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SUMMARY

This treatise explores the “galaxy” of integrally closed domains through arithmetic properties

of rings, starting with standard domain class inclusions

{Euclidean domains} C {PIDs} € {UFDs} € {GCDDs},

and with a special emphasis on square number fields and their rings of integers, square

number rings.

Through this treatise, the author demonstrates the breadth of her background, training
and ability in writing mathematics; some portions are written and typeset as standard
mathematical prose, others are structured to break and flow like poetry. In the latter case,

exposition is secondary to symbolic manipulation.
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1. CATALOG OF ARITHMETIC PROPERTIES IN

DOMAINS

Throughout this part, [ use A to denote an integral domain. That is, I take A to be
a commutative, unital ring with 14 # 0 and no zero divisors. 1 use the term domain to
mean integral domain for convenience. One should assume domains are commutative unless
otherwise specified. For such a domain, I use U(A) to denote its group of units.

Any corrections or suggestions should be sent to stephanie @ math.uic.edu.

1 Divisibility Class Arithmetic

In this section, we formally explore divisibility as a relational property between domain
elements. In particular, this section contains a rigorous proof that divisibility association

gives an equivalence relation on a domain.

Definition 1.1. An element a € A divides an element b€ A
(equivalently, an element b€ A is a multiple of an element a € A)

if there exists c¢€ A such that b = ac.

Notational Note. If a, b€ A are such that « divides b

(equivalently, if b€ A is a multiple of a € A), we write a|b.

Further, if a|b, we may say that “a isa divisor or factor of b.”


mailto:stephanie@math.uic.edu

1.1 Domain Divisibility Properties

Proposition 1.2 (Domain Divisibility Properties). For a, b, ¢, di,...,d, € A,

the following divisibility properties hold:

i. (Reflexivity) Any element a € A divides itself. That is, if a € A then a | a.

Proof. There is an identity element 1€ A such that, for every a € A,

a = al = 1-a (%)

Note that (x) is equivalent to “a is a multiple of ” which is equivalent to

“a divides a” by Definition 1.1. Thus, if a€ A then a]a. O

ii. (Symmetry) The elements a € A and b€ A divide each other if and only
if they differ by a unit factor. Thatis, a|b and b|a if and only if there

exists w € U(A) suchthat b = u-a.

Broef First, assume a|b and b|a. Then, there exist ¢, € A such that

a = bd = db (a)

and b = ac = ca. (b)

Substituting Equation (a) into Equation (b), we have

1-b = b = c(db) = (de)b. (c)

Since 1e A is unique, Equation (c) implies that 1 =/(d¢

which further implies that ¢=:u € U(A). Thus, b = w-a, asdesired. [



iii.

iy Now, assume there is some u € U(A) such that

Since b = awu, wecansay that a|b by Definition 1.1.

Further, since u € U(A), thereis some u' € A such that

Multiplying both sides of Equation (x) by u' gives

bu = (awu)d
= a(uu)
= al
= a.
Thus, a = bu' which means that b|a by Definition 1.1. O

(Transitivity) All divisors of an element divide all multiples of that element.

That is, if a|b and b|c then a]c.

Proof. Since a | b, thereissome dé& A such that

and, since b|c¢, thereissome d € A such that

c = bd. (b)



iv.

We now use Equation (a) to re-express Equation (b) as

¢c = (ad)d = a(dd).

Thus, there is an element ¢ :=dd € A such that ¢ = a .

Thus, a|ec. O

If an element divides all elements of a finite subset of A, then that element
divides any A-linear combination of subset elements.
That is, if a|d; forall 1<i<mn, then a | apdi+---+a,d,

for any subset {ai,...,a,} C A.

Proof. Given that a|d; forall 1<i<n, weknow that there exists some
¢ € A such that d; = a ¢ forall 1 < i < n. Thus, for any subset

{ai,...,a,} C A, we have

apdi+-+a,d, = a(ac)+-+a, (ac,)
= (ampa)c+--+(a,a)cy
= (aa) 4+ (aay) e
= a(mca)t+-+a(a,c,)

= af(ag 1+ +ay,cy).

Since c¢:=ajc;+---+ayc, € A for any subset  {aq,...,a,} C A, we have

(ay dy+-+-+a,d,) = ac

which means that a | a3 dy + -+ a, d,. O



1.2

v. If A isadomainand a, b€ A then a|b ifandonlyif AbC Aa.

roef. Assuming a | b, we know that there exists ¢ € A such that ¢ a =0b.
This implies that b€ Aa = {ca : c€ A} and further implies
AbC AAa = {dca : d, ce A}

= {(dc)a : d, ce A}

= {da:d=dceA Vd ce A}

= {da:deA}

= Aa,
concluding the proof. O
ool Assuming Ab C Aa, we know that for all S € Ab there exists an
a€ A suchthat f = aa. Since 1€ A andsince b = 1-be Ab,
this means that there exists an ap € A such that b = o a,
implying that a | b. [

Divisibility Associate Equivalence

In this subsection, we explicate the reflexive, symmetric and transitive properties of

divisibility given above into a formal equivalence relation, called divisibility association.

Definition 1.3. If a€ A and b e A differ by a unit factor, we call a and b
associates with respect to divisibility

(equivalently, we say @ and b are associated in divisibility).

In other words, if a, b € A are such that w-b=a for some unit u € U(A),

we say that “a is associate to b with respect to divisibility” and write a = b.



Proposition 1.4. Divisibility association gives an equivalence relation on A.

Remark. The following proofs are analogous to the proofs in Proposition 1.2.

i.

ii.

iii.

Reflexive. For every element a € A, we have that a = a.
Recall. Divisibility is a reflexive property.

That is, for every a € A, we have a | a.

Proof. The multiplicative identity element 1€ A is a unit and satisfies

Thus, a=a by Definition 1.3. O]

Symmetric. For any two elements a, b € A such that a =0,

we also have that b = a.
Recall. Divisibility is a symmetric property.
That is, alb and b|a if and only if there exists u € U(A)

such that w-a =0.

Proof. If a =05, thereexists u € U(A) suchthat w-a = b.

Further, since u € U(A), there is some u~!' € U(A) such that

vut = uwlu = 1
Thus, vtb = wl(ua = @Wlu-a = 1l-a = a,
implying that ™ '-b = a. Hence, b= a. O

Transitive. If a,b,c€ A aresuchthat a=0 and b=¢, then a=c

Recall. Divisibility is a transitive property.



That is,if a|b and b|c then a|ec.

Proof. Since a =b, thereissome u € U(A) such that

and, since b =c¢, thereissome u € U(A) such that

Using Equation (a), we re-express Equation (b) as

Thus o' uw € U(A), which means that a = c. O

We now encounter the first distinctive class of divisibility associates covered in this
treatise. The following remark states that the group of units U(A) of a domain
A form an equivalence class of elements which are associate to the multiplicative
identity element 1 € A. In other words, divisibility association classifies all invertible

elements in a domain as equivalent to the multiplicative identity.

Remark 1.5. An element of A is an associate of the multiplicative identity in A if

and only if it is a unit ( equivalently, a =1 if and only if a € U(A)).

P i " i .
Zrodf First, assume a = 1. By Definition 1.3, this means that there is some

u € U(A) suchthat w-a = 1. Thus, a€ U(A). O

P : .
L% Now, assume a € U (A). This means there exists some o € U(A) such

that ad = da = 1 Thus, a =1 by definition. O



Remark 1.6. If A is adomain and a, b€ A then
i. a=0b ifand only if Ab = Aa; and

ii. Remark 1.5 holds <«— Aa = A.

i First, assume a =b (similarly, b= a). Then, there exists u € U(A)

such that w a =10 (similarly, there exists «' € u(A) such that «' b= a).
This implies that b € Aa (similarly, a € Aa). Thus Ab C Aa (similarly,

Aa C Ab), implying that Ab= Aa. ]

i. ”éf. Now, assume Ab = Aa. This implies that Ab C Aa (and that
Ab D Aa), further implying that for all 3 € Ab there exists « € A such
that f = « a (and further implying that for all « € Aa there exists
€A suchthat o« = b). Since b = 1-b€ Ab, this means that there
exists an o, € A such that b = a,a (and since a = 1-a € Aa, this

means that there exists [, € A such that a = [, b). Thus,

b = ay (ﬁa b>7
1-0 - (ab 6&) b7
1 - Qy ﬁtm
implying that «,, 8, € U(A) and, finally, implying that a = 0. n

ii. 2% Assume there exists u € U(A) C A such that w-a = 1. This

implies that 1 € Aa which further implies that A C AAa. Thus, A C Aa.
Further, assuming Remark 1.5, it is clear that Aa C A. Thus, since Aa C A

and A C Aa we have Aa = A. O

THRPA I Aa = A, thereexists b€ A suchthat ba = 1 which implies

that a € U(A) if and only if a=1. O



2 Specific Classes of Associates

In the previous section, we formally defined divisibility as an equivalence relation. Now, we
deepen our understanding of this relational property by defining specific divisibility classes of

shared factors/multiples for pairs of domain elements.

