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LECTURES ON THE ONSAGER CONJECTURE
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ABSTRACT. These lectures give an account of recent results pergpioithe celebrated
Onsager conjecture. The conjecture states that the mirsipzede regularity needed for a
weak solution of the Euler equation to conserve enerdgy/& Our presentation is based
on the Littlewood-Paley method. We start with quasi-locgtireates on the energy flux,
introduce Onsager criticality, find a positive solution i tconjecture in Besov spaces of
smoothnesd /3. We illuminate important connections with the scaling lafgurbulence.
Results for dyadic models and a complete resolution of thea@er conjecture for those
is discussed, as well as recent attempts to construct disgpsolutions for the actual
equation.

The article is based on a series of four lectures given atitteschool “Mathematical
Theory in Fluid Mechanics” in Kacov, Czech Republic, May20

"...in three dimensions a mechanism for
complete dissipation of all kinetic
energy, even without the aid of
viscosity, is available.”

L. Onsager, 1949

1. Lecture 1: motivation, Onsager criticality.

1.1. Onsager’s original conjecture. The motion of an ideal homogeneous (with constant

densityl) incompressible fluid is described by the system of Euleaéqus given by
ou

Fri (u-V)u=-Vp, (1)

V-u=0, (2)

whereu is a divergence-free velocity field, apds the internal pressure. We assume that
the fluid domair(2 here is either periodic or the entire space. It is an easyszprece of
the antisymmetry of the nonlinear term it) @nd the incompressibility of the fluid that the
law of energy conservation holds for smooth solutions:

/|u(t)|2dx:/ o |2da, for all ¢ > 0. @3)
Q Q
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Although the well-posedness theory for the systéin(2) is well-developed for local in
time smooth three-dimensional and global two-dimensifinals, the Euler equations are
also implicated in modeling a wide range of singular fluid$leids with limited smooth-
ness such as vortex sheets, filaments, vortices, and mosttangly for us, turbulent flows
in the limit of vanishing viscosity. We therefore are leadcctimsidering the systeni) —
(2) in the sense of distributions imposing only minimal asstiorpon the velocity field,
namelyu € L$° L2, or more physically relevant, weakly continuous in time with values
in L2(Q). Under these assumptions the I&8)§ecomes non-trivial, and one can ask under
what minimal regularity assumptions on the velocity fielé tielation 8) still holds. A
naive argument gets us quickly to the answer. Let us mul{ijhoy « as we would have
done ifu was smooth and consider the total energy flux

II= /Q(u -V)u - udz. 4

Inthe absence of necessary smoothness we cannot integraesto obtaidl = 0. How-
ever, treating for a moment as a multiplication operator, which is what the Littlewood-
Paley theory teaches us to do, we deduce

I~ / (V]/3u).
Q

It appears that it: has Holder continuity% we can at least make sense of the fliixand
any better regularity would be sufficient to justify intetioa by parts in 4) to show that
II = 0. Itis exactly what Onsager conjectured in his seminal papestatistical fluid
dynamics {.7]: a) every weak solution to the Euler equations with smoetish > 1/3
does not dissipate energy; b) and conversely, there existsalt solution to J) - (2) of
smoothness of exactly/3 which does not conserve energy. Energy dissipation due to
irregularity of a flow is callecanomalous dissipatian

Onsager’s own justification df/3 was not completely unrelated to the one above and it
was based on laws of turbulence. A turbulent motion of fluiskiBeved to be described by
solutions of the Navier-Stokes equation given by

u+ (u-V)u=—-Vp+rvAu+ f, (5)

wherev is a small kinematic viscosity anflis an external force which supplies energy into
the system (see Frisch{]). Let us suppose that we have an ensemble avefagehich
measures statistical quantities of the systéjn [n his unpublished notes (see Eyink and
Sreenivasan’o] for a detailed historical account) Onsager reproducesratta similar to
what is known as Karman-Howarth-Monin relation:

Butu(r) - ulr + )i, = 3 diveou() Pu(t), (6)

wheredu(f) = u(r + £) — u(r). Setting¢ = 0 in (6) one formally obtain®; (u?)ny, = 0
providedu has average smoothness better thah Since in the Euler equatiori)the
nonlinear term is the only term present in the energy budgeagain are led to Onsager’s
claim.

Due to this special relevance to turbulence it makes sensdstostate the Onsager
conjecture more broadly for a forced equation. Specificélyhere a forcef € S (or f
with finite Fourier support) and a weak solutiarof critical smoothness$/3 such that the
energy balance relation

lu®)llz = IIU(O)II§+2/0 (f - u(s))ds, (7)
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is violated at some. In particular, a stationary solutiom, violates () if (f,uo) # 0.
In this form Onsager conjecture has been extensively sdifdieexample in shell models,
which we will discuss in Lecture 2.

1.2. Onsager criticality and Besov spacesWe now define suitable spaces to state On-
sager’s conjecture precisely. Let us recall that eventwadl are after vanishing of the total
energy flux §). So, let us fix a scalar mollifiegh € C5°(R™). We denote the dilation by
hs(y) = 6~"h(ys~1), and the mollified field by (with a little abuse of notation)

ué(xa t) = u('?ﬂ * h5($) = /n ht?(y)u(x - Y t)dy (8)

Let us multiply equation) with (us)s and integrate in time. We obtain the relation

(|u5( )3 — |us(0)|3) = //nu@)u : Vusdzds, 9)

where we denotel : B = Tr[AB]. The right hand side o] is the energy flux through
scales of ordef. We would like to find a bound on it in terms ¢f||%, for some space-
time function spaceé3. The optimal suchB will have dimension that of the cube root of
the energy. Fixing some units for velocityl5 length —X and time —T" we thus arrive at
relationship

(dim | - ||5)® = TU3X""L. (10)
Any spaceB satisfying (L0) will be called Onsager-critical, although of course natrgv
Onsager-critical space is strong enough to produce a bouif@) o There are several ex-
amples of Onsager-critical spaces that will be of particuiterest to us. These include
L3L;°’/2 and L3H5/6 in 3D, L}LS in 2D, and most importantly a scale of Besov spaces
which we mtroduce now.

