is loxodromic and [ < A then Z,(7) is a cylinder about the axis of ~.
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Its radius R,(\) is given explicitly by

cosh A — coshl 1/2
coshl — cos 6 ’

(2.5.1) R, (\) = arcsinh <<
where 6 denotes the twist angle of . This follows from the formula
(2.5.2) cosh dist(z, v - z) = coshl + (sinh®r)(coshl — cos 6)

which holds for any point z € H? at a distance r from the axis of a loxodromic isometry -

with translation length [ and twist angle 6.

It follows from the definitions that

Mthin()\) = U Zx(7).
1#~el
It follows from our description of the sets Z () that the set Z(C') = Uz ec Z1(7) is empty
for every C' € C(I') — C,(T'); is a cylinder about A¢ for every loxodromic C' € Cy(I'); and is
a horoball based at w¢ for every parabolic C. Furthermore, we have

(2.5.3) Muin(N) = U 2n(0),
cecx(I)

We define a Margulis number for M to be a positive real number A such that for any two
subgroups C, C" € C\(T") we have Z,(C) N Z,(C") = 0. If X is a Margulis number for M, the
components of My, () are tubes and standard cusp neighborhoods.

Since for any A > 0 the set Mthin(k) is a union of sets of the form Z,(v), each of which is
precisely invariant under a maximal abelian subgroup, A is a Margulis number if and only if
the fundamental group of each component of My;,(A) has abelian image in m (M).

2.6. Note also that if A is a Margulis number then ]\7[thick()\) is connected, since the union
in 2.5.3 is disjoint. In particular it follows that My () is connected.

2.7. It follows from [11, Theorem 10.3], together with the main result of [1] or [9], that if
M is a complete, orientable hyperbolic 3-manifold without cusps and (M) is 2-free, then
log 3 is Margulis number for M.

3. CUP PRODUCTS AND HOMOLOGY OF COVERING SPACES

The main result of this section is Proposition 3.5, which is a variation on [?, Lemma 6.3].

3.1. Asin [?], if V is a finite dimensional vector space over Zs then the dimension of V will
be denoted rky V. If X is a topological space, we will set rko X = rky Hy(X;Zs).
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3.2. Asin [?, 6.1], if N is a normal subgroup of a group G, we shall denote by G#N the
subgroup of G generated by all elements of the form gag='a='b? with ¢ € G and a,b € N.

Also recall from [?, 6.1] the five term exact sequence due to Stallings [?]. If N is a normal
subgroup of a group G and if @) = G/N, then there is an exact sequence

(3.2.1)  Hy(G;Zy) — Hy(Q;Zy) — N/(G#N) — H(G;Zy) — H1(Q;Zs) — 0,

in which the maps H,(G;Zs) — H1(Q;Zs) and Hy(G;Zy) — Ho(Q;Zs) are induced by
the natural homomorphism from G to @) = G/N.

3.3. Asin [?, 6.2], for any group I', we define subgroups I'y of I" recursively for d > 0, by
setting I'g = I and [y = I'#q. We regard I'y/T'y1 as a Zg-vector space.

The following result is a variation on [23, Lemma 1.3].

Lemma 3.4. Suppose that M is a closed, aspherical 3-manifold. Lett denote the rank of the
subspace of H*(M;Zs) spanned by the image of the cup product H*(M;Zy) x HY(M;Zy) —
H?(M;Zs). SetT = m (M) and r = tky M. Then the Zy-vector space I'y /Ty has dimension
exactly (r(r+1)/2) —t.

Proof. The group (Q = I'/T'; is an elementary 2-group of rank r. If we regard @ as a direct
product C; x --- x C,., where each C; is cyclic of order 2, then the Kiinneth theorem for
cohomology with field coefficients gives an identification
H*(Q:Z) = D Vo,
Der

where [ is the set of all r-tuples of non-negative integers whose sum is 2, and
Vp = H"(Cy;Z) @ -+ @ H"(Cy; Zsy)
for every D = (dy,...,d,) € I. We have
I={Dp:1<h<k<r}U{E,:1<h<r}

where the r-tuples Dy and Ej, are defined by Dy = (i + 0ik)1<i<r and Dy, = (0in)1<i<r- In
particular we have dim H*(Q;Zy) = |I| = r(r +1)/2.

Note that when 1 < h < k < r, the generator of Vp,, is the cup product of the generators of
H'(Cy; Zy) and H*(Cy; Zs); and that when 1 < h < r, the generator of Vp, is the cup product
of the generator of H'(Cy; Zy) with itself. (We remark that the second statement would not
hold if we were working over Z, for an odd prime p, since the cup product of a generator
of H'(Cy;Z,) with itself would vanish.) Hence if ¢ : HY(Q;Zs) @ HY(Q;Z2) — H*(Q;Zs)
is the map defined by cup product, the image of ¢ contains all the Vp,, and all the Vp,, so
that c is surjective.
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There is a natural commutative diagram

Hl(Q;Zz) ® Hl(Q;Z2> — HQ(Q;Zz)

! I

HYT;Zy) ® HY(T; Zy) —— H(T;Z,)

in which the map ¢ is defined by the cup product in the Zs-cohomology of I', and j is the
isomorphism induced by the quotient map I' — @ = I'/T';. Since M is aspherical, the Zo-
cohomology ring of I' is isomorphic to that of M. The definition of ¢ therefore implies that
the image of ¢ is a Zy-vector space of dimension ¢. Since we have shown that c is surjective,
and since j is an isomorphism, it follows that the linear map (*, which is induced by the
quotient map I' — @), has rank t. Since Z, is a field, it follows that the homomorphism
B Hy(T'; Zs) — Ha(Q;Zs) induced by the quotient map also has rank t.

Applying (3.2.1) with G = ' and N = T'j, so that Q = I['/T"; is the rank-r elementary
2-group defined above and N/(G#N) = I'; /Ty, we obtain an exact sequence

«

B
Hy (T Zg) —— Ha(Q;Z2) —— Ty /Ty —— H1(I'; Zy) > T/Ty >0 .
But we have seen that § has rank ¢, and it is clear that «, which is induced by the quotient
map [' — @ = I'/T';, is an isomorphism. Hence by exactness we have

TkQ(Pl/F2> = I'kQ(HQ(Q, ZQ)) —t= I‘kg(HZ(Q, ZQ)) —1t= T(T’ + 1)/2 — 1.
U

Proposition 3.5. Suppose that M is a closed, aspherical 3-manifold. Let t denote the
rank of the subspace of H*(M;Zy) spanned by the image of the cup product H*(M;Zy) X
HY(M;Zy) — H*(M;Zy). Setr = ko M. Then for any integer m > 0 and any reqular

covering M of M with covering group (Zs)™, we have

m(m + 1)

rko M > (m+1)r — 5

—t.

Proof. Weset I' = m1(M). According to Lemma 3.4, the Zs-vector space I'; /'y has dimension
r(r+1)/2 —t.

Let N denote the subgroup of I' corresponding to the regular covering space M. We have
I'/N = (Z2)™. Hence may write N = ET'; for some (r — m)-generator subgroup £ of I'. It
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now follows from [23, Lemma 1.4] that

I'kQM = dim Hl(ETl,ZQ)

> dim(Ty /) — (r — m)(r2— m—1)
_ 7’(7’+1)_t_(7’—m)(7’—m—1)
2 2

= (m+1)r—w—t.

2

4. DEHN FILLING AND k-FREENESS

This section contains the proofs of Theorem 1.5 and Proposition 1.2, which were stated in
the Introduction.

Proposition 4.1. Suppose that N is a compact 3-manifold whose boundary is a torus, that
F is a compact orientable 2-manifold with x(F) < 0, and that f : F' — N is a map such
that f(OF) C ON, and such that f; : m(F) — m(N) is injective. Then f; : m(F,0F) —
m(N,0N) is also injective.

Proof. Suppose, to the contrary, that there is a path a in F which is not homotopic rel
endpoints into JF', but that the path f(a) is homotopic rel boundary into ON. The path a
determines a map h : G — F where G is a certain connected graph with three edges and two
vertices. If a has both endpoints in the same component b of OF then G is a “theta” graph;
the restriction of h to one edge is the path a and the restriction to the union of the other two
edges is a homeomorphism onto b. If a has endpoints contained in two components b; and
by of F' then G is an “eyeglass” graph; the restriction of h to the separating edge is the path
a and the restriction to the union of the other two edges is a homeomorphism onto b; U bs.
Since F' has genus g > 0, the map h induces an injection on 7. But the composition f o h
is homotopic into N, which is a torus, and hence the induced map on 7 is not injective.
It follows that f; : m(F) — m(N) is not injective, contradicting the hypothesis. O

Proof of Theorem 1.5. Set M = N(«). It follows from the hypothesis that M has a con-
nected covering space p : M — M such that (M ) is isomorphic to the fundamental group of
a closed genus-g orientable surface ¥,. The compact core [22] of M is a compact, orientable,
irreducible 3-manifold K with 7 (K) = m1(X,). Hence K is homeomorphic to ¥, x [—1, 1]
by [15, Theorem 10.6]. In particular, there is a genus-g surface S C M such that

(4.1.1) the inclusion induces an isomorphism from m(S) to m(M).
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We may write N(a) = N UT, where T is a solid torus with 7'N M = 9T = OM, and the
meridian disks of T represent the slope . Set T = p~*(T) and N = p~!(N). We may choose
S so that

(4.1.2) each component of SN 7T is a meridian disk in 7.

We let m denote the number of components of SNT, and we suppose S to be chosen, among
all genus-g closed surfaces in M for which (4.1.1) and (4.1.2) hold, so that m is as small as
possible. If m = 0 then h(S) C N , and so the fundamental group of the connected covering
space N has a subgroup isomorphic to a genus-g surface group. It follows that m; (V) also
has such a subgroup in this case.

Now suppose that m > 0. Set ' = SN N , so that F'is a compact orientable surface of genus
g, properly embedded in N, with 9F # (. If the inclusion homomorphism m(F) — Wl(ﬁ )
has a non-trivial kernel, it follows from Dehn’s lemma and the loop theorem that there is
a disk D; C N such that Dy N F = 0Dy, and such that 0D; does not bound a disk in F.
However, it follows from (4.1.1) that 9D, does bound a disk D C S, which must contain at
least one component of SNT. If we set S; = S — DU Dy, then (4.1.1) and (4.1.2) still hold
when S is replaced by Sy, but S; N'T has at most m — 1 components. This contradiction to

the minimality of m proves that m (F) — m1(N) is injective.