In this discussion of greatest common divisors and least common multiples we take care
to emphasize that the existence of such classes of associates is not always guaranteed for
any given pair of elements in an arbitrary domain. We introduce greatest common divisor
domains, domains for which there exists a greatest common divisor for every pair of elements,
and give an example of a domain which is not a greatest common divisor domain.

Any corrections or suggestions should be sent to stephanie @ math.uic.edu.

Greatest Common Divisors

Definition 2.1. An element d € A is called a greatest common divisor of

two elements a, be A if

i. d divides «a (d|a),
ii. d divides b (d | b) and
iii. any element which divides both a and b also divides d

(any d' € A suchthat d|a and d |b isalsosuch that d'|d).

(Clarifying) Remark 2.2. If such an element d € A exists for the pair a, b € A,
then it is unique only up to association in divisibility. I use gecd(a,b) to denote the
equivalence class of associates of d. I may also say that d € ged(a,b). To denote

a representative element of the equivalence class, I may use ged(a,b).


mailto:stephanie@math.uic.edu

Proposition 2.3. Suppose A is a domain for which there exists ged(a,b) € A

for every pair of elements a, b€ A.

Then, letting a, b, c € A, the following properties hold:

i.

ii.

iii.

iv.

Any greatest common divisor of an arbitrary nonzero element and the additive

identity, zero, is associate to the nonzero arbitrary element  (ged(a,0) = a);

Proof. Since a|a and a0, it follows that a | ged(a,0).

Since ged(a,0) | @ by definition, we conclude ged(a,0) = a. O

ged(a,b) =a if and only if a | b;

7% It ged(a,b) = a, there exists u € U(A) such that ged(a,b) = u - a.

Thus, a |ged(a,b) and, because ged(a,b) | b, we can conclude a|b. O

Fgoof Suppose a|b. Then ala, a|b, andany d suchthat d'|a

and d | b trivially satisfies d |a. So gcd(a,b) = a. O
y g )

if d = ged(a,b) is a representative greatest common divisor of distinct,
nonzero elements a, b€ A andif d/, ¥ € A aresuchthat a = dad and

b = db, then ged(d, V) =1,

Proof. Let d be such that d' |« and d |¥. Then dd | dd =a
and dd | db =0, so dd|d because d=gcd(a,b). Then there exists
ce€A suchthat d = c¢dd, so cd =1 andthus d € U(A). Thus we
1. [

have that ged(d’,b’)
ged(ac,be) = ¢-ged(a,b); and

Proof. Let d := gcd(a,b) andlet d besuchthat d |ac and d|bec.

!/

By part iii., there exists « and & such that a = d o, b = dV,
and ged(a’,b') =1. Then d |cdad and d |cdb. If dtcd there

10



2.2

would exist d” which is not a unit such that d | ¢ d d”, d" | «, and
d" | V. But, because ged(a,b0) =1, d” would be a unit. Thus d | cd,

so ged(ac,be) = c-ged(a,b). O
v. ged(a, ged(b,c)) = ged( ged(a,b), c).

Proof. Let d := gecd(a,b) and e := ged(b,¢). Then ged(d,c) |d and
ged(d,c) | ¢, so ged(d,c) |a and ged(d,c) |b and thus

ged(d,c) | e. Then ged(d,c) | ged(a,e). Let d be such that d | a and
d|e Then d|b and d|e¢, so d|d andthus d |ged(d,c). Thus
ged(a, ged(b,c)) = ged( ged(a,b), c. O

Definition 2.4. If A is a domain for which there exists at least one greatest
common divisor  ged(a,b) of every pair of elements a, b € A up to associ-
ation by division, we define the greatest common divisor of a finite subset
{aj,...,a,} C A of nonzero, nonunital elements inductively. That is, we define the

following association

ged(aq, ..., a,) = ged( ged(aq, ...y an_1), ).

Least Common Multiples

Definition 2.5. An element m € A is called a least common multiple of two

elements a, be A if
i. m is a multiple of a, (a|m)
ii. m is a multiple of b, (b|m) and

iii. any m' € A suchthat a|m and b|m isalsosuch that m'|m.

11



2.3

(Clarifying) Remark 2.6. If such an element m € A exists for the pair a, b € A,

then it is unique only up to association in divisibility. We use lcm(a,b) to denote

the equivalence class of associates of m. We may also say that m € lem(a,b).

To denote a representative element of the equivalence class, we use lcm(a,b).

Greatest Common Divisor Domains

Definition 2.7. If A is a domain for which there exists a greatest common divisor
for any two elements a, b,€ A, then we call A a greatest common divisor

domain (abbr. GCDD)

Arithmetic Characterization Theorem for Greatest Common

Divisor Domains

Theorem 2.8. Let A be a domain. Then the following are equiva-

lent:
i. For any a, b€ A there exists d:= ged(a,b) € A.
ii. For any a, b€ A there exists p:=lem(a,b) € A.
iii. For any a, b € A there exists p € A such that

Aan Ab = Ap.

Claim 2.8.1 (ii. = iii.). Let a, b€ A. If there exists some

w = lem(a, b) € lem(a, b)

then AanN Ab= Apu.

12



Proof. First, we want to show that AaN Ab D Ap. By Definition 2.5,
this means a |p and b | p  which, by Proposition 1.2, implies that
Ap C Aa  and that Ap C Ab. Thus, Aan Ab D Apu.

Now, we want to show that AaNAb C Au. Note that p € Aa and
i € Ab  which implies that there exist elements «, 5 € A  such that
p=aa and p = pb; in other words, it implies that a | ¢ and
b|p. Since p=Ilem(a,b), wehave p|m forany m € Aan Ab.
So, Am C Ap and, in particular, m € Au. Then we conclude that
Aan Ab C Apu. Thus, Aan Ab= Ap. m

Claim 2.8.2 (iii. = ii.). If there exists some u € A such that AanN

Ab= Ap  for all pairs a, b€ A then p:=lem(a,d) € lem(a,b).

Proof. Let a,b € A. Assume there is an element p € A such that
Aan Ab= Ap for all pairs a, b € A. By basic set theory, this im-
plies that p© € Aa and that g€ Ab. So, al|p and b|p, by
Proposition 1.2. (Note that we have shown that p satisfies Definition
2.5.i. and 2.5.ii.)

Now, take any m € A such that a|m and b|m, thatis, take
m € A to be an arbitrary common divisor of both @ and b. Then
m € Aa and m € Ab which implies that m € Aa N Ab and, by
assumption, that m € Ap. So, there is some ¢ € A such that
m = ¢ p implying that u | m. (Note that we have shown that u
satisfies Definition 2.5.iii.) ~ Thus, there is a least common multiple

p:=lem(a, b) € lem(a,b) for every pair of elements a, b € A. O

Claim 2.8.3 (i. = ii.). If there exists an element d € A such that

d € ged(a,b) for all pairs a, b € A then there exists u € A such

13



that p € lem(a,b) for all pairs a, b € A.

Proof. In the case where a, b € A aresuch that ab = 0, we have
lem(a,b) = 0.

So, assume there is some nonzero element d := ged(a,b) € A satisfy-
ing Definition 2.1 for an arbitrary pair a, b € A such that ab # 0.

Then, by Proposition 2.3, there exist elements a', &’ € A such that

a=dad,b=dV and ged(a’,b') = 1. (%)

Substituting (1) a = da’ and (2) b = dif into the product

a b results in

ab=(dd)b=d (db)=dm (1)

ab=a ' d)=(ab)d=md, (2)

where m=a"b=al/. Butthen b|m and a|m by Definition
1.1.

Now, let m’ € A be any multiple of both @ and b. That is,
assume m € A issuch that a|m’ and b|m'. So, there exist
a, B € A such that m" = a a and m' = b [, which implies
m = (dd)a and m = (dV). Thus, m" =dd a=dV 3
implying that o o =" 5. This, along with Proposition 2.3, implies
that

b oged(B, a) =ged(t) B, b a) =ged(d a, V' «)



which further implies that

b ged(B, a) =a ged(d, V) =al=a

because ged(a’,0') =1 ( see (%) ). Now, since b ged(a’,b) = a,
we get that 0 | a. So, there is some o' € A which is such that

a=10 ao. Thus,

m=aa=a d)=(ab)ad =md
which, by Definition 1.1, means that m | m’ for any such m’ € A.

We conclude that m € lem(a,b), as desired. O

Claim 2.8.4 (ii. = 1i.). If there exists an element pu € A such that
p € lem(a,b) for all pairs a, b € A then for all pairs a, b € A

there exists d € A such that d € ged(a,b).

Proof. Let a, b€ A be such that ab = 0. In this case, we have
ged(a,b) = 0.