We will fix the notation for scales, = 27 in some inverse length units. Let us fix a
nonnegative radial functiog € C§°(R™) such thaty (&) = 1 for |¢] < 1/2,andx(§) =0
for [¢] > 1. We definep(§) = x(A7€) — x(€), andp,(€) = (A, '€) for ¢ > 0, and
p_1 = x. For a tempered distribution vector fieldon R™ we consider the Littlewood-
Paley projections

w(@) = [ €e (e 2 1. 1)

So, we have: = 3°°2 | u, in the sense of distributions. We also use the following nota
tionu<y =377 up, andi, = ug—1 +uqy +ugy1. We say that a tempered distribution
u belongs to the Besov spagx . forseR,1<pr<cif

1/r
lullsy, = { > slluglly)” < 0.
q>—1
We also define
B;SJ co {u € B;S)oo : qli)I& )‘ZHU’QHP = O}
. n(3—p)tp .
In the range of Besov spaces the Onsager-critical oned&Bs - ** . In particular,

L3B33l, 1 <1 < oo are critical in any spacial dimension. One can further definaker
versions of space-time critical spaces by reversing theraséitime and space. We will
make this precise in the next section.
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We finish here by noting that without the use of local symnestin the trilinear term,
one can only obtain the following bound:

t
[ [ wew)s Vdsds| < ulalll allw]
O n

whereB = L3B% and this bound is sharp (s€d)l Even though the spadeis Onsager-

18
72

critical, it does not reflect the critical smoothnégs.

1.3. Proof of the Onsager conjecture. The end result of a series of works by Constantin et
al [8, 14], Eyink [21], and Duchon and Robert{] was the proof of the Onsager conjecture
in the Besov cIasB?f,/Ci. In other words, a solution needs to be "a little” smoothantjust
1/3. First, let us take a few preparatory steps to make the akisgassion more rigorous
(details can be found in'f]).

Definition 1.1. A vector fieldu € C,, ([0, T]; L*(R™)), ("w” stand for weak continuity), is
aweak solution of the Euler equations with initial datac L2(R") if for every compactly
supported test functiop € C§°([0,T] x R™) with V,, - ¢p = 0 and foreveny0 < ¢ < T,
we have

/Rnx{t}“w_/nmw}“o'w‘/ot/n“'aslﬂZ/Ot/n(um):w, (12)

andV, - u(t) = 0 in the sense of distributions.
One can equivalently incorporate the associated pressure
n
p=- Z Ry Ry (ujug)
1,k=1

into (12) without requiring the test function to be divergence frétere R;'s denote the
classical Riesz transforms.

The purpose of the following lemma is to show that one can frassthe weak formu-
lation of the equation to the mollified or to the integral etipras.

Lemma 1.2. Letu be a weak solution. Then for each fixeéd- 0, us : [0,7] — W*=49 (as
defined in(8)) is absolutely continuous for afl > 0 andq > 2, and moreover

drus = =V - (u ® u)s — Vps, (13)
fora.e.t € [0,7T]. Furthermore(12) is equivalent to the integral equation
t
u(t) = up — / [V (u®u)+ Vplds (14)
0

in the sense of distributions for alle [0, 7.

For a divergence-free vector fielde L? we introduce the Littlewood-Paley energy flux
through a wave numbey, by

II, = —/ (u®u)<q : Vuqde. (15)
R3
If u(t) is a weak solution to the Euler equation, then frdif) (we have

du<qg ==V - (uRu)<q — Vp<y, (16)
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Multiplying by u<, we obtain due to absolute continuity

SOl ~ [O)<ff) = =~ [ Ty (s)as. a7

So, positivity of the flux means the energy is flowing out oflascales into small scales.
Let us introduce the following localization kernel

223 q <0;
K, = ) - 18
! {)\q4/3, g > 0. (18)

We now prove a kinematic bound on the flux. The important fieatid the bound is that
it is quasi-local in the sense that nonlocal interactiorsent inll, are diminished by the
exponentially decaying tails of the kernigl

Lemma 1.3. The energy flux of a divergence-free vector field Béoo satisfies the fol-
lowing estimate

| < CZKq—p/\p”up”ga (19)

p>1
whereC > 0 is an absolute constant.

Immediately from {7) and (L9) we obtain the following result.

Theorem 1.4([8]). Every weak solutiom to the Euler equation on a time intervgl, 7]
which satisfies

T
i [ A0t =0 (20)
q— Jo

conserves energy on the entire interf@IT]. In particular, energy is conserved for every
solution in the clas€.3([0, T; Béfi).
Indeed, from {9) we have
t t
1imsup/ I (s)|ds < C limsup/ Agllug(s)|3ds. (21)
0 0

q—o0 q—o0

In order to see more transparent connection of condititi {0 the smoothness/3
predicted by Onsager we equivalently rewri#@)(as follows:

T
lim L / / lu(z) — u(z — y)Pdadt = 0. (22)
wi=oyl Jo Jer

So, loosely speaking, the solution needs to be a little bt 1 /3 Holder continuous in
the space-time averaged sense in order to conserve energy.

Proof of Lemmal.3. In the argument below all the inequalities should be understip to
a constant multiple. Let us denote for convenience the segue

dp = A/ [[up|5-
Following [14] we write
(u®u)<qg =7rq(U,u) — Usq @ Usq + U<q ® U<, (23)

where

rq(u, u)(x) = / (xa)” W) (u(z = y) — u(@)) @ (u(z — y) — u(z))dy.
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Here(x,)" denotes the inverse Fourier transformygf After substituting £3) into (15)
we find

I, = / rq(u,u) : Vu<qde —/ (Usq ® usq) : Vucqde. (24)
n R™

We can estimate the first term iB4) using the Holder inequality by

/ rq(u,u) : Vu<gde

< lrg(u, w) |32/ Vu<glla,

whereas

[l (w, u)ls/2 < / Ox)” @] llu(- =) = u()lI3dy.

R~

Let us now use Bernstein’s and Minkowski’s inequalities

- =) = wC)E < D lwPAuplli + D lupl3

p<q p>q
_\4/31,,12 —4/3 ;2 -2/3 2/3 ;2
- )‘q/ |y| Z/\q*p dp+/\q / Z/\q*pdq
p<gq P>q

4/3 2 —2/3 2
< PlYlP + A7) (K + d?)(g).
Collecting the obtained estimates we find

/ re(u,u) : Vucgde

1/2
< (K =d*)(q) </ |(0xa)¥ ()] Xg"* |yl *dy + Aqw’) > Alunl3
R p<q

1/2

S (K xd) (@A | YNy < (K xd*)*?(q) < (K xd”)(q).
r<q
Analogously we estimate the second termad)(

[ (050 © 1) s Vucyde < flusgl Vs, s

1/2
< (Z ||up|§> > Alusl < (K = d*)*?(q) < (K * d*)(q).

p>q p<q
This finishes the proof. O

Let us note that Lemma.3 shows that the energy transfer from one scale to another is
controlled mostly by local interactions. It is a basic pipie underlying turbulent motion
for large Reynolds numbers. We will discuss more connesttorturbulence in the next
lecture.

As a consequence of Theordndand the embedding /¢ ¢ B,
the result of Frisch and Suleri{].