Hence if we set f = p|F': F' — N, then f; : m(F) — m(NN) is injective. But since g > 0 we
have x(F) < 0, and it therefore follows from Proposition 4.1 that f; : w1 (F,0F) — m(N,0N)
is also injective. Thus condition (i) of Definition 1.4 holds. Since F' = SN N, condition (ii)

of 1.4 follows from 4.1.2. Hence « is a genus-¢g singular boundary slope in this case. 0

Remark 4.2. While Theorem 1.5 is similar to [20, Proposition 1.1], neither of the two
results contains the other. Oertel’s result assumes a weaker hypothesis on the closed surface
F, since it only requires that essential simple closed curves and arcs on S have homotopically
non-trivial images. On the other hand, the conclusion of [20, Proposition 1.1} is also weaker
since it does not imply the injectivity of the induced map on relative fundamental groups.

Proposition 4.3. Let M be a simple (2.2), closed, orientable 3-manifold, and let k > 2 be
an integer. Suppose that for some prime p we have dimg, Hy(M;7Z,) > k+2, and that 7 (M)

has no subgroup isomorphic to a genus-g surface group for any integer g with k/2 < g < k.
Then (M) is k-free.

Proof. This is the same result as [23, Proposition 1.8, case (b)], except that in the latter
result, instead of assuming only that 7 (M) has no subgroup isomorphic to a genus-g surface
group for any integer g with k/2 < g < k, one makes the superficially stronger assumption
that (M) has no subgroup isomorphic to a genus-g surface group for any integer g with
0 < g < k. However, if m(M) does have a subgroup G isomorphic to a genus-g surface
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group for some integer g with 0 < g < k, then we must have g > 1 since M is simple; and

k—2

q= [

g—1

where [] is the greatest integer function. It follows that H < m(M) is a genus-¢g’ surface
group, where ¢’ = d(g — 1) + 1 satisfies k/2 < ¢’ < k. This contradicts the hypothesis of

G has a subgroup H of index
>1

- I

Proposition 4.3. 0

Proposition 4.4. Let M be a simple, closed, orientable 3-manifold, let k > 2 be an integer,
and suppose that w (M) has no subgroup isomorphic to a genus-g surface group for any
integer g with k/2 < g < k. Suppose also that dimg, Hi(M;Zy) > k+ 1, and the subspace of
H?(M:;Zsy) spanned by the image of the cup product H'(M;Zy) x HY(M;Zy) — H*(M;Zs)
has dimension at most k — 1. Then m (M) is k-free.

Proof. Set r = dimg, H,(M;Z,) and suppose that ® is a subgroup of (M) whose rank is
at most k. Since r > k + 1, some index-2 subgroup I’ of 7y (M) contains ®. Let M denote
the covering space of M defined by T. It follows from the case m = 1 of Proposition 3.5 that

dimg, Hl(M;ZQ) >2r—1—t,

where t denotes the rank of the subspace of H?(M;Zsy) spanned by the image of the cup
product H'(M;Zs) x H(M;Zy) — H?*(M;Zs). Since by hypothesis we have t < k — 1, it
follows that

dimg, Hy(M;Zs) > 2r — k > k + 2.

It therefore follows from Proposition 4.3 that I' 2 (M) is k-free. Hence ® is a free
group. 0

Proof of Proposition 1.2. If « is any slope on 9N, let us denote by N(«) the closed manifold
obtained from N by the Dehn filling corresponding to a.

Let us fix a prime p such that either

(a) dimg, Hy(N;Z,) > k + 2 for some prime p, or

(b) p = 2, the Zy-vector space Hi(N;Zs) has dimension at least k + 1, and the subspace
of H?*(N;Zs) spanned by the image of the cup product H'(N;Zy) x H'(N;Zy) —
H?(N;Zsy) has rank at most k — 2.

Let us fix a basis {\, u} of Hi(ON;Z) such that A lies in the kernel of the natural homo-
morphism H,(0ON;Z) — H,(N;Z,). For every integer n, let o, denote the slope defined by
the primitive class A + pnp € H1(ON;Z). If i : N — N(w,) denotes the inclusion homo-
morphism, then i, : H{(N;Z,) — H;(N(a,);Z,) and i* : H'(N(,); Z,) — HY(N;Z,) are
isomorphisms, whereas i* : H*(N(av,); Z,) — H?*(N;Z,) is surjective and has a 1-dimensional
kernel.
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It follows from [13, Theorem 1], for any given integer g > 0 there are only finitely many
genus-g singular boundary slopes in O/N. Hence there is an integer ny > 0 such that for every
n with |n| > ng and every g with k/2 < g < k, the slope «, fails to be a genus-g singular
boundary slope. Since by hypothesis 71 (V) has no subgroup isomorphic to a genus-g surface
group for any integer g with k/2 < g < k, it follows from Theorem 1.5 that when |n| > ng
and k/2 < g < k, the group 7(N(«)) has no subgroup isomorphic to a genus-g surface group.

If (a) holds, then
dimg, Hy (N (a); Z,y) = dimg, Hy(N:Z,) > k +2

for every n. It therefore follows from Proposition 4.3 (with M = N (o)) that m (N (a,)) is
k-free whenever |n| > ny.

Now suppose that (b) holds. Then
diHlZ2 H1<N(Oén), ZQ) = dimZQ Hl(N, ZQ) Z k +1
for every n. Consider the commutative diagram

HY(N(a); Zo) @ HY(N(aw); Zo) ——s H*(N(a); Zo)
J/i*@i* J/z
HY(N;Zs) @ H'(N; Zs) — H*(N; Z,)

in which the homomorphisms ¢ and ¢, are defined by cup product. Since * ®¢* is an

isomorphism, we have
c(H' (N3 Zs) @ H'(N; Zs)) = i* 0 cp(H' (N (a); Z2) ® H'(N(ap); Zo)).
Since i* is surjective and has a 1-dimensional kernel, it follows that
dimg, c(H'(N;Zy) @ H'(N;Zy)) = dimg, ¢,(H' (N(aw,); Zs) @ H (N (); Zs)) — 1.

Condition (b) gives

dimg, c(H'(N;Zs) ® H'(N;Z3)) < k — 2,
and hence

cn(H' (N (a); Zo) @ H' (N (cv); Zo)) < k — 1.

It now follows from Proposition 4.4 (with M = N(a,,)) that m(N(ay,)) is k-free whenever

In| > no. O

Remark 4.5. In the proof given above, we quoted Theorem 1 of Hass, Wang and Zhou’s
paper [13] for the fact that there are only finitely many genus-g singular boundary slopes
in ON for any given g > 0. Restricting the genus is essential here: there exist examples [5]
of compact, orientable, irreducible 3-manifolds whose boundary is a single torus, in which
there are infinitely many singular boundary slopes.
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The result proved by Hatcher in [14] implies that if one considers only embedded surfaces,
rather than singular ones, a finiteness result holds without restricting genus. A slope 3 in
ON, where N is a compact, orientable, irreducible 3-manifold whose boundar is a torus, is
called a boundary slope if there is a connected orientable surface F' with non-empty boundary,
properly embedded in N and not boundary-parallel, such that the inclusion homomorphism
m(F) — m(N) is injective and all components of OF represent the slope S. The main
theorem of [14] implies that there are only finitely many boundary slopes in ON.

5. k-FREE GROUPS AND GENERATING SETS

This brief section provides the algebra needed for the material in the following sections.

We shall denote by |X| the cardinality of a set X. If S is a subset of a group I" we shall
denote by (S) the subgroup of I' generated by S.

We shall say that a subset S of a group I' is independent (or that the elements of S are
independent) if (S) is a free group with basis S.

5.1. It is a basic fact in the theory of free groups [19, Vol. 2, p. 59] that a finite set S C T"
is independent if and only if (S) is free of rank |S].

Proposition 5.2. Let k be a positive integer. Suppose that I' is a finitely generated group
which is k-free but not free, that X is a generating set for I', and that T is a finite independent
subset of X with |T| < k. Then there is an independent subset S of X such that T C S and
|S| = k.

Proof. Set m = |T|. If m = k we may take S = T. If m < k we shall show that there is an
independent subset 7" of I' such that 7 C 7" C X and |T'| = m + 1. The result will then
follow at once by induction.

Let us write X = {xy,...,2,}, where zy,...,x, are distinct and are indexed in such a way
that T' = {z1,...,z,}. Foreach j with 0 < j <n, let A; denote the subgroup of I" generated
by z1,...,x;. Since A, = I' is k-free but not free, it must have rank > k. On the other
hand, since T is independent, A,, = (T) is a free group of rank m < k. Hence there is
an index p with m < p < n such that A, has rank < m and A,;; has rank > m. Set
€ = xpr1. Since Ay = (A,,€) we must have rank A,,; < 1+ rank A,. Hence rank A, = m
and rank A, ; =m+ 1.

Since I is k-free and m < k, the subgroups A, and A, are free. Let y, ...,y be a basis for
A,. Then the rank-(m+ 1) free group A, is generated by the elements yi, . .., Y, £, which
must therefore form a basis for A, (see 5.1). This shows that A, is a free product A, *(¢),
and that the factor (£) is infinite cyclic. Hence the subgroup (4,,, &) of A,4 is a free product
Ap % (€). Since T = {x1,...,x,} freely generates A,, it follows that the set 7" = T'U {{}
has cardinality m + 1 and freely generates A,.;. In particular, 7" is independent. O
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6. DISTANT POINTS AND k-FREENESS

The two main results of this section, Proposition 6.1 and Proposition 6.3, were discussed in
the Introduction.

Proposition 6.1. Let k and m be integers k > 2 and 0 < m < k. Suppose that M = H?/T
is a closed, orientable hyperbolic 3-manifold such that w((M) =T is k-free. Let q : H> — M
denote the quotient map. Suppose that N C M is a closed set such that ¢~*(N) is connected.
Let P be a point of M, let &, ..., &, be independent elements of m (M, P) represented by
loops ¢y, ..., Ly, based at P, and let \; denote the length of {;. Then there is a point ) € N
such that p = disty (P, Q) satisfies

Proof. Set
p = max dist(P, Q).
Fix a point P € H? with q(]5) = P. Then N C ¢(B), where B denotes the open ball of

radius p centered at P. Hence if we set N = ¢~'(N), we have
NcT-B=|J~(B).
~yel

Let X, denote the set of all elements i € I' such that dist(n(P), P) < 2p. Note that the
triangle inequality gives n € X, for any n € T" such that n(B) N B # 0.