So, assume there is some nonzero element m :=lem(a,b) € A satisfy-
ing Definition 2.5 for an arbitrary pair a, b € A such that ab # 0.

Then, there exist elements a/, i € A such that

m=aad =00

Now, since m = lcm(a,b), a | ab and b | ab, there is some
d e A such that
ab=md=(ad)d.

15



Thus, by left cancellation, b=« d, which implies that d|b by
Definition 1.1.
Similarly, since m = lem(a,b), a|ab and b | ab, the de€ A

from above is also such that

ab=md=Ubd=0b (bd=0bdb

So, by right cancellation, a = b d which implies that d | a by
Definition 1.1. Thus, d is a divisor of both a and ©b.

Now, let d € A be any divisor of both a and b. That is, assume
d € A issuchthat d' |a and d |b. So, thereexist «, g€ A
such that

a=d aand b=d .

Setting m’:=d «o 3, we obtain

m =af=ab.

which implies that

dm'=(d)Yap=(da)(dpB)=ab

and that a, b | m’. Further, since m = lem(a,b), we know that

m’ | m  which implies that there is some v € A such that m’' =m~.

16



Thus,

ab=d m'=d (m~)
md=(d m)~y

=md 7.

So, d = d'v implying that d |d. Therefore, by Definition 2.1 and
Remark 2.2, d € ged(a,b), as desired. ]

Theorem 2.9. If A is a domain satisfying any of the properties in Theorem 2.8,

then

ged(a, b) lem(a,b) = a b for any a, b € A.

Proof. If d := gcd(a,b) € A is a greatest common divisor of nozero elements
a, b € A, then there exist elements d, ¥ € A suchthat a=dd and b=dV

with ged(a’,0') =1. Also, thereexist z, y€ A with d=axz + by...... (1)

Thus, dd b=dab =dpu with @ b=ab = pu € A which implies that

a|lp and b|p and,in particular, pd=ab. ....... ... L. (2)

Similarly, if m € A is any common multiple of the a, b € A from above,

then there exist elements «a, € A suchthat m=aa and m=bp..... (3)

17



Thus, md=m (ax + by) by (1)
=max + mby
=bfax +aaby
=ab(fx + avy) by (3)
=pd(fxr+ ay) by (2)

= m=puBzr + ay).

So, al|p, b|p, and p|m for any common multiple m € A of a, be A
which implies that p € lem(a,b) by Definition 2.5 and Remark 2.6.
Thus, ab=d u=ged(a,b) lem(a,b), as desired. O

Remark 2.10. If A is a domain for which there exists at least one greatest common
divisor ged(a,b) € A (up to association by division) for every pair of elements
a, b € A, then we can express the least common multiple of a finite subset
{ai,...,a,} C A of nonzero, nonunital elements in terms of the inductive definition
of greatest common divisor. That is, given Definition 2.4, the following association
holds

lem(ay, ..., a,) ged(ay, ... a,) =ay - ap.

A Clarifying Non-Example

Theorem 2.11 ( | ]). There exist domains which are not GCDDs:

for an integer d > 3 such that d+ 1 is not prime, and writing
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2.4

d+1 = pk for some prime p and some integer k > 2, the domain

Z[V—d) = {a + b/—d}

has the property that p and 14 +/—d have a greatest common
divisor but not a least common multiple. In particular, as a consequence

of Theorem 2.8, Z[v/—d| is not a GCDD.

Primes and Irreducibles

Definition 2.12. A nonzero element p € A\ U(A) is called prime if, for any

a, be A such that p|ab, wehave p|a or p|b.

Definition 2.13. A nonzero element ¢ € A\ U(A) is called irreducible if, for

any a,b€ A suchthat ¢=ab, wehave a€U(A) or a=gq.
Note the following equivalent definition for an irreducible element.

Definition. A nonzero element ¢ € A\ U(A) is called irreducible if, for any
a,b € A such that ¢=ab, wehave a€U(A) or beU(A).

Arithmetic Characterization of Primes and Irreducibles

Theorem 2.14. Let A be a domain and p, ¢ € A\ {0}. Then,

the following hold:

i. Prime Element <= Generates Prime Ideal. An element

p € A\ {0} is prime if and only if Ap is a prime ideal;
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ii.

el Assume pe A \U(A) is prime and let a, b€ A be

such that ab € Ap. This means that there is some c¢ € A such
that (a b) = ¢ p which implies that p | ab. Thus, p|a or
p | b by Definition 2.12. This means that there exists a € A
such that «a p =a orthat thereexists S € A suchthat [Bp=

b. Thus, either a € Ap or b € Ap which implies that Ap

is a prime ideal. -
2% Now, assume Ap <1 A is prime and let a, b € A be

such that p | ab. This means that there is some ¢ € A such
that (a b) = ¢ p which implies that ab € Ap. Thus, a or
b € Ap which implies there exists « € A such that ap=a
or there exists [ € A such that [ p=0>b. Thus, either p|a

or p|b which implies that p € A is prime. O

Irreducible Element <= Generates Maximal Ideal. An
element ¢ € A\{0} isirreducible if and only if Ag is maximal

among principal ideals;

2roef - Assume g € A\U(A) is irreducible. We want so show
that, if a principal ideal Aa <1 A is such that Aa O Aq then
Aq = Aa. If a € U(A), then Aa = A. So, let a € A\
U(A) be such that Ag C Aa. This means that any element
¢ € Ag can be written ¢ = o’a for some o € A and, in
particular, there is some « € A such that « a = ¢. Since
q € A is irreducible by assumption and since a ¢ U(A), then
a=¢q. Thus, Aq= Aa, implying that Aq is maximal among
Aa < A. O
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iii.

iv.

297 Assume Ag <t A is maximal among all Aa <1 A and let
a, b € A be such that ¢ = ab. Then, either a € U(A), in
which case ¢ € A is irreducible, or a € A\ U(A), in which

case Aa # A. So, consider the latter case. Since a € A is

given to be such that a | ¢, the above implies Aq C Aa C A.

Since Ag was assumed to be maximal, this implies that Aa =
Aq, which further implies that ¢ = a. We have shown that, if
a, b € A are such that ¢ = a b, then either a € U(A) or

a=¢q. Thus, ¢ isirreducible by Definition 2.13. O

Prime Elements are Irreducible in Domains. Any prime

element p of a domain A is also an irreducible element;

Proof. Let a, b€ A benonzeroand pé€ A\U(A) be nonzero
and prime such that p=ab. Thus, p | ab which means that
(1) pla or (2) p|b by Definition 2.12.

(1) First, assume p|a. Then, thereissome « € A such that
a = pa and, thus, p=pl=ab=(pa)b which implies
that 1=ab andthat be U(A).

(2) Similarly, assuming p | b, there is some € A such that
b= pp and,thus, p = 1p = ab = a (fp) which implies
that 1 = a 8 and that a € U(A).

So, any such prime p is also irreducible. O

Irreducible Elements are Prime in GCDDS. If A is a
domain in which a greatest common divisor ged(a,b) € A exists

for any pair of nonzero elements a, b € A\ U(A), then any
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irreducible element ¢ € A is also a prime element. ( See Theorem

2.8 for more on greatest common divisor domains )

Proof. Let A be a domain in which there exists a greatest com-
mon divisor for any pair of nonzero elements. Let a, b€ A\ U(A)
be nonzero elements and let ¢ € A be irreducible such that
q |ab.

There exists d := ged(q,a) € A which is such that d | ¢. So,
there is some u € A such that ¢ = u d which implies that
(1) deU(A) or (2) ueU(A).

(1) If deU(A), then ged(q,a)=q=1. Thus,

b ged(q,a) = ged(bg,ba) = b.

Now, since ¢ |gb and ¢ |ab, wededucethat ¢ |ged(gb,ab) =

b which implies that ¢ | b.

(2) If weU(A), then gecd(q,a) = d = q. Since, ged(q,a) =
q, then ¢ | a.

Thus, ¢ 1is prime. O

(Clarifying) Remark. Note that the converse of Theorem 2.14.iii. is not necessarily
true for arbitrary domains. This is reflected in Theorem 2.14.iv. by the stricter

hypothesis that A be a GCDD. (see Example 3.9)

(Clarifying) Remark. One may, for example, be tempted to assert that every domain
contains infinitely many prime classes or, equivalently, infinitely many prime elements

which are not associated in divisibility. However, the number of distinct prime classes
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in an arbitrary domain may not be infinite. We will revisit this remark in the context of
unique factorization domains (UFDs), where we prove that a UFD A has infinitely

many prime classes if #U(A) < oo.
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11. SURVEY OF SPECIFIC DOMAINS

3 Survey of Subclasses

3.0 Arithmetic in Square Number Rings

Terminology Apology. 1 must now caution that my departure from convention in this
section—in particular, the substitution of “square” for the more commonly used
“quadratic”—is fairly drasticand very “extra” of me. That is, don’t try this,

kids at home! O]

Now that we have catalogued relevant arithmetic properties of domains, we introduce
the notion of a square number field in order to access a class of arithmetically-relevant
domains: the rings of integers of square number fields. That is, we define a square
number field in order to discuss the associated square number ring. Square
number rings are algebraically-motivated but are arithmetically concrete; one can
explicitly manipulate their elements as symbols to check if they satisfy arithmetic

characterizations of domain subclasses.
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Spoiler Alert. Square number rings are, most importantly, dedekind domains. However,
we will not discuss dedekind domains in depth. Instead, we use arithmetic in square
number rings to illustrate, in concrete examples and counter-examples, a broad charting

of properties as arithmetically-characterized domain subclass inclusions.