7/23 C Béfi we recover
Corollary 1. If u is a weak solution to the Euler equation which belongs to thesc

L3([0,T); H%/9), thenu conserves energy.

Finally, we remark that the same regularity assumption aforem1.4 automatically
gives the energy balanc@é)(for the forced equation with a smooth force.
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1.4. Sharpness of the Besov conditionsNo known example of a weak dissipative solu-
tion belongs to the cIasBl/3 Neither do we know any example of a solution to the forced
Euler equation with a smooth force, which violates the epbiaance 7). Under weaker
regularity requirements, however, such examples have tiseavered some time ago. In
[4€] Scheffer constructed a weak solutione L2L? compactly supported in space-time
(his definition of course is weaker than ours). Later4r][Shnirelman gave a simpler
example with the same regularity which emerges from a bauakenergy cascade. Very
recently more regular solutions have been found by De Lefid Székelyhidi in the class
u € L L also with compact support in space-time;][

We will show that f|rstIyB3 is sharp for the argument of Theoreml. Secondly, the
Euler equation itself is ill- posed in this space. Namelgréhis an initial condition:g in

1/3 for which there exists no continuous Euler trajectory stgrfrom ug. It suggests
that the conventional approach to existence based on a foiatl gIrgument may not be
sufficient to resolve the other half of the Onsager conjectur

For simplicity we will work on the toru§"™ so that the dual group B™. The technique
developed in §] allows one to carry over the constructions to the open sfécel et e1,
é, be the standard basis vectorsRA. Let us fix a sequence of indexgs < ¢» < ... <
q; < ... far apart from each other. Let us define vector figlds follows

o0

U= Z +Uqg+1

Uy = /\;jl/?’ cos(yAg; )€1,
Ugj+1 = /\(21/3 (cos(zAg,+1)€1 + sin(zAg, 41 + yAg, ) (—€1 + 262)) .
Thus,U € Bl/3 One can see that the flux through thg-th shell contains only local
interactions, and we have

My, = Ug;1 - VU - Ugy1 ~ 1.
Another earlier example of a 3D vector figld Bl/3

was presented by Eyink i ]].
Let us consider the following vector field:

with non-vanishing energy flux

uo(x,y) = €1 cos(y) + € Z cos(Aqx)

We haveu, € B; ., foranyr > 1.

Proposition 1 ([17]). If u is a weak solution to the Euler equation with initial conditi

u(0) = uo. Thenthere i$ = é(n,r, s) > 0 independent of such that we have

limsup [[u(t) — uollp:__ >4, (25)
L ,

t—0

wheres > 0if r > 2,ands > n(2/r —1)if1 <r < 2.

This result does not preclude existence of a weak solutmm fsur initial conditionug
with r = 3, s = 1/3. After all, among members (B1/3 there are some, such as vortex
sheets, which do allow for local solutions (see Secﬁ))nt simply suggests that solutions
will not possess enough time regularity to tie a non-vamighiiux at the origin to the flux
at near positive times.
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1.5. Helicity and enstrophy. A number of other conservation laws can be treated with the
Littlewood-Paley method. We will highlight two of them.

For a divergence-free vector fielde H'/? with vorticity w = V x u € H~'/2 we
define the helicity and truncated helicity fluxR¥ as follows

H = u-wdx (26)
R3
Hy = (u@®u)<q : Vweg + (1 Aw)<q : Vugg dr, (27)
R3
whereu Aw = u @ w — w ® u. If uis a regular solution to the Euler equation, then the
helicity is conserved an#, is the rate of helicity transfer through the wavenumhgr
d
E(uéq w<g) = Hq.
Similar to the energy, helicity flux is local in frequency spa More precisely, with the
same localization kernel as defined ir8 we obtain the following result.

Proposition 2 ([8]). The helicity flux of a divergence-free vector field= H'/? satisfies
the following estimate
Mol <C Y Kophylupll3- (28)
p=>—1
Consequently, every weak solution to the Euler equationt beongs to the class
L3(0,T); B22) n L>=([0, T]; H'/?) conserves helicity.

3,co

An example of a field/ € Bg/f’o can be constructed to show that Proposifiaa sharp

in the same sense as Theorém We refer to P, 24, 7] and references therein for more on
helicity conservation and its role in turbulence and togglo

For regular solutions to the two dimensional Euler equatth@nvorticity is transported
by fluid particles, so a number of additional conservatigrslaome into place, in particular
the enstrophyjw||2. For less regular weak solutions such as DiPerna-Majdéisnbi([19])
with only w € L*°LP the flow may not be properly defined and therefore questions of
enstrophy conservation become nontrivial. However, asnedised in (], so long as
w € L*L? the vorticity automatically becomes a renormalized soluiin the sense of
DiPerna and Lions1d]. As a consequence, the distribution function.gfand with that
any rearrangement invariant normuagfis conserved. However, unlike in the case of energy
and helicity the enstrophy transfer from low to high modesdsentially non-local (see
Kraichnan B€], Eyink [23]). We can see it through our Littlewood-Paley approach taat.
us define the enstrophy flux as follows

Q, = —/ (u®@u)<y : VVwe, dr. (29)
R2
Notice that for regular solutions one has
d
Tlo<all3 = 20, (30)
Let us define the kernel
A2 q <0;
— q7 —_ bl
ww={ 3n 150 @

Then following estimate holds (seé]:
1] < llwsgl3W * ) 2(q) + (W = ¢%)*2(q), (32)
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wherec = {||wp||3}p>—1. An example of a field presented if] [shows sharpness of esti-
mate 32) which is consistent with the infrared non-locality of exgthy transfer observed

in two dimensional turbulence. Finally, let us notice thé®&rna-Majda solutions conserve
energy as long gs > 3/2.

2. Lecture 2: anomalous dissipation in turbulence; intermittency; Onsager conjec-
ture for shell models. In this lecture we will review some basic facts from the tuemece
theory. The power laws of small scale turbulence predidtghargy dissipative solutions to
the Euler equation may come in the limit of vanishing vistosf "generic” viscous flows.
This prediction has been successfully verified for so-dadlgadic models which describe

energy behavior in a simplified form. We will once again ses the Besov spacB?f,/fO

plays the special role of an ambient space that houses éhdivrealizations of turbulent
flows.