We claim that X, generates I'. To show this, we set 'y = (Xo) < T', and choose a system Y
of left coset representatives for I'y in I'. For each y € Y, we set ﬁy =Nn yl'y - B, where
yIo- B = J yv(B).

vyerl’

Then
N-UT,

yey
If y and ¢/ are distinct elements of Y such that Ny N Ny/ # (), then for some v,7" € T'y we
have yy(B) Ny'y'(B) # 0, so that BN~y 1y~ (B) # 0. Tt follows that v~ ly~ly/y/ € Ty
and hence that y~'y’ € T'y, a contradiction since y and 3’ represent distinct left cosets of
['y. This shows that the sets Ny are pairwise disjoint as y ranges over Y. Since these sets
are open in the subspace topology of the connected set N , we must have Ny — N for some
y € Y. Since P € N it follows that Ny contains the T-orbit of P; and as I acts freely on
H?3, this implies that Iy = I, as claimed.

By hypothesis there exist m independent elements &, ... &, of m (M, P) which are repre-
sented by piecewise smooth loops of respective lengths Ay, ..., A\, based at P. If we choose a
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point P € q '(P), we may regard (H?, 15) as a based covering space of (M, P), and identify
tgroup I' with m; (M, P). Then for j = 1,...,m we have dist(P,&;(P)) < \;.

Let us set X = XoU{&,...,&n}. We wish to apply Proposition 5.2, taking & and T" to be
defined as above, and taking 7' = {&;,...,&,} and X = T'U X,. By hypothesis the finitely
generated group I' = 71 (M) is k-free. To see that it is not free, we need only observe that
H3(T'; Z) has rank 1 because M is orientable, closed and aspherical. Since X, generates T',
in particular the set X = {&,...,&n} U X generates I'. We have T' C X by definition, and
T is independent by hypothesis. Hence Proposition 5.2 gives an independent subset S of I"
such that T'C S C X and |S| = k. We may write S = {&,...,&}, where &,41,...,& are
elements of X.

Since S is independent, it follows from [4, Theorem 6.1], together with the main result of [1]

or [9], that
k

N)\r—\

:1

where d; = dist(P, ¢, - P) for j =1,... k.

Since {my1, - - -, &k belong to X, we have d; < 2p for j = m +1,..., k. We have seen that
d; < \jfor j=1,...,m. Hence

and the proposition is proved. O

Corollary 6.2. Let k and m be integers k > 2 and 0 < m < k. Suppose that M = H?/T
is a closed, orientable hyperbolic 3-manifold such that m (M) = T' is k-free, and let p be a
Margulis number for M. Let P be a point of M, let &, ...,&, be independent elements of
m (M, P) represented by loops (1, ..., Ly, based at P, and let \; denote the length of {;. Then
there is a point Q) € Mipia(p) such that p = disty (P, Q) satisfies

k—m s 1 1
< —.
1+62P+jz_:11+e’\j -2

Proof. Write M = H?/T', and let ¢ : H® — M denote the quotient map. As we pointed out
in 2.6, the set My (1) = ¢~ (Miniax(12)) is connected. Hence the assertions of the corollary
follow from Proposition 6.1 if we take N = Mpiac (). O

Proposition 6.3. Let k > 2 be an integer, let M be a closed, orientable hyperbolic 3-
manifold, and suppose that w (M) is k-free. Let p be a Margulis number for M. Let ¢ be a
closed geodesic in M, let | denote the length of ¢, and suppose that | < u. Let R denote the
radius of the mazimal (embedded) tube about ¢, and set

R = ;arccosh( cosh(2R) cosh (é))
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Then there ezist points P € ¢ and QQ € Mnia(p) such that p = disty (P, Q) satisfies
k—2 n 1 N 1 <1
14e2r  14e 142 — 2

—_

Proof. Let us choose a component A of g71(c). Then A is the axis of a loxodromic isometry

Y € I', which has translation length [ and generates a maximal cyclic subgroup Cy of I'.

Since R is the radius of a maximal tube about ¢, there is an element n of I' — Cjy such
that the open cylinders N(R, A) and N(R,n - A) are disjoint but have intersecting closures.
Hence the minimum distance between the lines A and - A is 2R. Let P and P’ denote the
respective points of intersection of 7 - A and A with their common perpendicular, so that
dist(ﬁ, P’ ) = 2R. Let P,P’ € M denote the images of P and P’ under the quotient map
H? — M. Since n=' - P € A, the Cy-orbit of = - P contains a point P” = ~7n~" - P such
that dist(P’, P") < 1/2. Setting d = dist(P, P"), we have

cosh d = cosh(2R) cosh dist(P’, P") < cosh(2R) cosh(/2)
and hence d < 2R’.

We regard (H?, P") as a based covering space of (M, P), and identify the deck transformation
group I' with 7 (M, P). Since n ¢ Cy, the elements 7y, ™ and 7y of m (M, P) do not
commute, and since I' is in particular 2-free, they are independent. Since dist(15” , ]5) =d
and dist(P”, v - P") = I, we may apply Corollary refbig radius corollary with m = 2, & = o,
& =n7%", A1 =1 and Ay = d, to obtain a point Q € M (p) such that p = disty (P, Q)

satisfies
1 k—2 1 1 S k—2 1 1

- > + + + + .
2 " 14+e2r 14 14ed ~ 14e2r 14+e  1+e28

7. DISTANT POINTS FROM MAXIMAL CUSP NEIGHBORHOODS

We begin by reviewing a version of W. Thurston’s Dehn Surgery Theorem and proving a
result, Proposition 7.2, which is a consequence of the proof of Thurston’s theorem. The
proofs of Thurston’s result that have appeared vary in the level of detail as well as in the
strength of the statement, but most of them are based on the same ideas. For the sake of
definiteness we refer the reader to the proof given by Petronio and Porti in [21] which seems
to contain the most complete and elementary treatment of a version of Thurston’s theorem
that is adequate for our purposes.

Suppose that M is a a complete, finite-volume, orientable hyperbolic manifold with cusps and
that M’ is a closed manifold obtained by Dehn filling the compact core of M. Following [6],
we shall say that M’ is a hyperbolic Dehn filling of M provided that M’ admits a hyperbolic
structure in which the core curves of the filling solid tori are isotopic to geodesics, which we
shall call core geodesics.
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While the general versions of Thurston’s Theorem apply to finite-volume hyperbolic 3-
manifolds with arbitrarily many cusps, we are only concerned here with the case of one
cusp. We record the following statement, which follows from any of the various versions of
Thurston’s Theorem.

Theorem 7.1 (Thurston). Let M be a one-cusped complete, finite-volume, orientable hy-
perbolic 3-manifold. Then all but finitely many Dehn fillings of the compact core of M are
hyperbolic Dehn fillings of M .

Here is the result whose proof is extracted from that of Thurston’s theorem. The deepest
conclusions are (3) and (4). Conclusion (3) was used in the proof of [2, Lemma 4.3]. While
we presume that all of the conclusions are well known to experts in geometric convergence,
conclusion (4) was new to us. In the proof we have attempted to follow the terminology used

in [18] as closely as possible.

Proposition 7.2. Let My, be a complete, finite-volume, orientable hyperbolic manifold hav-
ing exactly one cusp and let (M;)jen be a sequence of distinct hyperbolic Dehn fillings of
M. Let T} be a maximal tube about the core geodesic for the Dehn filling M; and let H be
a maximal standard neighborhood of the cusp in M. Then

(1) volM; — vol M, as j — oo;

(2) the length of the core geodesic of M; tends to 0 as j — oo;

(3) volT; — vol H as j — oo;

(4) if a given positive number \ has the property that it is a Margulis number for each
M;, then X is also a Margulis number for M.

Proof. To start, we recall some of the statements proved in [21] in the course of proving
Thurston’s theorem. We let U denote the open unit disk in C and let py : m (M) —
PSLy(C) be a discrete faithful representation. By a hyperbolic ideal tetrahedron we mean
the convex hull in H? of a 4-tuple of distinct points on the sphere at infinity of H?. (We
call these points vertices, although they are not contained in the tetrahedron.) We say that
a hyperbolic ideal tetrahedron is flat if it is contained in a plane. If the vertices of a non-
flat hyperbolic ideal tetrahedron are given an ordering, then the cross-ratio of the 4-tuple
of vertices has positive imaginary part if and only if the ordering is consistent with the
orientation that the tetrahedron inherits from hyperbolic space. There is a smooth function,
which we shall denote V' (w), that is defined on C — {0,1} and has the property that if the
vertices of a hyperbolic ideal tetrahedron A are ordered, and if w is the cross-ratio of the
4-tuple of vertices, then V(w) = vol A if Imw > 0 and V(w) = —vol A if Imw < 0.

For j € NU {oc} we give M, the orientation that it inherits as a quotient of H?.

Let M., and Mj denote the universal covers of M., and M; respectively. We will set I" =
T 1(Moo)
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The results that we need from [21] are summarized below:

e For some 7 (M)-equivariant topological ideal triangulation 7 of M there exists a
po-equivariant developing map Dy : M — H? that maps each ideal 3-simplex of 7 to
a hyperbolic ideal tetrahedron and preserves the orientation of each ideal 3-simplex
which does not have a flat image. Moreover Dy is a homeomorphism on the union of
the interiors of the ideal 3-simplices with non-flat image.

e ) lies in a continuous family (with respect to the complex topology on the represen-
tation variety) of representations p, : I' — PSLy(C), for z € U. This family has the
property that, given an arbitrarily small neighborhood O of 0, all but finitely many
Dehn fillings on M are realized as hyperbolic Dehn fillings by hyperbolic manifolds
of the form H?/p.(T'), for z € O.

e for each z € U there is a p.-equivariant developing map D, : M — H3 which sends
each tetrahedron in 7 to a hyperbolic ideal tetrahedron. Moreover the cross-ratios
of the image tetrahedra vary continously with z.

According to the second result above we may assume, after deleting finitely many terms
from the sequence (M), that there are complex numbers z; €U such that M; = H?/p. (T
for j € N.

Let Ay, ..., A, be a system of distinct representatives for the I' orbits of ideal 3-simplices in
7. Order the vertices of each A; in a way that is consistent with the orientation inherited
from M. Fori € {1,...,n} and z € U let w;(z) denote the cross-ratio of the vertices of
D.(A;), with the ordering determined by the ordering of the vertices of A;. The results
above then imply that the function

V) = 3 Vi)

has the property that V'(z;) = vol M;. Since V is continuous, this implies conclusion (1).

The continuity of the family p, implies, in the terminology of [18], that the Kleinian groups
I'; = p.,(T) converge algebraically to the Kleinian group I'sc = po(I'). In particular, there
are surjective homomorphisms ¢; : I'n, — I'; such that each element 7 of I'y is the limit of
the sequence (¢;(7)). For each j € NU {oco} we shall let p; : H* — M; denote the quotient
map.

We fix a base point in the boundary of a compact core N of M, and let A < T' denote the
image of m1(ON) under the inclusion homomorphism. Set A, = po(A) and A; = p;(A) for
Jj € N. Thus A is a maximal parabolic subgroup of I'y, and the groups A; for j € N are
cyclic groups generated by a loxodromic isometry.