Terminology Note. I choose to include the modifier “number” in the terms “square
number field” and “square number ring” to indicate the strict context of a rational
base field and, in so doing, emphasizing the number theoretical significance of this

topic.

Square Number Fields

Definition 3.1. A number field K C C is a finite extension of
Q. A number field K D Q is called a square number field if
(K : Q] =2.

Corollary 3.1.1. If K is a square number field then there is a

uniquely determined, nonzero and squarefree integer d such that

K=QWd)={a+bVd : a, beQ}.

Proof. Let a€ K\Q. Since K isassumed to be a square number
field,
K:Q = dimgK = 2

and, since {1, a} is a Q-linearly independent set, we deduce that
{1, a} is a Q-basis for K.
Now, consider m(X) := ming(X) € Q[X]. Since [K :Q] = 2,

we know degom = 2 and that m(X) = X?+aX+0
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Note that, if a=0 then b=0 implies that m(X)= X? which
is not irreducible over Q. Thus, if a =0, then b 0. Note also
that, if b=0 then m(X) = X?4+aX = X(X —a) which is not

irreducible over Q. So, we eliminate the possibility that a # 0 and
2

a
b = 0. Note in particular b 0 implies r := T —b is nonzero and
r
rational. Thus, we can express r = —~ for ri, o # 0 which
)
. . e T2 1
implies ro= —-= = =7
o T9 T
(5 2
Letting 0% = r; ry, Wwe express r = (—) ............... (1)
L)

Now, since  m(X) is the minimal polynomial of « over Q, we

have

where p(X):= X?>—r € Q[X] is satisfied by the value z:=a + ¢

5\? i
Thus, by above, p(z) = 2? — (—)
T2
Recalling Line ( 1) from above, weset & = /rry giving
1
VioE = mm o= eV
2
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Corollary 3.1.2. There are two injective field homomorphisms
id, o : K<=C
defined by
id:vVd —Vd and o:Vd — —Vd.

Corollary 3.1.3. The trace map TRK/Q K — Q
is defined by a+b/d — 2a
and the norm map N“e . K — Q

is defined by a + bvV/d — a® — db>.

Remark 3.2. Let de Z\{0,1} besuchthat d>0 and d is
squarefree. As a consequence of the preceding discussion, we can define

the following two subclasses of square number fields in terms of d:
i. Real square number fields. have the form QW d);

ii. Imaginary square number fields. have the foorm  Q(v/—d).

Definition 3.3. Let A C B be an extension of domains. An element b€ B is
integral over A if there exists a monic polynomial f(X) € A[X] such that
f(b) = 0. The extension A C B iscalled integral if every element of B is

integral over A. Define the integral closure of A in B,
Ay = {be€ B : bintegral over A}.

Then A is integrally closed in B if Ay = A
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and A is integrally closed if it is integrally closed in its field of fractions.

Definition 3.4. Let K be a number field. We denote the integer elements of
K by Og: =17\, ie. the integral closure of Z in K. A domain consisting
of integer elements in a number field is called a number ring and is denoted Ok,
regardless of whether the associated number field K is specified. If K isa square

number field, we will refer to Ok as a square number ring (abbr. SNR).

Theorem 3.5. If d e Z\ {0,1} is the squarefree and uniquely determined integer
guaranteed by Corollary 3.1.1 for a square number field K = Q(\/d_ ) then the set

of integer elements of K is given by

Z[HV‘T} d =1 (mod4)

Z|Vd] d # 1 (mod 4)

where given o € K we define
Zlo) = AHa+ba : a, beZ} C K,

and the discriminant of the extension K with respect to the base field Q is

given by
d d =1 (mod4)
discg K =
4d d # 1 (mod 4)
Proof. Observe that vd € Ox because +/d is a root of the polynomial

X? —d € Z[X]. Moreover, {1, V/d } is Z-linearly independent since d € Z \ {0, 1}
1++Vd
2

is squarefree. Thus, Z[Vd] C Og. If d =1 (mod 4) then € Ok,
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1 d 1—-d
+2\/_ is a root of X2—X+T € Z[X].

1++Vd

since

1+Vd
2

Now let o € Ok. Since {1, vVd} isa Q-basis for Q(v/d), there exist

C Ok.

As above, and 1 are Z-linearly independent,so Z

a, be Q suchthat o = a+b+vd. Calculating the trace and the norm of «,
we infer that

20 € Z (3)

and that

a? — db* € Z. (4)

Moreover, after multiplying (4) by 4, we infer that
(2a)? — d(2b)* € Z, (5)
and, upon using (3) and that d is a squarefree integer, we infer further that
2 € Z. (6)

Indeed, to verify (6), suppose that 2b ¢ Z. Then there exist s, p, t € Z, with
p1s aprime, such that 2b = pit Recalling (3) and (5), we deduce that, for some
ne€Z, ds*=p*t>n. Since pfts, thisimplies that p?|d, which contradicts
the squarefreeness of d. Thus (6) is true. Denoting u := 2a and v := 2b,

observe that we have shown
a € Ok = u,v€7Z and u®—dv® = 0 (mod 4).

(NB: The converse is also true. The element a + bvd € Q(v/d ) is a root of the
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2 d 2
monic polynomial X? — uX + % which is integral if u, v € Z and

u* —dv® = 0 (mod 4).
Thus we have the equivalence
a€ Ok = u,v€Z and u'—dv*=0 (mod 4).

Now, recall that the square of an integer is either 0 or 1 (mod 4). Thus the
condition u? —dv? = 0 (mod 4) holds

if wandwv areboth even or

if d=1and uw=wv (mod 2).

If d=2,3 (mod4), we infer from this remark that wu,v are both even.

Thus a:a—i-b\/d_:g—i-g\/d_eZ[\/d_].

If d=1 (mod4), we infer from the remark that w, v have the same parity.

— 1
Thus a:a+b\/d_:u2v+v( —;\/d_)EZ

. O

1++Vd
2

Proof. To calculate the discriminant, proceed as follows. If d =2,3 (mod 4), then

2 2

discg K = = = 4d.

If d=1 (mod4), then

8
—~
—_
S~—
—
o
/N
—
+
S
——
[—
—
+
S

discg K = = =d.

2
=
Q
/N
>
_l’_
S
SN—
—
T
S
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Units of an Imaginary Square Number Ring

Remark 3.6. Let K = Q(v/d ) be a square number ring. We will
denote the norm map of K as N(z) := NK/@(x).
Lemma 3.7. Let K = Q(v/d ) be a square number ring. Then

i. N(x-y) = N(z)-N(y) forall z, y € K;

ii. N(z) € Z for all x € Ok (in particular N(z) € N if d < 0); and
iii. © € U(Ok) if and only if N(z) = £1.

i. Proof. Givenz =a + bWdandy=c + eVde K,

N(z-y) = N((a+bVd) - (c +eVd))
— N((ac + bde) + (ae + be)Vd)
= (ac + bde)* — d(ae + bc)?
= (a®c® + 2abcde + b?d*e?) — d(a®e® + 2abce + b*c?)
= (a®c® + b*d*e?) — d(a’e* + b*c?)
= (a® — db*) - (¢ — de?)

= N(z) - N(y).

]

ii. Proof. Clear from definition. O]

iii. 2. Suppose that z € U(Ok) and let y € U(Ok) such that

z-y=1 Then1l = N(1) = N(z-y) = N(z)- N(y), so
N(z) = +1. 0
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2% Suppose that & = a4 bv/d € O such that N(z) = +1

and let y = a —bvd . Then
z-y = (a+bVd) - (a—bVd) = a>—d b = N(z) = +1,

soz € U(Ok). O

Theorem 3.8. Let K be an imaginary square field. That is, let K =
Q(v/d ) for some squarefree d € Z \ {0,1} with d < 0. Then

{£1, +i} d = -1

UOk) =9 (+1, £ (1+iV3)} d = -3

(-1, 1} d # —1, —3.