2.1. Kolmogorov 1941 theory. Let us recall that in homogeneous isotropic turbulence the
mean kinetic energy per unit mass is definedby %<|u|2> while the energy spectrum is
defined byE (k) = 4L (ju.,.|?), whereu.,, denotes the filtered velocity field containing
all the frequencies below wavenumbei(see P7]). So, & = f0°° E(k)dk. The mean
energy dissipation rate per unit mass is defined by

e = (v|Vu”?). (33)
It is a basic assumption of the Kolmogorov 1941 theof3([34, 35]) supported by nu-

merous experimental and numerical evidence that in the fnvanishing viscosity”
converges to a finite positive value,

e —e>0 (34)

(see Eyink P4] for the latest account). Let us assume now that f-., and solutions to
(5) tend to a statistically stationary state, i.e. statisficaperties are independent of time,
and solutions have uniformly bounded mean energy. Let darsgaultiply (5) with u.
and take the average. We obtain

(k) = (| Vucul?) + (f - u<r), (35)

wherell(x) is the flux due to nonlinearity. I > «; we have(f - u<.) = (f - u) = €”.
On the other hand, by Bernstein’s inequality|Vu,|?) < vk?(Jul?). Since the energy
(Ju|?) is uniformly bounded by assumption, letting— 0 we obtain from 85)

II(k) =e. (36)

So, under no direct influence of the injection force the eyndlgx is invariant and the
energy simply propagates down from large to small scalels wonstant rate. Recent
direct numerical simulations (see for example Keneda et@) verified (36) to a high
degree of accuracy. We interprétgf as a reconciliation of Onsager and Kolmogorov's
anomalies. Indeed, in the limit of vanishing viscosity aerage solution to the (forced)
Euler equation inherits the anomalous dissipation ratézefes

An additional self-similarity hypothesis on the structfweactions in small scales (see
[27]) implies that the energy spectrum distributes accordinpé lawE (k) oc €2/3575/3
in the inertial range: € [ky, kq]. Herek, is the Kolmogorov dissipation wavenumber

given by
€\
va=(5)" 37)
andx is the integral wavenumber; = max{|{| : £ € supp f}. In spite of abundant
empirical data supporting such distribution of the energgcsrum further experiments
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revealed that not every turbulence was consistent with dheesregime (cf. Anselmet et
al [1]). In fact, Kolmogorov’s 1941 theory demands that the laadbcity fluctuations are
uniformly distributed over the space. In order to achie¥,(however, certain regions
of the flow must provide intense velocity gradients, or \@tyi As a consequence of
the Helmholtz theorem a subsequent dynamical stretchingroéx filaments leaves some
regions of the fluid domain with moderate turbulent actietyd some with more intense.
This so-called spacial intermittency, although fully cistent with the dissipation anomaly
(34), must be accounted for in the description of other scalawgsl and, in particular,
of the energy spectrum. Generally, one obtains the exjpmessi

€2/3
E(k) < ——, (38)
K3
€\ 1D
ra=(=)"". (39)

whereD € [0, 3] is the dimension of the effective dissipation region. Tlths, classical
K41 model corresponds tB = 3, while D = 0 corresponds to a fully intermittent model
where energy cascades through inertial scales and dissipatpoints.

Let us now find interpretation of the above for individuallizations of the NSE flow.
Supposea.” is a Leray-Hopf solution to the Navier-Stokes equatidn (et us denote by
(-) the long time average, a choice consistent with the Ergoglmoithesis, or a finite time
average. We define the Littlewood-Paley energy spectruat ofy

B () = tall) (40)

forall k € [A\q, \g+1). One similarly defines the mean energy dissipation rate by
e = v{[|Vu”]3). (41)

If a family of individual realizationg "}, ., verifies Kolmogorov’'s hypothesi§{), then
the locality of energy flux expressed ih9) suggests the following analogue &5}

Aq(lugll5) o< € (42)

for all ¢ large enough. In other words the limiting solution to thedfgquation: finds

itself "on average” in the Onsager-critical Besov clﬁgi. Eyink showed in ?7] that

the Besov spac@é_/; is consistent with the multifractal intermittency modefsFoisch

and Parisi P6] (see also §]). It speaks of sufficient capacity of this class to houseuur

lent solutions with singularity sets of dimension less tBgfve will discuss this in much

more detail in the next lecture). Within the Littlewood-@aframework we can alterna-
tively model intermittency correction consistent wid?] by fixing a saturation level of

Bernstein’s inequalities. Specifically, in three spaciaiehsions we have

1
luglls < Ad lluqll2,

and assuming that the region of active turbulence is boufgld on the torus), one also
has
l[ugllz < lluglls-

Suppose that fok, € [k¢, k4] we have the relation

HuqH3 ~ )‘g”uq”% (43)
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forsome) < a < % In view of (42) and @3) we recover the energy spectrum law

2/3

Brp(x) ~ o3 +2a (44)

with « related toD via D = 3 — 6a. So, the fully saturated Bernstein’s inequalities,
i.e. a = 1/2, correspond to uniform distribution of modeswin each dyadic shell and
hence strong localization in the physical spafe £ 0). On the other extremey = 0
corresponds to uniform distribution af, in physical spacelf = 3) and localization in
frequency space, which brings us back to the the classichk&gime. By fixing saturation
levels between highdt”-norms one can achieve intermittency corrections for highaer
structure functions, but we will not get into details.

We also mention here an important space-time local inteapos of Kolmogorov’s
dissipation anomaly34) given by Duchon and Robert i2(]. They introduce a measure
of anomalous energy dissipation as a distributiofu) € D’((0,T) x R?) defined by the
limit

D(w) = lim 7 [ 96-(9)- sulsuld,
e—04

wheredu = u(z + &) — u(x), and¢. is a mollifier. If u” is a solution to the NSE, or
Euler forv = 0, thenD(u") does not depend on a particular choice of the mollifier and the
following energy balance holds in the distributional sefvge drop forces for simplicity)

%A(u”)Q + u(Vu¥)? + D(u”) =0,

Similar balance holds for solutions of the Euler equation:

O3 (u)?) + div (i (5 () + %)) + D) = 0. (45)
If {u"},<., is a sequence of weak solutions to the NSE which tends’tetrongly in

L3L3, then

D5 (")) + div(u (5(u)” + ) -

lim v(Vu*)? + D(u”) = D(u), (46)

in the sense of distributions. So, assuming thids themselves are regular enough to
disallow Onsager dissipation, i.8(u”) = 0, then @6) becomes a space-time local version
of (34) providedD(u") > 0. Integration in space and a finite time interval reveals that
average total anomalous flux is equal to the litnit, .o v(||Vu”||3), as suggested b3¢).
However, the relationshiplf) does not seem to give a detailed shell-by-shell infornmatio
as in (L9) and @6). A sufficient condition forD(u°) = 0 similar to 20) was also obtained
in [20] as a direct generalization of{]. It implies energy conservation vid®), provided
u(t) is strongly continuous id.? since @5) is a distributional relation (for more on this,
see B]).