To prove conclusion (2), for j € N we let I; denote the length of the core geodesic of M; for
J € N and let g; denote a loxodromic isometry of translation length [; that generates A;.
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Let us fix, arbitrarily, a non-trivial element o of A. For every j € N we have p. () = g;
for some m; € Z. Since the Dehn fillings in the sequence are distinct, there is at most one
index j for which p. (7o) is the identity. In particular we have m; # 0 for large j, so that
p=;(70) is loxodromic with translation length [m;|l; > I;.

On the other hand, algebraic convergence implies that p. (7o) approaches the parabolic
isometry p. (7o) as j — oco. In particular, (tracep.,(70))*> — 4, so that the translation
length of p.,(70) approaches 0. Hence I; — 0, which is conclusion (2).

Our proofs of conclusions (3) and (4) depend on the techniques of [18]. It follows from [18,
Proposition 3.8] that algebraic convergence implies polyhedral convergence, for the sequence
of non-elementary groups (I';) jen as well as for the sequence of elementary groups (A;),en (see
[18, Remark 3.10]). We will describe in some detail what is meant by polyhedral convergence
of the sequence (I';), and introduce some notation that will be used later. An analogous
description applies to the sequence (A;). Consider a point Pe H3, chosen from the dense
set of points whose associated Dirichlet domains for the groups I'o, and I';, j € N are generic
in the sense of [18]. For j € NU {oo} let us set P; = p;(P), and W;(r) = N(r, P;) C M;
for each r > 0. We denote by Z; the Dirichlet domain for I'; centered at P. The truncated
Dirichlet domain Z = Z; N N(r, 15) (a polyhedral set having some faces that are planar and

some that lie in a sphere) is a fundamental domain for the action of I'; on p;*(W;(r)). To
say that (I'j);en converges polyhedrally to I'o, means that for any sufficiently large positive
number 7, say for r > 1y, there exists J. € N such that for j > J. the polyhedral sets Z;
and Z._ have isomorphic combinatorial structures, with face-pairings that correspond under
the homomorphism ¢;. Moreover, for j > J,, there are positive numbers ¢; tending to 0 and
homeomorphisms g; : Z/ — Z]’- which preserve vertices, edges and faces, commute with the
face-pairings, and satisfy dist(z, g;(z)) < ¢;.

It follows from [18, Proposition 4.7] that when r > rq, the set ]\LO——VVOOO“) is a closed subset
of M, that is homeomorphic to S* x S' x [1,00), and that for j > J, the set M; — W;(r) is
a topological regular neighborhood of the core geodesic of the Dehn filling.

When r > ry it follows from polyhedral convergence that for j > J,. there exist bi-Lipschitz
homeomorphisms f;, : W (r) — W;(r) whose Lipschitz constants tend to 1 as j — oo. (In
general we shall write f; for f;,, the choice of r being clear from the context.) We may take
the homeomorphisms f; to have the following property:

for any x € Wy (r) there exist Tos € p3(z) and T; € p; ' (f;(x)) with dist(Zoo, T;) < €;.

Given a subgroup G of I'; for some j € NU {00} we define a function pg : M; — R by
pe(z) = min{dist(Z,v(Z)} where the minimum is taken over all elements v of G and all
points T € p; ' (x). Note that ur, () is twice the injectivity radius of M; at p;(x).

We now claim:
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7.2.1. For any v > 11 and for any point v € W (r) we have ur,(f;(x)) — pr,(x) and
pia, (f5(2)) = pa () as j — oo.

To prove the first assertion of 7.2.1, let > ry be given, and let z be a given point in W, (7).
Let  and Z; be as above. Then, for any v € I'x — {1}, we have T; — T and ¢;(y) — v
as j — oo. Thus dist(Z;, ¢;(7)(Z;)) — dist(Too, 7(To)) as j — oo. It follows that ¢;(y) # 1
for sufficiently large j. Hence if we choose 7 € T'oc — {1} so as to minimize dist(Z s, ¥(Too))
then for any ¢ > 0 we have

pire (1) = dist(Too, V(o)) = dist(7;, 95(7)(7;)) — € = pr, (f5(2)) — €.
It follows that pr. (z) > limsup ur, (f;(z)).

Next we shall show that pp () < liminf pr (f;(2)). It will simplify the notation if we
assume, as we may by passing to a subsequence, that the sequence (upj( f (x))) converges.
For each j € N let us choose v; € I'c such that ur,(f;(z)) = dist(Z;, ¢;(v;)(Z;)). For
sufficiently large j we have pr,(fj(z)) < 1+ pr.(z). In particular, this shows that the
set {dist(Z;, ¢;(v;)(Z;))|j € N} is bounded and hence that the set {¢(v;)|j € N} is a
bounded subset of PSL(2,C). We now appeal to [18, Proposition 3.10] which states that a
sequence of non-elementary Kleinian groups converges polyhedrally if and only if it converges
geometrically, and that the geometric and polyhedral limits are the same whenever they
exist. Thus 'y, is the geometric limit of (I';,). Now the definition of geometric convergence
([18, Definition 3.2]) implies in particular that if we are given any subsequence I';, of (T';)
and elements g;, € I';, such that g;, — h € PSL(2,C), then h must be an element of
I's. Since {¢(7;)|J € N} is bounded we may choose a subsequence (;,) of (;) such that
#(7j,) — h € I'ss. We then have

pry, (fie (@) = dist(Zy,,, 05 (75) (Z5,)) — dist(Z,7(2)) 2 pr ().

Thus, under our assumption that (ur,(f;(z)) converges, we have shown that ur(z) <
lim;_ . pr; (f;(z)). Dropping this assumption, we conclude in the general case that i (x) <

liminf; .o pr,(f;j(z)), as required to complete the proof of the first assertion of 7.2.1.

The proof of the second assertion of 7.2.1 is almost the same as the proof of the first assertion,
with the sequence (I';) replaced by the sequence (A;). The only difference occurs in the step
where we applied [18, Proposition 3.10], which applies only to a sequence of non-elmentary
Kleinian groups. For the proof of the second assertion, we appeal instead to [18, Remark
3.10], which gives the same conclusion for the special sequence (A;) of elementary Kleinian

groups. Thus 7.2.1 is proved.

For the rest of the argument, to unify the notation, we set T,, = H C M,,. We next claim:

7.2.2. For each j € NU {oo}, the function py; takes a constant value I; on the frontier of
Tj. On the open set T;, iy, is a monotone decreasing function of distance from the frontier.
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To prove 7.2.2 when j € N we may apply the formula (2.5.2), which implies that for z €
p; ' (T};) we have
(7.2.3) cosh i, (2) = mi£(cosh nl + (sinh®r)(cosh nl — cosnf)),

ne
where [ and 6 denote the twist angle of a generator of A; and r is the distance from z to the
axis of A;. Since the factor coshnl — cosnf increases monotonically with n for large n, the
minimum over N in (7.2.3) may be replaced by a minimum over a finite subset of N. Thus
fia; (2) is the minimum of a finite collection of smooth, monotone increasing functions of r,
and is therefore monotone increasing and piecewise smooth. This proves 7.2.2 for j € N; for

7 = oo it is similar but easier.

It follows from 7.2.2 that with the exception of the core curve of T} for j € N, the level sets
of the pp,; for j € NU{oo} are smooth embedded tori. For any » > r; and any j € NU {oo}
we may characterize the submanifold T} = T; N Wj(r) as the set {x € Wj(r) | ua,(z) < I;}.
The frontier of T} in W;(r) is a singular torus (with self-tangencies) which is a component of
the level set {x | ua,, (7) = I;}. Since the preimage of T} in M; has two distinct components
whose closures meet, there exists an element of I'; which does not commute with the image
of m(T]) — T';, but is contained in the image of m(7}) — I';. It follows that

7.2.4. the image of m(T}) in m(W;(r)) is not carried (up to conjugacy) by the frontier torus
8Wj (7”) .

For the proof of (3), we consider any subsequence (M;,) of (M;) such that the manifolds
X, = f;;)(T},), which are contained in the compact set Wi (r1), converge in the Hausdorff
topology. The limit is then a compact connected subset X, of W (r;) which contains the
frontier of W (r1). Moreover it follows from 7.2.1 that Xo = {z|pa(z) < I}, where

Next we will show that I = I, and hence that X = @ If I < I then X is a subman-
ifold contained in the interior of 77 and hence, for small ¢ > 0, the image of m (N (¢, X))
is carried by OW,.(r). However, for sufficiently large j, we have that X; C N(e, Xo) and
hence that the image of m1(X;) is carried by OW(r). Since f; is a homeomorphism and
fi(X;) = Tj, this contradicts 7.2.4. If I > I, then, for sufficiently large j, f;(T7,) is con-
tained in the interior of T7. Thus the image of 7, (f;(17,)) is carried by OW;(r), which again
contradicts 7.2.4.

Since the manifolds X,, are converging in the Hausdorff topology to T/ we have vol X,, —
vol T” . Moreover, since the Lipschitz constants of the homeomorphisms f;, are converging
to 1, we also have vol T} — vol T7  and vol(W}, (r1) — T} ) — vol(We(r1) —T%,) as n — oo.
Thus

vol(M;, —T;,) = vol(W;, (r1) = T} ) — vol(Weo(r1) — Ta) = vol(Mo — Tio)-

In [ee)
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In view of conclusion (1) it follows that lim,, ., volT; = vol T.

Thus we have shown that for any subsequence (M;,) of (M;) such that (X,,) converges in
the Hausdorff topology, we have lim,_,,, vol T}, = volT,,. Since every subsequence of ()

contains a subsequence (M}, ) of this type, conclusion (3) follows.

Assume, for the proof of conclusion (4), that X is a Margulis number for each M;. It suffices
to show that A — 20 is a Margulis number for M, for any given ¢ with 0 < § < d;.

For a sufficiently large r > 71, the frontier torus of W (r) is contained in the A-thin part of
M. We fix a number r = ry with this property, and denote the frontier torus of W, (ry) by
F'. We consider a positive number § which is small enough to ensure that F' is contained in
the (A — 29 )-thin part of M, which we shall denote by ©.

By 7.2.1 and the compactness of W, we may fix K € N so that inj,, (z) > inj,, (fx(z))—¢
for all z € W (rg). Hence if U denotes the A-thin part of My, we have fx(ONW(rs)) C ¥,
so that © is contained in the set Q = fr' (¥ N Wi (r2)) U (Mo — Weo(r2)) C M.

We are required to show that A — 24 is a Margulis number for M. According to the
discussion in 2.5, this is equivalent to showing that if  is a component of ©, then 7;(6) has
abelian image in I'my (M, ). Hence it suffices to show that every component of () has abelian

fundamental group.