Proof. Let K = Q(v/d). By Theorem 3.5, any element of O will have
the form

i.z=a+0V/difd#1 (mod 4); or

. x:a+b(%ﬁ> ifd=1 (mod 4),

for some a, b € Z. Note that we do not consider d = 0 (mod 4), as such
d are not squarefree.

i. Supposing that d = 2,3 (mod 4) and that d ¢ {—1, -3}, we have
d < —2 which implies —d > 2. Then, since any = € Ok will have
the form = = a 4+ bv/d € Z[\/d |, and, since any = € U(Of) will
be such that N(z) = 1, we have 1 = N(z) = a? — db* > a® + 2b?
which implies (a,b) = (£1,0) and, thus, U(Ok) = {—1,1}. Now,

suppose that d = —1. Then any = € U(Og) will have the form
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ii.

r = a+ bi € U(Og) and will be such that N(z) = 1. Thus,
1 = N(x) = a® + b?, which implies (a,b) € {(£1,0), (0,£1)} and,
further, that U(Og) = {%1, £i}.

Supposing that d =1 (mod 4) such that d # —3, we have d < —7

which implies —d > 7. Then, since any x € U(Ok) will have the

form
1 d b b 1 d
r=a+b + Vd =la+-)+:VdeZ +vd )
2 2 2 2
and, since any x € U(Og) will be such that N(z) = 1, we have
b\*  dbp’
1=N(z) = (a + 5) — which implies

4 = (2a + b)? — db* > (2a + b)* + TH>.

Thus, (a,b) = (£1,0) and U(Ok) = {—1,1}. Now, suppose that
d = —3. Then any z € U(Ok) will have the form

x:a+b<1+2—m):<a+g)+gméz[#}a

B\ 2
and will be such that N(z) = 1. Thus, 1 = N(x) = (a + —) +

30?
e which implies 4 = (2a + b)*> + 3b* = 4a®> + 4ab + 4V°

and further implies that 1 = a* + ab + b*. Thus, (a,b) €
{(£1,0),(0,£1), (£1,F1)} and thus

U(Ox) = {il, i% (1 izx/ﬁ)} .
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Example 3.9. There is a domain for which an irreducible element is not
necessarily prime: Consider the square number field K := Q(y/—5) and
its ring of integers A := O = 7Z [\/—_5] . In A, we have the following
two factorizations of 6: 6 = 2 -3 = (1 + \/—_5) (1 — \/—_5) We will
prove:

Claim 1: The elements 2, 3, 1 + /=5 and 1 — /=5 are irreducible in
A.

Claim 2: The elements 2, 3, 1 + iv/5 and 1 — iv/5 are not prime in A.

Proof of Claim 1. We will give the proof only for 2 being irreducible.

Let o = a + byv/=5 and B = ¢ +iv/—5 € A such that 2 = af. Applying
N, we deduce that 4 = (a® + 5b%) (¢* + 5d?) . Thus either a® + 5b* = 1
and ¢® + 5d? = 4, or a®> + 5b*> = 2 and ¢? + 5d? = 2, or a® + 5b®> = 4 and
c? 4+ 5d? = 1. Recalling that a, b, c,d € Z, we deduce that only the first
and thirds situations can occur, respectively implying a = £1,0 =0,c =
+2,d=0,and a = £2,b = 0,c = £1,d = 0. In particular, we obtain
that either « € U(A), or that § € U(A). Thus 2 is indeed irreducible in
A, as desired. n

Proof of Claim 2. We will give the proof only for 2 not being prime.

Observe that 2 | 6 = (1++/=5) (1 —+/=5). So, if 2 | (1++/=5) or

2 | (1 — \/5), then, by applying N, we deduce that 4 | 6, a contradiction.

Consequently, 2 1 (1 + \/—5), which means that 2 is not a prime in A,

as desired. O
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3.1

Unique Factorization Domains

Proposition 3.10 (Prime Irreducible Decomposition). Let A be a domain. If
P1,...,Pn are prime elements and ¢i,...,q, are irreducible elements of A such

that

PrPn=4q1" " qm

then m = n and for every 1 < i < n, thereisa 1 < j < m such that

Di = qj-

Proof. We proceed by induction on n.

If n=1 then p;=¢q ---¢qn. So, because p; is prime, thereexistsa 1< j <
m such that p; | ¢;. Without loss of generality we may assume j = 1. Also
¢1 | p1, so p1=q and there exists u € U(A) such that p; =wu-q. Suppose

that m > 1. Then

U-q1 =P1=qQq2" " Gm = U=(q2" " (nm,

but each ¢; is irreducible and hence cannot be a unit. Thus m = 1.

Suppose that the result holds for n < N and that

Pi1-"PN =4q1" " Gm-

Then because p; is prime there exists a 1 < j < m such that p; | ¢;, and
without loss of generality we may assume j = 1. There exists u € A such that

¢ = upy, so u € U(A) because ¢ is irreducible and p; cannot be a unit.
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Then p; =¢; and

U1 Gqm =U-"P1P2°-"PN = QP2 PN = P2 PN =U"q2" " (m,

so by the inductive hypothesis we have that m —1 =N -1 = m = N and
for every 2 <i< N thereisa 2<j<m suchthat p;=¢;. Thus the result

holds for all n. O

Definition 3.11. We call adomain A aunique factorization domain (UFD) if
for every nonzero element a € A\ U(A) there exist prime elements py,...,p, € A

such that a=p;---p,.

Definition 3.12. Let A be a domain and let p; € A be prime for all i € I,
where [ is an arbitrary indexing set. The subset {p;};c; C A s called a system

of prime representatives in A if
i. for any pair of distinct indexing elements i, j € I, we have p; # pj;
ii. for any prime element p € A, there is an indexing element ¢ € I such that
D = Di-

Remark 3.13. If A is a UFD with a system of prime representatives {p;};c; C A
then for any nonzero element a € A\ U(A) there exist unique indexing subsets

{i1,...,in} €I and {a;,...,q;,} € N\ {0} such that
a:u-pzi1 .-+ pim for some u € U(A).

Proposition 3.14. If A is a UFD with a system {p;}icr € A of prime repre-

sentatives, then any pair a, b € A of nonzero and nonunital elements with prime
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factorizations

ii.

ii.

. will have a greatest common divisor satisfying gcd(a,b) =[] p

a=u-]] pj(where o; =0 if p; {a),
iel

and b= v - [[ p(where 8; =0 if p;tb),

i€l

min{a;,0;}

i , and

iel
will have a least common multiple satisfying lem(a,b) = [] p?a"{““ﬁ i,
iel

. Proof. Let d=T] p™™ "} First note that p"*% | ¢ and prntenfd |

i
i€l

b forall i, so d|a and d|b. Let d suchthat d|a and d|b.

Then d has a unique factorization

d'=w-II p/

i€l

where 7; < min{ay, 5;} for all i, otherwise d could not divide both a

and b. Then d'|d, so

ged(a,b) =] pr-nm{ai’ﬁi}.

i
iel

Proof omitted. O
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Corollary 3.14.1. If A isaUFD,then A isa GCDD. In other words,{ GCDDs } D

{ UFDs }.

Definition 3.15. A domain A is a Bézout domain if, for all ideals (a, b) <A

there exists d € A such that (a, b) = (d). Note that a Bézout domain is not

necessarily a PID, but it is a GCDD with ged(a,b) = d.



Definition 3.16. The ring of algebraic integers, denoted by 2 := Z{, is the

integral closure of 7Z in C.

Example 3.17. Let A := ) be the ring of algebraic integers. Because A is a
Bézout domain (see [ , Exercise 16.3.24]) it is a GCCD. However, A is not a
UFD because it contains no irreducible elements, as any nonzero a € A\ U(A) can

be factorized a = +/a-+/a.

Arithmetic Characterization Theorem for Unique Factorization Domains

Theorem 3.18. Let A be a domain. Then the following statements are

equivalent:
i. The domain A is a UFD (see Definition 3.11);

ii. every nonzero element of A\U(A) can be written uniquely as a product

of irreducible elements;

iii. a. every nonzero element of A\ U(A) can be written as a product of
irreducible elements;
b. every irreducible element of A is also prime;

iv. a. every nonzero element of A\ U(A) can be written as a product of
irreducible elements;

b. a greatest commmon divisor exists for every pair of elements a, b € A;
v. every nonzero prime ideal P <l A contains a prime element;

vi. a. every chain of principal ideals of A stabilizes;

b. for all a, b € A, there exists c€ A such that Aan Ab = Ac.

