Math313
Sample problems for Test 1.

. Formulate the principle of mathematical induction.
. State the definition of a non-Cauchy sequence.

. State the axiom of completeness of R.

. Let A= (0,1)U[2,4) and B = {1}U(3,5]. Find AUB, ANB, A\B, B\A, A A B.

. Let f(x) = sin(x). Determine SUD[0,/3) [ infio r/3) f, maxo /) f, ming /sy f, if
the latter two exist.

V3/2, 0, DNE, Q0.

. Find the set of all values z for which

r+1 > 1,
3r—1—

answer: (1/3,1].
(z —1)*(2z +3)

<0.
3z —2)3xz  —
answer: (—oo, —3/2] U (0,2/3).
. Prove using the definition of the limit:
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implies

n>-3+1/¢
Choose
N=1[1/e] -2
or 1 if the latter is negative.
Second:
513
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n>1/e
Choose
N=[1/e]+1
Third
n? - n? 2 <
= €
n3 —1 n3 %3
Choose
N=[2/e]+1
. Compute the limits
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First: consider the same approach as in the limit a*/™ — 1. Let

Yn=1+h,
Then . )
n:(1+hn)":1+nhn+%hi+...>%hi
So,
>h2 >0

n—1
By the Sandwich Theorem, h,, — 0.



10.

11.

Second: 2%/™ = 4™ — 1. So, the limit is 0.
Third: multiply the top and the bottom by 1/n?, the limit is 3/5.

Show directly that every Cauchy sequence is bounded without the use of the Cauchy
theorem.

Let € = 1. Then there exists N € N such that for all n,m > N we have
la, —an| <1
Fix some m = mg > N. Then for all n > N we have
Uy — 1 < ap < Ay + 1

So, the sequence is bounded by max{as,...,an,a,, + 1} above and below by
min{ay, ...,an, am, — 1}.

Show that the sequence
an:1—1—1-1—...—1-(—1)”i
2 4 2n

has a limit. Compute it.

This sequence is the sequence of partial sums of the geometric progression
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So its limit is the sum of the series, which is 2/3.

Compute the sums of the series

First:
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Second: this is a telescoping series:

= lim Sy = lim 1/4—1/94+1/9—1/16+...1/N*~1/(N+1)* = lim 1/4—1/(N+1)* = 1/4.
N—oo N—oo N—oo



12. Determine convergence of the series

o0

21/n

n=1

Converges by LCT with 1/2".
i n’—n+1
— n®+n—1

Diverges by LCT with 1/n.

< COS l/n )(n® —1)

Converges by LCT with 1/n?
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Converges by Leibnitz.

e 32n
nl
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Converges by Ratio Test.
[e.e]
n=1

Ratio Test gives limit 1/4. So, converges.