We have seen that V, = M, — W(r2) is homeomorphic to S* x S' x [1,00), so that in
particular V. is connected. We have F € © N W (r2) C fr (¥ N Wxk(ry)). If V_ denotes
the component of fi' (¥ N Wg(ry)) containing F, then V, U V_ is one component of Q,
and every other component has the form fr' (1), where 9 is a component of ¥ contained in
int Wi (rg). Any component of the latter type is homeomorphic to a component of ¥, and is
therefore a solid torus since A is a Margulis number for Mg. In particular such a component
has an abelian fundamental group.

To describe the topology of V, UV_, we consider the component 1y of ¥ containing fr(V_).
Since A is a Margulis number for Mg, the set ¢y is a tube about some closed geodesic Cy in
M. But fx(F) C 1y is the frontier of Mg — Wik (ry), which we have seen is a topological
regular neighborhood of the core geodesic C' in M. We must therefore have C' = Cj. As
My — Wg(ra) and g are open regular neighborhoods of Cy, with My — Wik (ry) C 1y, the
set 1o N Wk (ry) = fx(V_) is homeomorphic to S* x S! x (0, 1], and hence so is V_. Since
V., 2 St x 81 x[1,00), and 9V, = 9V_, it follows that V, UV_ = St x S1 x (0,00); in
particular, w1 (V, U V_) is abelian. O

The proof of the following result combines Propositions 6.3 and 7.2.

Theorem 7.3. Let M be a complete, finite-volume, orientable hyperbolic manifold having
exactly one cusp, and let k > 3 be an integer. Suppose that there is an infinite sequence of
closed manifolds (M;),en, obtained by distinct Dehn fillings of the compact core of M, such
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that 71 (M;) is k-free for every j > 0. Let H denote the mazimal standard neighborhood (see
2.4) of the cusp of M. Suppose that vol H < 2mw. Then there exist a real number [ with
1< 6 <2and a point Q € Mp(log3) such that

(1) volH > 7f3, and

_ —1
(2) dist(Q, H) > —1log p-l :
k—2
Proof. According to Theorem 7.1, all but finitely many of the M; are hyperbolic Dehn fillings
of M; hence we may assume, after passing to a subsequence, that all the M; are hyperbolic

Dehn fillings.

Let ¢; denote the core geodesic of the Dehn filling M; and set [; = length ¢;. According to
Proposition 7.2 we have [; — 0 as j — o0.

Since 71 (M;) is in particular 2-free for each Mj;, the number log 3 is a Margulis number for
each M, (see 2.7).

After passing to a smaller subsequence we may assume that [; < log3 for every j. Let T}
denote the maximal (embedded) tube about ¢;, let R; denote its radius, and set

R = ;arccosh(cosh(QRj) cosh (ZQJ))
Then according to Proposition 6.3 there exist points P; € ¢; and ); € M; such that p =
distp (P}, Q;) satisfies

k—2 1 1 1

7.3.1 o< -
( ) 1—|—e2/’+1—|—elf+1+e23j_2

Furthermore, it follows from Proposition 6.3 that we may assume that our subsequence has
been chosen so that (); lies in the (log3)-thick part of M; for every j.

From the definition of the R’ we see that R; < R < R; + (I;/4). Since l; — 0, it follows
that Rj — R} — 0 as j — oo.

From (7.3.1) it follows in particular that

1 1 1
1+ el + 1+ 25 = 2
Let us set
o <6l1—|—3>
) eli —1)’
so that
1 1 1
(7:3.2) T1eh " Trem 2

Then we have I > r; for every j. In particular, R; — oo, and hence R; — o0, as j — o0.

We set b, = R —r; > 0, and h; = R; —r;. Note that h; —h; — 0 as j — oo.
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According to Proposition 7.2 we have

(7.3.3) lim vol7; = vol H.

J—00

On the other hand, we have vol T; = 7l; sinh? R;. Since R; tends to infinity with 7, it follows

that

vol T} s
— —.

leQRj 4

We have R; = r; + h;. From the definition of r;, and the fact that {; — 0, we find

that e?7l; — 4. Combining these observations with (7.3.3) and (7.3.4), we deduce that
h

(7.3.4)

lim;_,,, me*" exists and that

lim me*™ = lim vol T} = vol(H).

J]—00 J]—00

Hence a = lim,_,, h; exists, and if we set 3 = e?* we have
j j )

(7.3.5) vol H = Br.

Since h; — h; — 0 we have h; — a as j — oo. In particular, since h; > 0, we have o > 0
and hence

(7.3.6) g>1.
The hypothesis vol H < 27, with (7.3.5), gives
(7.3.7) 0 <2.

By comparing (7.3.1) and (7.3.2) we find that

k—2 N 1 < 1
1+e2i 142 = 14 e’

which gives

1+ 1425
1+e20 = 1+e2i

(7.3.8) (k—2)

As j — oo, since R} —r; = h; — «, the right hand side of (7.3.8) approaches e —1=p-1.
Hence

(k —2)limsup 2F—r) < 3 — 1.
Since R; < R; it follows that

(k —2)limsup e*Fi—ri) < 3 1.
Recalling that § < 2 by (7.3.7), we find that

0 < liminf(p; — R;) < 0.
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Hence after passing to a subsequence we may assume that p; — R; — v, where v = 400 if
£ =1and
1 31
7.3.9 > ——1 — if > 1.
(7.3.9) V= 20g<k_2> it 3
In particular, since § < 2 and k£ > 3, we have v > 0.

For every j set d; = dist(Q;,T}) (so that, a priori, we have d; > 0, with equality if and
only if Q; € Tj). Since Tj = N(Rj,¢c;), and ¢; has diameter at most [;/2, we have p; =
dist(P;, Q;) < d; + R; + (l;/2), and hence

(7.3.10) dj = pj— R; — (1;/2).

In (7.3.10) we have p; — R; — v and [; — 0. Setting § = 7v/2if 0 <y < oo and 6 = 1 if
v = 00, we deduce that d; > § for large j, i.e. Q; € M; — N(8,T;) for large j. In view of the
properties of the maps f; it then follows that f;(Q;) € M — H for every sufficiently large
j. As M — H is compact, we may assume after passing to a subsequence that the sequence
(f;(Q;)) converges to a point () € M — H. Furthermore, we have d; — dist(Q, H) as j — oc.
Taking limits in (7.3.10) we deduce that

(7.3.11) ~v < dist(Q, H).

In particular v < oo, so that the definition of v gives > 1, and by (7.3.9) we have
v > —(1/2)log((8 —1)/(k — 2)). It now follows from (7.3.11) that

_ 1 -1
This is conclusion (2) of the theorem. Conclusion (1) is included in (7.3.5). This completes
the proof of the Theorem. 0

8. VOLUME AND DENSITY

8.1. We shall define functions B(r), ax(r), ho(r), as(r), hs(r), B(r), 7(r) and d(r) for r > 0.
Each of these will be defined by an analytic formula accompanied by a geometric interpre-
tation. For n = 2,3 we let A, (r) denote a regular hyperbolic simplex in H" with sides of
length 2r.

e B(r) = m(sinh(2r) — 2r) is the volume of a ball of radius r in H3;

e ay(r) = arccosh(cosh(2r)/ cosh(r) is the altitude of Ay(r);

e hy(r) = arctanh((coshas(r)cosh(r) — 1)/sinhas(r) coshr) is the distance from a
vertex of Ay(r) to its barycenter;

e a3(r) = arccosh(cosh(2r)/ cosh(hy(r))) is the altitude of Ag(r);

e h3(r) = arctanh((coshag(r)cosh ha(r) — 1)/(sinh ag(r) cosh hy(r))) is the distance
from a vertex of Az(r) to its barycenter;
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e ((r) = arcsec(sech(2r) 4 2) is a dihedral angle of As(r);

o 7(r)=3 fg{f)secy’ arcsech((sect) — 2)dt is the volume of Ag(r);

e d(r) = (38(r) — m)(sinh(2r) — 2r)/7(r) is the ratio of vol(W N Az(r)) to vol Az(r),
where W is the union of four mutually tangent balls of equal radii centered at the
vertices of Ag(r).

It is shown in [8] that d(r) is a monotonically increasing function for r > 0. We set d(c0) =
lim, o d(r) = .853. ..

If P is a point in a complete hyperbolic manifold M, and if the injectivity radius at P is at
least r then it is immediate that vol N(r, P) = B(r). Less trivially, we have:

Proposition 8.2. Suppose r is a positive number, that P is a point in a hyperbolic man-
ifold M, and that the injectivity radius of M at P is at least r. Then vol(N (hs(r), P)) >

B(r)/d(r).

Proof. Set J = N(r,P) and W = N(hs(r), P). Then J is isometric to a ball of radius r
in H3, since the injectivity radius of M at P is at least r. If we write M = H?3/T" where
I' < Isom, (H?) is discrete and torsion-free, and if ¢ : H* — M denotes the quotient map,
then each component of ¢~*(J) is a hyperbolic ball of radius r. These components form a
sphere-packing in the sense of [7]. Let us fix any component J of ¢~(.J), and let W C H3
denote the ball of radius hs(r) with the same center as J. The Voronot polytope Z for J,
whose interior consists of all the points which are nearer to the center of J than to the center
of any other sphere of the packing, is a Dirichlet domain for I'. In the proof of the main result
of [7] (see [7, p. 259]) it is shown that (volJ)/vol(Z N W) < d(r). But volJ = B(r); and
since ¢ maps W into W, and is one-to-one on the interior of Z, we have vol(Z N I/T/) < volW.
Hence B(r)/(vol W) < d(r). O

Proposition 8.3. Suppose that H is a standard neighborhood of a cusp in a finite-volume
hyperbolic 3-manifold M, and set

N = N(log /3 ,H) C M.

Then
vol H
<

volN —

d(00).

Proof. This is essentially a restatement of [7, Theorem 4]. In [7, Section 6] it is remarked that
the proof of the main theorem (about sphere packings) applies without change to horoball
packings. A stronger version of [7, Theorem 4], analogous to the statement which was used
in the previous proposition, follows from this proof in the same way. However, it must
be formulated slightly differently since hg(r) — oo as r — oo. For this reformulation we
consider the function k3(r)=hs(r) — r. Geometrically, the value of k3(r) can be described as
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the distance from the barycenter of Az(r) to any of the four spheres of radius r centered at
a vertex of Az(r). Note that if P is a vertex of Ag(r) and B is a ball of radius r centered at

P then N(hs(r), P) = N(ks(r), B).