The saturation hypothesid3) and locality of energy transfer lay down a basis of so-
called dyadic models of turbulence, which we will discusstne

2.2. Discrete shell models.In late 70s—80’s several "toy” models of turbulence appaare
in mathematical and physical literature to test the poweslaf Kolmogorov's theory (see
for example 17, 41, 29)). In those models the total energy of the flow in a dyadicIshel
is replaced by a scalar quantidzg(t) while the nonlinear term of the full NSE or Euler
equation is simplified to involve only local interactions, $0 derive a shell model we start
with the fully local version of {9):

g o )‘q”uqug-
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Next we include intermittency correction by adopting onelef Bernstein identitiesi)
for somea. We will usec = 3a + 1 as a parameter instead of Thus,1 < ¢ < 5/2.
Denotinga, = ||u,||» we obtain the expression

c 3
I, o )\qaq.

Subsequent analysis shows that in order to preserve pysaivthe scalar quantities,’s
as suggested by the definition one can model the flux with

=g a? 20q+1-

The shell analogue of the energy budget relation is

q

3 dt Za =-II, + Z V/\2a2 + frap),

and replacingy by ¢ — 1 we also have

1d
id—Za =—II,_ 1—}—2 u)\f)ag—i—fpap).

Subtracting and canceling, we obtain the Desnyansky-Novikov model
jt ag = Ag_ 1a371 — AgQqlg+1 — V)\gaq +fq, ¢=0,1,.. 47

wherea_; = 0. We also consider the inviscid variant of7) as a model for the Euler
equation:

d

dt
Long after the origination analytical studies of the modelsumed in recent works of
Katz and Pavlovic§1], Cheskidov et al 3, 10], Kiselev and Zlato$37] and others. The
Onsager conjecture was first addressed in the works of Glaslet al in [LO, 9]. We
will describe the results below as they demonstrate a cdmplgreement with Onsager’s
prediction.

The energy of the system is defined &) = 2 3 Daeo aZ(t), while the Sobolev norm
by [lal|. = 252, A;a;. We assume that the force has only one non-zero mpde,
(f0,0,...).

Let us first discuss the inviscid model, ize= 0. The Onsager-critical class for validity
of the energy balance relation

E(t) =£(0) —l—/o (f,a(s))ds (49)

is L3([0, T); H/?). However, no solution to4@) stays inH /3 for all times, and every
solution starts to dissipate energy! The situation is thieviang.

1) For every initial conditionz(0) € ¢2 there exists a global weakly continuoustih
global solution to 48) with each component, (¢) continuously differentiable in time. If,
in addition,a(0) > 0, thena(t) > 0 for all ¢, and the energy inequality

—ag = A 1a2 = Ajaqtgi1 + fq, ¢=0,1,... (48)

E(t) < E(to) +/t (f,a(s))ds, (50)

holds for all0 < ¢y < ¢.
2) The H¢/3-norm of any solution blows up in finite time, moreover, fonsI’ > 0,
a ¢ L3([0,T); H/?).
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3) The unique equilibrium given by° = {)\;C/?’\/%} is an exponential attractor, i.e.
every trajectory converges & exponentially fast in the metric af. Clearly,a? itself
violates ¢9) since(a?, f) = adf, > 0.

4) For a trajectory:(t) we define the anomalous dissipation rate by

cot) = (a(t), ) — 2 a2

in the sense of distributions. In view d(), g is a positive distribution, and hence a Borel
measure. Define

1T
€0 = Th—I>r<l>o T ‘/0 dEO(t).
Then,ep = (a2, ) > 0 because of fact 3). We see that every solution dissipateggne
eventually. Moreover, the long time averaged flux througkemambers satisfieslI,, =
(@2, f) = (a, f) = €0, thus confirming the lawdp).

5) Since every solution converges to the equilibriufy the energy spectrum defined

by E(k) = <a5>, K € [Ags Agr1), satisfiesE(r) o« Ay ' ~>*/®. This is consistent with the
description of the spectrum in the corresponding inteemity regime given by3g).

The viscous case was treated #hfor a limited range of parametere (3/2,5/2].

i) In this case there exists a unique smooth stationaryipgeslutiona”, which is an

exponential global attractor iff. Moreovera” — o asy — 0 in the metric of anyH®,
for s < ¢/3 (notice thatn” does not belong té7*/%). Thus, for small > 0, o o )\q_c/?’
in the range of; consistent with the Kolmogorov dissipation wavenumltss),(beyond
which oy decreases exponentially fast.
i) For a fixedv > 0 and solutioru” (¢) there is no anomalous dissipation in the long

time average sense, i.e.

T T
— N 1 v 2 . B l v _ v
o= Jim [ Zvler Ot = im [ S0 0= ). 6

So, in view of i), lettingr — 0 we obtain

€, — (ao,f) =€y >0,

which is a vivid manifestation of the Kolmogorov’s dissijgat anomaly law 84).
Due to the technical restrictiane (3/2,5/2] it remains open whether the above results
hold in the classical K41 regime= 1.

3. Lecture 3: local energy balance, organized singularitiesyortex sheets.As we ar-
gued previously the suitable functional class in Besov eandiouse turbulent solutions to

the Euler equation is the Onsager-critical spﬁé?’o. In intermittent regimes individual
realizations of Euler flow may in principle exhibit organizirmations of the singular set
not covering the entire fluid domain. In this lecture we wkbenine some of those cases
in more detail. We obtain sufficient Onsager-critical caiogis for energy conservation in
terms of mixedLP-spaces. Since a turbulent solution is expected to digsgratrgy these
conditions essentially tell us what a turbulent motion adrive. Guided by these findings
we will explore a possibility of obtaining dissipative statary solutions with a point sin-
gularity in 2D. We will further establish that vortex sheatge not turbulent despite being

in the critical cIassBéfO?; and no better. However at the time of first roll-up there is a-po
sibility for energy drop or loss. The results of this lectare mostly contained in!f] and
are inspired by an earlier work of Caflisch et a].|

First we will look at the problem locally in space-time. Wdide the appropriate local

regularity class by taking?() as a determining condition.
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Definition 3.1. Let u be a weak solution to the Euler equations. We saydhatregular,
and writeu € R if the condition @O0) is satisfied. For a relatively open $8tC [0, 7] x R™
we writeu € R(D) if ug € R for all scalarp € C3°(D). The maximal suctD is called
the regular set of, while its complement is called the singular set.

Forasetd C R™ x [0, T] we denote byA(t) the sliceA N (R™ x {t}), andA(t',t") =
AN R x (¢,t").

Lemma 3.2. Let D be the regular set of a weak solutian Then for every) € C5°(D)
one has

/ WP — [ JuPe= / W0 + (u® + 2p)u- Vo, (52)
D@ D(t') D ")

forall ¢',t" € [0,T].