Claim 3.18.1 ( i. = ii. ). Assume that A is a UFD. Since all prime

elements are irreducible in domains and since A is a UFD, any nonzero
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a€ A\U(A) will factor into prime and, hence, irreducible elements. Thus,
by Proposition 3.10 and Remark 3.13, any nonzero a € A\ U(A) will factor

uniquely as a product of irreducible elements. O

Claim 3.18.2 ( ii. = iii. a. = iii. b. ). We want to show ii. = iii. b. So,
let g€ A bean irreducible and let a,b € A be such that ¢|ab. Then
there exists ¢ € A such that a b= qc. Applying (ii), we write the unique
irreducible factorizations of a, b, and ¢ as

a= JI ¢" b= 1] qzﬁz>

1<i<m 1<i<n

Thus

Recalling that (ii) ensures the uniqueness of the irreducible factorization of
an element of A, we deduce that ¢ ~ ¢; forsome 1 <4i<m or that
q~7q; forsome 1<i<n. Thus ¢g|a or g¢|b, provingthat ¢ isa

prime.
Claim 3.18.3 ( iii. = i. ). Proof is obvious. O

Claim 3.18.4 (i. = iv. a. = iv. b. ). Claim follows from Proposition 5.1.

O
Claim 3.18.5 ( iv. = i. ). Claim follows from Proposition 2.1/. O

Claim 3.18.6 (i. = v. ). Let P <A be a nonzero prime ideal and let

a € P be a nonzero element. Since a ¢ U(A), we know a has a prime
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factorization, say, a = [] p{*. Then, since P is a prime ideal, it follows
1<i<n
that p; € P for some 1<1i<n. O

Claim 3.18.7 ( v. = i. ). Recalling Theorem 2.8 and part (iv) of Theorem
2.14, it suffices to show that every nonzero a € A\ U(A) can be written as
a product of irreducibles. Suppose that this is not true, i.e. suppose that the

subset

X :={aec A\ (U(A)U{0}) : a is not a product of irreducibles}

is nonempty. Thus there exists a € X. Clearly, a is not irreducible. Thus,
it can be written as a = aj by for some nonzero a;,b; € A\ U(A). At
least one of a; or b; isnotin X, for otherwise a is a product of
irreducibles, a contradiction. Say that a; € X. Reasoning as above, a; is
not irreducible, and, thus, can be written as a; = asby for some nonzero
as, by € A\ U(A) with ay € X.

Continuing in the same way, we obtain two sequences of nonzero elements
(an)n>1s (bn)n>1 € A\U(A) with a, = ap11b,41. Consequently, we obtain a
strictly ascending sequence of principal ideals, Aa; € Aas, € ... C Aa, € ...,

a contradiction with (vil). Thus X =), confirming (i). O

Remark 3.19. Let A be a UFD which is not a field.

i. If |U(A)| < oo, then A has infinitely many non-associated primes.

Proof. ! Because A is a UFD but not a field, it contains at least one prime element.

Suppose that A  contains only finitely many non-associated primes pq,...,p,. For

IThis proof due to Gregory Taylor.
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any e = (ey,...,e,) € N* define a,:= p{*---pc» + 1. Note that each a. is
uniquely determined by e because A isa UFD:if a.,=a.s, then e=¢ by
unique factorization. Because |U(A)| < oo, there exists some e such that a, is

not a unit and e; >0 for all ¢, so there is a unique factorization

pilpzn—i-l:ae:up{lpq{”’

where f; >0 for some j. Butthen e; >0 by assumption, so

l=a.=0 (mod pj).

This is a contradiction, so A must have infinitely many non-associated primes. [J

Note that this proof would fail if |U(A)| = oc.

If |U(A)|=o00, then A may have only finitely many non-associated primes.

Proof. Let p € Z beprime,let S:=7Z\(p), andlet A:=S571Z. Then A is

a PID (see Theorem 5.1) and has a unique maximal ideal generated by 2. All prime

ideals in PIDs are maximal, so %

is is the only prime in A up to associates. [J



3.2

Principal Ideal Domains

Definition 3.20. A domain A is called a principal ideal domain if, for any
ideal I < A, there exists an element a € A such that [ = Aa. In other words,

every ideal in a principal ideal domain can be generated by a single element.

Theorem 3.21. If A is a principal ideal domain, then A is a unique factoriza-

tion domain. In other words,............ ... ... o { UFDs } O { PIDs }.

Proof. Since A is a PID, using part (vi) of Theorem 3.18, it suffices to prove that
every ascending sequence of ideals of A terminates. Let I C I, C---C [, C---
be an ascending sequence of ideals and define [ := U I,. Tt is clear that [ is
closed under multiplication by elements of A, andnfzolr all x,y € I there exists
n >1 such that xz,yel,, so x+ye€l, CI. Thus [ <A. Further, since
A is a PID, there exists a € A such that [ = Aa. In particular, a € I, so
there exists k£ >1 suchthat a € l,. Then [, CI=AaCI;, andso [ =1I.

Consequently, [ = Iy 1 = Ix1o = ---, completing the proof. O

Theorem 3.22. If A isaPIDand a, b€ A, then ged(a,b) exists and there

exist elements 7, 6 € A such that v a + 0b= gcd(a,b).

Proof. Consider the ideal Aa+ Ab<1A. Since A isa PID, there exists d € A
such that Aa + Ab = Ad. Observing that d € Ad, we deduce that there exist
A, € A such that Aa+ pub = d. We claim that d = ged(a,b). Observing
that Aa C Aa+ Ab= Ad and that AbC Aa+ Ab= Ad, we deduce that d|a
and that d|b. Moreover, letting d € A besuch that d' |a and d |b, we

see that d' | Aa+ pb, ie. d'|d, completing the proof. O

Example 3.23. The polynomial ring A :=Z[X] is a UFD (see Theorem 4.3), but

it is not a PID because the ideal (2, .X) is not principal.
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3-3

Euclidean Domains

Definition 3.24. A domain A is called Euclidean (or a Euclidean domain) if
there exists a function ¢ : A\ {0} — N such that, for any a, b€ A\ {0} there
exist q,r € A satifysing a =bq + r with i. r=0 or ii. ¢(r) < ¢(b).

Such a function ¢ is called a Euclidean function.

(Clarifying) Remark. A Euclidean function does not need to be a multiplicative
norm! There exists a Euclidean Domain on which a multiplicative norm cannot be

defined. | , Theorem 1.3]

Proposition 3.25. If A is a Euclidean domain with respect to the Euclidean
function ¢, then there exists an associated norm @ : A\ {0} — N such that

for any a, be A\ {0}

1. there exist ¢, r € A satifysing a =bq + r with i. r =0 or ii.

@(r) <p(b); and

2. if al|b, wehave P(a)<P(b).

Proof. We define ¢'(a) := min{¢(c) : ¢=a} and show that such a map satisfies
the above properties. That is, we show ¢’ = p. Let a,b € A\ {0} and let
u € U(A) such that ¢(u-b) = ¢'(b). Then there exists ¢,r € A such that
u-a=(u-b)g+r with r=0 ore(r)<e(u-b)=¢'(b). Then a=bg+ut-r

1

with w™t-r=0 or ¢'(u™t-r)<pr)<olu-b) = 0). O

(Clarifying) Remark. The ¢, r € A given in Definition 3.24 and Remark 3.25
(for adomain A which is Euclidean with respect to a norm ¢) are not necessarily

uniquely determined by a and b.
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Theorem 3.26 ( | ). If A isa Euclidean domain with respect to a Euclidean
function ¢ and the ¢,r € A are uniquely determined by @ and b, then there
exists a field K such that either A=K or A= K[X].

Proposition 3.27. If A is Euclidean with respect to the norm @ (see Remark
3.25) then

i. forall a, be A\ {0} suchthat a=0b, wehave P(a)=o(b);

ii. forall a, be A\ {0} suchthat a|b and @(a)=7p(b), we have a = "b;

iii. for all w € U(A), we have P(u)=p(1).

Theorem 3.28. If A is a Euclidean domain, then A is a principal ideal domain.

In other words, ... ... { PIDs } D { EDs }.

Proof. Let A be a Euclidean domain. So, there exists ¢ : A\ {0} — N
with the property: for all a, b € A with b # 0 there exist ¢, r € A such
that a =bg+r and r=0 or ¢(r) < (). Now,let 0# <A and set
Z:={p(x) : €I\{0}}. Observing that () #Z CN, we deduce

there exists zg € I \ {0} such that ¢(z¢) is the smallest element of Z. (7)

We claim that [ = Axg and proceed by proving double inclusion. First, it is clear
that I D Axy since xg€l and I<1A. Now, we want to show I C Axg. So,
let x€l. Since xy€ A\{0} andsince A is Euclidean, there exist ¢, r € A
such that

T=x9q + T (8)

and
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or

p(r) < @(xo). (10)

By (8), we know r € I. Further, if (10) held, we would get a contradiction with (7).

Thus (9) must hold instead, implying that x € Azy and completing the proof. [

Theorem 3.29 ( | , §2.2]). Let K = Q(+/d) for some squarefree d € Z \
{0,1} be a square number field. Then O is a Euclidean domain with respect to

the norm N“e if and only if
de{-11,-7,-3,-2,-1,2,3,5,6,7,11,13,17,19, 21,29, 33, 37,41, 57, 73}.