If A is a regular ideal hyperbolic simplex then there is a unique family of four “standard”
horoballs which meet the sphere S*° at the vertices of A and are each tangent to the other
three. By the barycenter of A we shall mean the unique common fixed point of the 12
symmetries of A, which permute the standard horoballs. It is clear that the quantity k3(c0) =
lim, . k3(r) is the distance from the barycenter of A to any of these four horoballs. Working
in the upper half-space model, with coordinates (z,t), where z € C and t € R, it is
straightforward to check, for the regular ideal hyperbolic tetrahedron with vertices (0,0),

(1,0), (Hg*/g, 0) and oo, that the barycenter is the point (?’Lé\/g, \/g) and that the standard

horoball containing oo is bounded by the plane ¢ = 1. Thus we have k3(o0) = log \/% .

The components of the pre-image of H in H? form a horoball packing to which [7, Theorem
4] applies, and a Ford domain Z for one of the horoballs is a Voronoi polyhedron for the
packing. The theorem states that vol H/volZ < d(cc). However, the proof which was
indicated for the theorem actually shows that vol H /vol(Z N N(ks(00), H) < d(o0). Since
k3(o00) = log \/g, this is equivalent to the statement that vol H /vol N < d(c0). O

9. THE MAIN ESTIMATE

This section contains the proof of Theorem 1.3, which was stated in the Introduction.

Lemma 9.1. Let M be a complete, finite-volume, orientable hyperbolic manifold having
ezactly one cusp. Suppose that there is an infinite sequence of closed manifolds (M;);en,
obtained by distinct Dehn fillings of the compact core of M, such that m (M;) is 2-free for
every 7 > 0. Then log3 is a Margulis number for M.

Proof. According to Theorem 7.1, we may assume, after removing finitely many terms from
the sequence (M), that the M; are all hyperbolic. According to 2.7, the number log3 is a
Margulis number for each M, and it therefore follows from Proposition 7.2 that log3 is a
Margulis number for M. O

Proof of Theorem 1.3. Let H denote the maximal standard neighborhood of the cusp of M.
If vol H > 27 the conclusion is obvious, and so we shall assume vol H < 27. According to
Theorem 7.3 we may fix a real number § with 1 < § < 2 and a point Q € Mk (log 3) such
that

(1) vol H > 7f3, and
(2) dist(Q, H) > —(log(3 — 1)) /2.
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Let us set
N = N(log \/3, H) C M.
According to Proposition 8.3, we have vol H/ vol N < d(o0), and by (1) it follows that
vol N > 73/d(0).

It follows from (2) that

dist(Q, N) >
IS (Q’ ) 2 2 Y
ie.
dist(Q, N) > —=log (2(6 — 1))
Setting
1

o= los (2(6 - 1>)

and
Nl = N(Tﬂ7 Q)
we deduce that N N N; = (), and hence that
7

(9.1.1) vol M > d@ﬁo) + vol V.

We shall now distinguish several cases depending on the size of 75. To simplify the notation

1
Cy = exp <h3< Og?’)) —1.931...

ngw:().%&..

d((log3)/2)

we shall set

and

Case I: r3 <0.

In this case Ny = (). However, we have 3 > 5/3, hence 73/d(occ) > 6, so the conclusion
follows from (9.1.1).

Case II: 0 < 15 < (log3)/2.

In this case we have 5/3 > 3 > 11/9. Since @ € Mnik(log3), the set Ny is a hyperbolic
ball of radius rg. In the notation of 8.1 we have vol Ny = B(rg) = m(sinh(2rg) — 2rg), and
(9.1.1) becomes

vol M > W(d(go) - 2(ﬁ - 1) - ;(ﬁ - 1)_1 + IOg <Z(ﬁ - 1)>>;
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that is, we have vol M > f(8 — 1), where the function f(z) is defined for > 0 by

f(x) = W(% — zx + ;x_l + log <§x>>

We have f(z) — oo as = approaches 0 or 0o, and f'(z) = mq(1/x), where ¢ is the quadratic

polynomial

1 3

_ 1
q(y) = gy —|—y+(@ 1)'

As the only zero of ¢(y) with y > 0is at y = (3/2)(1 + 1/4/(3dw)), the least value of f(z)
on (0,00) is
2

g <3<1+m>

In particular it follows that vol M > 5.06 in this case.

> > 5.06.

Case III: (log3)/2 < rg < hs((log3)/2).

In this case 11/9 > 3 > 1+ 2C7? = 1.178.... We have N; D N((log3)/2,Q) and, since
Q € M (log3), the set N((log3)/2,Q) is a hyperbolic ball of radius (log 3)/2. Hence

vol Ny > B((log3)/2) = 0.737...

We also have # > 1.178, and so (9.1.1) gives

1.1787

1M >
(e 2 i(o0)

+.737...>5.07.

Case IV: 3 > hs((log 3)/2).
In this case we have § < 1+ %C’f? We set

9= 55— ha((10g3),2).

Lemma 9.1 guarantees that log 3 is a Margulis number for M. Hence some component X of
the (log 3)-thin part of My, (log3) is a standard neighborhood of the cusp of M. Since H
is the unique maximal standard neighborhood of the cusp, we have X C H. It follows that
the frontier Y of H is contained in My (log3).

Since log 3 is a Margulis number for M, the set My (log 3) is connected (see 2.5). Define
a continuous function A : My (log3) — R by A(x) = disty(x, Q). Then A(Q) = 0. For
any point y € Y C Mipia(log 3) we have A(y) > dist(Q), H) > —log(8 — 1)/2 > rg. By the
connectedness of Mipia(log3) we have [0,75] C A(Minia(log3)). Since the definition of sg
and the hypothesis of Case IV give that 0 < 2s3+ hs((log3)/2) < r, we may choose a point
R € Minix(log 3) such that A(R) = 253+ hs((log3)/2), i.e. dist(R, Q) = 255+ hs((log3)/2).
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This implies on the one hand that Ny = N(2sg, R) is disjoint from W = N (h3((log3)/2),Q),
and on the other hand that

Ny C N(2s5 + hs((log3)/2),Q) = N(r3, Q) = Ny.
Hence

(9.1.2) vol N7 > vol Ny + vol W.

According to Proposition 8.2, we have

(9.1.3) volW > (.

Combining (9.1.1), (9.1.2) and (9.1.3), we obtain

(9.1.4) ol M > Cy+ - 4ol N,
d(o0)

We have two sub-cases.

Case IV(A): h3((log3)/2) < rg < hs((log3)/2) + log 3.

In this sub-case we have 1+ 2C7% > § > 1+ 2C7% = 1.05.. .. Also, since rg < hz((log 3)/2)+
log 3, we have sg < (log 3)/2.

Since R € Mipiac(log 3), the set Ny = N(sg, R) contains a hyperbolic ball of radius sz. Hence
vol Ny > B(sg), and (9.1.4) gives

(9.1.5) vol M > Cy + d;ﬁ) + B(sg).

Recalling that B(sz) = m(sinh(2sg) — 2sp), that sz = (1/2)(rg — hs((log3)/2), and that

rg = —(1/2)log (%(ﬁ — 1)), we obtain the expression

Y P -1/2 3 1/2 3
B(sp) = 5 <Cl (5(5 - 1)) - Cl(g(ﬁ — 1)) + log <§(ﬁ — 1)) + 2log Cl>.
We may therefore rewrite (9.1.5) as volM > g(5 — 1), where g(z) is defined for x > 0 by

g(z) == ((11—1(355)—1/2 _ 01(‘;’90)1/2 +log (‘;’x) +2l0g Oy + ——(x + 1)> s

2 2 d(o0)
40 = 5e( 52

where ¢ denotes the cubic polynomial

Note that for £ > 0 we have

3 2 3 2
c(y) = —101 P+ ng - chy T
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Writing
3 3
cly) = =300y (y —A) = ;Cily = B),
where A = (8/9)C, = 1.7... and B = 8/(3dC1) = 1.6..., makes it evident that ¢(y) < 0

for y > 2. Hence g(x) decreases monotonically on the interval 0 < x < 3/8. Since we are in
Case IV we have 3 — 1 < (2/3)C;? = 0.178... < 3/8 and hence

™

d(o0)

2 2
V01M29(ﬁ—1)>g(501_2>: (1+§Cf2)+02:5.26...

Case IV(B): r3 > hs((log3)/2) + log 3

In this sub-case we have 3 < 1+ 2C7?, and s > (log3)/2. Since R € Mypia(log 3), the set
Ny = N(sg, R) contains a hyperbolic ball of radius (log3)/2. Hence vol Ny > B((log3)/2),
and (9.1.4) gives

w3 0
vol M > Cy + d(o0) + B((log3)/2) > Cy + d(o0) + B((log3)/2) =5.34...

Thus the desired lower bound is established in all cases. O

10. RELAXING THE RESTRICTION ON SURFACE SUBGROUPS

This section contains the proofs of Theorem 10.12 and Corollary 10.14, which were discussed
in the introduction.

10.1. In this section, asin [?], if X is a space having the homotopy type of a finite polyhedron,
we will write y(X) for —x(X), where yx(X) as usual denotes the Euler characteristic.

10.2. We refer the reader to [12, Definition 2.4] for the definition of a generalized book of I-
bundles. Such an object is defined by a 3-manifold W together with a family of submanifolds
called pages which are I-bundles over surfaces, and another family of submanifolds called
bindings which are Seifert fibered spaces, and these are required to satisfy various conditions.
In [?], if W is a generalized book of I-bundles, the underlying manifold W is denoted by
|[W)|. In this section we will use slightly more informal notation, referring to a manifold W
itself as a book of I-bundles to mean that it is equipped with an unnamed decomposition
satisfying the conditions of [12, Definition 2.4].

Definition 10.3. We define a book of I-bundles with hollow bindings to be a generalized
book of I-bundles W with the following properties: (1) W # ), (2) each binding of W meets
at least one page of W, and (3) each binding of W either is a solid torus, or is homeomorphic
to S' x S* x [0,1] and has one boundary component contained in W. A binding of the
latter type is called a hollow binding. It follows from condition (2) that a hollow binding B
has only one boundary component contained in OW. We denote this component of 0B by
O, and we set Oy = Up O, where B ranges over the hollow bindings of W. In the special
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case where B has no hollow bindings, we call B a book of I-bundles. This definition agrees
with [12, Definition 2.5].

10.4. Suppose that X is a compact, orientable, irreducible and boundary-irreducible 3-
manifold. According to the characteristic submanifold theory [16], [17] there is a compact
(possibly empty) submanifold > of X, unique up to ambient isotopy, having the following

properties:

(1) For every component 7 of the frontier of o, the inclusion homomorpism (1) —
m(X) is injective.
(2) No component of the frontier of 3 is boundary-parallel in X.
(3) No component o of ¥ is contained in a regular neighborhood of a component ¢’ # o
of ¥.
(4) For every component o of X, either
(i) o is a [0,1]-bundle over a surface of strictly negative Euler characteristic and
o N 0X is the associated {0, 1}-bundle of o, or
(ii) o is a Seifert fibered space, and 0 NOX is a saturated 2-dimensional submanifold
of do.
(5) Every compact submanifold of X which satisfies (1), (2), (3) and (4), and whose
set-theoretic interior contains Y, is a regular neighborhood of .