Definition 3.3. We say that a sef C R" x [0, 7] admits ak-dimensionalC”!-coverif
for every point(xz, t) in the space-time there is an open neighborhdaif =, in R™ and
a relatively open subintervdl C [0, 7] containingt, for which there exists a family of
C'-diffeomorphisms
i :U— By, tel, (53)
satisfying the following conditions
(@ St)NU C o; '(RF x {0} * N By), forallt € T,
(b) ThereisC > 0 such that
sup ¢y (z) — per ()] < CJt' —¢"|7,
zecU
forall¢/,t"” € I;
(©) supP ey ter Ve (z)] < C.

In the casé: < n — 1 we have the following result.

Theorem 3.4([49]). Letu € L3(R"™ x [0, T]) be a weak solution to the Euler equation on
the time interval0, T']. Thenu conserves energy provided the singularSetf v admits a

3(n—k)

k-dimensionatC™!-cover andu € L}LEL; """ locally, where the values of, n, k > 0
satisfy

v > n>k+ 1. (54)

3
n—k+2’
The mixedLP-space used in the theorem is defined as follows. Assumingéth slice
S(t) is ak-dimensional smooth submanifold &f* we consider a local normal fiber bundle
S+ (t). Thus, each fibef*(z,t) is ay-smooth in time local tile orthogonal to the surface

S(t). We define the local spade/ L'; LY, by assuming

3/p

p/q
/ / / lu(z,y,0)|%do? ) | dob(z) | dt < oo,
1 \Jswynu \Jst(anu

over each coordinate neighborhobdx I, wheredo; denotes the surface measure of

3(n—k)
dimensionr. A straightforward computation shows that the spﬁéé%Lg;k*1 is in fact
Onsager-critical.

The argument used in the proof of Theor@nis local. We use the local energy balance
relation 62) as a platform for approaching the singular set by an ordrriyoff procedure.
Just to give an illustration, let us consider the point case 0 and assume the point
singularitys(t) is regular in time. Let us consider a scalar cut-off functioa Cg%. with
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n(r) = 1forr € [0,1), andn(r) = 0 for r > 2. Fore > 0 we considefp.(x,t) =
1—n ‘””’—:(t)‘) Since the support af. lies entirely in the regular region of, we can

substituteyp, into the local energy equalityp®) (compactness of the support can be easily
removed). As we let — 0 the left hand side clearly converges|to(t”)||3 — ||u(t')|3.

Sinced, ¢. behaves like ! we obtain
1 t//
ST
€ Jy Bac(s(t))

/ 0.
D(t’,t”)

This is smaller than the estimate we will obtain for the iglar term. We have

1 t//
/ |u?u - Voo | < —/ / |u|dadt
D(t' ") € Jt JBac(s(t))

t” n
< / / |u|n3%1d:v dt — 0.
t/ Bac(s(t))
The pressure can be treated similarly.

Since the argument is local one can extend it to the case aflyofinite unions of
singular sets. Specifically, suppose that in every cootdinaighborhood” = U x I

n—1

Ny
s=Us; (55)
j=1

where S;’s are k;-dimensionallyC"i+*-covered inV. The conclusions of Theoref4
remain valid under the corresponding assumptions tmcally near eacts;.

Because of its local nature it is more convenient to view Teeu3.4 as a statement
about the local energy balance relatiéR)(rather than the total energy conservation. Thus
if w and.S are locally as described by Theorém! then as far as the energy balance is
concerned the regular sBxof u can be augmented to include points®f

Example 1. Suppose: has a point singularity(¢) at each time € [0,T]. Thus,k = 0

and the energy conservation is guaranteedsian%2 andu € L3L="1. In 2D we obtain
the conditionu € L3LS, while in 3Du € L3L%/2. In the case ofi = 3 andk = 1 we
obtainu € L3LYLS, . .
Example 2. As we discussed earlier, a physically meaningful formalaf Onsager’s
conjecture in stationary case consists of finding a smoattefé € S and a fieldu €
By/2 N L? such that

(u-VYu+Vp=f (56)
holds in the distributional sense and

(f,u) #0. (57)

In view of Theorem3.4 we look for a solution having one point singularity at thegami
withu € LS .. A natural choice would be, in polar coordinafess),
Tl%(%\IJF—\IJ'ﬁ), r<1;
u =< smooth, 1<r<2; (58)
0, r=>2,

where¥ € C?([0,2x]) is a scalaRr-periodic function, and® = (—sin(6), cos(0)), 7 =
(cos(6), sin(0)). This is an example of a divergence-free field witk L¢_, N B/ NL2.

3,00
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In order to satisfy§6) and £7), function¥ has to obey the following two conditions
3(0)? +49% 4+ 600" = P, (59)

whereP is a constant related to the value of the pressure near siriiyuand

/ 277(\11'(9))3619 #0. (60)
0

Unfortunately an ad hoc argument shows thHafl) (and G0) are inconsistent. Indeed,
supposeP # 0. Let us test equation5@) against?™¥’ with n > 1. One obtains
J(@)3w" = 0 for all n > 1. Thus for any analytic functioi vanishing at0 one

also has[(¥/)3G(¥) = 0. Let us takeG.(z) = 1 — e=7°/< and lete — 0. We ob-
tain f\y;‘éo(\lﬂ)3 = 0. In order to stay consistent witlb@) we necessarily conclude that
{¥ = 0}| > 0. Hence, the set wher® = 0 has a cluster poinfy. At that point
U’(6y) = 0 which contradictsg9).

Suppose now tha? = 0, and assume without loss of generality tigt)) > 0 at some
6. Notice that at any such poifit ¥”/() < 0. Let us consider a local maximufig so that
¥'(6p) = 0 and¥(hy) > 0. SinceV cannot be identically constant, there ig:a> 6,
such that¥’(0,) < 0, yet¥(6;) > 0. Since?” < 0, the slope¥’(§) will decrease to the
right of 6;. We eventually find a poirl; > 6; such that¥ (6,) = 0, yet¥’(6;) < 0. This
contradicts equatiorbg).