Theorem 3.30 ( | D). Let K =Q(+/14). Then Of is a Euclidean domain,

K
but not with respect to the norm N Q.

1+\/—_19}
2

Example 3.31. The domain A:=2Z [ is a PID (see [ , Example
12.6.1]). However, A is not a Euclidean domain with respect to any function

(see | , Theorem 2.3.8]).
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111. PRESERVED PROPERTIES

4 Polynomial and Power Series Rings Over Domains

4.1

Polynomial Rings Over Domains

Lemma 4.0. If A is adomain, then A[X] isadomainand U(A[X]) = U(A).

Proof. Suppose that there exist
J(X) =ap X" + -+ a1 X + a0, g(X) = by X™ + -+ + 01X + by € A[X]\ {0}

such that f(X) g(X)=0. Without loss of generality we may assume ag, by # 0,
otherwise we may factor out the lowest power of X from all terms to obtain
polynomials that satisfy this. Then 0= f(X) g(X) = ¢ X" 4+ -+ 1 X + ¢o,
where ¢; = Zz: ajb_; =0 forall 4. Butthen 0= ¢y = apby # 0, which is a
contradictionfgcause A is adomain. Thus nosuch fand g exist,so A[X] is
a domain.

Note that for any f,g € A[X] we have that deg(f-g) = deg(f) + deg(g), so
if f,g€U(A[X]) suchthat f-g=1 wehave 0= deg(l)= deg(f)+ deg(g),
so deg(f) = deg(g) =0 and thus f,g € U(A). It is also clear that U(A) C
U(A[X]), so U(A[X])=U(A).

U

Theorem 4.1. If K is a field, then K[X] is a Euclidean Domain.
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Proof. Let f(X), g(X) € K[X] such that g¢(X)#0. We claim that there exist
¢(X), r(X) € K[X] suchthat f(X)=¢q(X)g(X) + m(X)...ccoooiiiiit. (%)
with r7(X)=0 or degr(X)<degg(X). If f(X)=0, wecanchoose ¢(X)=
r(X) = 0. So, suppose f(X) € K[X] issuch that f(X) # 0. In particular,
assume f(X) € K[X] issuch that n:=degf(X) > 0.

If n=0 then degf(X)=0 implies f € K. Thus, there exist ¢, r € K
such that  f=¢q-g(X) 4 7. (xx)
In particular, there exist r := f and ¢ := 0 for which (%) holds. Further, if
m = degg(X) > n, thereexist ¢(X) := 0 and 7(X):= f(X) which satisfy
(*). So, without loss of generality, take f(X), g(X) € K[X] to be such that

deg f(X) := n>m = degg(X).

Then, for appropriate ag, ..., ap,bo, ..., by € K (with a,, b, # 0) we can
express

f(X)=a, - X" +--+ a1- X + ap € K[X]

and

to define

h(X) = f(X) — Z—; X g(X),

Since degh < n, thereexist p(X), r(X) € K[X]| suchthat h(X)=p(X)g(X)+
r(X) with r(X)=0 or degr(X) <degg(X), assuming a strong induction hy-

pothesis, that is, assuming our claim holds for every h(X) € K[X]| such that

deg h(X) < deg f(X).

Thus, there exists ¢(X) € K[X] suchthat ¢(X)=p(X) + I xm=m  and there

b,




exists r(X) € K[X] satisfying (%) for all such f(X), g(X) € K[X]. O

Corollary 4.1.1. By Theorem 3.28, since, for any field K, the polynomial ring

A:= K[X] is a Euclidean Domain, then A is also a principal ideal domain.

Lemma 4.2.0 (Gauss, | , Proposition 9.5]). If A is a UFD with field of
fractions K = Frac(A) and f(X) € A[X] is irreducible in A[X], then it is
also irreducible in K [X].

Corollary 4.2.2. If A is a UFD with field of fractions K = Frac(A) and
f(X) € A[X] is a polynomial such that the greatest common divisor of its co-
efficients is 1, then f(X) isirreducible in A[X] if and only if it is irreducible in

FIX].

Proof. Suppose that f(X) = g(X)h(X) isreducible in A[X]. Then by the con-
dition on the coefficients of f(X) neither ¢(X) nor h(X) are constant, so

f(X)=g(X)h(X) isalso reducible in K[X]. O

Theorem 4.3. If A isa UFD, then A[X] isa UFD.

Proof. Let f(X) € A[X]\ {0}, and without loss of generality we may assume that
the greatest common divisor of its coefficients is 1. Because K[X] is a Euclidean
domain (and hence a UFD) there exists a factorization over K[X] into irreducibles.
By Gauss’s lemma we obtain a factorization in  A[X]. The greatest common divisor
of the coefficients of each of these factors is also 1, so by the previous lemma these
factors are also irreducible in ~ A[X]. Thus there exists a factorization of f(X) in

A[X] into irreducibles, and uniqueness follows from the uniqueness of factorization

in  K[X]. 0

Corollary 4.4. If A is a Euclidean domain or PID, then A[X] is a UFD.
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4.2

49

Rings of Formal Power Series

Lemma 4.5. If A is a domain, then A[[X]] is a domain and

U(A[[X]) = {ZaiXi e A[[X]] : ao € U(A)} .

120

Proof. Suppose that

FX) =) aX', g(X)=> bX' e A[[X]]

i>0 >0

such that f(X) g(X) =0.

Without loss of generality we may assume that ag, by # 0, otherwise we may fac-
tor out the lowest power of X from all terms to obtain series that satisfy this.
But then 0= f(X) g(X) = >. X" where ¢; = i()ajbi_j =0 forall 4, so

i>0 j
0 = co = apby # 0, which is a contradiction because A is a domain. Thus A[[X]]

is a domain.

Suppose that f(X) =Y a; X" € U(A[[X]]) andlet ¢(X)=> 0X" e U(A[[X]])

>0 i>0
such that f(X) g(X)=1. Then 1= f(X) g(X)=> ;X" where cy=aghy =
120

1 and ¢ => ajb_;=0 forall i>1, so ag€ U(A).
j=0
Conversely, suppose that ~ f(X) =Y ;X" € A[[X]] with ap € U(A). Let g¢(X)=

120
S X € A[[X]] with

120

Qo

1 1 ¢
bp := — and, for all ¢ > 0, b; :== —— a;b;_;.
0 ao ; JVi—j



Then one may verify that f(X) g(X) =1, so f(X)e€ U(A[[X]]). Thus

U(A[[X]]) = {ZaiXi c Al[X]] : ao€ U(A)} .

120

Theorem 4.6. If K isa field, then KJ[[X]] is a Euclidean domain.

Proof. By Lemma 4.5, any f(X) € K[[X]] \ {0} may be written as f(X) =

X"f(X) for some uniquely determined n € N and f(X) € U(KI[[X]]), so
define

v K[X]\ {0} — Nby o(f) :=n.

Let f(X),g9(X) € K[[X]] such that ¢(X) # 0. We claim that there exist
¢(X),r(X) € K[[X]] such that f(X)=q(X)g(X)+r(X) with r(X)=0 or
e(r) < ¢(g).

If o(f) < @lg) ,wecan choose ¢(X)=0 and r(X)= f(X). Otherwise, sup-
pose @(f) > plg) andlet n=p(f),m=(g). Then there exist f(X),§(X) €

U(K[[X]]) such that f(X) = X"f(X), ¢(X) = X™g(X), and thus we can

choose ¢(X)=X""f(X)g(X)™' and 7(X)=0. Thus KJ[[X]] isaEuclidean

domain. n
Theorem 4.7. If A isa PID, then A[[X]] isa UFD.

Proof. We will show that for any non-zero prime ideal P < A[[X]], there exists a

prime element p € A such that p € P. We'll do this with the help of the function

p A[X]] — A

Z CLZ‘Xi =  Qyo,

>0

20



which is a surjective ring homomorphism. Fix an arbitrary non-zero prime ideal
P < A[[X]]. If X € P, then we may take p := X. If X ¢ P, consider
the ideal P* := ¢(P) JA. Since A is a PID, there exists a € A such that
P* = A a. Thus there exists f € P such that a = ¢(f). In particular, f

satisfies f(X)=a+a X +....

Claim 4.7.1. P = fA[[X]].

Proof. We prove double inclusion.

First, it is clear that P O fA[[X]] because f(X) € P.

Now, we want to show P C fA[[X]]. So,let ¢g(X):=0b + X+ ... € P.

Then by = ¢(g9) € P* = Aa, which implies that there exists «ap € A such that

bop = ag a. In turn, this implies that

9(X) — aof(X) = Xg1(X) (11)

for some ¢, € A[[X]]. But g(X)— aof(X) € P, a prime ideal which satisfies
X ¢ P. Thus

g € P.