We shall write ¥ = Y x. It follows from the properties stated above that every component
of the frontier of > in X is a torus or an annulus, and that the inclusion homomorphism

71 (o) — m(X) is injective for every component o of X.

A component H of X — ¥ will be termed trivial if the pair (H, H N 9X) is homeomorphic
to (ST x [0,1] x [0,1],S* x [0,1] x {0,1}).

Lemma 10.5. Suppose that X is a simple, compact, orientable 3-manifold, with x(X) < 0.
Set ¥ = X x. Then the following conclusions hold.

(1) For every Seifert fibered component o of ¥, either
(i) o is a solid torus, or
(ii) o is homeomorphic to S* x S* x [0, 1], one component of o is contained in 0X,
and the other component of do meets 0X in a non-empty collection of annuli.
2

) Every component of the frontier of ¥ is an annulus.

3) Ewvery torus component of X is either contained in ¥ or disjoint from .
)
)

4

5) Fvery non-trivial component of X — X has strictly negative Euler characteristic.

(
( —
(4) If H is a non-trivial component of X — 3, no component of H N 0X is an annulus.
(

Proof. To prove conclusion (1), suppose that o is a Seifert fibered component of ¥. If 7 (o)

is cyclic then o is a solid torus. Now suppose that (o) is non-cyclic. Since X is simple
and m(0) — m(X) is injective, the inclusion ¢ — X is homotopic to a map of ¢ into some
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torus component 7' of 9X. In particular, 71 (o) is abelian, and hence o is homeomorphic to
St x St x [0,1].

Now let V' denote a small regular neighborhood of ¢ N7 in o, and let us denote by o_
the manifold o — V, and by R the component of X — into’ containing 7. The fact that
the inclusion ¢ — X is homotopic to a map of ¢ into T" implies that R is itself a regular
neighborhood of 7. Condition (2) of (10.4) implies that no component of ¥ can be contained
in R. Hence if we set ¥/ = ¥ U R, the components of ¥’ are o_ U R and the components of
Y — 0. It follows easily that conditions (1)—(4) of 10.4 continue to hold when ¥ is replaced
by a regular neighborhood ¥, of ¥'. Hence by condition (5) of (10.4), ¥, is a regular
neighborhood of 3, and the component ¢’, of ¥, containing ¢ is a regular neighborhood of
o. Since T' C o/, it follows that T' C 0.

We have 0o = T'UT’, where T" is another torus. It follows from condition (2) of (10.4) that
T’ cannot be contained in int X. On the other hand, if 77 were contained in 0X then we
would have X = o, and X would not be simple. Hence 7" N JX is a non-empty collection of
annuli. This proves conclusion (1).

Conclusion (2) follows immediately from conclusion (1).

Suppose that conclusion (3) is false. Let T be a torus component of 9. X which is not contained
in X or disjoint from 3, and let Y, denote the union of all components of ¥ that meet T'.
Then X is a possibly disconnected Seifert fibered space, and the components of ¥y 07T are
saturated annuli. Hence a regular neighborhood X, of ¥y UT is a Seifert fibered space. Any
compressible component of 9% must bound a solid torus in X whose interior is disjoint from
2. If X denotes the union of Xf, with all such solid tori, then 3 admits a Seifert fibration
(since X is irreducible), and conditions (1)—(4) of 10.4 hold with ¥’ = (¥ — £y) U X{ in
place of 3. But ¥’ contains 7" and hence cannot be contained in a regular neighborhood of
Y. This contradicts condition (5) of 10.4.

Suppose that conclusion (4) is false. Let A denote an annulus component of H N 0X, and
let C; and C5 denote the components of JA. For ¢ = 1,2, the component of the frontier
of ¥ containing C; is an annulus B;. We first consider the case By # Bs. In this case, for
i = 1,2 we choose a properly embedded annulus B; in H which is parallel and close to B;,
and we denote by C! the parallel copy of C; in 0B.. Then (| and C} cobound a sub-annulus
A’ of A. Let @ denote a regular neighborhood of Bf U AU B in X — ¥, and let ¥’ denote
a regular neighborhood of @ U 3. Then conditions (1)—(4) of 10.4 hold with ¥’ in place
of ¥. (In particular, if condition (2) failed to hold for ', then either By or By would be
boundary-parallel, contradicting condition (2) for ¥, or H would be a trivial component of
X —X.) This contradicts condition (5) of 10.4, since ¥’ has a component disjoint from .

There remains the case where By = By, = B, say. In this case, 0H contains the torus
AU B, and the simplicity of X implies that H is either a solid torus or is homeomorphic to
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St x S x [0,1]. In either subcase we fix a regular neighborhood V' of B relative to H, and
let 3 denote a regular neighborhood of ¥ U H — V. Here again conditions (1)-—(4) of 10.4
hold with ¥’ in place of ¥, and again we have a contradiction to condition (5) of 10.4, since
Y has a component disjoint from X.

To prove conclusion (5), suppose that H is a component of X — ¥ such that x(H) = 0. Since
X(X) < 0, we must have o # () in this situation, and so H has a frontier component C', which
by conclusion (2) must be an annulus. Since x(H) = 0, the component U of 0H containing
C must be a torus. Now U N 0X is a non-empty proper subset of U, whose components
must be annuli; this contradicts conclusion (4). O

10.6. If X is a compact, simple 3-manifold with y(X) < 0, we will denote by ¥% the union
of ¥ x with all trivial components of X — Xx. It follows from conclusion (1) of 10.5, together
with Definition 10.3 and [12, Definition 2.4], that every component W of % which is not a
solid torus may be given the structure of a book of I-bundles with hollow bindings in such
a way that Oy C 0X. The pages and bindings of W are respectively regular neighborhoods
of the I-bundle components and the Seifert fibered components of ¥y that are contained in

w.

Lemma 10.7. Let X be a compact, simple 3-manifold with x(X) < 0. Set X7 = X} and
K=X-X,. Then

(1) every torus component of 0X is contained either in X, or in K;
(2) every component of K has strictly negative Euler characteristic; and
(3) the components of K N X" are annuli, no two of which are isotopic in OK.

Proof. Conclusion (1) is immediate from conclusion (3) of Lemma 10.5. Conclusion (2) is
immediate from conclusion (5) of Lemma 10.5. For conclusion (3) of the present lemma,
note that the components of K N X1 are annuli by conclusion (2) of Lemma 10.5. If two
of these annuli were isotopic in K then some component of K N dX would be an annulus.
This is ruled out by conclusion (4) of Lemma 10.5. O

10.8. Suppose that N is a simple, compact, orientable 3-manifold whose boundary com-
ponents are tori, and that S C int N is a closed incompressible surface of genus > 1. Let
N’ denote the manifold obtained by splitting N along S. Then the components of N’ are
simple. Let us set

>t =z,
X

where X ranges over the components of N’. According to 10.6, the components of X1 are
solid tori and books of I-bundles with punctured bindings, and the total number of punctured

bindings in X1 is at most the number of components of ON.

We shall write
kish(N,S) = N — X+.
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The manifold kish(V, S) is sometimes described as the “kishkes” or “guts” of N’. According
to [3, Corollary 2.2], if N is the compact core of a finite-volume hyperbolic 3-manifold and
S Cint N is any closed incompressible surface of genus > 1, then

vol(N) > x(kish(N,.S)) - Voet,
where V,; = 3.66. .. is the volume of a regular ideal octahedron in HS3.

We must warn the reader that the definition of kish(/V, S) given here does not quite agree
with the definition given in [10], where X is used in place of % in the construction given
above.

Lemma 10.9. Let M be a compact, simple, orientable 3-manifold whose boundary is a single
torus. Suppose that M contains no separating, closed incompressible surface of genus 2. Let
Y be an incompressible, closed, orientable surface in M, set K = kish(M,Y"), and suppose
that X(K) < 1. If K is non-empty then K is either (i) a genus-2 handlebody, or (ii) a disk

sum of a solid torus and a manifold homeomorphic to S* x S x [0, 1].

Proof. Let M’ denote the manifold obtained by splitting M along Y. For this argument we
identify M’ with the complement of an open regular neighborhood of Y in M. Since the
components of the frontier of K relative to M’ are essential annuli in M’, and since Y is
incompressible in M, the inclusion homomorphism 7 (K) — (M) is injective.

Since K # () and y(K) < 1, K is connected and 0K is a genus-2 surface, which by hypothesis
must be compressible in M. Since 71 (K) — 7 (M) is injective, it follows that K contains an
essential properly embedded disk D. The manifold K’ obtained by splitting K along D has
at most two components; and since K is simple, each of these components is homeomorphic
to either S* x D? or S* x S'x[0,1]. Since OM is a single torus, K’ has at most one component
of the latter type. Hence K is either a genus-2 handlebody, or a disk sum of a solid torus
and a homeomorphic copy of S x St x [0, 1]. O

Lemma 10.10. Let Ay be a compact, connected, orientable 3-manifold with x(Ag) = —2.
Suppose that Ay is a union of two submanifolds Ky and X3 with disjoint interiors, where
Ky C Ay is a genus-2 handlebody, every component of ¢ is either a solid torus or a book
of I-bundles; each component of KoNY§ is an annulus, and no two components of KoNL§

are isotopic annuli on 0Ky. Then Hy(Ag; Zs) has rank at most 7.

Proof. Define a graph G as follows: G has a vertex vo corresponding to every component
of the disjoint union of K and XJ, and an edge e, corresponding to every component of
KoNX§. The two endpoints of the edge e, are the vertices vo and ver, where C' and C’ are
the respective components of Ky and ¥ containing c¢. For each vertex v of G, if we write
v = vc where C' is a component of Ky or X, let us define 5(v) to be the dimension of the
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Zy-vector space Hi(C';Zsy). The Mayer-Vietoris theorem implies that
dimZ2 Hl(Ao) = Zﬂ(v) =+ b(g),

where v ranges over the vertices of G and b(G) denotes the first betti number of the graph

g.

Let E and V denote, respectively, the numbers of edges and vertices of G. Since A is
connected, G is also connected, and hence 1 — b(G) = V — E. Since the components of
Ky N X§ are non-isotopic annuli in a genus-2 surface, the number of these components is at
most 3, i.e. F < 3. Thus we have

(10.10.1) dimg, Hi(Ag) =1+ (E—=V)+ > Bv) <4+ (B(v) —1),

where v again ranges over the vertices of G.