As a consequence, every solution in the formEd) Gatisfies the energy balance relation,
and yet this case is not covered by Theoizr

3.1. Casek = n — 1: slits. We now describe the hypersurface version of Theo8efn
which appears to be the critical case. Our settings will beesghat stronger than those
described in Definitior8.3. Namely, letS be aC'! in time family of closed orientable
C?-submanifolds ofR™. Denote byii(x, t) the positively oriented unit normal t§(¢) at

x € S(t). Let us also define the normal segments for eyery) € S:

Ty(z,t) = (z,t) + 7i(x, )]0, €],
I (Ia t) = (SC, t) + ﬁ(SE, t)[_ela O]a
(the length being uniform in every coordinate chart). BétC R™ x [0, 7] be a relatively

open set such that” N S is a coordinate chart of. For a function or fieldf on W we
define the normal maximal function defined by

filz,t)= sup [f(a',1)],
o' €l 4 (z,t)
and the normal limits by
fe(z,t) = lim  f(a',1),
z/é”rfé,t)
provided the latter exist. BY.4(.5)1,. we understand the locél?-space with respect to the
measurelodt, wheredo, is the surface measure 6f{t).
Definition 3.5. Let u be a weak solution to the Euler equations. The surfatecalled a
slit of w if

1) The limitsuy, py+ existfora.et € [0,T] and a.ex € S(t),
2) uh € L3(9)10c andpi € L3%(9)10¢
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If Sis aslit, then one can show directly from the weak formulatibthe Euler equation
and divergence-free condition that the normal component bs no jump across the
surfaceS(t):

Ug * 7= U_ - T = Up,
and the pressure is continuous through the surface- p_ for a.e.t € [0,T]. Moreover
almost every particle € S(t) through which the velocity has a jumgy (z, t) # u_(x,t),
will remain on the surfacg at almost every time (se€ ] for precise statement). The latter
condition is similar to the kinematic condition on the sedaf a water wave.

The substitute of Theore®4can now be stated as follows.

Theorem 3.6. Suppose that € L3(R" x [0, T) is a weak solution to the Euler equations
and the singular set of is a slit. Thenu conserves the total energy. Moreover the local
energy balance equalifp2) holds on the entire space = R".

We note that a generic field with a slit-type singularity e exactly to the Onsager-
critical classB.’? | and no better class. As an example, considafr,y) = (1,0), for

3,007

y > 0, andu(z,y) = (0,0) for y < 0, and assume thaiis tapered far from the origin. It
is a typical example of a vortex sheet which we will discusgne

3.2. Energy conservation for vortex sheets.A typical example of a slit is a smooth vor-
tex sheet. Vortex sheets in the classical sense are sirgpllgions to the Euler equations
with vorticity concentrated on a hypersurface (sé€€). For notational convenience we
will consider the two dimensional case. In 2D a vortex sheeleiscribed by the graph of
a regular functior{(«, t) = («, h(a, t)) and vorticity densityy = ~(«, t) on the graph.
Typically, one assumexr-periodicity of h and~. Thus, in complex variable notation the
velocity field off the sheet is given by the Biot-Savart law

(2, t) = ﬁ /W cot (%(‘“)) ~(a, t)da.

—T
Providedy has enough smoothness on a time intef§al’], the standard potential theo-
retical considerations imply thate L{°LS°, the non-tangential, and hence normal, limits
exist and are given by

1 T t) — 't

ug(a,t) = ——,PV/ cot Slavt) = e’ t) y( t)da' F y(a, 1),
47 2

wheres'is the unit tangent vector oriented in the positive direttidthez-axis. The pres-

sure can be recovered from Bernoulli’s function, and is givg the double-layer potential

formula

—T

1 1
p=—glhl® + 5D(lus = fu_P).
From the classical jump relations for the double-layer ptgD we see that the limits
exist,p; = p— = 1(Jus|? + [u—|?) andp}. € LI(S)1oc forall 1 < g < oco.
Corollary 2. According to our Definitior8.5, the classical vortex sheet is a slit.
The kinematic condition on the surface discussed abovetigngpbut the well-known

evolution law of the sheet:

Oth = —U10,h + Us,

whereU = %(qu +u_). In order for the total kinetic energy of the vortex sheetedihite
we assume vanishing of the total circulation:

/F ~v(a, t)da = 0.

—T
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Under this conditiony € L°° L2, and by interpolation withy € L>°L> we obtainu &
L3L3.

Thus, the conditions of Theoref6 are satisfied and we arrive at the following corol-
lary.

Corollary 3 ([49]). Suppose that, h € C*°(]0,T] x [—, 71]), and the total circulation of
~ is zero. Then the energy of the vortex sheet is conserved.

Vortex sheets of this nature are known to exist in 2D and 3@llgdn time in spaces
of functions that admit analytic extension to a complexps{gee {, 51]). In general,
the global existence is precluded by occurrence of theuplsingularity (seed7]). The
conditions on Cauchy data stated inJthat guarantee local existence allow for sheets with
zero circulation. Thus, Corollary applies to a variety of existing vortex sheets. However,
just as for Theoren3.4 the proof of Theoren3.6is completely local. So, it applies to
obtain local energy balance relation even for sheets withita energy.

Unfortunately, as we note in the beginning of this lectureditem3.6 closes the pos-
sibility of finding Osager-critical dissipative solutioasnong regular vortex sheets. The
curvature blow-up of initially regular sheet constructgd@aflisch and Orellan&] still
retains the structure of a slit as defined above even at ttieattime. Therefore this type
of singularity sustains energy conservation again due &ofém3.6. However, the spi-
ral roll-up that develops due to Kelvin-Helmoltz instatyilis severe enough to dismantle
the geometric structure of the sheet thus opening a paggibflenergy loss or gain. In
[54] Wu proved regularity results implying that at the time ofi-p a vortex sheet fails
to remain in the class of so-called cord-arch curves with enaie rate of roll-up. This is
also suggestive of a steep velocity gradient near the cdreeddpiral. Since away from the
core the vortex sheet remains regular, TheoBe®implies that the energy flux is localized
around the center. So, the question of energy conservati@mauced to a point singularity
which falls into the lower dimensional settings of Theor@gm According to Theorer3.4
if u remains inL3([0,¢*]; L%) near the center then the energy is conserved, however it is
not known whether this condition holds or not.

We note that if energy does not remain constant at the timellefip, this automatically
implies non-uniqueness of solutions in so-called Delatéss. Those are solutions with
vorticity being a measure-valued function of time (s&€]), of which vortex sheets are
particular examples. Existence of such solutions with gigimite initial data was demon-
strated by Delort in T6] via a weak limit of solutions with regularized initial datés a
result Delort’s solutions can only dissipate energy at wds, if the energy of a classical
vortex sheet increases at the roll-up time, this solutiostrdiffer from Delort’s one. If the
energy drops at the time of roll-up, the reversed in timetsmhuproves the same result.