We deduce that there exists o3 € A such that

g1(X) — o f(X) = Xgo(X) (12)

for some ¢ € A[[X]]. Putting together (11) and (12), we deduce that

9(X) = (a0 + a1 X) f(X) + X?go(X).

o1
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Proceeding similarly for ¢, € P, we find a3 € A and g3 € A[[X]] such that

g(X) = (a0 + X + aa X?) f(X) 4+ X?g3(X).

Continuing, we find ay,as,... € A such that

h(X):=ap+ o X +auX?+ ... € A[[X]]

satisfies

Thus

]

Since P is a principal prime ideal of A[[X]], its generator f must be a prime

element of A[[X]] and also of P. This completes the proof. O

Remark 4.8. If A isa UFD, then A[[X]] isnot necessarily a UFD. For example,
in the paper “On unique factorization domains,” Pierre Samuel shows that A :=
Kla,b,c], with K a perfect field of characteristic 2 and with a®+b" =%, isa
UFD, but A[[X]] is not (see page 14, second paragraph; this example arises from

Samuel’s Theorem 4.1 on page 9 and Theorem 4.3 on page 11).

Corollary 4.9. If K isa field, then K[[X,Y]] isa UFD.

Proof. Because KI[X]] isa Euclidean domainitisaPID,so K[[X,Y]] = K[[X]][[Y]]
is a UFD. [



5 Localizations of Domains

5.1

An Arithmetic Characterization of Domain Localizations

Theorem 5.1 (Localization Preserves PID Structure). If A isaPIDand S CA

is a multiplicatively closed system, then S~'A is a PID.

1 1
Proof. Let I = <ﬂ, %, ) < S7'A be an ideal. Because —, —,... €

51 82 51 82

U(S™'A) wehave I= <

a; as
17 17
such that (d) = (a1, as,...) and, in particular, d | a; for all . Thus, I =

d
(I) is principal, so S~!'A is a PID. O

. ) Because A isa PID thereexists d€ A

Theorem 5.2 (Localization Preserves UFD Structure). If A isaUFDand S CA

is a multiplicatively closed subset, then S™!A is a UFD.

Proof. Suppose that ¢ € A is irreducible. If there exists s € S such that ¢ s,
q a qa
1 s s

then there exists a € A such that s = ga, so 1, and, hence,

g 1S a unit.
1

Now suppose that ¢ does not divide any element of S, and suppose that

%:%% Then ab=gst,soq|ab andhence ¢q|a or ¢q|b because g€ A
is prime. Without loss of generality assume a = ¢ c¢. Then % = % . %) = % . %,
SO % = 1 which implies %) € U(A) is a unit and, hence, % is irreducible.

Suppose that ¢ € S7'A is irreducible. If a is irreducible in A it is clear

S

a a
that — is associate to T so suppose that a is not irreducible in ~ A. If every
s

irreducible dividing a in A also divides an element of S, then ¢ would be
s

a unit and could not be irreducible, so there must exist an irreducible ¢ € A such

that a = ¢ b and such that ¢ does not divide any element of S. Then a_
s

23
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» |

a
, SO is a unit by the irreducibility of — and % Thus, any irreducible
S

QR

- €S 'A s associate to % for some irreducible ¢ € A.
s

a
Now let — € S7'A\ {0}. There exists a unique factorization
s
a:u.pil...pi;" q{l...qgn €A7

where pq,...,p, are the prime factors of a which divide elements of S and
qi,---,qn arethe factors of @ which do not divide an element of S. Then, there
is a factorization into irreducibles

E_M.<2>fl...<q_n>f”

s S 1 1

Because all irreducibles of S™'A are associate to some %, this factorization is

unique by the uniqueness of factorization in  A. n

Theorem 5.3. Let A be a domain such that every ascending chain of principal
ideals of A stabilizes. Let (p;)icr be a set of prime elements of A and denote
by S the multiplicatively closed system generated by this set. If S™'A isa UFD,

then A 1is a UFD.

Proof. Observe that it is enough to prove the statement for S such that 0¢ S.
Otherwise, S™'A = {0} and there is nothing to prove. So, let p € A be a prime
element which does divide any element of S. We want to show that ]Ij is prime

0
in S7'A. Clearly, Z{ #+ T Moreover, since p does not divide any element of
S, we have ]{ ZU (S_lA).

b
Let a, be A and s, t€ S besuch that ple 7 in S7'A. Then there exists
s
b
¢ € S7'A such that e i Z{ £ In other words, there exist wu, v € S such
r s r

that wab=pcwv. Thisgives p|lu-ab in A, andsince p isaprimein A,

o4



weget p|u, or pla, or p|b. Recall that p does not divide any element
a plb .
— or = |- in
S 11s

of S. Thus pla or p|b. This, in turn, implies that ]—1)
S7tA, which implies that ]I) is prime in  S7!A, as desired.
Now, let % € (STTA\U (S_lA) such that g + % Since A is a UFD, any
element a € A can be written as a product of primes of A, say, a=p;...p,.
Upon reindexing the prime factors in the decomposition of a, assume that p;

for 1 < j <r donot divide any element of S, while p, for (r+1)<k<n

divide some element of S. That is, assume that there exist s,,1,...,5, € S and
A1y -0, € A\ {0} such that pry16r41 = Spi1, «-., Sp = Dnay. Then
@_P P Pt Pu_ D1 P S S
] T LT e

S Sn _ X
Observe that w = ... 2% ¢ U(S7'A) and that, by above, %, o I)T are
Q41 an

prime in S™!A. O]

5}



26

References
[AW04]  Saban Alaca and Kenneth S. Williams. Introductory algebraic number theory.
Cambridge University Press, Cambridge, 2004.

[Buc61]  David A. Buchsbaun. Some remarks on factorization in power series rings. .J.

Math. Mech., 10:749-753, 1961.

[CE59]  E. D. Cashwell and C. J. Everett. The ring of number theoretic functions. Pacific
J. Math., 9:975-985, 1959.

[Cla94]  David A. Clark. A quadratic field which is Euclidean but not norm-Euclidean.

Manuscripta Math., 83(3-4):327-330, 1994.

[CNT19] Chris J. Conidis, Pace P. Nielsen, and Vandy Tombs. Transfinitely valued Euclidean
domains have arbitrary indecomposable order type. Communications in Algebra,

47(3):1105-1113, 2019.
[Coh73]  P. M. Cohn. Unique factorization domains. Amer. Math. Monthly, 80:1-18, 1973.
[DF04]  D.S. Dummit and R.M. Foote. Abstract Algebra. Wiley, 2004.

[Gol04]  Dorian Goldfeld. The Gauss class number problem for imaginary quadratic fields.
In Heenger points and Rankin L-series, volume 49 of Math. Sci. Res. Inst. Publ.,
pages 25-36. Cambridge Univ. Press, Cambridge, 2004.

[Har04]  Malcom Harper. Z[v/14] is Euclidean. Canadian Journal of Mathematics, 56(1):55—
70, 2004.

[HMO04]  Malcolm Harper and M. Ram Murty. Euclidean rings of algebraic integers.
Canadian Journal of Mathematics, 56(1):71-76, 2004.



[Khu03]

[Rha62]

[RMSS18]

[Sam61]

[Sou07]

57

Dinesh Khurana. On GCD and LCM in domains — a conjecture of Gauss.

Resonance, 8(6):72-79, June 2003.

Tong-Shieng Rhai. Mathematical Notes: A Characterization of Polynomial Do-
mains Over a Field. American Mathematical Monthly, 69(10):984-986, December
1962.

M. Ram Murty, Kotyada Srinivas, and Muthukrishnan Subramani. Admissible
primes and Euclidean quadratic fields. J. Ramanujan Math. Soc., 33(2):135-147,
2018.

Pierre Samuel. On unique factorization domains. lllinois Journal of Mathematics,

5:1-17, 1961.

K. Soundararajan. The number of imaginary quadratic fields with a given class

number. Hardy-Ramanujan J., 30:13-18, 2007.



	I Catalog of Arithmetic Properties in Domains
	Divisibility Class Arithmetic
	Domain Divisibility Properties
	Divisibility Associate Equivalence

	Specific Classes of Associates
	Greatest Common Divisors
	Least Common Multiples
	Greatest Common Divisor Domains
	Arithmetic Characterization Theorem for Greatest Common Divisor Domains
	A Clarifying Non-Example

	Primes and Irreducibles
	Arithmetic Characterization of Primes and Irreducibles



	II Survey of Specific Domains
	Survey of Subclasses
	Arithmetic in Square Number Rings
	Square Number Fields
	Units of an Imaginary Square Number Ring

	Unique Factorization Domains
	Arithmetic Characterization Theorem for Unique Factorization Domains

	Principal Ideal Domains
	Euclidean Domains


	III Preserved Properties
	Polynomial and Power Series Rings Over Domains
	Polynomial Rings Over Domains
	Rings of Formal Power Series

	Localizations of Domains
	An Arithmetic Characterization of Domain Localizations