On the other hand, we have Y(3¢) = ¥(4¢) — ¥(Ky) = 2 —1 = 1. For each solid torus
component C of ¥§ we have x(C) = 0, and for each component C of ¥§ which is a book of
I-bundles we have y(C) > 0. Hence Y has exactly one component, say Cy, which is a book
of I-bundles, and y(Cy) = 1. Set vy = v¢, and v; = vg,. According to [12, Lemma 2.21] we
have

B(vy) = dimg, Hi(Cy; Z2) < dimg, Hy(Ag; Zs2) < 2x(Ap) +1 = 3.

Since the remaining components of X§ are solid tori, and Kj is a genus-2 handlebody, we
have B(v1) = 2 and ((v) = 1 for every vertex v # vy, v; of G. Hence (10.10.1) gives
dimg, H1(A)) <4+ B-1)+2-1)+ > (1-1)=7.
VFV0,V1

O

Lemma 10.11. Let M be a complete, finite-volume, orientable hyperbolic manifold having
exactly one cusp, and let N denote its compact core. Suppose that N contains either a
connected incompressible closed surface of genus 2 or a separating, connected incompressible
closed surface of genus 3. Then either

(a) volM > 7.32; or
(b) N contains a genus-2 connected incompressible surface S; and furthermore, S is the
frontier of some book of I-bundles, possibly with a hollow binding, contained in N ;

or
(¢) Hi(M;Zsy) has rank at most 9.

Proof. If N contains a separating, closed incompressible surface of genus 2, we fix such a
surface and denote it by Y. If N does not contain a separating, closed incompressible surface
of genus 2, we fix a closed incompressible surface Y C N which is either separating and of
genus 3, or non-separating and of genus 2.
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Set K = kish(N,Y). If x(K) > 2, then according to the discussion in 10.8 we have vol M >
7.32. This is conclusion (a) of the lemma.

We shall therefore assume for the rest of the proof that y(K) < 1. We let N’ denote the
manifold obtained by splitting N along Y.

In the case where Y has genus 2 and separates N, the manifold N’ has two components A;
and A,. We have

12 X(K) =x(A4 N K) + x(A: N K),

so that after possibly relabeling the A; we may assume that x(A; N K) = 0. According to
the discussion in 10.6, this means that A; is a book of I-bundles, possibly with a hollow
binding; thus conclusion (b) of the lemma holds in this case, with S =Y.

In the remaining cases, Y is either a separating surface of genus 3, or a non-separating surface
of genus 2. In particular, each component of N’ has Euler characteristic —2. Furthermore,
in these cases N does not contain any separating, closed incompressible surface of genus 2.
By Lemma 10.9, K is either the empty set, or a genus-2 handlebody, or a disk sum of a solid
torus and a manifold homeomorphic to S* x S* x [0, 1].

In these cases we shall show that conclusion (c) of the present lemma holds, and for this
purpose it is convenient to consider a suitable Dehn filling of N. It follows from Lemma
10.7 that either (i) ON C ¥4, or (i) ON C K. If (i) holds then some component W of
Y%, is a book of I-bundles with a hollow binding B, and N is a component of dB. Since
B = S1 x S1 x [0,1], the frontier annuli of B in T are non-ambiently isotopic to a simple
closed curve in 0B, whose well-defined slope we denote by 3. In this case we choose a slope
a in 0B such that (1) « is defined by a primitive element A of Hy(ON;Z) which lies in
the kernel of the natural homomorphism Hy(ON;Z) — Hi(N;Zs), and (2) o # (3. This is
possible because infinitely many slopes in 0B satisfy (1). If (ii) holds, we choose an arbitrary

slope o in OB satisfying (1).

We set N = N(«). Condition (1) guarantees that the inclusion homomorphism H;(N;Z) —
H{(Ny;Zs) is an isomorphism. Thus we need to show that dimg, H;(No;Zs) < 9.

We write Ny = NUT, where T is a solid torus with TNN = 9T = ON. We set Ko = KUT
if ON C K, and Ky = K otherwise. Then Ky = () if K = (), and otherwise the description
of K given above implies that K| is a genus-2 handlebody.

Similarly, we set X3 = X4, UT in case (i), and X§ = X}, in case (ii). Then each component
of Xf is either a solid torus or a book of I-bundles: in case (i) this follows from condition
(2), and in case (ii) it is obvious.

For any component A of N, we set Ay = AUT if ON C A, and Ay = A otherwise. If K # ()
and K C A, it follows from Lemma 10.7 that the components of Ky N X are pairwise non-
isotopic annuli on 0Kj, and it then follows from Lemma 10.10 that dimg, Hi(Ag;Zs) < 7.
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If KN A=0 (and in particular if K = (), it follows from [12, Lemma 2.21] that

Let N denote the manifold obtained by splitting Ny along Y. Each component of N/ may
be identified with Ay for some component A of N’. In the case where Y is a non-separating
genus-2 surface, N’ is connected and (10.11.1) gives

In the case where Y is a genus-3 separating surface, N’ has two components which we denote
by A and C. If K # () we label these components in such a way that K C A. By (10.11.1)
we have dimy, Hq(Ao; Zs) < 7 and dimg, H,(Cy; Zs) < 5.

Since Y is connected, the Mayer-Vietoris theorem gives an exact sequence

H\(Y;Zy) — Hi(Ao; Zs) ® Hi(Co; Zoy) — Hy(No; Zoy) — 0.

It follows from Poincaré-Lefschetz duality that the images of the inclusion homomorphisms
H\(Y;Zs) — Hi(Ao; Zo) and H (Y';Zy) — H1(Cy; Zy) have dimension 3. Hence in the exact
sequence above, the image of the map H,(Y';Zs) — H,(Ao; Za) ® Hi(Cy; Zs) has dimension
at least 3. It follows that

U

Theorem 10.12. Let M be a complete, finite-volume, orientable hyperbolic manifold having
exactly one cusp, such that dimg, Hi(M;Zs) > 11. Let N denote the compact core of M.
Then either

(a) volM > 5.06, or
(b) N contains a genus-2 connected incompressible surface S; and furthermore, S is the

frontier of some book of I-bundles, possibly with a hollow binding, contained in N.

Remark 10.13. A stronger result than Theorem 10.12 could be proved by a refinement of
the argument given below: the lower bound of 11 for dimy, Hy(M;Zy) > 11 could be relaxed.
This would require a rather more involved argument.

Proof of Theorem 10.12. Let us fix a basis {\, u} of H;(ON;Z) such that X lies in the kernel
of the natural homomorphism H;(0N;Z) — H;(N;Zs). For every integer n, let o, denote
the slope defined by the primitive class A 4+ 2nu € H1(ON;Z), and let M,, denote the closed
manifold obtained from N by the Dehn filling corresponding to a,,. If : : N — M,, denotes
the inclusion homomorphism, then i, : Hy(N;Zy) — Hy(M,;Zs) is an isomorphism for every
n. In particular we have dimg, Hy(M,;Zy) > 11.
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We first consider the case in which there is an infinite sequence of distinct integers (n;);en
such that 7, (M,,) is 3-free for every j > 0. In this case it follows immediately from Theorem
1.3 that vol M > 5.06. This is conclusion (a) of the present theorem.

We shall therefore assume for the rest of the proof that there is an integer ny > 0 such
that m(M,) fails to be 3-free whenever |n| > ng. Since dimg, Hi(M,;Zs) is in particular
> 5, it follows from Proposition 4.3 that m (M) has a subgroup isomorphic to a genus-2
surface group whenever |n| > ng. Since dimg, Hy(M,;Zs) > 11, it then follows from [12,
Corollary 9.14] that for each n with |n| > ng, the manifold M, contains either a connected
incompressible closed surface of genus 2 or a separating, connected incompressible closed
surface of genus 3.

The main theorem of [14] implies that there are only finitely many boundary slopes (see 4.5)
in ON. Hence there is an integer ny > ng such that «,, is not a boundary slope. We may
write M,, = N UT, where T is a solid torus with TN N = 9T = ON, and the meridian
disks of T" represent the slope o, .

Let Y C M, be a incompressible, connected, closed, orientable surface such that
(10.13.1) either Y has genus 2, or Y is separating and has genus 3.
We may choose Y so that

(10.13.2) each component of Y NT is a meridian disk in 7.

We let m denote the number of components of Y N7, and we suppose Y to be chosen,
among all incompressible, connected, closed, orientable surfaces in M for which (10.13.1)
and (10.13.2) hold, so that m is as small as possible.

Suppose that m > 0. Set F' =Y N N, so that F is a compact orientable surface of genus 2
or 3, properly embedded in N, with OF # (). Since ON is a torus, F' cannot be boundary-
parallel. If the inclusion homomorphism 7 (F') — (V) were injective then «,,, would be a
boundary slope, in contradiction to our choice of ny. On the other hand, if m,(F) — 7 (N)
has a non-trivial kernel, it follows from Dehn’s lemma and the loop theorem that there is
a disk D; C N such that Dy N F = 0D;, and such that 9D, does not bound a disk in
F. However, since Y is incompressible in M, , the curve dD; does bound a disk D C Y,
which must contain at least one component of Y N'T". If we denote by Y] the incompressible,
connected, closed, orientable surface (Y — D) U Dy, then (10.13.1) and (10.13.2) still hold
when Y is replaced by Y, but Y; N7 has at most m — 1 components. This contradicts the

minimality of m. Hence we must have m = 0.

Thus Y C int N. Since Y is incompressible in M, , it is incompressible in N, and hence in
M. Tt follows that M satisfies the hypotheses of Lemma 10.11. But conclusion (a) or (b)
of Lemma 10.11 immediately imply conclusion (a) or (b) of the present theorem, whereas

conclusion (c¢) of Lemma 10.11 contradicts the hypothesis of the theorem. O
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Corollary 10.14. Let M be a complete, finite-volume, orientable hyperbolic manifold having
exactly one cusp, such that dimg, Hy(M;Zs) > 11. Then vol M > 3.66.

Proof. In view of Theorem 10.12, we may assume that the compact core N of M contains
a genus-2 connected incompressible surface S, and that S is the frontier of some book of
I-bundles X, possibly with a hollow binding, contained in N. Set X, = M — X;. If
X3 is not itself a book of I-bundles, we have x(kish(NNV,S) > 1, so that vol(M) > 3.66
according to the discussion in 10.8. If X5 is a book of I-bundles, then for i = 1,2 we have
dimg, Hy(X;;Z2) < 2x(X;) +1 =3 by [12, Lemma 2.21]. By the Mayer-Vietoris theorem it
follows that dimg, Hy(N;Zs) = dimg, H1(N;Zs) < 6, a contradiction to the hypothesis. O
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