4. Lecture 4: energy equality for Leray-Hopf solutions of the NSE. In this last lecture
we will address the question of anomalous dissipation ioouis fluids (not to be confused
with the dissipation anomaly > 0), which carries similar difficulty as the inviscid case.
Again, the Navier-Stokes equation governing evolution eisaous fluid is given by

ug + (u-V)u =vAu— Vp + f. (61)

Hereuw is a three dimensional divergence free field, gnd S divergence free also. For
the most part of this lecture we will assume fluid dom@ino beRR? or T2. We refer to
Temam 3] for the classical well-posedness theory for this equatiat us recall that for
every divergence-free field, € L?(Q) there exists a weak solutiane C,, ([0, T); L?) N
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L2([0,T); H') to (61) such that the energy inequality

()2 + 20 / (Vu(s) 3ds < Julto)] +2 / £ - u(s)ds, (62)

holds for all0 < ¢, and a.e0 < ¢y, < t includingty = 0. So,lim;_,0+ u(t) — ug strongly
in L2. If (62) holds in the local sense too, the solution is called suitaBkistence of such
solutions was demonstrated by Scheff&i][in R? and other domains bya[57]. In fact in
the case oR? the Leray scheme already produces a suitable weak solution.

Itis believed that for > 0 any Leray-Hopf solution has no anomalous dissipation, i.e.
the energy equality rather than inequali®?) holds, i.e.

t t
lu(t)]3 + 21// |Vu(s)|3ds = |uo|3 + 2/ fru(s)ds, t>0. (63)
0 0

The Leray-Hopf regularity class,, ([0, 7); L?) N L?([0,T); H') is not sufficient, at least
in a direct sense, to establishd. Under the additional assumptianc L*L*, the energy
equality was proved by Lions3f]. Recently, Kukavica §g] relaxed Lions’ criterion to
p € L2L?, although this condition is dimensionally the same. By @diimpplication of
Theoreml.4we obtain a dimensionally different sufficient conditiom (63).

Theorem 4.1. Letu € C,([0,T); L*(R3)) N L*([0,T); H'(R?)) be a weak solution to
the 3D incompressible Navier-Stokes equations with

T
lim Agllug (t)|I3dt = 0. (64)

q— Jq
Thenu satisfies the energy equalit§3). In particular, (63) holds ifu € L3([0,T); H§).

Let us notice that by interpolation with?([0,7'); H') Lions’ condition impliesu €
L3([0,T); Hs). In a bounded domain the analogue of Theorefircan be stated in terms
of the domain of the Stokes operatbr Thus, 63) holds provided. € L3([0, T); D(A1z)),
which is again a condition of Onsager’s physical critiga{gee [L1]).

The analogue of Theoref4 for point singularities requires a weaker assumption on
the Holder continuity in time of the singular set.

Theorem 4.2([4€)). Lets € C/2([0, T]; R?) andu be a weak solution to the NSE satis-
fying the following conditions

() weCuL?>NL2PH" N L3LY?;

(i) u € R((0,T) x R*\Graph(s)),
Thenu satisfies the generalized energy equality:

/ 26 26 201
R3x {¢/'} R3x {t'} RS x (#,¢7)

— [ (P 2uevo- [ VuPo+v [ u[*A¢. (65)
R?’X(t’,t”) RSX(t’,t”) RSX(t’,t”)
forall ¢ € C5°([0,T] x R?), and0 < ¢ < ¢ < T. In particular « is a suitable weak
solution.

Conditions stated in the previous too theorems, althougtkerethan the classical ones,
still do not bring us much closer to the Leray-Hopf regulariEigure1 gives a graphic
illustration of the known results relative to the Leray-Hdpe in the (%, %) coordinates.
However, one can still hope that the Onsager critical sgalan be broken with the use of
extra information about the singular set. Recall that thetrexsult of the partial regularity
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theory advanced by Scheffet4], Caffarelli, Kohn and Nirenberdj], Sohr, von Wahl! 0]
and others states that the singular set of a suitable weaki@ois 1-dimensional in the
sense of the parabolic Hausdorff dimension. Moreover, tderfensional measure of the
setis zero. Let us examine how one can overcome the Onsadieigséor example, when
the singular set is just one point at time= 0 and the solution is regular fare [—1,0).
We can assume without loss of generality that the singuliart g0 € R3.

Lemma 4.3. Suppose that under the conditions described above the vebatios v sat-
isfies

lim sup / lu(x,t)|*dz = 0. (66)
e204e(-1,0) J|z|<e

Then the energy equalif$3) as well as its local varian(65) hold for all -1 < ¢/ < " <
0.

We see that@6) is already of the same dimension B%¥ L2. For example, it holds if
u € L LP, for somep > 2. Let us sketch the argument of Lemmh&.

Proof. Let us fixe > 0 andd > 0 and fix a non-decreasing, € C>°(R*) defined for
r >0, ¢o(r) =1forr > 1andgy(r) = 0forr < 1/2. Let us consider

2 2 1/2
¢€,5($,t)=¢0 <(|i—l+5—2) )

Let us plug it into 65) assuming” = 0 and—1 < ¢’ < 0. We write the obtained identity
using labels for respective terms in the same order as thasaain 65):

A€,5 - Be,6 - Ce,6 = De,6 - 2VE676 + VFS,(?- (67)
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Clearly we have

Acs — |u|2, (68)
R3x {0}

B@(s — |u|2, (69)
R3x {t'}

Ees — |Vu|?, (70)
R3x(0,t)

ase, 0 — 0 regardless of the relative speeds:@ind?.
Next notice that all partial derivatives @t s are supported in the ellipsoidal shell

1/2
|ZC|2 t2
1/2 < (6—2 +5 <1,
where in particulaft| < ¢ and|z| < e. Thus, we have up to absolute constant multiples

1
X(w,0)D)100e5 (2, O] < 5X(=5,0) (D)Xl <e(@), (71)
1
X(t,0) D)10z0e5(2, )] < ZX(=5,0) (D)Xl <e(2), (72)
1
X(v,0) ()| 02pe s (x, )] < SX(=5.0) (O)X[a|<e(2)- (73)
These imply the following estimates on the remaining te€ém®, F":
0
|Ce.s| < l/ / |u|?dadt, (74)
4 -8 J|z|<e
1[0 5
|Des| < = (lul” + |pl|u|)dzd, (75)
€ J-5J|z|<e
10 )
|Fesl < = |u|“dxdt. (76)
€ J_§ J|z|<e

We now leto — 0 first, and there — 0. Since every Leray-Hopf solution remains in
we L3L3  andp € L¥/2L}/? we clearly haveD, s — 0 andF, ; — 0 already a$ — 0.

loc

As to C. 5 we use the condition of the lemma to obtain

|Cesl < sup / lu(z,t)*dz — 0
te(—1,0) J|z|<e

ase — 0. O

Balancing the rates of decay betwe&mnd ¢ one can obtain further conditions for
energy equality up to time= 0. These include: € L°L? (taked = °/2) and the line of
spaces connecting'*L*?/17 and L>° L2, excluding the latter end (take= ¢*).
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